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Sound  fields  radiated  by  vibrating  elastic  structures  of¬ 
ten  create  important  noise  problems.  Previous  active  control 
solutions  have  employed  sound  sources  to  control  this  radi¬ 
ation.  This  approach  typically  requires  many  sources  to  con¬ 
trol  the  noise  from  complex  structures  so  that  the  spatial 
distributions  are  reasonably  matched  and  control  spillover  is 
minimized.  Recently,  a  more  efficient  approach  has  been 
demonstrated  for  controlling  low  to  midfrequency  struc¬ 
tural  sound  radiation,  termed  “active  structural  acoustic 
control”  (ASAC) .  Instead  of  using  loudspeakers  AS  AC  ap¬ 
plies  control  forces  directly  to  the  structure  so  that  the  radi¬ 
ated  sound-pressure  field  is  minimized.  The  advantages  are 
that  effective  control  can  be  implemented  with  fewer  control 
actuators,  and  the  transducers  can  be  arranged  to  be  reason¬ 
ably  compact. 

Early  work  in  ASAC,  earned  out  at  NASA  Langley  and 
VPI&SU  in  1985,  demonstrated  that  sound  transmission 
into  cylinders  could  be  controlled  by  point  forces  applied  to 
the  cylinder  wall.  The  application  here  was  to  develop  ad¬ 
vanced  techniques  for  controlling  interior  noise  within  air¬ 
craft.  It  was  shown  that  only  certain  structural  modes  couple 
or  radiate  to  the  interior  space  and  thus  it  was  necessary  to 
control  only  those  modes.  This  effect  was  termed  “modal 
suppression.”  As  the  structural  motion  that  gives  rise  to  the 
sound-pressure  response  is  being  controlled,  the  interior 
sound  field  is  reduced  globally  independent  of  its  modal 
shape.  This  principle  was  applied  at  Douglas  Aircraft  to  a 
full-scale  DC-9  fuselage.  Global  control  was  achieved2  for 
structure-borne  interior  noise  transmitted  through  the  en¬ 
gine  pylons,  using  only  two  point-force  control  actuators. 
Weight,  mounting  considerations,  and  control  spillover  ef¬ 
fects  led  to  recent  cooperative  work  at  NASA  and  VPI&SU 
to  study  the  use  of  piezoceramic  actuators  bonded  to  struc¬ 
tural  members.3  On  a  full-scale  composite  fuselage  model  a 
four-actuator,  six-sensor  system  has  achieved  interior  global 
attenuations  of  8  to  15  dB  over  a  range  of  test  conditions.4 
Optimization  of  the  transducer  size  and  distribution  is  ex¬ 
pected  to  produce  further  improvement.5-6 


ed.9  The  significance  of  modal  restructuring  is  that  large  at¬ 
tenuations  of  radiated  sound  can  be  achieved  by  an  appropri¬ 
ate  change  in  the  controlled  structural  mode  shapes  without 
affecting  the  overall  amplitude.  This  approach  is  shown  to 
require  significantly  less  control  energy. 

Other  work  on  free  field  application  of  ASAC  has  cen¬ 
tered  on  using  optimally  shaped  piezoelectric  sensors  and 
actuators  bonded  or  embedded  in  the  structure10  (an  adap¬ 
tive  or  “smart”  structure).  Emphasis  has  been  placed  on 
shaping  the  sensors  so  that  the  radiating  components  of  the 
structural  motions  are  observed,  i.e.,  the  sensor  acts  as  a 
structural  wave-number  filter.  Good  reductions  in  radiated 
sound  levels  were  observed  for  both  on  and  off-resonance 
conditions.  This  work  has  now  been  extended  to  include  the 
influence  of  heavy  fluid  loading  on  structural  motions. ' 1  Ex- 
periments  performed  cooperatively  by  VPI&SU  and  NRL 
have  shown  that  the  ASAC  technique  still  provides  high 
global  attenuations  when  the  radiation  loading  induces  sig¬ 
nificant  modal  coupling. 

In  order  to  implement  the  ASAC  technique  a  control 
strategy  is  required.  Initial  work  has  concentrated  on  using 
time  domain,  multichannel  adaptive  least  means  square  al¬ 
gorithms.12  More  recent  work  has  utilized  state  space  feed¬ 
back  approaches  used  in  conjunction  with  radiation  filters  to 
model  the  structural  acoustic  coupling.13 

In  summary,  the  ASAC  technique  has  demonstrated 
much  potential  in  aerospace  and  marine  applications.  Fu¬ 
ture  work  will  center  on  extending  these  techniques  to 
broadband  disturbances,  more  complex  structures  and  im¬ 
proved  modeling.  It  is  known  that  optimizing  transducer 
positions  is  as  important  as  increasing  the  number  of  control 
channels.  A  multidisciplinary  approach  is  required  to  synth¬ 
esize  a  design  procedure  that  integrates  the  elements  of 
Structural  acoustics,  transducer,  and  control  technology. 
The  pay  off  will  be  in  significant  cost  and  weight  savings,  and 
in  performance  improvements  for  other  industrial  applica¬ 
tions. 

C.  R.  FULLER 

Virginia  Polytechnic  Institute  and  State  University 
R.  J.  SILCOX 

NASA  Langley  Research  Center 


Controlling  marine  hull  radiated  sound  is  another  im¬ 
portant  application  of  ASAC,  now  being  investigated  in  re¬ 
search  funded  by  ONR/DARPA.  Previous  work  in  this  area 
studied  the  control  of  free  field  radiation  from  lightly  loaded 
panels.  It  showed  that  sound  radiated  into  a  free  field  could 
also  be  globally  attenuated  by  a  limited  number  of  control 
actuators.  However  another  mechanism  of  control  was  ob¬ 
served.  For  the  off-resonance  cases  examined,  a  reduction  in 
sound  radiation  occurred  with  little  change  in  the  averaged 
structural  response.  It  was  concluded  that  the  residual  or 
closed-loop  structural  response  has  a  lower  radiation  effi¬ 
ciency  for  the  same  level  of  response.7  This  effect  was  termed 
“modal  restructuring.”  More  recently  it  was  shown  that 
modal  suppression  corresponds  to  a  decrease  in  all  structural 
wave-number  components  while  modal  restructuring  corre¬ 
sponds  to  a  reduction  only  in  the  supersonic  (radiating) 
components;  the  subsonic  components  are  largely  unaffect- 
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ABSTRACT 

INTRODUCTION 

a=35a^^-5H^--*=a« 

rKar3~£““-" 

structures,  (for  example  Wada  at  ai  rcn  vaZ1„Za  «  te  !?.  'nt0,Ii90nt-  adaptive  or  smart" 

integrated  actuators  (corresponding^  muscles!  sensore^nTrJ^t  ‘9 ^  I?0?™  “  a  system  with 
type  controller  (intelliaencs^  Tho  ctn  ■/*>•»»  ’  0  so[*  (nerves)  under  the  direction  of  a  learning 

environmS  in(a  «Si9  ^  haS  ,he  •m» ,0  S9nse  «»  "« to  it! 

vibrational  mrm).  pSSSS?^^3^Sfc??2^^^  (9ithSr  a9ady  513,9  or  >"  a 

task  by  ."experience"  rather  than  Pasino  its  f  hQ"t0  P9rform  th9  r«Ruired  control 

learning  procedure  has  to  be  prescritod  anoUhS  Ss^fis  a  subject  of  '*“*  th9 

sensors  directly  into  die  stnjchjre^ea^to^a  van/  ^  l"flanc9 integration  of  the  actuators  and 
traditional  active  n  “se  imrS  ™mods  mm  ,nZZ^7f!-  •  opposed  to  more 

ptSwtchTa'^Wve^ 

range  of  adaptation.  Individually  eaih  achrator  Jy  no?  Sg 


3jr  wUii  OAOIC  rn 


nucn  rorce  similar  to  oioiogicai  muscle  systems.  Intelligent  structures  can  th.»c  he 
seem  to  be  moving  towards  configurations  like  natural  systems  which  tend  to  be  non-orthoaonaS 
flex.ble,  many  degrees  of  freedom,  wet,  adaptive,  etc.  as  opposed  to  convention^ 

dl^2«rcfSfThlCH  90n9f?,Iy  ar9  orthogona1’'  ri9id* t8nd  t0  the  massive,  relatively  low  number  cm 
til? Inc' f  r9ed°m  *?d  non'adaPtJve.  Uke  biological  systems  it  is  the  hope  that  intelligent  system M 
Mama?*  anduC0nf°rm  ^  the,r  environment  (here  environment  can  mean9any  Chosen 
"n^omn  rath8r  -han  act  ‘k0  tradltional|y  engineered  structures  which  are  usually  designed  to* 
rigidity  h0‘r  9nv,ronm9nt  (and  ara  thus  lar90iy  "unaware"  of  their  surroundings^  by  strength  | 


A  learning  type  controller  can  be  seen  to  have  great  advantages  as  well  For  these  tvn**  of 
22  aPPro®ph98it  is  not  necessary  to  have  an  accurate  model  (mlthemaS,  for  e^pieUf  the 
system.  The  intelligence  essentially  learns  what  to  do  in  real  time  using  various  leamina  schema* 
The  implementation  of  such  approaches  has  been  postulated  for  quite  a  few  years  but  it  is  nniJ 

ofCsuch  schimdeVsanCThain  d‘9itaJ  pr0C8ssing  chiPs  has  enabled  the  Teal  time"  implementation 

kevSDo^teaAifhnUShrat9d  !hr9h  tW°  9xampl9  applications.  At  this  point  the  reader  is  reminded  of  a 
key  point  Although  an  intelligent  structure  can  be  subdivided  into  components  the  comolete  svstem 

the  interadtve°naure  "omponerts  SZ***  “*  inV9S"9ati0"  °f  d"i9n  Sh0uld  3,50  induda 

ACTUATORS 


I 
I 
I 

state  (u“d?)  toadj !  oMn  the"C  oTSlSngtolds  whfrtexSe  Srat“spSnse™ucS  • 
sramHf°r°H  5an'  b®ndlnS  moments,  etc.  Conventional  actuators  take  the  form  of  loudspeakers  for 

r i 

i 
i 

i 
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enriA^uator!:  more  com™°nly  associated  with  intelligent  structures  are  described  as  follows 
annivCn  J^ii3?  d0VIC9s  are  dlstnbuted  actuators  which  when  bonded  or  embedded  in  the  structure 
n?m!+ri  °fclllatin(g  J^‘Plane  ^ns.  As  shown  by  Crawley  and  deLuis  [6]  for  a  1-D  analysis  and 
hAnrtfnndlS  dt  m  2’°  th8S0  d0vic9s* when  located  off  the  central  axis  effectively  aoDiv 
strafd^c0"0  th8  StrUCtUr®  (purf  b9nding  lf  arran90d  in  an  anti-symmetric  fashion).  SuSe 
fnri  'rmVaS0U!  mat0na,s  but  th®  two  most  commonly  investigated  are  piezoceramic 

imnonf  9net0StI1?V8  [3  -  Such  devices  tend  t0  be  high  force,  low  displacement  transducers  and  thus 

ztziTzu  asr  52S 

such  ap0pr|Sn?“°e  '°  C°nV9m,'0nal  ,hiS  amn9em9m  is  useful 

It  is  also  possible  to  alter  the  characteristics  of  a  structure  bv  aDDlvina  stearfv  inaw*  Tha 
Cc'(nJ,?9d^9ViC9n  ran  alS°  b9  USed  t0  achi9ve  this  function  bV  dhving  than? vSh  As  apprapnfrte 

applK,h?LlmS^nLa,COnS,art  f-9:  variab,eS(in  mide)S  be*g 

has  also  demonstrated  mulh 


"  uir,iu7ua‘av'4°^ouv'  *<w“l,Vin9  £0  m0,r  on9,nai  l8r>gth  when  heated,  typically  bv  oassinn  a 
current  through  them.  Composite  structures  have  been  configured  to  have  embedded  Sma  sk  9 

By  applying  voltages  to  the  SMA  fibers,  in-plane  loads  as  well  Is  “ohange  tn“s  fe  f™?n 

sv^fnf0^3'  ?h  ,C,S2  "b!r  a"3,eS  "nd  lamina,e  ^ers  thus  altering  the I  compete behSnhe 
required  ™o]  P*S  reS°nart fr9c|uencies  of  b°mp°site  Lauras  can  be  altald  « 

There  are  other  advanced  actuators  based  on  materials  such  as  Eiectro-Rheolccicai  fh..x« 

Inlhes?  179  C9rami0S  **  'hS  r8ad8r  iS  r9f9rr9d  ,0  tha  pap9r  of  Wada  91  *■  PI for  infomtSn 
SENSORS 

Sensors  are  used  to  detect  the  current  state  of  the  intelligent  system  Thev  nmvMo 

information  which  directs  the  controller  to  act  in  a  decisive  manner  bringing  the  system  to  th! 

equired  response.  In  intelligent  systems,  correct  sensing  is  critical  to  good  performance  simDlv  fmm 

thf  tha* the  jeamin9  type  controller  will  try  and  do  everything  to  bring  the  output  of  the  sensors  to 

rsnJ^11"^  V*lues  ^sually  minimi2Q)-  Sensors  must  be  configured  to  accurately  observe  the 

SirnmVctnabl9S+ 10  be  C0ntr0i,ed  Conventional  sensors  are  transducers  S  as ^microphones 

SwStram  gatig0S’  9tCl  agam  wel1  d8scribed  in  Beranek  [4]  and  Cremer,  et  al  [5]  Note 
that  these  transducers  tend  to  be  point  sensors,  i.e.  very  small  compared  to  a 

na+M  m0r®,  advanced  s®nsors  under  s^dy  for  intelligent  systems  tend  to  be  of  distributed 
atu re  coven ng  large  parts  of  the  structure  and  thus  observing  many  wavelenaths  of  motion  Tho 
piezoelectric  material  PVDF  has  showri  much  potential  in  this  IppSoTmT ThI  maS  oan^e 
out  ,n  a  required  shape  and  attached  to  the  structural  surtaceThere  it  obsenres In 
surtace  strain  under  its  area.  The  PVDF  sensor  can  be  out  into  varied sh^s  SoMhaUnlffl  h 

Srtin  wav^comMnent^Vp  "Umb9r  !ransfom'  of  the  structural  response^  thus  only  obsl^es 
F±  wh=?=  rt  ,hF  9xamp  9’  onJ 1  simply  supported  beam,  a  sensor  cut  into  the  shape  of 

L  w59, IS  ,he  Pclsnzaoon  which  is  flipped  through  the  modal  point,  will  only  observe 

STnS^js;  o°^rac. beam  whi,e  a  poirt  s8nsor  suoh  39  «  -  ££ 

Simp,^^ 

d^ri^u^d  sensor*adflnt’°  ^er^0hnTI  s'mi^  sensing  capabilities.  Current  work  cemlm  on  mJi^thi 
distnbuted  sensor  adaptive  in  shape  such  that  it  can  change  its  observability  in  a  required  way.  9 

"LEARNING"  TYPE  CONTROLLERS 

the  seSo8rsC°ItmL^9a,!!,8nt^r0V!d8!  m9  "inteili9ence'  of  the  system.  It  takes  information  fmm 

aauatora  m  order  ln  lhLl  ^  h  i,  9  9  oon,ro1  9ecision(s)  and  sends  information  to  the 

Ihano^m  °.han99  'h9  b9havl0r  me  structure  such  that  the  sensor  information  is 

system  to  caleulata'L’!? S  C0"VentlOnal  modem  oomrol  methods  generally  use  a  model  of  the 
system  to  calculate  and  implement  optimal  control  gains  [13]. 

used  toLIhH'no  .h!^nC0/T0llerS  WOrk  dn  a  diff9rent  approach  in  which  a  learning  or  training  rule  is 

an!mgementsPaanerakvnfS[oIiw9Urat,0V0  m,inimize  a  par,icular  Partormance  index.  The  oomrol 
2  knowS  I  8  °r  ”°J knowl9<J99  of  >h9  astern  to  be  controlled  (although  some 

dge  certainly  helps  in  deciding  their  arrangement).  By  iteratively  changing  their 


t0  **?  *• system « ,hus  «.  sue* 
digital  signal  processing  chip  has  made  their  imoiampnw'  * 's  °nly  recent,y  that  the  advent  of  thj 
in  "real time’ feasibteC -Star  if mZalSl °f  leamin9 ■*»**•? 
order  of  the  time  constants  of  the  system  Genetallv  these  ™!lLii  °C  ram"19  °r  learnmg  is  of  th(* 
or  reference  signai(s)  fed  throuah  a  linear  or  nnnimUr ^  control,0rs  ar0  arrang0d  so  that  a  trainin  J 

configuration  of  the  compensator  is  adaptively  ohargedTnTmelS' ttalSn08  T™' si9nals-  1716 
in  order  to  minimize  the  error  function  Xrived  from  me  seniors  Such  aTi„°r  ^  aJgorithnll 
known  as  a  "feed-forward"  controller  [1].  S  0rc*  Such  an  arran90m0nt 's  generally! 

algorithm  which  inP m^tfcharme^formls  weTdescriLd^^the  taSh  c?Jntf'ol,0rs  is  the  Rttered-X  LMS 
of  controller  is  appropriate  for ^  linear  ^  f  d  BRott  ™*  *P0 

relatively  stationary.  Presently  the  Rftered-X  LMS  afn^h^w  d  °r  ?r°a?  band  s,9nals  which  are 
the  disturbance  is  usually  much  shorier  than  the  time  required  nn^lTlet™ 

The  mu“^^  ,0r  systems  [14, ,5,. 

to  be  related  to  the  Ritered-X  confiauratinn  nth  da°i  Pr°Pa9atIon  training  algorithms  can  be  seen 
algorithms  [16)  and  biologically  based  systems  p,?  iSS^***  **  "n9tiC 

EXAMPLE  APPLICATION  OF  "INTELLIGENT"  STRUCTURES 

system  in  controlling^ound  and  vibratjon°n  Th©9 reader  t0  ll,us!r0te  use  art  intelligent  structure  or 
applications  and  arrangements of  thaVher0  are  ma"y  P°00ible 

of  the  above  listed  component  areas  *  f0ll0W,ng  are  used  t0  illustrate  the  synthesis 

Control  ot  Sdiinri  Radiation  fmm  p^n°|fi 

schematic  arrangement  oflhe^xperimenS  t?sTria  ° A  baffled^  FUll9r  ^18^'  Rgure  1  shows  a 
point  force  shaker  as  a  narawband t  S,mply  suPP°rt0d  P|0te  is  driven  by  a 

three  surface  moumed  p^esromfo  S^  oonficur^  ^  >S  ,0  ^  P *•  by 

information  is  provided  by  three  piezoelectric  PVDF  oatchl^mn?^8  PU?  bending  PI-  The  error 
by  three  microphones  arrang^  in  the  SL  on  ,h0  surtac8  of  tfle  or 

the  sound  radiation  globally  (i.e.  throughout  an  extended  are^nTh^ar^W)0"*™'  *"  'S  *  minimiZe 

a  reference  or  training^ 8^gna|ISatd°  passed'nthrouST1fhTt,S  di*turt)anC8  signal  is  taken  directly  as 
compensator).  The  outputs  of  the  comoensator  ars  th^n  adaptIve  F,R  filt0rs  (the  controller 
signals.  The  output  of  the  error  transducers  is  then  fort  ?nfh i'  «  P|ezoceramic  actuators  as  control 
reference  signal  it  is  used  by  thTratered-X  LMS  Her  where  in  coniunction  with  the 

minimize  the  meduius  sguared^fL^raveConHSr^r  ™  in  “ 

disturtfance^requeni^s  ^H^whfehToff-mtMLM^^  far'fieW  radiatl0n  directiv#ies.  The 
the  (1,3)  and  (4,1)  mode  of  the  plate  hen~  »e  m^i  1  S  Sy?sm'  11115  frequencT  is  botween 
of  Figure  2.  an  optimal  praSe  ^s  used  to  ESS  15  relativelT  Wf  H*  For  the  results 

The  results  show"  tha,  r^duottens  tns  dB  PV°F  S8nSOrS  t19'' 

Qer  0T  lb  dB  in  radiated  sound  are  possible  with  the 


In's  approacn  is  not  simply  active  vibration  ^ntroPrCn  *irucfufQJ-  11  sn°u!a  be  pointed  ou- 
while  the  sound  radiation  is  reduced  [2]  In  effect  the  mntmii  *  ^  p  ?e  response  increases 

says 

so  as  tom"'  arS  Shaped  ald  ,0ca,9c 

transfer  functions  to  the  far-field  error  sensors  toton^r  the  equivalent  modal  radiation 
three  microphones  were  used  as  sensors  and  in  his  case  the  ranSiTe  ^S°  shows  r8Sults  whan 
behavior  is  because  of  the  finite  size  of  the  PVDF  batches  r2m«J  P9rt°™ance  is  improved.  This 
observability  of  piate  modes,  i.e.  with  more,  >h° 

PVDFt8ns“u,dnbe  STJT  ^  ra,her  than  Mund 

PVDF  sensora.fl°W  "  P,a‘9  mPdaa  df  “  999  be  ~  by^lXSty^ed 
fiflarpi of  Turb  Qfan  Inlsl  Badiatefl  Noisa 

described  here  was  carried  ^ut  by^l^maT  et°al  ^21  22^  Th  'S  ?r0sented  in  Fi9ure  3-  The  work 
radiated  out  of  the  inlet  of  a  Pratt  and  Whttnev  JTiSDF  t,,*?  °PjeCt IS  t0  minimi29  th©  fan  noise 
spectrum  of  the  inlet  noise  which  can  be  seen  to  bf^Tm^S ^  ®n9,ne-  R9ure  4  shows  a  typical 
fundamentals  and  harmonics  of  the  fan  noise  in  this  t«S  n3ted  by  pure  tones  assocfated  with  the 
acoustic  horn  drivers  arranged  around  the d^X™irf!L?Ia^,ement  Contro1  is  achieved  with  12 
four  (i.e.  three  channels  of  control).  Emr In  groups^ 
microphones  located  3  meters  from  the  inlet  The^traininn  f9  ^en  from  ttlree  ,ar9®  area  PVDF 
sensor  located  in  the  engine  housina  Tho  e;  ajn,n9  S|9nal  was  derived  from  a  blade  passaae 

SiSnals  with  the9iun?amSanT^PKa,9ly  f9^  ,0  pr0vid9  WhfdtS 

individual  training  signals  wars  thsn  naccan  thr*  u  hsnmonic  of  ths  radiatsd  noisa  Thass 
shown  in  Figure  3.  The  ou'putt  of  me  Rfter^X9oommllenCOUPl9d  Ri,9r9d'X  baS9d  - 

independent  control  signals  for  the  acoustic  dh^ers  The  emrT9  !h9n  summed  ,0  Provide  three 
the  appropiiate  controller.  Such  an  arranaemem  enlhtow™  ^9na  s  w9re  9,90  filt9r9d  ^  fed  to 
rate  and  choice  o,  independent  conveigenof 

fndeo in  9Ur 9  ^ttenuahdSf? 'thetaiSmi^a^Sta^"**  f"1  a"d  oomrol  ^ 

c^?erorooor;.e  9n9ine  -  ™  ™a « % zxz&rsxttx  5  • 

wortfnSh  Utiiizins  pie90^e^™^lSogyPl^nto^ed<?TOP[to<thVerS|  W'’h  P°mpaCt  S0Und  S0urC9s 
wortt  ,s  being  carried  out  on  locating  the  PVDF  sapors  XtE,  pei iphe,V  I23!-  In  addition 

pressure  information  which  is  proportional  to  radated  fa?  1  lUCh  th.atth9V  0bs9rV9  "ear-field 

above  on  plate  radiation  [19].  The  net  result  will  ho  in!*™ ^  ®  d.sound-  similar  to  the  work  discussed 

in  et  or  what  could  be  called  an  "intelligent”  or  "adaptive”  ifne^  actuators  3/101  sensors  in  the  engine 


CONCLUSIONS 


lightweight  compact  solutions  to  controlling  radiated  sound  a^d  SdrTe  Jrhn  '  "8'1 

synthesis  of  knowledge  and  research  in  the  fields  of  7,19  technique  involves  thj 

Some  potential  uses  have  been  efrea^  rmon^^^omdurSl.™  r'  a™89 
However,  before  the  method  is  widely  applicable  many  technical  ntnhtem?  L2 ^,be'ng.  d0V0|ope<i§ 
and  resolved.  Although  the  future  of  intelligent  systems  is  hrinht  PthLb  6TS  °  be  investigat©J 

with  care  and  a  thorough  understanding  of  the  physics  of  theaupted  system  pr9S9nt|y  Wed 
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Abstract 

This  paper  presents  a  theoretical  model  to  determine  the  transient  electro-mechanical  response 
of  active  structures  driven  by  piezoelectric  (PZT)  actuators.  The  solution  is  expressed  in  terms 
of  actuator  and  structural  mechanical  impedances,  which  are  the  steady  state  frequency  domain 
dynamic  properties  and  can  be  characterized  theoretically  or  experimentally.  Theoretical  case 
studies  have  also  been  presented  using  a  simple  example  of  a  PZT  actuator-driven  one-degree-of- 
freedom  spring-mass-damper  system.  The  solution  of  the  transient  response  includes  the 
transient  electrical  current  passing  through  the  PZT  actuator  and  the  mechanical  response  of  the 
system  (displacement  and  force) .  The  solution  technique  may  also  be  applied  to  active  structures 
driven  by  other  types  of  induced  strain  actuators,  including  electrostrictive  and  magnetostrictive 
actuators. 


Introduction 

Consider  an  active  structure  driven  by  a  PZT  actuator.  If  an  electrical  voltage  impulse  or  step 
function  is  applied  to  the  PZT  actuator,  how  will  the  active  structure  respond?  How  much 
current  will  pass  through  the  actuator?  What  are  the  settling  time  and  over-shoot? 

Peter  J.  Chen  and  his  co-workers  (1978  and  1979)  have  investigated  the  transient  electro- 
mechanics  of  ferroelectric  materials,  including  piezoelectric  ceramics.  Their  investigations  were 
only  focused  on  the  piezoelectric  material  itself.  For  example,  Amos  and  Chen  (1978) 
investigated  the  transient  electro-dynamics  of  a  one-dimensional  piezoelectric  patch  with  free-free 
mechanical  boundary  conditions  under  step  voltage  excitation. 

The  techniques  used  to  model  the  transient  response  of  mechanical  structures  have  almost 
become  classical  (Thomson,  1950;  Meirovitch,  1966).  There  is  no  doubt  that  the  modeling 
techniques  discussed  in  the  vibration  textbooks  can  be  applied  to  determine  the  transient  response 
of  active  structures.  However,  since  the  activation  (or  excitation)  of  active  structures  is  caused 
by  integrated  induced  strain  actuators,  the  dynamic  interaction  between  the  actuators  and  their 
host  structures  must  be  considered  in  any  dynamic  modeling  of  active  structures. 

In  the  present  modeling  of  PZT  actuator/structure  interactions,  the  static  approaches  suggested 
by  Crawley  and  Anderson  (1989)  and  Dimitriadis  et  al.  (1989)  are  still  used.  The  static 


1 


approach  assumes  that  the  activation  of  an  induced  strain  actuator,  such  as  PZT,  may  be 
replaced  by  an  equivalent  force  determined  based  on  the  static  equilibrium  between  the  actuator 
and  its  host  structure,  as  shown  in  Fig.  1.  The  equivalent  force  is  determined  as: 


_  KaK 

p  = - tr.  —  V*  , 

9  KA+K  ia 


(1) 


where  KA  is  the  actuator  stiffness,  K  the  structural  stiffness,  and  x *  the  free  induced 
displacement. 


More  accurate  dynamic  modeling 
will  also  include  the  influence  of 
actuator  mass  loading  and 
stiffening  (Banks  et  al.,  1992),  as 
shown  in  Fig.  1.  However,  the 
force  acting  on  the  mass  is  usually 
the  equivalent  force  as  determined 
by  Eq.  (1).  In  fact,  if  the  actuator 
stiffening  and  mass  load  are 
considered,  the  equivalent  force 
acting  on  the  mass,  m,  should  be 
the  blocking  force  of  the  actuator, 
as  typically  handled  using  the 
finite  element  method  (Liang,  Sun 
and  Rogers,  1993a). 
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When  applying  the  static  method  Figure  1.  A  schematic  illustration  of  active  control 
to  study  the  transient  response  of  structures  driven  by  PZT  actuator  and  its  dynamic 
an  active  structure  driven  by  a  modeling. 

PZT  actuator,  the  equivalent  force 

is  assumed  to  be  directly  proportional  to  the  applied  electrical  voltage,  which  ignores  the 
dynamics  of  the  induced  strain  actuators.  The  solution  techniques  discussed  in  vibration 
textbooks  can  then  be  used  to  determine  the  transient  structural  response. 


Liang,  Sun,  and  Rogers  (1993a)  presented  an  electro-mechanical  impedance  model  which  shows 
that  the  interaction  between  an  induced  strain  actuator  and  the  host  structure  depends  on  the 
dynamic  properties  of  the  system.  The  interaction  force  between  an  actuator  and  its  host 
structure  is  frequency-dependent  and  may  be  expressed  as: 


F= 


ZAZ  . 

_ r  yr , 

ZA+Z  “ 


(2) 


where  ZA  is  the  short-circuit  actuator  mechanical  impedance,  Z  is  the  driving  point  mechanical 
impedance  of  the  host  structure,  and  x^  is  the  free  induced  velocity. 
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The  dynamic  interaction  revealed  by  Eq.  (2)  should  also  be  reflected  in  the  modeling  of  the 
transient  response  of  active  structures  driven  by  induced  strain  actuators.  The  first  objective  of 
this  paper  is  to  include  the  dynamic  interaction  between  an  induced  strain  actuator  and  its  host 
structure  into  the  transient  response  analysis. 

This  paper  will  also  determine  the  transient  electrical  current  passing  through  the  PZT  actuator. 
Liang,  Sun  and  Rogers  (1993b)  have  developed  a  coupled  electro-mechanical  model  to  determine 
the  electrical  power  consumption  and  transfer  of  active  structures  driven  by  PZT  actuators  in 
steady  state.  The  work  presented  in  this  paper  is  an  extension  of  the  steady  state  solutions 
previously  published  by  the  authors. 

The  transient  electro- mechanical  model  presented  in  this  paper  may  provide: 

•  determination  of  the  transient  stress  within  the  induced  strain  actuator  during  the  active 
control  process,  which  may  be  much  higher  than  the  steady-state  stress; 

•  determination  of  the  transient  current  (or  transient  power),  which  may  be  higher  than  the 
rating  of  the  power  supply; 

•  information  regarding  the  energy  conversion  between  the  electrical  power  system  and  the 
mechanical  system;  and 

•  determination  of  the  overshoot,  settling-time,  rise  time,  and  decay-rate  of  the  transient 
response  of  the  system,  which  is  important  in  dedicated  shape  control  applications,  such 
as  adaptive  mirrors. 


Transient  Analysis 

The  interaction  of  a  PZT  actuator  and  its  host  mechanical  structure  may  be  represented  by  a 
PZT  actuator  driven  general  mechanical  impedance  box,  as  shown  in  Fig.  2.  The  mechanical 
impedance  includes  the  effect  of  mass,  stiffness,  damping  and  structural  boundary  conditions, 
as  indicated  in  Fig.  2.  It  is  assumed  that  the  PZT  actuator  has  only  d3l  effect,  i.e.,  the  induced 
strain  is  only  in  the  1-1  (x)  direction  when  an  electrical  voltage  is  applied  in  the  3-3  (y) 
direction.  The  length,  width,  and  thickness  of  the  PZT  actuator  are  1,  w,  and  h,  respectively. 

The  transient  electro- mechanical  interaction  of  a  PZT  actuator  is  governed  by  the  Maxwell 
relations  (Eyges,  1972),  the  electro- mechanical  constitutive  relations  of  the  PZT,  and  Newton’s 
law.  The  Maxwell  relations  are  not  fully  included  in  the  analysis.  It  is  assumed  that: 


where  E3  is  the  applied  electrical  field  in  the  3-3  (y)  direction. 
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The  constitutive  relation  of  the  PZT  actuator  is: 


feu  suTn+d31E3 
1  r>3  =d3  x  rlt +e22E2 


where  Tu  is  the  stress  in  the  1-1  (x)  direction,  S„  is  the  strain  in  the  1-1  direction,  D3  is  the 
electrical  displacement  in  the  3-3  direction,  snE  is  the  mechanical  compliance  of  the  PZT  in  the 
1-1  direction  under  constant  electrical  field,  d3I  is  the  piezoelectric  constant,  and  e33T  is  the 
dielectric  constant  of  the  PZT  in  the  3-3  direction  under  constant  stress. 

The  equation  of  motion  for  the  in-plane 
vibration  of  the  PZT  actuator  is: 

arlxU,  t)  Fujx,  t)  (5) 
dx  p  dt2 

where  p  is  the  mass  density  of  the  PZT  and 
u(x,t)  is  the  transient  displacement  of  the  PZT 
in  the  x  (1-1)  direction. 


Substituting  Eqs.  (3)  and  (4,  first  equation) 
into  Eq.  (5)  yields: 

d2u(x,t)  _  1  a2u(y/t)  (g) 
dx2  c2  dt2 

Figure  2.  Dynamic  modeling  of  active 
where  c  is  the  wave  speed  in  the  x  direction  structures  driven  by  a  PZT  actuator, 
given  by  (Y nE/p)m.  YUE  is  the  elastic 
modulus  of  PZT  in  the  1-1  direction  under  constant  electrical  field. 


i(t) 


The  Laplace  transformation  of  Eq.  (6),  assuming  zero  initial  displacement  and  velocity,  yields: 


dJU  (x,  s) 
dx2- 


-flu  ( x,s ) 
c2 


=0 


(7) 


(Variables  with  an  overhead  bar  notation  denote  their  corresponding  Laplace  transforms.) 
The  boundary  conditions  for  Eq.  (7)  are: 

u(0,s)=0  (8) 


and 
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(9) 


Yfxwh  [  dU(^S)  \X4-d3lE3  (s)]=-Z(s)su(l,s) 


Equation  (9)  indicates  the  dtyncunic  equilibrium  between  the  PZT  actuator  and  its  host  structure. 
Z(s)  is  the  generalized  structural  impedance  which  is  the  same  as  the  mechanical  impedance, 
Z(oj),  after  replacing  s  with  ion 

The  transformed  displacement  u(x,s)  can  be  solved  as: 

u(x,s)  =C,  e^+qe-*  (10) 

where  k=s/c.  Ci  and  C2  may  be  solved  from  the  boundary  conditions  given  by  Eqs.  (8)  and  (9) 
as: 

dnYfrhE(s)/2 

1  2  r  "  "  '  ’  (11) 

Ynwhkcosh(kl)  +sZ(s)  sinh  (/cl) 

The  generalized  actuator  mechanical  impedance,  ZA(s),  can  be  determined  (Liang  et  al.,  1993a) 
as: 


za(s)  = 


kY^wh  cosh  (kl) 
s  sinh (kl ) 


The  transformed  displacement  u(x,s)  may  be  expressed  as: 

,  <f31jr^whsinh(/c.x')  P  —  _ 

u(x,s)  = - 1L _ _ 1  t  LlfJ.=d  Y?wf(x  (13) 

[Z(s)  +ZA(s)  ]  s  sinh  (kl )  h  d3i*n  v£(x,s)V(s)  t  ) 

where  V(s)  is  the  Laplace  transform  of  the  applied  electrical  voltage  V(t),  and 


f(x,s)  =?Sx/s'>  = 


( x,s )  _  sinh  (kx) 

*  (s)  [Z(sj  +Z,(s)  Ji  sinh(kl) 


The  poles  of  T(x,s),  which  are  simple  poles  based  on  the  physical  concept  of  impedance  match, 
may  be  determined  from  $(s)  =0: 

Y^whk cosh  (kl)  +sZ(s )  sinh(kl)  =0  (15). 


Z(s)  +ZA (s) =0 


5 


The  inverse  Laplace  transform  of  7(x,s),  f(x,t),  may  be  expressed  as  (Meirovitch,  1967): 


*(X’SJ  ^SJ 


(17) 


where  s„  and  sm*  (s^  is  the  complex  conjugate  of  sj  are  the  simple  roots  of  Eq.  (15)  or  Eq. 
(16).  #’(s)  is  the  derivative  of  $  with  respect  to  s  and  is  given  by: 

klYEwh 

$7(s)  =Z  (s) klcosk (kl)  + - i — sinh  (kl)  +Z'(s)  s  sinh(kl)  <18) 

c 

The  transient  displacement  response  of  the  PZT  under  an  electrical  excitation  E3(t)  =  V(t)/h  can 
then  be  obtained  using  Borel’s  theorem  (Thomson,  1950)  as: 

u(x,t)  =d31Y*wjv(T)f(x,t-T)dT  (19) 


Once  u(x,t)  is  determined,  the  strain  (Sn)  and  stress  (Tn)  within  the  PZT  may  be  determined 
as: 


c  -  du  [x*  £) 

-  11  dx  (20) 

Note:  the  dynamics  of  the  PZT  actuator  itself  are  not  fully  considered  because  it  is  assumed  here 
that  the  induced  strain  is  expressed  as  d31E(t).  The  induced  strain  has  a  slight  time  delay  behind 
the  applied  electrical  voltage  as  a  result  of  the  electrical  and  mechanical  dissipation  of  the  PZT 
itself.  The  delay  time  is  on  the  order  of  magnitude  of  10"6  to  10‘5  second  (Amos  and  Chen, 
1978). 

The  electrical  displacement  and  electrical  current  may  also  be  determined  by  substituting  Eq. 
(20)  into  the  piezoelectric  constitutive  relation  (the  second  equation).  The  current  passing 
through  the  PZT  actuator  and  the  electrical  displacement,  D3,  are  related  by: 

f  i  (t)  dt  =  f1D2  (x,  t)  wdx=wd21f1T11  (x,  t)  dx+-^^-V(  t) 

JO  Jo  h  (21) 

=d2lyf1wu(l,  c)  +(ej3-df1y1r1)  ~v(t) 

n 


It  is  assumed  here  that  a  free  PZT  actuator  may  be  considered  a  perfect  capacitor.  The  electrical 
damping  of  PZT  is  not  included. 

A  PZT  actuator-driven  single-degree-of-freedom  spring-mass-damper  system,  as  illustrated  in 
Fig.  2,  is  used  as  an  example  to  demonstrate  the  utility  of  the  transient  electro-mechanical 
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(22) 


model.  The  general  impedance  Z(s)  for  the  system  may  be  expressed  as: 


Z  ( s)  =m 


s2* 

s 


+C 


where  is  the  resonant  frequency  of  the  one-degree-of-ffeedom  system  and  C  is  the  damping 
of  the  system.  ° 

The  roots  of  $(s)=0  include  s0  and  sn  and  their  complex  conjugates  s’0  and  s‘n: 

Is^-a+iful+Y&wh/lm  (23) 

\sn*-pn+nnci/l 

where  a  and  0n  are  positive  real*  numbers.  j 8a  is  typically  much  smaller  than  a  (=C/2m). 

Equation  (19)  may  be  used  to  determine  the  transient  displacement  response  of  a  system  for  any 
type  of  voltage  activation  V(t).  This  paper  will  only  discuss  the  step  voltage  activation. '  The 
displacement  field  under  a  step  voltage,  V0,  activation  may  be  easily  determined  as: 

uu:  t)  <.*•- 1)  W4> 


The  displacement  of  the  mass,  u(l,t),  the  interaction  force  between  the  PZT  actuator  and  the 
mass  Tn(l,t)wh,  and  the  electrical  current  passing  through  the  PZT  actuator  can  then  be 
determined  from  Eqs.  (24),  (20),  and  (21),  respectively. 

It  is  necessary  to  mention  that  the  current  passing  through  the  PZT  actuator  cannot  be  accurately 
determined  unless  the  mechanical  loss  and  dielectric  loss  of  the  PZT  actuator  are  included  in  the 
analysis.  If  the  system  resonance  frequency  is  much  below  the  first  resonant  frequency  of  the 
PZT  actuator  itself,  which  for  a  PZT  patch  5  cm  long  is  in  the  20  kHz  range,  the  current  given 
by  the  first  term  (u(l,t)  term)  provides  acceptable  results  at  t>  0.  However,  further  investigation 
is  still  needed  regarding  the  influence  of  actuator  mechanical  and  electrical  loss  on  the  transient 
behavior  of  PZT  actuator-driven  active  structures. 


Numerical  Case  Studies 

Consider  a  PZT  of  length  1  =  5.08  cm  (2  in),  width  w  =  2.54  cm  (1  in),  and  thickness  h  =  0.2 
cm  (0.079  in)  driving  a  one-degree-of-freedom  spring-mass-damper  system.  The  material 
properties  of  the  PZT  used  in  the  theoretical  simulation  are  listed  in  Table  1.  The  undamped 
natural  frequency  of  the  spring-mass-damper  system,  f„  is  500  Hz.  The  mass,  m,  is  assumed 
Q  damPinS  ratio,  f,  is  assumed  to  be  1%,  yielding  a  damping  coefficient  C  of 

125.6  Ns/m  (C=4xm£fx).  The  stiffness  of  the  spring,  K,  is  given  by  m(2xfs)2.  The  voltage 
excitation  is  a  step  function  and  V0  is  100  volts. 
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Table  1:  Material  Properties  of  G-1195  PZT  (from  Piezo  Systems,  Inc.) 


d3i 

y  E 

1  a 

p 

e33T 

(m/volt) 

N/m2 

kg/m3 

Farads/m 

-180xl012 

6.3xl010 

7600 

1.5x10-® 

Figure  3  shows  the  transient 
displacement  response  of  the  mass, 
u(l,t),  normalized  by  the  steady-state 
displacement  response  u(l,°°)-  The 
peak  overshoot  is  almost  100%  of  the  J 

steady-state  displacement  response  . 

which  may  also  be  determined  based  J 

on  the  static  equilibrium  as  # 

KaX^/^+K).  The  oscillation  is  not 
at  500  Hz  but  at  the  damped  resonant 
frequency  of  the  entire  PZT  and 
spring-mass-damper  system,  which  is 
about  575  Hz  as  approximated  by 
[(KA+K)/m]1/2/(2ir).  The  settling  time  Figure  3.  Normalized  transient  displacement  of  the 
for  the  system  is  0.1  second  (5%  of  mass, 
the  steady-state  response).  The  decay 

rate  in  this  case  is  apparently  governed  by  the  damping  of  the  spring-mass-damper  system. 


Tune,  i 


The  interaction  force  between  the  PZT 
actuator  and  the  mass  is  shown  in  Fig. 
4.  The  result  shown  in  Fig.  4  is  also 
normalized  with  respect  to  the  steady- 
state  interaction  force  which  may  be 
determined  according  to  Eq.  (1).  The 
overshoot  is  about  30  %  of  the  steady- 
state  interaction  force.  The  frequency 
of  the  oscillation  is  also  at  575  Hz. 

The  electrical  current  passing  through 
the  PZT  actuator  is  plotted  in  Fig.  5. 
The  current  oscillation,  as  illustrated 
in  Eq.  (21),  is  directly  related  to  the 
mechanical  ring-down  of  the  system. 


Time,  s 


Figure  4.  Normalized  interaction  force  between  the 
PZT  actuator  and  the  mass. 


In  the  estimation  of  the  transient 

displacement  using  Eq.  (24),  the  first  21  terms  (42  poles)  are  used.  In  fact,  it  is  found  that  the 
result  predicted  using  only  the  s0  and  s0*  terms  is  almost  the  same  as  that  calculated  using  21 
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terms  in  this  case  study  because  the  dominant  resonant  frequency  of  the  entire  system  (PZT 
actuator  and  the  spring-mass-damper  system)  is  much  below  the  first  resonant  frequency  of  the 
PZT  actuator  itself. 


*10J 


Conclusion 

A  theoretical  model  to  determine  the 
transient  electro-mechanical  response 
of  active  structures  driven  by  PZT 
actuators  is  presented  in  this  paper. 

The  dynamic  interaction  between 
induced  strain  actuators  and  their  host 
structures  is  incorporated  in  the 
model.  A  simple  PZT  actuator-driven 
one-degree-of-freedom  spring-mass- 
damper  system  is  used  to  demonstrate 
the  utility  of  the  transient  electro¬ 
mechanical  model.  Further 
investigation  of  this  subject  includes 

incorporation  of  the  mechanical  and  electrical  damping  of  the  PZT  actuator  and  its  application 
to  complex  structures,  including  beams,  plates,  and  shells. 


Figure  5. 
actuator. 


Transient  current  passing  through  the  PZT 
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ABSTRACT 

A  design  procedure  for  the  location  and  shape  of  the  control  transducers  for  feedforward 
controlled  active  systems  is  outlined.  The  procedure  is  based  upon  the  relationship  of  the  controlled 
eigenvalues  and  eigenfunctions  of  the  controlled  system  to  the  control  load  and  optimal  compensator 
characteristics.  The  use  of  the  design  procedure  is  illustrated  through  modification  of  dynamics  of  a 
beam  and  radiation  control  from  a  plate.  The  extension  of  the  method  to  complex  structures  using 
numerical  techniques  such  as  EEM/BEM  and  the  impact  of  random  broadband  disturbances  is  briefly 
discussed.  The  method  provides  a  basis  by  which  feedforward  controlled  systems  can  be  designed  for 
specified  performance  requirements  in  contrast  to  the  largely  "ad  hoc"  methods  presently  used 

INTRODUCTION 

Feedforward  active  control  has  shown  much  potential  to  alleviate  problems  in  sound  and 
vibration  at  audio  frequencies  [1,2].  The  design  of  feedforward  controllers  is  traditionally  defined  by  an 
"ad  hoc”  selection  of  the  number  and  location  of  actuators  and  sensors  based  upon  a  physical 
understanding  of  the  behavior  of  uncontrolled  and  controlled  systems.  This  empirical  design  contrasts 
with  the  large  number  of  analytical  tools  available  to  designers  of  feedback  controllers.  Techniques  such 
as  pole  allocation,  various  state  space  design  methods,  optimal  control  and  so  forth,  are  extensively  used 
in  feedback  control  applications  [3J.  The  lack  of  mathematically  based  design  formulations  in 
feedforward  control  stems  from  the  small  amount  of  research  carried  out  on  undetstanding  the  behavior 
of  feedforward  controlled  systems.  The  prevailing  view  in  the  feedforward  control  community  is  that 
the  control  "cancels”  the  disturbance  an  observation  which  is  certainly  true  in  a  marhemarir^i  sense  for 
steady  state  disturbances.  However,  it  has  been  demonstrated  in  a  number  of  different  systems  that, 
physically,  the  disturbance  source  "sees"  a  modified  input  or  radiation  impedance  (see  for  example  the 
work  by  Snyder  and  Hansen  [4]). 

Recent  analytical  work  by  the  authors  has  demonstrated  that  this  change  in  input  impedance 
is  a  result  of  the  feedforward  controlled  structure  or  system  having  new  eigenvalues  and  eigenvectors 
[5,6],  It  should  be  stressed  here  that  these  new  eigen  characteristics  only  appear  for  inputs  which  are 
coherent  with  the  feedforward  disturbance.  In  contrast  to  feedback  control,  the  system  will  respond  with 


the  uncontrolled  eigenvalues  to  any  other  uncorrelated  disturbance.  The  analysis  outlined  in  reference 
5  suggests  a  design  approach  for  feedforward  control  systems.  That  is,  given  a  desired  set  of  modal 
properties,  a  feedforward  controller  can  then  be  designed  to  force  or  adapt  the  controlled  system  to  have 
those  characteristics. 

In  this  paper  we  summarize  work  in  which  a  design  formulation  is  developed  for  a  sinsle-input, 
single-output  (SISO)  feedforward  controller  to  actively  modify  the  dynamics  of  a  distributed  elastic 
system.  Although  the  formulation  is  written  in  terms  for  a  structural  system,  it  is  equally  applicable  to 
acoustic  systems.  The  design  formulation  is  applied  to  a  problem  in  dynamics  and  then  the  extension 
to  the  control  of  sound  radiation  is  oudined.  The  paper  finishes  with  a  brief  discussion  of  the  extension 
of  the  method  to  discretized  complex  systems,  i.e.  FEM/BEM  analysis,  and  broadband  disturbances. 

The  work  described  in  this  paper  is  largely  a  summary  and  combination  of  previous  work  by 
the  authors  published  in  a  number  of  papers  [5, 7,8,9], 

FEEDFORWARD  CONTROLLED  EIGENPROPERTIES 

The  structural  system  is  assumed  to  be  an  undamped,  linear,  time  invariant,  distributed 
parameter  system.  Thus,  the  equations  of  motion  can  be  written  in  the  form  of  a  partial  differential 
equation  as 

L[W  (D,t)]  +  m(D)  — W(D,t)  =  f(D)  F(t)  +  u(D)  U(t)  (1) 

5t* 

where  W(D,t)  is  the  displacement  in  the  domain  D,  LfJ  is  a  self-adjoint  linear  differential  operator,  and 
m(D)  is  the  mass  distribution.  The  disturbance  or  "primary"  input  is  defined  by  the  time  dependent 
amplitude  F(t)  and  its  spatial  distribution  f(D).  The  system  is  controlled  by  a  coherent  "secondary" 
control  input  defined  by  the  amplitude  U(t)  and  its  spatial  distribution  u(D)  as  shown  in  Figure  1. 
Feedforward  control  approaches  are  used  in  applications  where  the  disturbance  excitation  is  stationary, 
i.e.  single  and  multiple  frequencies  as  well  as  random  inputs.  Then,  the  disturbance  input  F(t)  is 
assumed  stationary  and  thus  W(D,t)  and  U(t)  are  also  stationary  variables.  By  taking  the  Fourier 
Transform,  the  analysis  can  be  carried  out  on  the  frequency  domain.  That  is, 

L[W(D,gj)]  -  coJ  m(D)  W(D,co)  =  f(D)  F(co)  +  u(D)  U(co)  (2) 

Solving  for  the  eigenvalues  and  eigenfunctions  of  the  homogeneous  pan  of  Eq.  (2),  the  response 
of  the  system  can  be  written  in  terms  of  the  mode  shape  functions  by  using  the  expansion  theorem  as 

W(D,co)  =  £  qn(co)  0o(D)  (3) 
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Figure  1 --Schematic  of  a  SISO  feedforward  control  system 


where  q„(co)  is  the  n“  generalized  coordinate,  0O(D)  is  the  n*  eigenfunction,  and  N  is  the  number  of 
modes  included  in  the  analysis.  The  eigenfunctions  satisfy  the  orthogonality  conditions 

/<t>0(D)m(D)<|>JD)dD=S0m  ;  /$0(D)L[4.m(D)]dD  =  5niaa2  (4a,4b) 


where  is  the  Kronecker  delta  function,  and  coa  is  the  nm  natural  frequency  associated  to  the 
eigenfunction  <(>a(D). 

The  generalized  coordinate  q„(co)  is  obtained  by  replacing  Eq.  (3)  into  (2),  premultiplying  by 
<t>m(D)  and  using  the  orthogonality  conditions  of  Eq.  (4).  Then, 

qB(a>)  =  [f„F(co)  +  unU(co)]  Ho(co)  (5) 

where  Hn(co)=(coa2-©2+j2Pataa©)'1  is  the  nm  modal  frequency  response  function,  j  is  the  imaginary 
number,  (!„  is  the  n®  modal  damping  ratio  included  here  to  bound  the  response  at  resonance,  and  fn  and 
u,  are  the  n111  modal  disturbance  and  control  forces  defined  by  the  inner  products 

f»  =  ^  ♦.(P)  f(D)dD  ;  un  =  /  <p n(D)  u(D)dD  (6a,6b) 


In  the  SISO  feedforward  control  system  considered  here,  the  optimum  frequency  component 
of  the  control  input  stems  from  driving  to  zero,  a  response  of  the  system  which  is  referred  here  as  the 
error  variable.  The  error  variable  can  also  be  represented  as  the  linear  contribution  of  each  modal 
response  as  follows 


e(co)  =  £q.«D) 


(7) 


where  4,  is  the  n*  modal  component  of  the  error  variable  that  is  a  function  of  the  physical 
..'.characteristics  of  the  error  transducer  implemented.  The  modal  error. component  indicates  the  relative 
importance  assigned  to  each  mode. 

Replacing  Eq.  (5)  into  (7),  the  error  signal  can  then  be  set  to  zero  to  solve  for  the  optimum 
control  input  in  terms  of  the  modal  quantities.  That  is 


U(co)=  -£  SnuaH»  F«d)  =  G(co)  F(ffl) 

n-i  q-1 


(8) 


where  (3(0))  is  the  feedforward  compensator.  In  this  analysis  the  control  system  is  assumed  to  be  causal, 
and  thus  the  compensator  G(cj)  is  realizable  [10].  For  noncausal  or  non-minimum  phase  control  systems, 
the  ideal  compensator  is  not  implementable  as  discussed  later.  However,  the  approach  presented  here 
can  still  be  used  as  a  design  tool.  For  single  frequency  and  multiple  frequencies  disturbances,  where 
causality  is  not  an  issue,  the  proposed  design  formulation  is  also  applicable. 

The  feedforward  compensator,  G(m),  is  the  transfer  function  that  relates  the  control  input  U(o)) 
to  the  disturbance  input  F(m).  The  controller  or  compensator  G(co)  in  Eq.  (8)  is  defined  as  the  ratio  of 
two  transfer  functions,  where  the  numerator  is  the  transfer  function  between  the  disturbance  or 
primary  input  and  the  error  variable  T^(m),  while  the  denominator  is  the  transfer  function  between 
the  "secondary"  control  input  and  the  error  variable  TJco).  The  controller  G(ffl)  can  provide  valuable 
information  as  to  the  performance  of  the  control  system.  For  example,  the  poles  of  G(co)  would  indicate 


the  frequencies  at  which  the  control  effort  would  be  unbounded  if  no  damping  was  present  in  the  system. 

The  traditional  view  of  feedforward  control  techniques  is  of  "active  cancellation"  where  the 
uncontrolled  modes  excited  by  the  "primary"  input  are  canceled  by  a  "secondary"  input  of  appropriate 
magnitude  and  phase  driving  the  same  uncontrolled  modes.  This  view  arises  from  the  fact  that  the 
system  response  can  be  obtained  by  superimposing  the  response  of  the  disturbance  and  concrol  inputs 
as  suggested  by  Eq.  (2).  The  unwanted  consequence  of  this  view  is  that  the  design  of  feedforward 
controllers  has  become  an  empirical  technique  based  largely  on  a  physical  understanding  of  the 
uncontrolled  system.  Recent  work  has  shown  that  the  mechanisms  for  acoustic  control  (for  example) 
with  stationary  disturbances  is  that,  in  general,  the  active  source  modifies  the  radiation  impedance  of  the 
disturbance  source,  thus  leading  to  less  power  radiated  [4],  For  active  vibration  control  (AVC)  as  well 
as  active  structural  acoustic  control  (ASAC),  the  authors  have  recently  demonstrated  that  feedforward 
controlled  systems  have  new  eigenvalues  and  eigenfunctions  as  in  feedback  control  [6,11],  For  the  sake 
of  brevity,  only  the  main  concepts  of  the  controlled  system  eigen-analysis  are  presented  here,  while  a 
complete  description  of  this  formulation  can  be  found  in  Reference  5. 

For  this  analysis  the  controlled  system  is  assumed  to  be  undamped.  The  dynamic  behavior  of 
the  controlled  system  is  governed  by  the  characteristics  of  the  controller  G(co).  Multiplying  and  dividing 
Eq.  (8)  by  the  product  of  the  modal  frequency  response  functions  H^co),  G(co)  can  be  written  as  the 
ratio  of  two  polynomials  as  follows  [5,6] 

G(co)  =  -N(co)/P(<d)  (9) 

with 

P(o)  ■£  S«  u0  E[  (10) 

n«l  m*l 

ra*D 


The  polynomial  P(co)  in  the  denominator  can  be  shown  to  be  the  characteristic  polynomial  of 
the  controlled  system.  Thus,  the  eigenvalues  of  the  controlled  system,  (co*)2,  are  obtained  by  solving 
for  the  roots  of  P(co),  P(col)=0.  It  is  not  difficult  to  show  that  P(co)  is  the  numerator  of  the  transfer 
function  T^co)  and,  thus,  the  controlled  system  eigenvalues  are  the  zeros  of  TJco)  [6].  This  implies  that 
.  we  are  canceling  the  zeros  of  TJco)  with  the  poles  of  G(co).  The  order  of  the  polynomial  in  Eq.  (10) 
is  (N-l)  in  the  variable  or,  and  thus  the  controlled  system  has  (N-l)  new  eigenvalues.  It  can  be  shown 
that  the  controller  has  reduced  the  dynamic-degree-of-freedom  of  the  system  by  one  through  the 
constraint  imposed  on  the  structure  by  driving  the  error  signal  to  zero.  The  controlled  system 
eigenfunction  $4(D)  associated  with  the  natural  frequency  co(  is  easily  computed  once  the  controlled 
system  eigenvalues  have  been  determined.  They  are  obtained  as  a  linear  combination  of  the  uncontrolled 
modes,  since  they  have  been  used  as  an  expansion  basis.  Then, 

♦,(D)  =  £  ^♦.(D)  (n> 

0«l 

where  the  expansion  coefficients  are 

r*  =  ci  (12) 


The  constant  C,  in  Eq.  (12)  is  included  since  the  controlled  mode  shapes  are  arbitrary  to  a 
constant  multiplier,  and  it  can  be  computed  by  requiring  ^(T^^l.  It  is  worth  while  mentioning  that 
Eq.  (12)  is  identical  to  the  relationship  found  in  the  computation  of  the  modified  eigenfunctions  in 
dynamic  local  modification  techniques  (12J.  Thus,  feedforward  control  can  also  be  used  to  actively 
modify  the  dynamics  of  a  structure  without  the  drawback  of  the  unwanted  increase  in  system  mass 


generally  associated  with  structural  modification  methods  [12J.  Another  important  observation  is  that 
from  Eqs.  (11)  and  (12)  it  can  be  observed  that  the  eigenproperties  of  the  controlled  system  are  a 
function  of  only  the  control  input  through  u,  and  of  the  error  variable  to  be  minimized  through  the 
modal  error  components  ^  and  they  are  independent  of  the  disturbance  input.  This  conclusions  are 
again  similar  to  those  as  found  in  feedback  controlled  systems. 

EIGENVALUE  ASSIGNMENT  DESIGN  APPROACH 

The  theory  in  the  previous  section  shows  that  a  system  under  feedforward  control  has  different 
modal  properties  from  the  uncontrolled  system  with  respect  to  the  excitation  F(co).  This  implies  that  by 
proper  control  design  a  structure  could  be  actively  modified  to  behave  with  new  dynamic  properties  as 
required  by  the  analyst.  The  design  of  feedback  control  systems  is  related  to  the  computation  of  the 
feedback  gains,  where  techniques  such  as  eigenvalue  assignment,  eigenvector  assignment,  linear  optimal 
control,  and  others  are  extensively  used  to  this  end.  On  the  other  hand,  the  general  design  of  a  SISO 
feedforward  control  systems  involves  the  selection  of  the  control  input  distribution,  deteimined  by  the 
modal  components  14,  and  of  the  error  quantity  to  be  minimized  defined  by  the  modal  error  components 
^  contrast  to  feedback  control  where  a  substantial  number  of  mathematical  design  formulations  are 
available,  analytical  feedforward  design  approaches  are  effectively  non-existent  in  the  literature.  In  the 
following,  a  feedforward  control  design  procedure  based  on  the  eigenvalue  assignment  technique  will 
be  presented.  Here,  it  is  assumed  the  control  load  is  fixed  and  thus  the  modal  control  inputs  u,  are 
known.  The  design  approach  will  then  focus  on  the  selection  of  the  proper  error  sensor,  whose  output 
will  be  minimized,  in  order  to  drive  the  closed  loop  behavior  as  required 

In  the  eigenvalue  assignment  technique,  the  controlled  system  eigenvalues  are  selected  in 
advance  and  then  the  error  sensor  is  designed  so  as  to  match  the  desired  controlled  system  poles.  This 
implies  that  the  (N-l)  controlled  eigenvalues  (ta,)2  as  well  as  the  N  modal  control  forces  are  known 
quantities  and  the  modal  components  of  the  error  variable  are  to  be  computed.  Substituting  the 
selected  controlled  system  eigenvalues  into  the  characterisdc  polynomial  in  Eq.  (10),  we  can  write 


!=1,~,(N-1)  (13) 
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which  can  also  be  written  in  matrix  form  as  follows 
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The  dimension  of  the  matrix  in  Eq.  (14)  is  (N-l)xN.  Careful  observation  of  Eq.  (14)  shows 
that  if  one  of  the  controlled  eigenvalues  is  identical  to  one  of  the  uncontrolled  system  eigenvalues,  i.e. 
cos=cof  only  the  term  S*  in  the  s *  row  in  the  above  matrix  does  not  vanish.  Therefore,  to  satisfy  the 
s  equation  must  also  be  zero.  This  implies  that  the  sm  eigenfunction  is  unobservable  by  the  error 
sensor  and  thus  it  can  not  be  affected  by  the  control  input.  The  linear  system  in  Eq.  (14)  is  such  that 
any  multiple  of  the  vector  is  a  solution,  and  therefore  the  only  relevant  information  is 

the  relative  value  between  the  modal  error  components.  Assuming  the  N*  mode  is  observable,  ^  is  set 
to  unity  and  by  suitably  partitioning  the  matrices  in  Eq.  (14),  the  modal  components  can  be  obtained  by 
solving  the  reduced  linear  system  of  equations 


(15) 
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The  vector  {^|,§2 . }T  defines  the  error  sensor  in  the  modal  domain.  Thus,  this  modal 

information  needs  to  be  transformed  into  a  physical  sensor  on  the  structure,  and  to  this  end  two  basic 
approaches  can  be  implemented.  One  method  utilizes  an  array  of  discrete  point  sensors,  i.e. 
accelerometers,  strain  gages  and  so  forth.  The  error  variable  is  obtained  by  summing  the  weighted 
discrete  sensor  signals.  Assuming  N,  discrete  point  displacement  sensors,  the  modal  error  component 
becomes 


=  /  £  b.  8(DrD)^(D)dD 

U  i.i 


(16) 


where  bj  is  the  weight  of  the  i*  point  sensor  located  at  D;,  and  5(DrD)  is  the  Dirac  delta  function.  Then, 
Eq.  (16)  reduces  to 


n  =  l,~,N 


i*l 


(17) 


Equation  (17)  can  also  be  written  in  matrix  form  as 

[A]  (b>  =  {|}  (18) 

where  the  components  of  matrix  [A],  which  relates  the  error  quantity  in  the  physical  domain  to  the 
modal  domain,  are  A^^CD*),  and  {b}={b1,b2,...,bN}T  is  the  weighting  vector.  Assuming  N  >  N,  the 
solution  of  Eq.  (18)  can  be  obtained  by  the  pseudo-inverse  technique  [13].  That  is, 

(bl  =  ([A]t[A])"  [A]t  {$}  (19) 


The  sum  of  the  output  of  Ns  discrete  point  sensors  is  a  design  approach  applicable  to  any 
complex  structure.  However,  implementation  of  this  approach  could  result  in  considerable  signal 
conditioning  effort,  particularly  in  "real-time”  digital  control  where  all  calculation  must  be  completed 
in  one  sampling  period.  The  use  of  distributed  sensors  has  recently  gained  acceptance  in  the  control 
community  for  their  inherent  built  in  filtering  capability  of  the  system  response.  The  flexibility,  light 
weight  and  toughness  properties  of  polyvinylidene  fluoride  polymer  (PVDF)  films  have  found 
application  as  distributed  structural  sensors  in  active  control  [14-18].  The  PVDF  film  sensor  is  mounted 
on  the  surface  of  the  structure  and  yields  a  response  proportional  to  the  integral  of  the  strain  over  the 
surface  of  application.  In  particular,  one  dimensional  problems  are  ideally  suited  for  the  use  of  PVDF 
distributed  sensor  because  any  desirable  weighted  response  can  be  obtained  by  varying  the  width  and 
polarity  of  the  sensor  as  a  function  of  the  axial  coordinate.  The  design  of  a  physical  PVDF  sensor  from 
the  modal  error  components  will  be  presented  for  a  beam  problem.  Thus,  the  domain  D  becomes  the 
x  coordinate  in  the  following  derivation. 

Since  PVDF  film  is  a  strain  sensor,  the  modal  error  component  becomes  [7,14] 


(20) 


where  h  is  the  distance  of  the  upper  beam  surface  to  the  neutral  axis  here  assumed  constant  for  the  sake 
of  clarity  in  the  presentation;  a  is  a  constant  of  proportionality  that  relates  the  film  electrical  and 
mechanical  properties  to  the  surface  strain;  and  b(x)  is  the  function  that  weights  the  strain  along  the 
beam,  and  it  is  determined  by  the  PVDF  film’s  geometry.  This  function  dictates  the  width  of  the  film 
and  can  take  either  positive  or  negative  values.  The  negative  effective  width  can  be  implemented  by 
segmenting  the  film  with  out-of-phase  wiring  of  the  negative  segments,  i.e.  inverting  the  polarity  of  the 
sensors.  In  order  to  take  advantage  of  the  orthogonality  conditions  of  the  modes,  the  weight  function 
b(x)  is  expanded  as  follows 

b(x)  =  £  bm  EI(x)  (21) 

-I  dx2 


To  solve  for  the  unknown  expansion  coefficients  bm,  Eq.  (21)  is  replaced  into  Eq.  (20)  and  using  the 
orthogonality  condition  of  Eq.  (4b)  gives 


b_  = 


ahcoj 


(22) 


That  yields  the  weight  function  in  term  of  the  computed  modal  error  components  as  follows 

b(x)  =  £  j;  EI(x) 

o*i  to;  dx2 


(23) 


In  this  design  formulation,  the  control  input  was  assumed  fixed  and  the  error  sensor  is  then 
•  configured  to  achieve  the  .sought  controlled  system  characteristics.  However,  inspection  of  the 
characteristic  polynomial  in  Eq.  (13)  reveals  that  the  design  process  could  have  also  been  stated  as- 
assuming  the  error  sensor  fixed,  the  control  input  distribution  is  then  designed  to  obtain  the  desired 
poles.  This  is  simply  accomplished  by  replacing  4.  by  n,  and  vice  versa  in  Eqs.  (13)  through  (23) 
These  two  eigenvalue  assignment  design  concepts  differ  only  in  that  the  associated  controlled 
eigenfunctions  are  different  since  the  expansion  coefficients  r„  in  Eq.  (12)  are  determined  by  m. 
Greater  design  flexibility  is  possible  if  both  the  control  load  distribution  and  the  weighted  error  variable 
are  designed  simultaneously,  as  it  will  be  discussed  later. 

Design  Example:  Control  of  motion  of  a  simply  supported  beam 

The  applicability  of  the  design  formulation  presented  here  is  demonstrated  for  a  uniform  simply 
supported  beam.  The  beam  is  made  of  steel  and  has  bending  stiffness  EI=93  Nm2,  mass  per  unit  length 
m-2.181  N.sec7m ,  and  beam  length  L=0.38  m.  To  compute  the  response  of  the  system,  it  is  assumed 
a  modal  damping  ratio  of  0.1%  in  all  modes  (^=0.001),  and  only  the  first  four  modes  are  included  in 
the  analysis.  The  beam  is  excited  by  a  concentrated  force  located  at  x^.lL,  and  the  response  is 
controlled  by  another  point  force  placed  at  x=0.65L.  In  this  example,  the  error  sensor,  whose  output  is 
minimized,  is  a  distributed  PVDF  shaped  film  mounted  on  the  beam  surface.  This  sensor  is  designed 
to  induce  the  desired  dynamic  characteristics  of  the  structure.  Since  the  proposed  design  formulation  is 
based  on  the  modal  representation  of  the  system’s  response,  the  eigenproperties  of  the  uncontrolled  beam 
to  be  used  in  the  analysis  are  given  by 


coo  =  (mr/L)'  y/EI/m 


<t>n(x)  =  •/Um  L  Sin(n;tx/L) 


(24a.24b) 


In  this  example  problem,  we  seek  to  arbitrarily  shift  the  natural  frequencies  of  the  system  in 
the  frequency  range  of  the  first  four  modes.  As  mentioned  before,  the  controlled  system  has  one  less 
dynamic  degree  of  freedom  due  to  the  constraint  imposed  in  the  system  as  result  of  driving  the  error 
signal  to  zero.  Thus,  the  number  of  controlled  modes  is  three  and  the  desired  beam-control  system 
natural  frequencies,  cop  (which  are  arbitrarily  chosen)  are  shown  in  Table  1.  The  uncontrolled  natural 
frequencies  are  also  shown  in  the  same  table.  These  desired  natural  frequencies  are  replaced  into  Eq. 
(15)  to  compute  the  coefficients  of  the  matrix  and  independent  vector.  Solving  this  linear  system  of 
equations  for  the  modal  error  components  defines  the  error  sensor  in  the  modal  space.  To  convert 
this  into  a  PVDF  distributed  sensor,  the  modal  components  are  replaced  into  Eq.  (23)  where  the 
weight  function  b(x)  is  computed.  This  function  determines  the  width  profile  of  the  PVDF  sensor  which 
is  shown  in  Figure  2. 


Table  1 --Uncontrolled  and  Controlled  System  Natural  Frequencies 


Mode 

Natural  Frequency  [Hz] 

Uncontrolled,  /0=ca/2rt 

Controlled, 

Analysis 

Experimental 

Analysis 

Experimental 

1 

71.0 

75 

425 

424 

2 

284.1 

278 

780 

750 

3 

639.3 

626 

1000 

1030 

4 

1136.5 

1120 

5 

1775.8 

1450 

Figure  2— PVDF  film  sensor  geometry 


To  illustrate  the  dynamic  behavior  of  the  beam  before  and  after  control,  the  acceleration 
response  at  the  input  force  location  was  computed.  The  acceleration  response  is  obtained  by  multiplying 
Eq.  (3)  by  m2.  Assuming  a  unit  amplitude  of  the  input  force,  the  magnitude  of  the  acceleration  before 
and  after  control  at  x„  are  shown  in  Figure  3  as  function  of  the  frequency  to.  The  dashed  iin«»  is  the 
analytical  response  of  the  uncontrolled  beam  obtained  by  using  Eqs.  (3)  and  (5)  and  setting  U(o>)  to 
zero.  The  continuous  line  corresponds  to  the  controlled  system  calculated  from  Eqs.  (3),  (5)  and  (8)  and 
shows  resonance  behavior  at  the  preselected  frequencies  toP  Thus,  upon  driving  the  weighted  response 
output  from  the  PVDF  sensor  to  zero,  the  beam-control  system  has  the  desired  eigenvalues.  Note  that 
the  results  of  Figure  3  were  calculated  in  the  frequency  domain  and  the  curves  were  obtained  by 


Figure  3-Acceleration  at  disturbance  force  location;  Uncontrolled  —  Analytical,  aaa  Experimental 
Controlled - Analytical,  ooo  Experimental 
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Figure  4-Controlled  system  eigenfunctions; - Analytical,  ooo  Experimental. 


evaluating  at  discrete  frequencies.  The  results,  thus,  represente  the  best  possible  attenuation  achievable 
over  the  bandwidth.  Whether  this  is  physically  realizable  depends  upon  the  time  domain  response  of  the 
controlled  system,  i.e.  wether  it  is  causal,  non-minimum  phase  etc.  The  associated  controlled 
eigenfunctions,  computed  using  Eqs.  (11)  and  (12),  are  shown  in  Figure  4. 

The  above  numerical  example  was  also  experimentally  verified  as  described  in  reference  7  The 
experimentally  determined  values  are  plotted  in  Figures  3  and  4  and  good  agreement  with  the  theory  is 
seen.  It  should  be  noted  that  the  computed  mode  shapes  in  Figure  5  were  calculated  from  the  individual 
eigenfunction  expressions  in  eq.(ll)  and  (12).  rather  than  the  total  response  of  the  system  at  the 
resonance  points.  A  similar  approach  has  demonstrated  how  it  is  possible  to  design  the  controller  to 
cause  a  homogeneous  beam  to  behave  exactly  as  a  beam  (both  eigenvalues  and  eigenvectors)  with  an 
attached  mass-spring  system  [19]. 


EIGENVALUE-EIGENFUNCTION  ASSIGNMENT  DESIGN  APPROACH 

In  this  case,  the  controlled  system  eigenfunctions  as  well  as  the  eigenvalues  are  preselected  in 
advance  using  an  eigenvalue-eigenfunction  assignment  technique.  The  main  application  of  this  approach 
would  be  in  active  structural  acoustic  control  (ASAC)  where  the  radiation  efficiency  of  the  controlled 
mode  shapes  are  as  important  as  the  resonance  conditions  [20], 

The  main  goal  in  ASAC  is  for  the  control  system  to  render  a  controlled  response  that  poorly 
couples  with  the  acoustic  medium,  thus  resulting  in  minimum  radiated  sound  power.  This  objective  can 
be  accomplished  if  two  conditions  are  met  as  follows: 

(i)  Firstly,  the  resonant  frequencies  of  the  controlled  structure  must  lay  away  from  the  dominant 
part  of  the  disturbance  input  spectrum.  In  other  words,  the  controlled  system  resonances  should 
be  detuned  from  the  excitation  input. 

(ii)  Secondly  and  more  important,  the  controlled  or  residual  structural  response  should  be 
dominated  by  a  linear  contribution  of  weak  radiating  modes,  i.e.  the  new  eigenfunctions. 

As  mentioned  in  the  previous  section,  the  controlled  system  has  new  resonant  frequencies  and 
associated  eigenfunctions  that  are  only  a  function  of  the  selected  actuator  and  sensor.  Thus,  this  concept 
can  be  merged  with  the  above  conditions  to  yield  an  efficient  design  approach.  The  design  formulation 
proposed  here  can  be  stated  as  to  find  the  optimum  actuator  and  sensor  configuration  that  yields  a 
controlled  structure  with  eigenproperties  that  satisfied  the  above  two  conditions.  The  work  summarized 
here  is  reported  in  detail  in  reference  9. 

We  thus  seek  the  optimum  expansion  coefficients  r„  that  will  render  the  controlled 
eigenfunctions  <t>,(D)  to  have  a  minimum  radiation  efficiency.  To  achieve  this  requirement,  we 
minimize  the  controlled  modal  radiation  efficiency  at  frequency  to  [9] 

q(g,)  ■ _ 1  tr/WM)]lr,)  (25) 

Arp  c  {r,}‘  cv(co)]{r,} 


such  that  {r,)T{r,}-l.  In  Eq.  (25),  [II(gl))]  is  the  uncontrolled  power  radiated  matrix  with  the  (mm) 
element  is  given  by 


IU®>-JT— <A  (26) 

A  PC 

where  p0  is  the  complex  modal  pressure  computed  over  the  hemisphere  A;  [V(co)]  is  the  uncontrolled 
mean  square  velocity  matrix  with  the  (non)  element  given  by 

VomCtt)  =//<!>  0CD)  <t>m(D)  dD  (27) 

\ 

where  \  is  the  area  of  the  radiator,  and  pc  is  the  impedance  of  the  acoustic  medium. 

The  desired  expansion  coefficients  that  yield  the  lowest  radiation  efficiency  for  the  controlled 
modes  are  obtained  by  minimizing  a,(co)  in  Eq.  (25)  with  respect  to  the  rm  with  the  constraint 
{r,}T{rf}=L  This  constraint  minimization  problem  can  be  efficiently  solved  by  recognizing  that  the 
stationary  values  of  a,(co)  can  be  obtained  by  solving  the  eigenvalue  problem 


([n(co)j  -cTl[V(a))]Ap0c){r(}J  =  {o} 


(28) 


The  orthogonality  condition 


(r}T[n(co)]{r  1  =  0,5^  (29) 

implies  that  the  controlled  modes  are  uncoupled  with  each  other  with  respect  to  the  far-field  radiation. 

As  depicted  in  Eq.  (12),  the  expansion  coefficients  4,  are  a  function  of  the  modal  control 
forces  and  both  the  uncontrolled  and  controlled  natural  frequencies.  Thus,  once  the  optimum  expansion 
coefficients  r„  are  obtained  from  the  eigensolution  in  Eq.  (28),  the  modal  control  forces  and  the 

controlled  eigenvalues,  (to,) ,  can  be  determined  by  solving  the  least  square  constrained  minimization 
problem 


Minimize 


“a 


Oj-CO; 


such  that 


r  “i-1 
0*1 


(30) 


where  the  equality  constraint  represents  the  normalization  of  the  modal  control  forces  since  the  relative 
controllability  of  the  modes  is  the  only  relevant  information.  The  upper  and  lower  limits  of  the  inequality 
constraint  on  the  values  for  the  controlled  system  eigenvalues  (to,)2  are  selected  based  on  the 
characteristic  of  the  spectrum  of  the  disturbance  input. 


The  error  sensor  modal  components  are  determined  from  the  characteristic  equation  of  the 
controlled  system  in  Eq.  (13).  Again  assuming  ^=1,  the  modal  components  §.  are  obtained  by  solving 
the  linear  system  of  equations  in  Eq.  (15). 

The  controlled  system  is  completely  defined  in  terms  of  the  optimum  modal  parameters  ll  and 
*>• 11 15  'bea  convenient  to  study  the  performance  of  the  ASAC  system  before  these  modal  parameters 
are  translated  in  realizable  actuators  and  sensors. 

Design  Example:  Radiation  control  from  a  plate 

As  an  example  calculation,  the  design  formulation  is  applied  to  control  the  sound  radiation  from 
a  baffled  simply  supported  steel  plate  of  size  4=03 8m  x  4=0.30®  x  h=2  mm  thick.  Thus,  the  domain 
D  becomes  the  (x,y)  coordinates  in  this  example.  The  input  disturbance  is  assumed  to  be  a  point  force 
acnng  at  the  center  of  the  plate  with  white  noise  in  0-600  Hz  frequency  band.  In  this  example  the 
objective  is  to  control  the  volumetric  modes  (1,1),  (3,1)  and  (1,3)  modes  in  the  0-600  Hz  bandwidth  with 
a  SISO  controller.  The  eigenproperties  of  the  simply  supported  plate  are  given  by 

®.-/D,/pph  (Y i+Y’)  ;  <t>0(x,y)  =  (4/Lx Ly h p ?)1/2  sin(y * x)  sin(yyy)  (31) 


where  YI=7mI/LI,  D=Eh/12(l -v2)  is  the  flexural  rigidity,  pp  is  the  plate  density,  and  (m.nj 

are  the  modal  indices  traditionally  used  for  rectangular  panels  that  are  associated  to  the  n  index  in  the 
theoretical  analysis. 


The  first  step  in  the  design  process  is  to  find  the  desired  controlled 


system  eigenfunctions.  The 


single  frequency  of  300  Hz  was  selected  to  compute  die  matrices  (TT(co)]  and  [V(a>)]  to  form  the 
eigenvalue  problem  of  Eq.  (28).  The  solution  of  the  eigenvalue  problem  yielded  three  eigenvalues  and 
associated  eigenvectors.  Since  the  SISO  controller  reduces  the  number  of  dynamic  degree-of-fireedoms 
by  one,  the  desired  expansion  coefficients.  (T^)..  are  the  first  two  eigenvectors.  The  radiation 
efficiency  at  300  Hz,  eigenvalues  a„  and  associated  expansion  eigenvectors,  {T,}d,  of  the  desired 
controlled  eigenfunctions  are  given  in  Table  2. 

The  optimum  modal  parameters,  i.e.  modal  control  and  error  components,  can  now  be 
computed.  The  next  step  is  to  find  the  modal  control  forces,  iv  and  controlled  eigenvalues,  (co,)2,  that 
yield  the  desired  expansion  coefficients  of  Table  2.  This  is  achieved  by  solving  the  minimization 
problem  in  Eq.  (30)  where  the  controlled  eigenvalues  (co,)2  are  not  constrained  as  in  Eq.  (30)  because 
the  spectrum  of  the  excitation  input  is  white  noise.  The  minimization  process  was  carried  out  by  using 
the  optimization  IMSL  routine  DUNLSF  (non-linear  least  squares  problems)  which  yielded  the  optimum 
modal  forces  u,  shown  in  Table  3  and  two  controlled  resonant  frequencies  at  399  and  700  Hz  as  shown 
in  Table  4.  These  values  yielded  the  expansion  coefficients  shown  in  columns  2  and  3  of  Table  4.  These 
coefficients  are  almost  identical  to  the  desired  coefficients  obtained  from  the  solution  of  the  eigenvalue 
problem  in  Eq.  (28)  and  presented  in  Table  2.  The  modal  control  forces  and  controlled  eigenvalues  can 
now  be  used  in  the  linear  system  of  equations  in  Eq.  (15)  to  solve  for  the  modal  error  components, 
and  they  are  given  in  Table  4.  Note  that  this  procedure  could  be  used  with  any  number  of  included 
modes;  increasing  the  number  of  modes  will  simply  increase  the  amount  of  computations  required. 


Table  2--Radiation  efficiency  and  expansion  coefficients  of  desired  eigenfunctions 


Radiation  Efficiency,  CjXlO'3 

.239 

1.13 

Desired  Coefficients,  (r,)d 

(14) 

-.367 

0.128 

(3,1) 

0J61 

-.893 

(U) 

0.857 

0.431 

Table  3— Modal  control  and  error  components. 


Mode 

(Hx.Dy) 

Modal  Parameters 

“n 

5. 

(14) 

-.534 

0.924 

(34) 

0.479 

0.329 

(U) 

0.697 

0.192 

The  resulting  modal  parameters  listed  in  Table  3  define  completely  the  control  system.  The 
controller  has  modified  the  eigenstructure  of  the  system  in  such  a  way  that  the  controlled  structure  will 
respond  with  two  weak  radiating  modes.  To  illustrate  this  fact,  the  radiation  efficiency  for  the  three  odd- 
odd  uncontrolled  eigenfunctions  and  the  two  new  controlled  eigenfunctions  was  computed  and  they  are 
plotted  in  Figure  5.  This  figure  shows  clearly  that  the  controlled  modes  have  substantially  lower 
radiation  efficiency  than  the  uncontrolled  modes.  It  is  also  very  interesting  to  note  that,  as  calculated  by 
numerical  integration,  the  controlled  eigenfunctions  are  nonvolumetric.  Since  the  response  is  a  linear 
expansion  of  the  modes,  this  implies  that  the  net  volume  displaced  by  the  controlled  plate  is  zero  at  all 


frequencies.  This  same  phenomenon  was  observed  by  the  authors  in  studying  the  dynamic  behavior  of 
feedforward  controlled  systems  using  microphones  in  the  far-field  as  error  sensors  [11],  This  observation 
suggest  an  alternative  control  approach  in  which  all  the  closed  loop  modes  are  chosen  to  be  non- 
volumetric.  Such  a  procedure  would  eliminate  the  lengthy  radiation  coupling  equations  and  is  the  topic 
of  present  research. 

The  sensitivity  of  the  controlled  eigenfunctions  to  the  selected  frequency  used  in  Eq.  (28)  is 
an  important  issue.  Solving  the  eigenproblem  in  Eq.  (28)  for  different  values  of  the  frequency  within 
the  excitation  band,  showed  that  the  desired  expansion  coefficients  did  not  vary  substantially  even 
though  the  design  frequency  and  the  excitation  bandwidth  limit  is  close  to  the  plate  critical  frequency. 
This  behavior  is  due  to  the  new  eigenvalues  being  independent  of  frequency  as  in  all  distributed  elastic 
systems.  Although  this  is  not  a  general  conclusion,  the  result  suggests  that  in  the  proposed  design 
approach  the  solution  of  the  modal  acoustic  field  could  be  efficiently  carried  out  at  a  small  number  of 
frequencies.  Since  this  analysis  is  the  most  computational  intensive  process,  the  proposed  design 
approach  has  clear  computational  benefits  over  direct  optimization  methods  for  complex  structures  and 
excitations. 


Table  4— Controlled  system  eigenproperties 


Resonant  Freq. [Hz] 

/,= 399 

/:= 700 

Expansion  coefficients  Te 

(n„ny) 

rIn 

r* 

(1,1) 

0224 

-.314 

(3,1) 

-.877 

0.371 

(1.3) 

0.424 

0.874 

Figure  5-Radiation  efficiency  of  —  uncontrolled  and - controlled  eigenfunctions. 


The  control  system  is  completely  defined  in  the  modal  domain  in  terms  of  the  optimal  modal 
parameters  in  Table  3.  The  performance  of  the  controlled  structure  can  be  investigated  with  these  basic 
modal  parameters  before  physical  transducers  are  devised.  The  effectiveness  of  the  control  system  was 
evaluated  for  a  disturbance  input  consisting  of  a  point  force  located  at  x=0.5L,  and  y=0.5Ly.  To  illustrate 
the  dynamic  behavior  of  the  plate  before  and  after  control,  the  acceleration  response  of  the  plate  at  the 
disturbance  location  was  computed.  The  amplitude  is  shown  in  Figure  6  as  a  function  of  the  frequency. 
The  dashed  line  is  the  uncontrolled  response  and  shows  peaks  at  the  resonant  frequencies  of  the  plate. 
On  the  other  hand,  when  the  control  input  is  applied,  the  response  shows  resonance  behavior  at  the  two 
conmolled  resonant  frequencies  given  in  Table  4.  The  vibration  levels  of  the  controlled  structure  are 
stighdy  lower  than  the  uncontrolled  system,  i.e.  amplitude  of  the  second  controlled  mode  is  the  same 
as  the  (1,1)  uncontrolled  mode.  The  corresponding  the  before  and  after  control  far-field  pressures  at 
r=(0°,0°,4  JLJ  was  also  computed.  The  sound  pressure  level  in  decibels  (dB  reference  20pPa)  is  shown 
in  Fig.  7  as  a  function  of  the  frequency.  This  figure  shows  that  the  sound  levels  produced  by  the 


Figure  6-Acceleration  at  disturbance  force  location;  —  uncontrolled  and - controlled. 


Figure  7— Far-field  pressure  at  r=(4.5L,,0,0);  —  uncontrolled  and 


controlled. 


controlled  structure  are  well  below  the  level  generated  by  the  uncontrolled  one.  This  is  due  to  the  low 
radiation  efficiency  of  the  controlled  inodes  that  results  in  a  weak  coupling  of  the  controlled  response 
with  the  acoustic  medium.  This  phenomenon  takes  place  in  spite  of  the  plate  vibration  levels  being' 
comparable  to  the  uncontrolled  response  levels. 

The  results  demonstrate  that  the  controller  configuration  gives  good  performance.  The  next  step 
is  to  translate  the  optimum  modal  parameters,  t^  and  into  realizable  transducers.  Here  we  assume 
the  actuator  and  sensor  will  be  rectangular  piezoelectric  distributed  strain  devices.  Previous  work  [21] 
has  shown  that  the  modal  control  forces,  tv  are  related  to  the  location  and  configuration  of  the  patches 
such  that 


uo=EPi 


y;+y; 

~y 


[Cos(yx(xd+Px))-Cos(yx(xd-Pi))] 
[Cos(yy(yd  +py))  -Cos(yy(yd  -Py))j 


(32) 


where  Pt=±l  is  the  relative  polarity  of  the  N,  patches,  (xd,yd)  are  the  center  coordinates  of  die  patch, 
2p,  and  2py  are  the  patch  dimensions.  These  can  be  determined  by  minimizing  the  cost  function  (for 
fixed  sized  actuators) 


F(R,xd,yd)  =  £  (u^  -  ua(P.,xd,yd)  j 


(33) 


A  similar  expression  can  be  written  for  finding  the  configuration  of  the  strain  sensor  [9]. 

Figure  8(a)  shows  the  optimum  PZT  actuator  which  consists  of  four  piezoelectric  actuators 
driven  in  phase.  Figure  8(b)  shows  the  single  optimum  piezoelectric  sensor.  Note  thar  these 
configurations  are  designed  to  be  optimum  across  the  complete  bandwidth  of 0<f<600  Hz.  Experimental 
testing  of  such  system  have  recendy  validated  the  ASAC  design  approach  and  will  be  reported  in  the 
future. 


(a) 


Figure  8-Optimum  (a)  PZT  control  actuator  and  (b)  PVDF  film  error  sensor. 

EXTENSION  TO  DISCRETIZED  SYSTEMS 

The  most  computationally  intensive  process  in  the  proposed  eigenfunction  design  approach  for 


ASAC  systems  is  the  evaluation  of  the  matrices  fTT(co)J  and  [V(co)J.  These  matrices  will  be  computed 
at  a  few  frequencies.  A  realistic  structure  will  certainly  required  the  numerical  prediction  of  both  the 
structural  and  the  acoustic  responses  by  EEM/BEM  techniques.  The  computation  of  these  matrices  using 
numerical  predictions  is  presented  here. 

A  EEM/BEM  model  of  the  structure  is  first  constructed  and  used  to  compute  the  structural 
eigenproperties,  i.e.  natural  frequencies  co,  and  mode  shape  vectors  {<(>„}.  The  (njn)  element  of  matrix 
[V(cd)]  given  in  Eq.  (27)  can  then  be  approximated  as 

vM(co)  =  £  0>aCs)  <DmCs)  A,  (34) 

^  A  s-1 


where  <$>n(s)  is  the  sm  component  of  the  mode  shape  vector;  A,  is  the  area  associated  to  the  s*  node;  A 
is  the  total  area  of  the  radiator  (A=ZAJ;  and  Nre  is  the  number  of  nodes  in  the  FEM/BEM  model. 

The  acoustic  response  can  be  computed  by  using  the  mode  shape  vectors,  obtained  from  the 
FEM/BEM  analysis,  in  conjunction  with  an  acoustic  FEM/BEM  code.  The  velocity  profile  vector  at 
frequency  to  due  to  the  n111  mode,  {-oq(cd)},  is  first  computed  as 

{u0}  =  io)  {<t>0}  (35) 

which  in  turn  is  input  into  an  acoustic  FEM/BEM  code  to  compute  the  complex  modal  far-field  radiated 
pressure  over  a  surface  enclosing  the  structure,  i.e.  a  hemisphere. 

The  (n,m)  component  of  matrix  [TT(co)]  can  then  be  computed  using  the  modal  far-field  pressure 
distribution  as  follows 


EL(«)-E 

1*1 


P0(s)P*(s) 

Pc 


(36) 


where  pn(s),  s=l,...,NBE,  is  the  complex  pressure  computed  at  the  s ““  node  in  the  far-field;  A,  now 
represents  the  area  associated  to  pQ(s);  and  the  asterisk  denotes  the  complex  conjugate. 

The  matrices  fn(co)]  and  [V(co)],  evaluated  as  in  Eqs.  (34)  and  (36),  are  then  used  to  solve  the 
eigenproblem  in  Eq.  (28).  From  this  eigenanalysis,  the  design  process  to  find  the  optimum  modal 
control  parameters  continuous  in  the  same  way  as  presented  in  the  previous  section.  It  is  worth  to 
mention  that  these  matrices  can  also  be  estimated  from  experimental  measurements  carried  out  on  the 
same  system  to  be  controlled. 

BROADBAND  DISTURBANCES 

The  previous  analysis  and  design  procedure  has  been  based  upon  a  frequency  domain  approach. 
This  form  is  appropriate  where  the  disturbance  is  narrow  band,  multiple  frequencies  or  the  response  is 
dominated  by  behavior  at  discrete  frequencies  (i.e.  system  resonances).  However,  in  many  applications 
the  disturbance  is  of  a  random  broadband  nature.  Recently,  Alberts  and  Pota  [22]  have  investigated  the 
broadband  implementation  of  feedforward  control  to  minimize  the  disturbance  response  at  some  point 
on  a  vibrating  flexible  structure.  Alberts  and  Pota  have  shown  that  the  optimal  compensator  for  the 
problem  of  Figure  1  is 


where  T^s)  is  the  transfer  function  from  the  disturbance  input  to  the  error  point  while  TJs)  is  from 
the  control  to  the  error  point  and  s  is  the  Laplace  variable.  Alberts  and  Pota  have  extended  the  previous 
frequency  domain  results  summarized  in  this  paper  and  have  shown  that  for  broadband  excitation  (or 
time  domain  analysis)  the  controlled  system  will  have  as  it’s  new  eigenvalues  (to  the  correlated 
disturbance  force  or  forces),  the  zeros  of  T^  and  that  all  of  the  original  eigenvalues  are  exactly  canceled 
by  the  zeros  of  G(s). 

However,  many  realistic  systems  have  non-minimum  phase  zeros  (for  example  control  systems 
with  non-collocated  actuators  and  sensors)  and  this  implies  that  the  optimum  compensator  G(s)  is 
unrealizable  without  leading  to  control  instability.  As  discussed  in  the  frequency  domain  approach  of 
this  paper.  Alberts  and  Pota  show  that  it  is  possible  to  arbitrarily  assign  the  eigenvalues  of  the 
compensated  system  in  the  time  domain  and  then  derive  the  optimal  controller  to  provide  this  required 
behavior.  They  developed  a  design  technique  by  which  the  compensator  nearly  cancels  the  original 
system’s  poles  and  simultaneously  minimizes  the  disturbance  response  at  the  error  point  while  remaining 
stable  over  the  complete  bandwidth.  Through  simulations  Alberts  and  Pota  demonstrate  that  using  the 
approach  leads  to  only  a  slight  reduction  in  control  attenuation  of  the  error  signal  over  the  bandwidth 
when  compared  to  the  performance  calculated  using  the  frequency  domain  approach  (which  predicts  the 
maximum  possible  broadband  attenuation). 

CONCLUSIONS 

A  design  technique  based  upon  the  eigen  behavior  of  feedforward  controlled  systems  has  been 
developed.  The  technique  has  been  applied  to  both  vibration  modification  and  radiation  control  of 
structures.  The  extension  to  complex  bodies  using  numerical  FEM/BEM  techniques  and  broadband 
disturbances  has  been  discussed.  The  method  provides  a  very  useful  tool  for  designing  the  components 
of  feedforward  controlled  systems  based  upon  a  required  behavior. 
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ABSTRACT 

This  paper  is  a  brief  introduction  and  overview  of  new  work  concerned  with  the 
reduction  of  sound  and  vibration  with  "intelligent"  structures.  The  paper  begins  with  a 
definition  of  an  intelligent  structure  and  then  discusses  work  in  the  component  areas  of 

control  approaches.  The  synthesis  of  these  areas  Hen 
illustrated  through  two  example  applications;  reduction  of  vibration  of  plates  and  the 
development  of  a  hybrid  control  approach  based  upon  biological  systems9 

INTRODUCTION 

™  •  Th9.  P°t0ntial  benefits  of  active  control  for  reducing  vibration  have  been 

[h:  h'n  -h  S  • aper  W®  discuss  a  more  recent  0xt0nsion  of  the 
WKCh  uv,bratlon  IS  reduced  us'n9  "intelligent"  structures  or 
th  has  been  st0adily  progressing  over  the  last  five  years  as 
Thfro  nrf  by  h®  Vomng  number  of  publications  in  which  such  techniques  are  used 
numb0r  of  d0fm,tlons  of  what  are  now  termed  "intelligent,  adaptive  or 
as  a  J^mUr9f;  •  ?r  0X!mJ5le’  Wada  9t  aL  [21)<  Here  we  define  an  intelligent  structure 
under  tha^ dTrart  1' actuators  (corresponding  to  muscles),  sensors  (nerves) 

eammg  ^  contro,l0r  (intelligence).  The  structure  or  system 
us  has  the  ability  to  sense  and  react  to  its  environment  in  a  controllable  way  by 

thn  £n?  ‘  ?  int0mal  Properties  (either  steady  state  or  in  a  vibrational  sense).  Further 

"experience"  rather  than3?1'1-  t°-#l0arn  h?W  t0  perform  the  required  contro1  task  by 
i®xrplnence  rather  than  basing  its  control  action  on  an  a  prior  set  rule  (admittedly  the 

learning  procedure  has  to  be  prescribed  and  this  in  itself  is  a  subject  of  research)  Y 


The  advantages  of  such  an  approach  are  many.  For  instance  integration  of  the 
actuators  and  sensors  directly  into  the  structure  leads  to  a  very  compact  configuration 
as  opposed  to  more  traditional  active  control  methods  that,  for  example,  utilize  arrays  of 
shakers.  This  characteristic  enables  the  utilization  of  a  multitude  of  very  small 
actuators  and  sensors  configured  in  parallel  which,  in  a  collective  sense,  enables  many 
degrees  of  freedom  of  action  and  thus  a  wide  range  of  adaptation.  Individually  each 
actuator  may  not  impart  much  control  energy  but  collectively  they  can  exert  much  force 
similar  to  biological  muscle  systems.  Intelligent  structures  can  thus  be  seem  to  be 
moving  towards  configurations  similar  to  natural  systems  which  tend  to  be  non- 
orthogonal,  flexible,  many  degrees  of  freedom,  wet,  adaptive,  etc.  as  opposed  to 
conventional  engineered  structures  which  generally  are  orthogonal,  dry,  rigid,  tend  to 
the  massive,  relatively  low  number  of  degrees  of  freedom  and  non-adaptive.  Like 
biological  systems  it  is  the  hope  that  intelligent  systems  will  sense,  adapt  and  conform 
with  their  environment  (here  environment  can  mean  any  chosen  external  state)  rather 
than  act  as  traditionally  engineered  structures  which  are  usually  designed  to 
overpower  their  environment  (and  are  thus  largely  "unaware"  of  their  surroundings)  bv 
strength,  rigidity,  etc.  y  '  y 

A  learning  type  controller  can  be  seen  to  have  great  advantages  as  well.  For 
these  types  of  control  approaches  it  is  not  necessary  to  have  an  accurate  model 
(mathematical,  for  example)  of  the  system.  The  "intelligence"  essentially  learns  what  to 
do  in  real  time  using  various  learning  schemes.  The  implementation  of  such 
approaches  has  been  postulated  for  quite  a  few  years  but  it  is  only  recently  that 
advances  m  .digital  signal  processing  chips,  transputer  systems,  and  ANN  chips  have 
enabled  the  real  time"  implementation  of  such  schemes.  These  approaches  work  well 

on  complex  systems  where  modeling  and  system  identification  is  extremely  difficult  if 
not  impossible. 


„.  ,  ...  Th®  followin9  paper  briefly  summarizes  work  in  the  component  areas  of  an 
intelligent  structure.  For  more  detail  the  reader  is  referred  to  the  appropriate 
references.  The  synthesis  of  these  areas  is  illustrated  through  two  example 
applications.  At  this  point  the  reader  is  reminded  of  a  key  point.  Although  an  intelligent 
structure  can  be  subdivided  into  components,  the  complete  system  involves  the 
coupled  interaction  of  each  part.  Thus  any  investigation  or  design  should  also  include 
the  interactive  nature  of  the  components  as  well. 


ACTUATORS 

Actuators  are  used  to  impart  control  energy  to  the  structure.  This  can  be  in  the 
form  of  steady  state  (i.e.  DC)  loads  or  in  the  form  of  oscillating  loads  which  excite 
vibrational  response,  such  as  in-plane  force,  strain,  bending  moments  etc 
Conventional  actuators  usually  take  the  form  of  point  force  actuators  for  vibrational 
response.  Characteristics  of  such  sources  are  described  in  Cremer  et  al.  [3]. 

***2"  m°?  oommon|y  associated  with  intelligent  structures  are  described  as 
follows.  Surface  strain  devices  are  distributed  actuators  which  when  bonded  or 


embedded  in  the  structure  apply  oscillating  in-plane  strains.  As  shown  by  Crawley  and 
d®Luis  I4J 1 f°r  aJ*P  analysis  and  Dimitriadis  et  al.  [5]  in  the  2-D  case,  these  devices 
when  located  off  the  central  axis,  effectively  apply  bending  moments  to  the  structure 
(pure  bending  if  arranged  in  an  anti-symmetric  fashion).  Surface  strain  devices  come  in 
various  materials  but  the  two  most  commonly  investigated  are  piezoceramic  and 
magnetostrictive  [2].  Such  devices  tend  to  be  high  force,  low  displacement  transducers 
and  thus  impedance  matching  of  the  actuator  to  the  system  is  a  critical  aspect  as 
illustrated  in  the  work  of  Liang,  et  al.  [6].  These  devices  can  also  be  arranged  in  a 
stack  mode  where  they  apply  normal  forces  or  displacements  to  the  system  similar  to 

conventional  shakers;  this  arrangement  is  useful  for  such  applications  as  active 
isolation,  ate. 

It  is  also  possible  to  alter  the  characteristics  of  a  structure  by  applying  steady 
°ads-  Ihe  above  listed  devices  can  also  be  used  to  achieve  this  function  by  drivinq 
them  with  the  appropnate  DC  input.  This  will  result  in  a  constant  (i.e.  non-oscillatinq) 
variable  (in  magnitude)  load  being  applied  to  the  system  changing,  for  example  its 
resonant  frequencies  Shape  memory  alloy  (SMA)  has  also  demonstrated  much 
potentia!  in  this  area  [7].  These  materials  are  configured  to  utilized  their  'memory" 
characteristic  by  shrinking  to  their  original  length  when  heated,  typically  by  passinq  a 

cMT?Kthr0UIh  therin-  ComP°site  structures  have  been  configured  to  have  embedded 
SMA  fibers.  By  applying  voltages  to  the  SMA  fibers,  in-plane  loads  as  well  as  a  chanqe 
in  stiffness  is  imparted  to  the  system  at  selected  fiber  angles  and  laminate  layers  thus 
altering  the  composite  behavior  of  the  system.  Thus  the  mode  shapes  and  resonant 
frequencies  of  composite  structures  can  be  altered  as  required  [8]. 

.  Ther.® .  a[f  oth>er  advanced  actuators  based  on  materials  such  as  Electro- 

ofhu/JS9ICf  Urowand,E  ectrostnctive  ceramics  and  the  reader  is  referred  to  the  paper 
of  Wada  et  al.  [2]  for  information  on  these.  ^ 

SENSORS 

nrn  ' r\  Se?SOrs  are  used  to  detect  th®  current  state  of  the  intelligent  system.  They 
!nf°™at,on  wh'ch  directs  the  controller  to  act  in  a  decisive  manner,  bringing  the 
nnnd  required  response.  In  intelligent  systems,  correct  sensing  is  critical  to 

o  hnCe  ?rply  from  the  fact  that  the  'earning  type  controller  will  try  and  do 
everything  to  bnng  the  output  of  the  sensors  to  the  required  values  (usually  minimize) 

MntrniL  USrmUSt  c°nfi9ured  to  accurately  observe  the  required  variables  to  be 
controlled.  Conventional  sensors  are  transducers  such  as  accelerometers  strain 

,9enXSh» t  Tln  W9"  d8S0rib8d  in  Cremer'  81  al-  PI-  No,e  >da<  these  transducers 
tend  to  be  point  sensors,  i.e.  very  small  compared  to  a  wavelength  of  motion. 

distrihJoa  no0/0  advanced  s,ensore  under  study  for  intelligent  systems  tend  to  be  of 
wmrrL00V^  98  parts  of  th8  slructure  and  ,hus  observing  many 

MS- S?  Th»  ™,r^°ele0,KiC mat8dal  PVDF  has  shown  much  in 

inis  application  [9].  The  matenal  can  be  cut  in  a  required  shape  and  attached  to  th« 
structural  surface  where  it  obseives  an  integral  of  the  surface  strat,  undefits  Jea !  The 


PVDF  sensor  can  be  cut  into  various  shapes  such  that,  in  effect,  it  carries  out  an  analog 
wave  number  transform  of  the  structural  response  and  thus  only  observes  certain  wave 
components  (and  thus  modes  for  a  finite  system).  For  example,  on  a  simply  supported 
beam,  a  sensor  cut  into  the  shape  of  F±  sinftx/L),  where  F±  is  the  sensor  material 
polarization  which  is  flipped  through  the  modal  point,  will  only  observe  the  second  mode 
of  motion  of  the  beam  while  a  point  sensor  such  as  an  accelerometer  will  observe  all 
motion  (unless  on  a  nodal  line). 

The  distributed  sensor  can  thus  be  seen  as  a  device  which  through  its  shape 
and  location  can  simply  and  quickly  perform  spatial  filtering.  Other  transducers  such  as 
optical  fibers  [10]  and  SMA  [11]  can  also  be  configured  to  perform  similar  sensing 
capabilities.  Current  work  is  concerned  with  making  the  distributed  sensor  adaptive  in 
shape  such  that  it  can  change  its  observability  in  a  required  and  controllable  way. 

"LEARNING"  TYPE  CONTROLLERS 

The  control  arrangement  provides  the  "intelligence"  of  the  system.  It  takes 
information  from  the  sensors,  processes  it  in  order  to  derive  a  control  decision(s)  and 
sends  information  to  the  actuators  in  order  to  change  the  behavior  of  the  structure  such 
that  the  sensor  information  is  changed  to  required  values.  Conventional  modern 
control  methods  generally  use  a  model  of  the  system  to  calculate  and  implement 
optimal  control  gains  [1]. 

"Learning  type"  controllers  work  on  a  different  approach  in  which  a  learning  or 
training  rule  is  used  to  change  the  control  parameters  or  configuration  to  minimize  a 
particular  performance  index.  The  control  implementation  generally  have  little  or  no 
knowledge  of  the  system  to  be  controlled  (although  some  physical  knowledge  certainly 
helps  in  deciding  their  arrangement).  By  iteratively  changing  their  parameters  and/or 
structure  over  time  in  a  training  period  they  can  "learn"  to  model  the  system  and  thus 
control  it.  Such  approaches  have  been  well  known  for  a  number  of  years.  It  is  only 
recently  that  the  advent  of  the  digital  signal  processing  chip  (for  example)  has  made 
their  implementation  of  adaptive  or  learning  type  approaches  in  "real  time"  feasible. 
Here  "real  time"  is  meant  to  imply  that  the  time  for  training  or  learning  is  of  the  order  of 
or  less  than  the  time  constants  of  the  disturbance  overall  variation  for  example. 
Generally  these  controllers  are  arranged  so  that  a  training  or  reference  signal(s)  is  fed 
through  a  linear  or  nonlinear  compensator  to  produce  control  signals.  The 
configuration  of  the  compensator  is  adaptively  changed  in  time  by  the  learning  or 
training  algorithms  in  order  to  minimize  the  error  function  derived  from  the  sensors. 
Such  an  arrangement  is  generally  known  as  a  "feed-forward"  controller  [12]. 

The  most  popular  form  of  these  learning  or  adaptive  type  controllers  is  the 
Filtered-X  LMS  algorithm  which  in  multi-channel  form  is  well  described  in  the  text  by 
Nelson  and  Elliott  [12].  This  type  of  controller  is  appropriate  for  linear  systems  and 
narrow  band  or  broad  band  signals  which  are  relatively  stationary.  Presently  the 
Filtered-X  LMS  algorithm  does  not  work  well  on  transients  since  the  disturbance  is 
usually  much  shorter  than  the  time  required  for  the  controller  to  converge  or  learn. 


Artificial  Neural  Networks  (ANN)  show  much  potential  for  control  of  nonlinear 
systems  [13,14].  The  multi-layered  perception  arrangement  with  a  back  propagation 
training  algorithms  can  be  seen  to  be  related  to  the  Filtered-X  configuration.  Other 
advanced  learning  type  control  such  as  genetic  algorithms  [15]  and  biologically  inspired 
systems  [1 6]  are  presently  under  investigation. 

EXAMPLE  APPLICATIONS  OF  "INTELLIGENT"  STRUCTURES 

The  following  two  example  applications  are  meant  to  illustrate  use  of  an 
intelligent  structure  or  system  in  controlling  vibration  of  structures.  The  reader  is 
reminded  that  there  are  many  possible  applications  and  arrangements  of  such  systems; 
the  following  two  are  used  to  illustrate  the  synthesis  of  the  above  listed  component 

cirBcis. 

Control  of  Plate  Vibration 

The  work  briefly  described  here  was  carried  out  by  Gu,  et  al.  [17].  Figure  1 
shows  a  schematic  arrangement  of  the  experimental  test  rig.  A  simply  supported  plate 
is  driven  by  a  point  force  shaker  as  a  narrowband  (i.e.  steady  state,  single  frequency) 
disturbance  or  noise  input.  Control  is  applied  to  the  plate  by  two  surface  mounted 
piezoceramic  PZT  actuators  configured  to  produce  pure  bending  [5].  The  error 
information  is  provided  by  two  PVDF  distributed  sensors  or  two  accelerometers.  The 
arrangement  and  configuration  of  the  transducers  mounted  on  the  surface  of  the  plate 
are  shown  in  Figure  2.  The  control  aim  is  to  minimize  a  selected  mode  of  vibration  as 
opposed  to  attenuation  of  the  response  at  particular  points  on  the  plate. 

The  control  arrangement  is  also  shown  in  Figure  1.  The  disturbance  signal  is 
taken  directly  as  a  reference  or  training  signal  and  passed  through  two  adaptive  FIR 
liters  (the  controller  compensators).  The  outputs  of  the  compensators  are  then  fed  to 
he  piezoceramic  actuators  as  control  signals.  The  output  of  the  error  transducers  is 
then  fed  to  the  controller  where  in  conjunction  with  the  reference  signal  it  is  used  by  the 
Filtered-X  LMS  algorithm  to  adapt  the  FIR  weights  in  order  to  minimize  the  modulus 
squared  of  the  time  average  of  the  error  signals  [12]. 

Figure  3  presents  an  example  result  in  terms  of  plate  modal  amplitudes.  The 
modal  amplitudes  were  estimated  by  measuring  the  plate  complex  response  at  a 
number  of  points  and  then  using  a  modal  decomposition  method  as  outlines  by 
Hansen,  et  al.  [18].  Three  columns  are  shown  for  each  modal  indice;  uncontrolled 
controlled  using  the  PVDF  error  sensors  and  controlled  with  the  accelerometer  error 


On  examining  the  shape  and  position  of  the  PVDF  sensors  in  Figure  2  it  is 
apparent  that  the  sensor  denoted  PVDF  (*,1)  is  designed  to  observe  only  the  first 
modal  response  in  the  y  direction.  However,  it  will  observe  all  of  the  modal  response  in 
the  x  direction.  Conversely,  the  sensor  PVDF  (3,*)  will  only  observe  the  third  mode  in 


ths  x  direction  while  observing  all  motion  in  the  y  coordinate.  Thus  simultaneously 
minimizing  the  output  of  both  sensors  should  lead  to  selective  control  of  the  (3,1)  mode 
of  the  plate  response.  In  effect,  the  sensor  arrangement  of  Figure  2  is  an 
approximation  of  a  full  2D  distributed  modal  sensor. 

Figure  2  also  shows  the  position  of  the  two  accelerometer  error  sensors  and 
these  can  be  seen  to  be  located  in  the  center  of  each  PVDF  sensor  for  comparison 
purposes.  Due  to  their  small  sizes,  the  accelerometers  will  observe  all  motion  and  are 
unlikely  to  provide  control  of  a  selected  mode. 

The  test  frequency  was  set  at  400  Hz,  which  is  away  from  any  modal  resonance 
point  (off-resonance).  Figure  3  shows  that  the  uncontrolled  response  has  quite  a  few 
modes  contributing  significantly  to  the  motion.  The  results  of  Figure  3  also  demonstrate 
that  the  use  of  the  PVDF  sensors  does  indeed  lead  to  a  reduction  of  the  amplitude  of 
the  (3,1)  mode,  while  other  modes  which  were  unobserved  sometimes  increase  in 
amplitude.  In  contrast,  the  use  of  the  accelerometers  leads  to  an  increase  in  the 
amplitude  of  the  (3,1)  mode  and  total  plate  motion  although  the  signals  from  each 
sensor  are  themselves  attenuated  by  30  dB.  Such  an  effect  is  termed  control  spillover 
the  motion  is  attenuated  locally  but  increased  globally.  ’ 

The  results  illustrate  that  distributed,  shaped  structural  sensors  perform  better  in 
controlling  selected,  global  motions  than  point  sensors.  On  resonance,  the 
performance  of  each  sensor  type  is  comparable  since  one  plate  mode  will  dominate  the 
motion  and  can  be  sensed  at  any  discrete  point  (except  nodal  lines).  Future  work  is 
concerned  with  developing  more  sophisticated  2D  sensors  as  well  as  creating  adaptive 
sensors  which  are  able  to  behave  correctly  in  such  situations  as  a  change  in  control 
task  or  broadband  disturbances. 


Biologically  Inspired  Control  Approaches 

The  research  summarized  was  carried  out  by  Fuller  and  Carneal  [19].  Recent 
work  has  demonstrated  the  potential  of  active  control  of  distributed  elastic  systems 
using  multiple,  independent  actuators  and  sensors  ( the  previous  section  for  example). 
In  work  concerned  with  the  control  of  sound  radiation  from  vibrating  panels,  the 
importance  of  number  of  channels  of  control  and  optimization  of  the  transducer  position 
and  shape  has  been  demonstrated  [20].  However  these  works  were  carried  out  for  a 
fixed  frequency  and  it  is  apparent  that  for  good  control  over  a  bandwidth  of  frequencies 
the  control  actuators  (  and  sensors)  need  to  be  adaptive  in  shape.  At  first  sight  this 
problem  could  be  solved  using  an  overall  transducer  broken  up  into  many  individual 
small  elements  each  connected  by  an  individual  control  channel.  In  this  situation  the 
control  transducer  will  effectively  re-optimize  its  configuration  for  different  conditions  by 
adaptively  weighting  each  transducer  segment.  Meirovitch  and  Norris  [21]  have 

rn^Strat6^  the  advanta90  °f  such  an  approach  by  considering  fully  distributed 
control  in  reducing  control  spillover.  The  disadvantage  of  this  approach  is  that  for 

ho?omS  Wlti!  3  h,.gh.modal  density,  the  number  of  actuators  and  sensors  required 
becomes  extremely  large.  This  high  number  of  control  channels  has  a  number  of 


problems  mainly  associated  with  memory  requirements  and  computational  time  in  the 
hardware  systems  used  to  implement  the  control. 


This  section  considers  a  new  approach  to  the  control  of  the  vibrational  response 
of  distributed  elastic  systems  using  a  high  number  of  channels  of  control  The 
approach  is  inspired  by  biological  muscle  control  where  a  low  number  of  main  signals 
are  transmitted  from  the  brain  to  a  large  area  of  muscle  tissue.  The  signals  then 
stimulate  local  action  which  is  governed  by,  for  example,  chemical  interaction  of  locally 
connected  nerves,  etc.,  resulting  in  multiple  subsequent  signals  for  individual  muscle 
cell  elongation  or  contraction.  Put  simply,  a  signal  is  sent  from  a  central  complex 
processor  (the  brain)  and  then  is  broken  into  multiple  signals  by  local  simplified  control 
rules  (muscle  ceils,  etc.)  [22]. 

The  work  here  attempts  to  mimic  such  a  process.  The  system  to  be  controlled  is 
a  simply  supported  beam  harmonically  excited  by  a  point  force  and  controlled  by 
multiple  piezoelectric  elements  bonded  to  the  beam  as  shown  in  Figure  4.  One 
actuator  is  chosen  as  the  "master"  actuator  (based  on  some  knowledge  of  the  system 
response)  and  is  under  direction  of  the  main,  centralized  advanced  controller.  The 
other  "slave"  actuators  derive  their  control  inputs  by  localized,  simple  learning  rules 
related  to  the  behavior  of  their  neighbor  actuators  and  are  independent  of  the  main 
controller  direct  signal.  The  overall  control  configuration  is  shown  in  Figure  5  and  is 
termed  "biologically  inspired"  controller  although  it  does  have  relation  to  other  hybrid  or 
multilevel  control  approaches. 

In  order  to  carry  out  the  control  task  a  cost  function  is  defined  as, 

A(v)  =  J|>v,|  2dx  (1) 


where  w(x)  is  the  beam  out-of-plane  response,  L  is  the  length  of  the  beam,  and  V  is  a 

vector  of  control  inputs  to  the  piezoelectric  actuator.  The  objective  is  to  minimize  this 

cost  function  thus  globally  controlling  the  beam  motion  by  choosing  an  optimal  value  of 

the  vector  v.  This  is  accomplished  by  splitting  the  control  implementation  into  two 

steps  as  in  Figure  5.  First  we  optimize  the  "main"  actuator  control  signal  using  the 

centrai'zed  processor  and  then  local  control  rules  are  used  to  find  the  control  signals  for 

f^ve  “rs  The  methodology  and  implementation  for  controlling  the 

^LJ^at°rS<  C3,l  b9  far  Simpler  than  the  main  actuators-  As  an  example 
p  ementation  of  such  an  approach,  the  following  strategy  is  implemented. 


Main  Centralized  Controller 


Initially  the  main  controller  minimizes  the  vibrational  energy  density,  proportional 

nnni  tn  l!?'"?  l,near  Puadratic  °Ptimal  control  theory  [12]  to  derive  the  optimal  voltage 

LM^rnnlrni  ™aster"  a<^ator-  In  practice,  this  would  be  achieved  with  an  adaptive 
LMS  control  approach.  The  optimal  voltage  is  given  by,  for  a  SISO  system, 


(2) 


V  - 
V<  u 


^(®) 


where  Hde((o)  is  the  transfer  function  between  the  disturbance  force  and  the  error 

sensor  and  Hp&(c o)  is  the  transfer  function  between  the  piezoelectric  actuator  voltage 
and  the  error  sensor. 


Local  Control  Approach 

C>nce  the  optimal  voltage  to  the  "master  actuator  is  found,  the  control  voltages 
to  the  "slave"  actuators  are  derived  using  local  learning  rules.  The  following  approach  is 
based  on  the  observation  that,  for  a  distributed  elastic  system  with  low  damping, 
regions  are  close  to  either  in  or  180°  out-of-phase  with  a  fixed  point.  Thus  the  local 
learning  approach  is  to  take  the  "master  control  voltage  and  apply  it  to  the  neighbor 
slave  actuator  (i.e.,  actuator  immediately  alongside).  The  control  voltage  is  tried  in- 
phase  (+1),  out-of-phase  (-1)  or  turned  off  (0)  while  the  cost  function,  A,  is  observed  for 
each  change.  The  condition  that  causes  the  cost  function  to  be  reduced  the  most  is 
kept  and  the  process  is  then  applied  to  the  next  neighbor  "slave"  actuator  until  all 
elements  are  progressively  tested.  By  this  method,  a  distributed  actuator  with  a 
generalized  function  that  drives  a  response  similar  to  the  uncontrolled  vibration 
distribution  with  low  control  spillover  is  constructed. 


For  an  illustrative  example,  we  consider  a  steel  beam  of  length  L  =  0.5m, 
thickness  f=5mm  driven  by  an  input  point  force  disturbance  Fdoi  unity  magnitude  (N) 
at  position  xd-  0.200m.  Ten  piezoelectric  actuators  are  used  with  element  lengths  of 
49.1  mm  and  spacing  gaps  of  1  mm.  The  seventh  actuator  from  the  left  is  chosen  as 
the  single  "master"  actuator.  For  the  first  case  the  input  frequency  is  552  Hz  which  is 
off  resonance  between  the  third  and  fourth  mode  resonance  points  of  the  beam  (415.8 
and  739.2  Hz).  Figure  6  shows  the  beam  rms  response  for  no  control,  the  "master" 
actuator  alone  and  control  using  the  "master  actuator  and  localized  learning  rules  to 
derive  "slave"  actuator  control  voltages.  Table  I  also  presents  the  corresponding 
attenuation  of  the  cost  function  for  both  cases  as  well  as  the  string  of  control  inputs  to 
the  slave  actuators  derived  by  the  localized  rules. 

As  can  be  seen,  the  single  "master  actuator  provides  only  2.0  dB  of  attenuation 
and  leads  to  significant  spillover  in  the  region  of  the  beam  1 50  -  275  mm.  With  the  use 
of  the  multiple  "master  and  "slave"  actuators  the  attenuation  is  improved  to  9.2  dB. 
Improved  control  in  the  region  of  largest  response  is  now  achieved  with  little  control 
spillover.  The  string  of  control  inputs  show  that  many  of  the  control  actuators  are  not 
implemented  at  all,  while  control  actuation  is  centered  around  the  region  of  largest 


The  input  frequency  is  then  lowered  to  80  Hz  which  is  off  resonance  between  the 
first  and  second  mode  resonance  points  (46.2  and  184.8  Hz).  Figure  7  shows  the 
beam  displacement  with  and  without  control  and  again  improved  performance  is 
demonstrated  using  the  multiple  piezoelectric  actuators  optimized  using  local  learninq 
rules.  Table  I  also  predicts  an  increase  of  around  9  dB  in  attenuation  of  the  cost 
function  when  all  actuators  are  used.  In  this  case,  it  is  apparent  that  more  "slave"  . 
actuators  are  required  to  constrain  the  control  spillover.  Note  that  the  optimal  inputs 
are  symmetric  corresponding  to  the  nearly  symmetric  uncontrolled  response. 

For  the  last  case  considered  the  frequency  is  set  to  1 83  Hz  which  is  close  to  the 
second  mode  resonance  point.  Table  I  shows  that,  as  previously  pointed  out,  there  is 

no  advantage  in  using  a  distributed  actuator  over  a  point  actuator  when  the  system  is 
on-resonance. 


_ This  work  has  demonstrated  the  potential  of  using  a  hybrid  controller  based  on 
biological  systems.  The  approach  has  shown  the  distinct  advantage  of  the  ability  to 
implement  a  distributed  actuator  with  many  degrees  of  freedom  under  the  direction  of  a 
main  controller  with  a  low  number  of  control  channels.  The  key  to  the  approach  is  to 
take  advantage  of  known  system  behavior  to  use  localized  simple  training  rules  to 
determine  the  distnbuted  actuator  forcing  function.  The  results  of  this  limited  study 
indicate  the  procedure  works  best  for  off-resonance  when  modal  density  is  hiqher. 

Future  work  will  consider  2D  systems,  more  general  local  training  rules,  and  hardware 
implementation  of  the  approach.  are 


CONCLUSIONS 

The  field  of  "intelligent"  structures  or  systems  shows  much  potential  for 
innovative,  new,  lightweight  compact  solutions  to  controlling  vibration.  The  technique 
involves  the  synthesis  of  knowledge  and  research  in  the  fields  of  actuators,  sensors 
and  control  approaches.  Some  potential  uses  have  been  already  demonstrated  and 
market  products  are  being  developed.  However,  before  the  method  is  widely 
applicable,  many  technical  problems  need  to  be  investigated  and  resolved.  Although 
the  future  of  intelligent  systems  is  bright,  they  should  be  presently  applied  with  care  and 
a  thorough  understanding  of  the  physics  of  the  coupled  system. 
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TABLE  I.  Control  Performance 


Frea.  (Hz) 

Control  String 

"Master-  (dB) 

"Master-  and  "Slaves"  (dB) 

552 

0000-00+00 

2.0 

9.2 

80 

noo+ooeoo- 

9.6 

19.2 

183 

0000000000 

55.4 

55.4 

Note:  0=  "master"  actuator 
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ABSTRACT 

The  active  control  of  total  power  flow  in  both  media  of  fluid-filled  elastic  pipes  by  structurally  mounted  actuators 
and  sensors  is  analytically  and  experimentally  studied.  The  control  paradigm  used  was  the  feedforward  LMS 
technique.  The  results  indicate  that  for  a  3130  system,  high  attenuation  of  total  power  is  possible  for  a  substantial 
range  of  low  frequencies.  The  use  of  structural  actuators  and  sensors  for  reducing  interior  coupled  fluid  power  is 
thus  validated. 


INTRODUCTION 

Piping  systems  exist  as  load  and  energy  carrying  structures  in  many  industrial  applications  and  often  the  vibrations 
carried  by  these  systems  can  cause  noise  and  mechanical  fatigue  problems.  Traditionally,  passive  control  has  been 
used  to  reduce  vibrations  in  pipes  but  the  problem  is  complicated  by  the  multi-path  propagation  nature  of  the 
system,  particularly  for  fluid-filled  pipes  where  the  coupling  is  strong  (i.e.,  a  dense  acoustic  fluid).  Power  may  be 
transmitted  by  the  structural  and/or  the  fluid  path  depending  upon  the  response  characteristics  of  the  system.  In 
addition  realistic  passive  control  is  ineffective  at  low  frequencies  where  the  wavelengths  of  motion  are  long. 

In  this  paper  we  study  the  use  of  active  control  to  reduce  wave  transmission  and  hence  power  flow  in  fluid- 
filled  elastic  long  cylinders  representative  of  piping  systems.  The  objective  is  to  demonstrate  simultaneous  control 
of  power  flow  in  both  the  fluid  and  the  structural  path,  thereby  implying  a  total  reduction  of  power  in  the  system. 
A  further  objective  is  to  achieve  this  reduction  with  actuators  and  sensors  attached  directly  to  the  outside  of  the 
piping  system.  In  other  words  we  intend  to  demonstrate  that  the  wall  of  the  pipe  can  be  actuated  so  as  to  control 
not  only  its  power  but  also  the  power  of  the  coupled  fluid  medium  contained  within  it  The  advantages  of  this  are 
obvious;  many  applications  preclude  the  use  of  actuators  located  in  the  fluid  due  to  flow  restriction  effects,  hostile 
fluid  environments,  ease  of  access,  etc. 

There  has  been  little  previous  work  on  the  active  control  of  coupled  waves  in  fluid-filled  elastic  pipes.  Brevart 
and  Fuller  have  analytically  studied  the  active  control  of  waves  in  infinite  elastic  steel  cylinders  in-vacuo  and  filled 
with  water  by  structural  actuators  [1*2].  Their  results  indicated  that  it  is  possible  to  reduce  the  total  power  in  the 
system  (i.e.,  in  both  the  fluid  and  the  structure)  with  point  force  actuators  at  frequencies  below  the  ring  frequency 
of  the  cylinder.  More  recently  Brevart  [3]  has  provided  experimental  verification  of  these  predictions  and  some  of 
these  results  will  be  presented  in  this  paper.  Other  related  work  has  been  carried  out  by  Harper  and  Leung  [4]  in 
which  they  experimentally  demonstrated  the  use  of  an  active  flexible  insert  to  reduce  both  structural  and  fluid 
vibrations  in  a  water-filled  piping  system.  The  active  insert  consisted  of  six  PVDF  piezoelectric  polymer  cable 
wire  actuators  wound  helically  around  a  rubber  section. 

Useful  background  research  on  the  dynamics  of  fluid-filled  piping  systems  has  also  been  carried  out  by  White 
and  Sawley  [5],  Fuller  and  Fahy  [6]  and  Fuller  [7].  Due  to  the  coupled  nature  of  the  problem,  a  good 
understanding  of  the  dynamics  of  fluid-filled  pipes  is  essential  to  the  use  of  active  control  in  such  systems  and  the 
interested  reader  is  recommended  to  first  read  Refs.  5-7. 
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The  paper  begins  with  an  analytical  investigation  of  the  active  control  of  total  power  in  a  fluid-filled 
infinite  cylinder  excited  by  a  point  force  disturbance,  using  a  combination  of  point  force  and  piezoelectric  actuators 
and  sensors.  An  experimental  investigation  of  a  similar  active  control  system  applied  to  a  water-filled  plexiglass 
long  pipe  is  also  described.  The  results  obtained  are  discussed  and  conclusions  to  the  effectiveness  of  the  active 
control  system  for  vibration  and  power  control  in  piping  systems  are  made. 

ANALYSIS 

In  this  section  we  analytically  study  active  control  of  total  power  flow  in  fluid-filled  elastic  infinite  cylinders.  The 
cylinder  coordinate  system  and  associated  circumferential  mode  shapes  are  shown  in  Fig.  1.  The  Kennard  shell 
equations  are  used  to  describe  the  motion  of  the  cylinder  [8].  All  disturbances  are  assumed  to  be  single  frequency 
harmonic.  The  disturbance  is  assumed  to  be  a  point  force  applied  radially  to  the  shell  wall,  which  is  representative 
of  many  realistic  vibration  loads.  The  active  forces  are  a  combination  of  a  ring  force  and  point  forces  applied  to 
the  shell  wall  downstream  of  the  disturbance  as  shown  in  Fig.  2.  The  error  sensors  are  a<s.<nim<»d  to  be  PVDF 
piezoelectric  modal  sensors  applied  around  the  circumference  of  the  shell  as  shown  in  Fig.  2  [9],  These  sensors 
can  individually  observe  the  n=0, 1  and  2  circumferential  shell  modes  of  vibration. 


n»3 


n-4 


n-5 


Figure  la.  Coordinate  system.  Figure  lb.  Circumferential  mode  shapes. 

The  cylinder  radial  displacement  response  to  a  point  force  harmonic  disturbance  of  amplitude  Fd  located  at  xp 
can  be  written  as  (omitting  e'm  for  brevity) 

*x*)md2  \./  f  ^  X^dkna  W 

4it  p  $c /  a)  n=0 

where  the  matrix  term  I33  is  specified  in  Refs.  3  and  6.  Eq.  (1)  can  be  rewritten  as 

w(x,9)=  I  wn(x,0)  (2) 

n=0 

where  w„(x,d)  represents  the  modal  radial  displacement  of  the  circumferential  mode  n. 

The  modal  radial  displacements  of  the  controlled  system,  corresponding  to  the  circumferential  modes  n=0,  1 

and  2  at  the  error  sensor  locations  Xg,  x%,  andx^,  respectively,  result  from  the  superposition  of  the  displacement 

fields  due  to  the  point  force  disturbance  and  the  control  inputs.  Since  each  circumferential  modal  distribution  is 
orthogonal,  they  can  be  expressed  as 


last  name:  Fuller 
page  number  3 


where  Fd  is  the  amplitude  of  the  point  force  disturbance  located  at  Xp=0  and  A  is  a  constant  term  equal  to 
(23t2psc^hla). 

It  is  apparent  from  eqs.  (3a-3c)  that  the  modal  radial  displacements  of  the  shell,  associated  with  the  modes  n=l 

and  n=2,  are  independent  of  the  control  ring  force  F® .  Therefore,  they  can  be  expressed  in  the  following  matrix 

c 

form 


w  =dFd  +Cfc, 


where  the  vectors  and  matrices  are  given  by 


1  2 

d  =—  cos6 O' 33eiklX°  dkja  oos2Q(+^Id^eik2Xe  dk2a 

A 


ikl{xe~xc\ 

c  J_  cosQl^I33e  '  <&1<* 

~A  ikJ  X2_M 

cos  29  ^  dk2c 

/*-['/  fcf 


ik i[xl  -x\  ) 

cos20/^/iic  v  Jdk2a 

ik 2[xe~xc 1 

cos  20  ^  'dk-ya 


(4) 

(5a) 

(5b) 

(5c) 

(5d) 
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In  order  to  minimize  the  modal  radial  displacements  of  the  shell  around  the  circumference  at  the  axial  error 
1  2 

positions  xe  and xe ,  corresponding  to  the  location  of  the  n=l  and  n=2  modal  sensors,  the  following  cost  function 
is  defined 


J  = 


i=l 


(6) 


Eq.  (6)  assumes  that  each  modal  sensor  provides  an  output  equal  to  the  integral  of  the  modal  displacement 
around  the  shell  circumference.  As  discussed  in  Ref.  3,  this  is  reasonable  assuming  the  width  of  the  sensor  is 
much  less  than  the  axial  wavelengths  of  the  propagating  waves  in  the  system. 

The  optimal  vector  of  control  forces  to  minimize  the  quadratic  cost  function  /  is  given  by  [10] 

fcpt=-[C  Q  [C  i\Fd.  (7) 


Eq.  (3a)  yields  the  third  optimal  control  force  F® ,  minimizing  the  axisymmetric  radial  displacement  at  Xg  , 
corresponding  to  the  location  of  the  n=0  modal  sensor. 


F°- 
pc  ~ ' 


-1 


iko[xe-x?) 


Fd^33‘ik°Xe  && 


dk0a 


,  ten(xe  ~xc  ) 

dk0a+Fc2ai33e°ye  ^ 


dk0a 


(8) 
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In  order  to  evaluate  the  performance  of  the  active  control  system  we  re-substitute  the  optimal  control  forces 
back  into  the  equation  for  the  total  system  response,  eq.  (4).  We  then  calculate  the  total  power  flow  in  the  shell- 
fluid  system  using  the  relations  developed  in  Refs.  3  and  6  (note  these  include  both  the  power  in  the  shell  and  the 
fluid  paths)  and  use  this  to  study  the  change  in  power  with  and  without  the  control  implemented. 

Analytical  Results.  In  this  section  the  performance  of  the  control  configuration  described  above  for  various  non- 

dimensional  frequencies,  Q=coaJcL,  is  presented.  The  point  force  disturbance  was  chosen  located  at  Xp=0  with  an 
amplitude  of  100  N/m.  The  ring  control  force  and  the  two  point  control  forces  were  applied  at  x*=3a,  4a  and  5a, 
respectively,  where  a  is  the  radius  of  the  cylinder.  The  modal  error  sensors  for  the  n=0,  1  and  2  circumferential 
modes  were  located  at  x«=7a,  7.5a  and  8a,  respectively.  This  configuration  was  chosen  to  keep  the  control 
implementation  as  axially  compact  as  possible.  As  shown  below,  locating  the  control  and  error  transducers 
relatively  close  to  each  other  limits  the  achievable  performance  due  to  wave  near-field  effects.  The  design  is  thus  a 
compromise  between  required  performance  and  compactness.  Note  that  £2=1  corresponds  to  the  in-vacuo  ring 
frequency  of  the  cylinder  and  thus  we  are  considering  frequencies  well  below  this  value.  The  power  flow  in  the 
system  was  evaluated  at  x=10a,  well  downstream  of  the  last  modal  error  sensor.  The  shell  system  considered 
consists  of  a  plexiglass  material  (to  correspond  to  the  experiments  discussed  late*)  with  properties  given  in  Table  1. 
The  shell  was  considered  either  in-vacuo,  or  filled  with  water,  with  properties  also  given  in  Table  1.  The  cut-on 
frequencies  for  the  lowest  order  circumferential  modes  in  the  plexiglass  shell  system,  calculated  using  the  theory  of 
Refs.  3  and  6,  are  given  in  Table  2  for  the  in-vacuo  and  water-filled  cases. 

The  first  result  we  consider  is  for  an  in-vacuo  shell  with  an  excitation  frequency  of  £2=0.05.  Fig.  3  presents  the 
total  power  flow  in  the  system  before  and  after  control,  and  is  also  broken  down  into  the  circumferential  modal 
components.  Results  are  presented  in  decibels  normalized  to  1  Watt  As  specified  in  Table  2,  this  frequency  is 
below  die  cut-on  frequency  of  the  lowest  order  n=3  mode  and  good  performance  is  expected.  Fig.  3  shows  that  the 
total  power  reduction  is  15.8  dB  and  the  n=l  and  2  modes  carry  most  of  the  energy.  At  the  frequency  of  £2=0.05 
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only  the  n=0, 1  and  2  lower  order  waves  are  cut-on.  Ideally  then,  with  three  channels  of  control,  total  reduction  of 
power  should  be  achieved.  However,  due  to  the  relatively  close  spacing  of  the  control  inputs  and  error  sensors, 
near-field  waves  are  present  at  the  error  sensors  and  consequently  the  achievable  attenuation  is  reduced.  In 
particular,  at  0=0.05,  the  n=l  torsional  wave  is  cut-off  but  has  a  very  small  imaginary  value  of  axial  wavenumber. 
This  implies  that  its  decay  rate  is  small  and  of  the  order  of  ldB  fa  the  test  configuration.  Nevertheless,  good 
performance  is  seen  to  be  still  achieved. 

Table  1:  Plexiglass  shell-fluid  system  characteristics  and  material  properties. 


Material 

Plexiglass 

Water 

Thickness  ratio  to  radius,  hJa 

0.0426 

— 

Young’s  modulus,  Y 
(N/rrt2) 

1.9175  x  109 

— 

Poisson’s  ratio,  v 

0.4 

— 

Density,  p 
(kg/m3) 

1109 

1000 

Free  wave  speed,  c 
(mis) 

1435 

1500 

Damping  Ratio,  tj 

0.036 

0 

Control  Forces 


xi  xj 


<  x? 


Circumferential  mode  order,  n 


figure  2.  Active  control  arrangement  for  a  point  Figure  3.  Modal  decomposition  of  the  total  power  flow 

force  disturbance  at  low  frequencies.  in  an  in-vacuo  plexiglass  shell,  ft  =  0.05. 

Table  2:  Cut-on  frequencies  of  higher  order  circumferential  modes  for  in-vacuo  and  water-filled  plexiglass 
shells. 


Mode  orderf 
n 

In-vacuo  shell 
cut-on  frequencies 
ft 

Water-filled  shell 
cut-on  frequencies 
ft 

2 

0.033 

0.011 

3 

0.095 

0.036 

4 

0.183 

0.074 

5 

0.294 

0.129 

TNote  the  n=0  and  n=l  waves  cut-on  at  ft=0. 
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We  now  consider  the  effect  of  a  contained  heavy  fluid  such  as  water  on  the  control  performance.  The  main 
influence  of  the  water  is  to  significantly  lower  the  cut-on  frequencies  as  shown  in  Table  2.  At  the  frequency  of 
0=0.05,  the  lowest  order  n=3  mode  is  now  cut-on  and  hence  there  are  at  least  four  possible  waves  propagating  in 
the  system.  The  control  performance  would  be  expected  to  decrease  with  a  controller  of  three  degrees  of  freedom 
(i.e.,  three  actuators).  However,  Fig.  4  shows  that  the  total  power  flow  (again  normalized  to  1  Watt)  is  attenuated 
by  13  dB,  even  though  the  n=3  shell  motion  carries  most  of  the  energy  of  vibration.  This  behavior  is  most  likely 
due  to  the  n=2  and  n=3  shell  waves  having  a  nearly  identical  phase  speed  at  this  frequency.  The  radial 
displacements  induced  by  the  control  actuators  will  be  in-phase  at  the  error  sensor  locations  and  also  at  the  power 
evaluation  point.  Minimization  at  one  location  will  thus  ensure  reduction  at  the  other. 

When  the  frequency  is  increased  to  £2=0.1  a  different  behavior  is  observed.  At  this  frequency  the  n=4  mode  is 
cut-on  and  the  n=2  and  3  phase  speeds  are  different.  Consequently,  while  Fig.  5  shows  that  the  n=0, 1  and  2  total 
power  flows  are  decreased  significantly,  the  higher  order  modes  are  increased  or  only  slightly  reduced.  In  fact  the 
total  power  flow  for  the  system  is  not  changed  at  all.  This  behavior  is  due  to  control  spillover  into  unobserved 
modes  by  the  control  system  and  becomes  worse  as  the  frequency  is  increased  and  more  modes  (i.e.,  degrees  of 
freedom)  participate  in  the  system  response. 


I  before  control  0  after  control 


Circumferential  mo<Je  order,  n 


Figure  4.  Total  power  flow  in  a  water-filled  plexiglass  Figure  5.  Total  power  flow  in  a  water-filled  plexiglass 

shell,  £2  =  0.05;  (a)  modal  de  composition,  (b)  distribu-  shell,  £2  =  0.1:  (a)  modal  decomposition,  (b)  distribu¬ 
tion  in  the  system.  tion  in  the  system. 

Nevertheless  the  analytical  results  indicate  that  the  total  power  in  the  shell  and  the  fluid  can  be  significantly 
reduced  with  structural  actuators  and  sensors  for  a  substantial  range  of  low  frequencies.  The  results  in  particular 
support  the  concept  of  reducing  internal  fluid  power  with  non-obtrusive  actuators  attached  to  the  outside  shell  wall. 

EXPERIMENTS 

In  this  section  we  discuss  experiments  performed  to  validate  some  of  the  concepts  outlined  in  the  previous 
section.  Fig.  6  is  a  schematic  of  the  experimental  setup  used  to  investigate  the  active  control  approach.  The 
cylindrical  shell  studied  was  manufactured  from  plexiglass  with  a  length  of  1.83m,  an  outside  diameter  of  15.2cm 
and  a  wall  thickness  of  3.17mm.  Plexiglass  was  chosen  as  the  shell  material  for  a  number  of  reasons.  Firstly,  the 
controller  used  had  an  upper  frequency  limit  of  around  1kHz  and  thus  for  practical  cylinder  diameters  it  was 
preferable  to  use  a  material  with  a  small  extensional  phase  speed,  thus  keeping  the  ring  frequency  at  relatively 
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lower  values.  Secondly,  a  major  concern  was  to  build  the  shell  system  to  approximate,  as  best  as  possible,  an 
infinite  system  and  plexiglass,  being  a  relatively  highly  damped  material,  provided  natural  attenuations  of  the 
order  of  6-10  dB/m  for  extensional  waves  at  frequencies  of  050.3.  Finally,  it  is  extremely  important  to  remove  all 
air  bubbles  from  the  fluid  field  as  they  significantly  alter  the  dynamics  of  the  coupled  system  by  increasing  its 
compliance,  and  plexiglass,  being  transparent,  provides  a  convenient  way  of  checking  for  this  condition. 

In  order  to  simulate  an  infinite  pipe  as  closely  as  possible,  the  downstream  end  of  the  pipe  was  treated  in  a 
number  of  ways.  An  absorbing  termination  consisting  of  thin  strips  of  viscoelastic  damping  material  was  wrapped 
around  the  shell  wall.  The  thickness  of  the  layer  was  gradually  increased  towards  the  end  of  the  shell,  as  shown  in 
Fig.  6,  in  order  to  provide  as  little  structural  discontinuity  as  possible.  In  addition,  an  absorptive  layer  of  B.  F. 
Goodrich  acoustic  rubber  tile  was  bonded  on  the  inner  side  of  the  end  brass  cap  in  order  to  minimize  reflections  in 
the  fluid  field.  Preliminary  tests  revealed  that  while  the  termination  was  effective  at  higher  frequencies  (f5500Hz, 

or  £250.17)  there  were  significant  reflections  below  this  frequency  mainly  due  to  waves  with  a  dominantly  in-plane 
motion  and  it  is  was  hoped  the  natural  damping  of  the  plexiglass  would  help  reduce  the  reflected  in-plane  waves. 
The  other  (source)  end  of  the  pipe  was  supported  by  a  small  rubber  air  tube  whose  resonance  frequency  and 
stiffness  were  low  enough  so  as  to  not  significantly  affect  the  pipe  dynamics.  The  shell  was  excited  at  the  right 
hand  end  using  a  point  force  disturbance. 

The  internal  pressure  field  for  the  fluid-filled  case  was  measured  using  a  B&K  miniature  hydrophone  mounted 
on  a  movable  traverse.  The  hydrophone  could  be  moved  both  radially  and  axially  within  the  contained  fluid  field, 
as  shown  in  Fig.  6.  The  hydrophone  leads  were  routed  down  the  inside  of  the  aluminum  axial  probe  tube  so  as  to 
minimize  leaks  and  a  lowering  of  the  fluid-field  compliance. 

The  shell  radial  vibration  was  monitored  with  a  circumferential  array  of  1 1  B&K  mini-accelerometers  attached 
to  the  shell  wall  downstream  of  the  last  modal  error  sensor  (see  below).  The  output  of  the  accelerometers  were 
decomposed  into  circumferential  modal  amplitudes  as  described  in  Ref.  3.  For  the  low  frequencies  considered  in 
this  study,  the  square  of  the  shell  individual  radial  modal  amplitudes  is  approximately  proportional  to  the  total 
power  carried  by  the  shell  in  each  mode  (due  to  the  Poisson  coupling  effects),  while  the  acoustic  power  in  the  fluid 
field  is  approximately  proportional  to  the  square  of  the  pressure  amplitude  of  individual  modes.  Reduction  of  either 
variable  at  two  locations  (the  error  and  monitor  sensors)  with  a  spacing  of  less  than  a  wavelength  thus  indicates 
reduction  of  the  power  in  the  corresponding  modal  field  (see  Ref.  3  for  a  proof  of  this). 

Extensive  preliminary  testing  was  performed  on  the  plexiglass  shell  as  described  in  Ref.  3.  The  hysteretic 
damping  constant  of  the  shell  plexiglass  material  was  determined  to  be  approximately  t|=0.036.  By  measuring  the 
transfer  mobility  of  the  shell  and  using  the  theory  of  Refs.  3  and  6,  the  corresponding  average  extensional  phase 
speed  of  the  plexiglass  material  was  determined  to  be  Ci=1435m/s  giving  an  in-vacuo  ring  frequency  of  f=3061Hz 
for  the  shell  used  in  these  experiments.  For  the  following  results  the  frequency  will  be  given  in  absolute  and  non- 
dimensional  values  (£2=om/Cl).  The  theoretically  determined  cut-on  frequencies  using  these  values,  and  those 
measured  experimentally,  are  given  in  Tables  3  and  4  for  the  in-vacuo  and  water  filled  cases,  respectively.  Very 
good  agreement  is  apparent 

Table  3:  Comparison  of  theoretical  and  experimental  cut-on  frequencies  of  the  circumferential  modes  n=2, 3 
and  4,  in-vacuo  plexiglass  shell,  h/a=0.0426. 


Mode  order 

n 

Calculated 
cut-on  frequency 

Measured 
cut-on  frequency 

(Hz) 

£2 

(Hz) 

o 

2 

101 

0.034 

101.5 

0.034 

3 

285.2 

0.094 

274 

0.091 

4 

546.7 

0.181 

564 

0.187 

The  control  arrangement  of  Fig.  6  is  very  close  to  that  shown  in  Fig.  2  for  the  analytical  investigation.  The 
disturbance  and  control  point  force  actuators  consisted  of  Ling  1  lb.  mini-shakers  attached  radially  to  the  shell  wall 
by  thin  wire  stingers  at  the  same  angular  locations.  The  ring  force  actuator  was  implemented  using  KYNAR 
piezoelectric  polymer  wires  wrapped  tightly  around  the  circumference  of  the  cylinder.  The  piezoelectric  wires 
were  held  in  position  by  double  sided  sticking  tape  attached  to  the  shell  wall.  Although  the  piezoelectric  wire 
functions  by  straining  in  its  length  when  a  voltage  is  applied,  it  can  be  shown  the  above  implementation  is 
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equivalent  to  applying  a  radial  line  force  to  the  shell  wall  [3].  The  sensors  were  implemented  using  a  combination 
of  KYNAR  wire  and  PVDF  piezoelectric  film.  The  n=0  mode  was  observed  using  a  KYNAR  cable  wrapped 
completely  around  the  cylinder  wall.  As  demonstrated  by  Pinnington  and  Briscoe  [11],  such  a  configuration  will 
provide  a  good  transducer  for  measuring  axisymmetric  wave  motion  in  pipes.  The  n=l  and  n=2  modes  were 
observed  using  PVDF  film  cut  to  a  shape  corresponding  to  each  circumferential  mode,  as  described  in  Refs.  3  and 
9,  and  attached  to  the  shell  wall  with  double  side  sticking  tape.  As  shown  in  Ref.  3,  the  output  of  each  modal 
sensor  is  proportional  to  the  integral  of  the  modal  displacement  around  the  circumference.  In  realistic  pipes  the 
angular  position  of  the  higher  circumferential  modes  is  never  exactly  known  (the  modes  may  slightly  rotate  due  to 
shell  inhomogenities,  for  example).  To  overcome  this  problem,  each  modal  sensor  consisted  of  two  closely  spaced, 
similarly  shaped  sensors  rotated  by  90°  and  45°  for  the  n=l  and  2  modes  respectively,  whose  outputs  were  summed 

(in  other  words,  one  sensor  observed  the  cos(n0)  mode  while  the  other  observed  the  sin(n0)).  Thus,  if  the  sensor  is 
incorrectly  positioned  in  the  angular  sense,  it  will  still  provide  information  of  the  corresponding  circumferential 
mode.  Table  5  gives  the  central  location  of  the  individual  control  actuators  and  error  sensors.  Note  that  the 
residual  response  is  independent  of  the  sensor  gains  since  their  outputs  are  all  driven  to  zero. 

Table  4:  Comparison  of  theoretical  and  experimental  cut-on  frequencies  of  the  circumferential  modes  n=2, 3 
and  4,  water-filled  plexiglass  shell,  h/a=0.046. 


Mode  order 

n 

Calculated 
cut-on  frequency 

Measured 
cut-on  frequency 

HKISMR 

Q 

(Hz) 

£2 

2 

33.7 

0.011 

28 

0.009 

3 

110.2 

0.037 

114 

0.038 

4 

226.5 

0.075 

213 

0.071 

Table  5:  Spacing  between  control  actuators/sensors  and  the  point  force  disturbance  (shaker) 


— 

Actuator  1 

255 

Actuator  2 

365 

Actuator  3 

400 

630 

660 

705 

735 

1  Sensor  3 

805 

The  controller  used  in  the  experiments  was  based  upon  a  3130  Filtered-x  version  of  the  feedforward  LM5 
algorithm,  as  described  in  Nelson  and  Elliott  [10].  The  control  algorithm  was  implemented  on  a  TMS  320C30 
signal  processing  chip  resident  in  a  host  personal  computer.  As  the  experiments  were  narrow-band,  two 
coefficients  were  used  in  the  adaptive  and  "Filtered-x"  filters.  The  sampling  rate  was  typically  chosen  at  around 
five  times  the  frequency  of  interest  Various  other  standard  electronic  equipment  such  as  a  signal  generator,  anti¬ 
aliasing  filters,  amplifiers,  etc.,  were  also  necessary. 

Experimental  Results.  In  this  section  we  present  some  example  results  from  the  experiments  for  both  an  air-filled 
(which  corresponds  to  in-vacuo )  and  a  water-filled  shell.  The  axial  location  of  the  actuators  and  the  modal  sensors 
are  given  in  Table  5,  while  the  corresponding  arrangement  is  shown  in  Fig.  6. 

For  the  first  experiment  an  air-filled  plexiglass  shell  was  considered.  Due  to  density  of  air  being  relatively 

small,  this  is  extremely  close  to  the  in-vacuo  case  discussed  previously.  The  frequency  was  set  to  150  Hz  (£2=0.05) 
and  the  controller  turned  on.  The  three  error  signals  corresponding  to  the  n=0,  1  and  2  circumferential  modes 
were  all  attenuated  by  over  23dB,  and  this  was  found  to  be  typical  for  all  the  tests  performed.  Fig.  7  presents  the 
modal  decomposition  of  the  shell  response  obtained  from  the  monitor  accelerometers  before  and  after  the  control 
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was  implemented.  The  modal  acceleration  was  normalized  to  the  disturbance  input  voltage  of  1  Volt.  Note  that 
values  from  the  decomposition  for  the  n=3,  4  and  5  modes  are  provided  even  though  the  waves  are  not  cut-on. 
These  values  should  be  viewed  as  inaccurate  as  they  are  most  likely  due  to  slight  transducer  positioning  errors  or 
shell  inhomogenities.  This  observation  applies  to  all  the  decomposition  results.  The  results,  in  conjunction  with 
the  error  sensor  outputs,  confirm  that  the  control  has  globally  reduced  the  shell  radial  vibration  (and,  hence,  the 

total  power).  When  the  frequency  was  increased  to  300Hz  (£2=0.1),  the  n=3  circumferential  lowest  order  mode 
becomes  cut-on.  The  decomposition  results  presented  in  Fig.  8  again  indicate  global  reduction  of  wave  motion 
very  similar  to  the  theoretical  results  discussed  above.  However,  when  the  frequency  was  increased  further  to 
700Hz  (£2  =023),  Fig.  9  indicates  that  the  overall  response  has  increased.  Surprisingly,  this  increase  occurs  in  the 
n=l  mode,  unlike  the  theoretical  predictions  which  showed  spillover  into  higher  order  modes  (n>3).  This  behavior 
was  thought  to  be  due  to  reflections  from  the  termination  causing  a  standing  wave  pattern  on  the  shell  with  a  node 
in  the  proximity  of  the  n=l  modal  sensor,  leading  this  mode  to  be  unobservable.  This  observation  was  supported 
by  an  axial  scan  of  the  shell  radial  vibration  using  a  movable  accelerometer. 


Figure  8.  Modal  decomposition  of  the  radial  accelera-  Figure  9.  Modal  decomposition  of  the  radial  accelera¬ 
tion  of  the  shell  one  diameter  beyond  the  error  sensors,  tion  of  the  shell  one  diameter  beyond  the  error  sensors, 
in-vacuo  plexiglass  shell,  f=300  Hz  (£2=0.1).  in-vacuo  plexiglass  shell,  f=700  Hz  (£2=023). 
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For  the  final  tests  the  plexiglass  pipe  was  filled  with  distilled  water  and  left  to  settle  in  order  to  remove  all  air 
bubbles.  The  control  was  turned  on  and  the  modal  error  signals  again  were  attenuated  for  all  tests  by  over  20dB. 
Fig.  10  shows  the  shell  modal  decompositions  for  a  frequency  of  80Hz  (£1=0.026).  The  decompositions  indicate 
that  the  n=l  circumferential  mode  has  rotated  by  0=-58.8°,  demonstrating  the  necessity  of  the  paired  orthogonal 
sensors  discussed  previously.  The  results  of  Fig.  10  show  that  all  the  modes  are  significantly  attenuated  with  the 
attenuation  of  the  n=l  mode  being  the  least  Fig.  11  presents  the  attenuation  in  fluid  pressure  amplitude,  with 
control,  measured  under  the  accelerometer  array  using  the  hydrophone  discussed  previously.  The  results 
demonstrate  that  the  interior  pressure  field,  and  hence  acoustic  power,  are  also  significantly  attenuated  over  the 
fluid  path  cross  section.  The  residual  pressure  distribution  resembles  an  n=l  pattern  which  corresponds  to  the 
shell  decompositions  discussed  above. 


Figure  10.  Modal  decomposition  of  the  radial  accelera-  Figure  1 1.  Pressure  reduction  (dB)  with  control,  one 
don  of  the  shell  one  diameter  beyond  the  error  sensors,  diameter  beyond  error  sensors,  f=80  Hz  (£2=0.026). 
water-filled  plexiglass  shell,  f=80  Hz  (£2=0.026). 

When  the  frequency  is  increased  to  150  Hz  (£2=0.05)  the  n=3  mode  is  now  cut-on.  The  modal  decomposition 
of  Fig.  12  shows  that  the  uncontrolled  response  is  dominated  by  the  n=2  mode,  in  contrast  to  the  previous 
theoretical  results.  This  behavior  was  thought  to  be  again  due  to  reflections  from  the  termination,  causing  axial 
resonance  in  the  n=2  motion.  The  results  of  Figs.  12  and  13  both  confirm  that  the  shell  motion  and  the  coupled 
interior  field  (and  hence,  power)  were  significantly  attenuated. 


When  the  frequency  was  increased  further,  the  amount  of  reduction  in  both  the  shell  vibration  at  the  monitor 
accelerometers  and  the  pressure  at  the  hydrophone  plane  became  increasingly  smaller.  Fig.  14  presents  the  shell 
modal  decompositions  at  frequency  of  350Hz  (£2=0.11)  and  the  overall  levels  are  seen,  from  Fig.  14,  to  have 
increased  when  the  control  was  turned  on  (even  though  the  error  signals  were  all  highly  attenuated).  An 
examination  of  the  interior  pressure  field  also  reveals  an  increase  with  control,  implying  the  total  power  in  the 
system  was  increased  by  the  active  control.  As  discussed  in  the  theoretical  section,  this  behavior  is  due  to  the 
increased  number  of  propagating  modes  at  this  frequency  leading  to  significant  control  spillover  and  degradation 
in  control  performance. 
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Figure  12.  Modal  decomposition  of  the  radial  accelera¬ 
tion  of  the  shell  one  diameter  beyond  the  error  sensors, 
water-filled  plexiglass  shell,  f=150  Hz  (£2=0.05). 


Figure  13.  Pressure  reduction  (dB)  with  control,  one 
diameter  beyond  error  sensors,  f=150  Hz  (£2=0.05). 
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Figure  14.  Modal  decomposition  of  the  radial  accelera¬ 
tion  of  the  shell  one  diameter  beyond  the  error  sensors, 
water-filled  plexiglass  shell,  f=350  Hz  (£2=0.11). 

CONCLUSIONS 

An  analytical  and  experimental  investigation  of  the  potential  of  active  control  of  the  total  power  flow  in  fluid-filled 
elastic  pipes  has  been  completed.  The  results  demonstrate  that  the  power  in  both  the  fluid  and  structural  path  can 
be  significantly  attenuated  for  a  substantial  low  frequency  range  using  a  3D0  feedforward  system  of  structurally 
mounted  actuators  and  sensors.  At  higher  frequencies  the  performance  is  limited  by  an  increasing  number  of  cut- 
on  waves,  and  could  be  improved  by  increasing  the  number  of  control  channels.  A  result  of  particular  importance 
was  the  demonstration,  both  theoretically  and  experimentally,  of  the  attenuation  of  the  acoustic  power  in  the  fluid 
field  with  actuators  mounted  to  the  exterior  of  the  pipe.  This  arrangement  shows  potential  when  it  is  not  desirable, 
or  possible,  to  use  active  acoustic  sources  in  the  fluid  medium. 
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In  general,  the  results  demonstrate  the  good  potential  of  using  active  control  to  alleviate  low  frequency  power 
in  fluid  filled  pipes  even  though  the  dynamic  system  is  rather  complex.  To  this  end,  care  must  be  taken  to  consider 
the  physics  of  the  problem  before  designing  the  control  arrangement 
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This  paper  is  concerned  with  a  discussion  of  recent  research  in  the  area  of  active  structural 
acoustic  control  with  active/adaptive  structures.  The  material  is  divided  into  progress  in 
the  areas  of  structural  acoustics,  actuators,  sensors  and  control  approaches.  However,  due 
to  the  coupled  nature  of  the  problem,  considerable  effort  throughout  the  program  has  been 
given  to  the  interaction  of  these  areas  with  each  other.  The  results  presented  show  that 
significant  progress  has  been  made  towards  controlling  structurally  radiated  noise  by 
active/adaptive  means  applied  directly  to  the  structure. 


1.  INTRODUCTION 

In  many  applications  the  sound  fields  radiated  by  vibrating  elastic  structures  are  an  impor¬ 
tant  noise  problem.  Examples  are  machinery  noise  in  factories,  marine  hull  radiated  noise 
and  interior  noise  in  aerospace  applications.  An  understanding  of  the  behavior  of  such 
systems,  with  a  view  to  controlling  them,  involves  the  field  of  structural  acoustics.  Struc¬ 
tural  acoustics  is  the  study  of  how  elastic  structures  radiate  or  receive  sound  [1]  and  in  its 
most  fundamental  form  involves  the  simultaneous  solution  of  the  differential  equations 
describing  the  structure  and  fluid  media  with  appropriate  coupling  conditions  between  the 
two  (a  “fully  coupled”  analysis). 

The  usual  methods  of  control  of  such  radiated  noise  fields  involve  passive  techniques 
such  as  added  mass,  damping,  stiffness  and  system  modification  through  re-design.  How¬ 
ever,  these  techniques  have  proved  unsatisfactory  in  many  applications  for  a  number  of 
reasons.  Passive  techniques  usually  imply  a  significant  mass  increase,  do  not  work  well  at 
low  frequencies  and,  due  to  the  “coupled”  nature  of  the  problem,  it  is  difficult  to  predict 
their  effect  except  in  the  simplest  of  applications.  One  approach  that  shows  much  potential 
to  overcome  these  difficulties  is  active  control.  Active  control  has  recently  re-emerged  as 
a  very  promising  technique  to  reduce  radiated  sound  fields  [2].  The  main  reason  for  this 
have  been  advances  in  high  speed  data  acquisition  and  processing  enabling  active  control 
to  be  implemented  in  “real  time”.  The  traditional  active  approach  to  the  problem  of 
reducing  sound  radiation  from  structures  is  to  use  a  number  of  secondary  acoustic  control 
sources  arranged  around  the  structural  noise  source  (see,  for  example,  reference  [3]).  This 
technique  can  be  seen  to  have  a  number  of  disadvantages.  From  an  implementation  point 
of  view,  it  is  often  impracticable  to  have  secondary  acoustic  sources  located  away  from 
the  structure  (as  well  as  error  microphones).  More  importantly,  the  use  of  acoustic  control 
sources  leads  to  a  generation  of  additional  unwanted  noise,  termed  “control  spillover”. 
This  situation  is  overcome  by  using  additional  strategically  positioned  acoustic  sources. 


tThis  paper  was  first  presented  at  SPIE  Conference  1170  on  Fiber  Optic  Smart  Structures  and  Skins  II, 
Boston,  Massachusetts,  5-8  August  1989. 
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Thus,  for  example,  a  machine  radiating  noise  requires  a  large  number  of  active  acoustic 
sources  arranged  around  it  to  produce  global  (here  global  means  throughout  an  extended 
volume  or  space)  noise  reduction  [3]. 

The  purpose  of  this  paper  is  to  overview  research  related  to  a  new  technique  in  which 
the  noise  radiated  from  vibrating  structures  is  reduced  by  active  inputs  applied  directly  to 
the  structure  itself.  The  active  inputs  may  take  the  form  of  oscillating  forces  or  strains, 
adaptive  steady  state  forces  or  adaptive  changes  in  material  properties.  While  the  control 
inputs  are  applied  directly  to  the  structure,  the  error  information  (i.e.,  the  variable  to  be 
minimized)  is  usually  taken  from  the  radiated  acoustic  field.  The  subtlety  of  this  approach 
is  that  one  can  take  advantage  of  the  nature  of  the  natural  structural  acoustic  coupling  in 
order  to  optimize  and  reduce  the  dimensionality  of  the  controller.  The  discipline  thus 
involves  the  study  of  the  interaction  of  controller-structural  acoustics.  A  patent  on  the 
technique  has  recently  been  awarded  [4],  As  the  aim  of  the  work  is  to  develop  structures 
with  embedded  actuators  and  sensors  as  well  as  to  develop  “intelligent”  control 
approaches,  the  work  falls  into  the  domain  of  what  is  called  adaptive  or  active  structures. 

The  rapidly  emerging  field  of  adaptive  structures,  and  the  early  work  that  stimulated  it, 
is  well  summarized  in  the  review  article  by  Wada  et  al.  [5].  In  Figure  1,  which  was  based 
on  reference  [5],  is  shown  a  general  framework  for  adaptive  structures.  The  two  most  basic 
systems  are  the  sensory  structures  in  which  only  information  related  to  the  states  or 
parameters  of  the  structure  are  measured.  Adaptive  structures  are  those  which  include 
actuators  which  can  alter  the  system  states  or  parameters  in  a  controllable  way.  The 
interaction  of  these  two  areas  is  defined  by  Wada  et  al.  [5]  as  “controlled  structures”,  and 
thus  includes  some  degree  of  control  intelligence  in  dictating  the  required  inputs  to  the 
actuators  to  achieve  the  required  sensed  states  or  parameters.  A  finer  definition  on  con¬ 
trolled  structures  is  “active  structures”,  in  which  the  actuators  and  sensors  are  highly 
integrated  into  the  structure  itself.  Due  to  the  fact  that  the  sensors  and  actuators  are 
directly  part  of  the  structure,  one  may  then  view  the  structure  itself  adapting  its  properties 
in  an  active  way  to  a  disturbance.  Finally,  when  the  control  elements  and  electronics,  and 
perhaps  even  power  sources,  are  directly  integrated  into  the  structure  itself,  the  structure 
is  defined  to  be  “intelligent”  in  that  it  appears  to  provide  its  own  support  energy  and 
cognitive  ability  (although  it  admittedly  had  to  be  “taught”  its  process  at  one  stage).  For 
a  detailed  discussion  of  the  foundation  work  in  sensors,  actuators,  and  applications,  the 
reader  is  referred  to  reference  [5]. 

In  terms  of  controlling  sound  radiation  from  structures  using  active  or  adaptive  means 
applied  directly  to  the  structure  while  sensing  some  state  or  parameter  of  the  structural- 
acoustic  system,  very  little  previous  work  has  been  done.  Knyasev  and  Tartakovskii  [6] 
demonstrated  in  a  brief  experiment  that  it  was  possible  to  reduce  sound  radiation  from  a 


Figure  1.  Framework  for  structures  with  integrated  functions.  A,  adaptive  structures;  B,  sensory  structures; 
C,  controlled  structures;  D,  active  structures;  E,  intelligent  structures. 
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panel  using  an  active  damping  force.  Vylayshev  et  al.  [7]  analytically  considered  sound 
transmission  through  an  one-dimensional  plate  and  showed  an  increase  in  the  plate  trans¬ 
mission  loss  with  one  active  control  force  applied  to  the  plate.  Fuller  and  Jones  [8]  and 
Jones  and  Fuller  [9]  showed  both  experimentally  and  analytically  that  sound  transmission 
into  a  model  elastic  fuselage  can  be  globally  controlled  with  a  small  number  of  point  force 
control  inputs  applied  to  the  structure.  This  early  work  [8,  9]  defined  the  basis  of  the 
research  in  the  present  paper;  while  the  control  inputs  are  applied  to  the  structure,  the 
error  information  is  taken  from  the  acoustic  field  and  thus  the  controlled  system  includes 
the  natural  coupling  between  the  structural  response  and  the  acoustic  field.  This  approach 
will  be  shown,  for  low  frequency  applications,  markedly  to  reduce  the  dimensions  of  the 
controller. 

The  following  sections  will  detail  recent  work  on  this  new  technique.  For  clarity,  the 
discussion  is  divided  into  four  areas:  structural  acoustics,  actuators,  sensors  and  control 
approaches.  However,  the  research  is  always  a  complete  synthesis  of  the  above  four  areas 
due  to  the  “coupled”  nature  of  the  problem.  For  brevity,  the  paper  is  limited  to  a  discussion 
of  the  concepts  and  results;  details  of  the  experiments  or  analyses  can  be  found  in  the 
appropriate  references.  The  authors  believe  that  the  paper  defines  a  rapidly  emerging  new 
field  in  noise  control. 


2.  STRUCTURAL  ACOUSTICS 

Structural  acoustics  is  directly  concerned  with  the  coupling  between  the  motions  of 
elastic  structures  and  their  radiating  (or  receiving)  sound  fields.  The  response  of  these 
systems  must  be  solved  simultaneously  (or  in  a  coupled  sense),  as  in  heavy  fluids  or  highly 
reactive  environments  the  back  loading  (radiation  impedance)  of  the  acoustic  field  affects 
the  motion  of  the  radiating  structure  [1].  Obviously  this  natural  “feedback”  loop  has 
important  implications  on  the  design  of  active  systems  for  such  situations.  In  this  section 
some  of  the  important  characteristics  of  structural-acoustic  coupling  and  how  they  relate 
to  the  present  problem  will  be  discussed.  One  important  aspect  of  how  structures  radiate 
sound  is  known  as  radiation  efficiency  a,  which  is  defined  as  the  ratio  of  the  acoustic 
power  that  a  structure  radiates  to  the  power  radiated  by  a  piston  of  equivalent  area 
vibrating  with  an  amplitude  equal  to  the  time-spatial  average  of  the  structure.  Obviously 
the  higher  cr  is,  the  more  sound  energy  will  be  radiated  for  a  given  structural  response.  As 
an  example,  in  Figure  2  is  shown  the  radiation  efficiency  of  various  modes  of  vibration  of 


Figure  2.  Modal  radiation  efficiency  of  clamped  circular  panel  in  a  baffle. 
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a  baffled  circular  clamped  plate  versus  the  non-dimensional  frequency  koa  =  2nfa/c,  where 
/is  frequency  of  excitation,  a  is  plate  radius  and  c  is  the  speed  of  sound  [10].  For  low 
frequencies,  a  is  seen  to  vary  strongly  with  modal  order  (m, «),  where  m  and  n  are 
circumferential  and  radial  mode  numbers,  respectively.  The  most  efficient  mode  is  the 
(0,  1)  or  monopole-like  mode.  All  modally  responding  structures  exhibit  behavior  related 
to  Figure  2.  Thus,  if  a  structure  is  vibrating  in  a  number  of  modes  of  nearly  equal  amplitude 
then  only  a  few  of  these  will  radiate  sound  in  the  low  frequency  region  (which  is  our 
frequency  region  of  interest).  This  implies  that  only  one  or  two  control  inputs  need  be 
applied  to  the  structure  to  reduce  the  radiated  field  as  long  as  the  error  information  is 
constructed  from  radiated  acoustic  variables. 

In  Figure  3  are  shown  results  from  an  experiment  in  which  sound  transmitted  through 
an  elastic  clamped  circular  panel  located  in  a  baffle  is  reduced  by  active  point  force  inputs 
applied  to  the  panel  [11].  The  error  points  are  two  microphones  in  the  radiated  acoustic 
field.  In  this  experiment  the  aluminum  plate  was  0-4572  m  in  diameter  and  1-27  mm  thick. 
The  incident  acoustic  wave  was  planar  at  an  angle  of  incidence  of  45°  and  was  at  a 
single  frequency  of  1 12  Hz.  Substantial  reduction  in  radiated  noise  is  observed  in  this  off- 
resonance  case  where  there  are  many  panel  modes  present  in  the  response.  In  contrast,  the 
same  situation  is  shown  in  Figure  4  except  that  the  error  information  is  taken  from  two 
accelerometers  mounted  on  the  panel  (i.e.,  directly  controlling  panel  vibration).  The  results 


Figure  3.  Radiation  directivity,  microphone  error  sensors: - ,  no  control; - ,  one  control;  —  •  — ,  two 

controls. 


Figure  4.  Radiation  directivity,  accelerometer  error  sensors: - ,  no  control; - ,  one  control;  —  •  — ,  two 

controls. 
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show  that,  although  panel  vibration  is  attenuated  by  around  20  dB  at  the  error  points,  the 
noise  radiation  increases. 

Radiation  impedance,  a  related  variable,  is  also  an  important  characteristic  to  be  consid¬ 
ered.  Analytical  results  for  a  similar  situation  as  discussed  above  are  shown  in  Figure  5. 


Figure  5.  Radiation  directivity: - ,  no  control; - ,  one  control; - ,  two  controls. 

Here  the  cost  function  is  the  total  power  radiated  from  the  panel  rather  than  minimizing  at 
discrete  points  and  the  non-dimensional  frequency  is  k^a  =  0-45  [  12].  Significant  increases  in 
sound  attenuation  are  observed  when  the  number  of  actuators  is  increased  from  one  to 
two,  while  the  corresponding  panel  displacement  shown  in  Figure  6  predicts  little  change 
in  overall  panel  amplitude  of  vibration.  In  Figures  7  and  8  are  given  experimental  results 
for  radiation  directivity  and  amplitude  of  panel  modes  of  vibration  for  control  of  sound 
radiation  from  a  vibrating  rectangular  panel  located  in  a  baffle  by  a  single  point  force  [13]. 
The  error  sensor  is  a  microphone  situated  in  the  radiated  acoustic  field.  The  panel  is  being 
driven  off-resonance.  In  this  case  the  panel  was  manufactured  from  steel  with  dimensions 
of  380  x  300  x  10  mm  and  was  excited  at  a  frequency  of  1698  Hz,  by  a  non-contacting 
electromagnetic  exciter.  Again  the  results  show  a  significant  reduction  in  radiated  sound 
with  relatively  little  change  in  panel  amplitudes  of  vibration.  What  is  happening  here?  The 
key  lies  in  the  results  of  Figure  8,  which  show  that  the  relative  temporal  phases  of  the 
uncontrolled  modes  have  changed  significantly.  Thus  the  action  of  the  controller  has  been 
to  alter  the  relative  phases  of  the  modes,  with  the  result  that  the  total  residual  vibration 
shape  is  more  complex  and  has  a  lower  radiation  efficiency.  More  exactly,  the  modes  have 
been  adjusted  so  that  their  total  radiation  impedance  is  lower,  leading  to  a  fall  in  radiated 
sound  power  [14].  We  call  the  first  mechanism,  where  a  dominantly  radating  mode(s)  is 
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Panel  mode  (/77,/?) 

Figure  8.  Panel  modal  response  distribution:  no  control;  §3,  control  field;  ESI,  with  control. 

reduced  in  amplitude,  control  by  modal  suppression',  and  the  second,  where  the  plate 
response  does  not  reduce  but  has  a  lower  value  of  cr,  control  by  modal  restructuring  [13]. 
Recent  work  has  analyzed  this  behavior  from  a  wavenumber  point  of  view.  By  taking  the  2- 
D  wavenumber  transform  of  the  plate-baffle  system  one  can  show  that  modal  suppression 
corresponds  to  a  general  fall  in  the  amplitude  of  plate  response  across  the  complete 
wavenumber  spectrum,  while  model  restructuring  correspond  to  a  reduction  in  supersonic 
wavenumber  components  and  an  increase  in  subsonic  components  [15].  As  discussed  in 
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reference  [1],  only  supersonic  wavenumber  components  radiate  to  the  far  field,  and  thus 
although  the  averaged  panel  response  is  approximately  the  same  or  possibly  greater,  the 
radiated  far  field  sound  levels  fall  globally. 

This  brief  discussion  highlights  the  nature  of  the  structural-acoustic  coupling  in  the 
control  approach.  It  is  apparent  that  the  controlled  behavior  of  these  systems  can  be 
viewed  in  a  number  of  ways.  These  insights,  as  well  as  many  other  aspects  of  natural  sound 
radiation,  can  be  taken  advantage  of  in  such  control  approaches. 


3.  ACTUATORS 

The  above-discussed  results  pertain  to  the  use  of  point  force  actuators  as  control  transdu¬ 
cers.  There  are  disadvantages  of  such  devices,  mainly  that  they  are  cumbersome  and  require 
some  form  of  restraining  back  support.  In  view  of  these  limitations,  much  work  has  been 
carried  out  in  order  to  develop  actuators  bonded  to  or  embedded  in  the  structure  itself. 

3.1.  PIEZOCERAMIC  ACTUATORS 

Analytical  work  has  shown  that  piezoceramics  can  be  bonded  to  the  structure  surface 
and  used  to  excite  selected  modes  of  vibration  [16].  The  piezoceramics  can  be  tailored  in 
shape  and  location  in  order  to  selectively  excite  certain  modes  of  vibration.  This  has  the 
advantage  of  reducing  control  spillover  into  unwanted  structural  or  acoustic  response.  In 
Figure  9  are  shown  impressive  results  for  control  of  sound  radiation  from  a  baffled  circular 
panel  of  radius  0-2  m  with  a  radiation  from  a  baffled  circular  panel  of  radius  0-2  m  with 
a  small  piezoceramic  patch  of  dimensions  /?,  =  ()•  15  m,  /?2  =  018m,  0,  =  -15°,  02=15°, 
bonded  on  the  panel  [17],  The  excitation  frequency  is  89- 1  Hz.  Plots  of  panel  displacement 
under  the  same  conditions  across  the  same  diagonal  as  the  radiation  pattern  are  given  in 
Figure  10.  Interestingly,  this  result  (and  others)  predict  that  the  piezoceramic  tends  to 
force  a  node  in  the  panel  response  near  the  actuator  edge.  This  result  is  in  line  with  the 
analysis  of  reference  [16],  which  predicts  that  the  piezoceramic  effectively  exerts  a  line 
moment  on  the  structure  (for  pure  bending  cases)  around  its  periphery.  Thus  the  above 
results  imply  that  a  good  location  of  the  edge  of  a  piezoceramic  is  near  nodal  lines  and 
also  show  possibilities  for  edge  control  where  structural  rotation  is  high  while  out-of-plane 
vibrational  motion  is  low.  However,  in  general,  the  center  of  the  transducer  should  be 
located  in  regions  of  high  structural  surface  strain. 


Figure  9. 
02=15°. 


Radiation  directivity:  - ,  no  control; - ,  with  control.  /?,=OI5m.  /?2  =  0.18m.  0,  =  -l5c, 
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Figure  10.  Panel  displacement: - ,  no  control; - ,  with  control.  /I,  =01  m,  /?2  =  018  m,  6  ,  =  -15°, 

02=15°. 


In  Figure  1 1  are  given  experimental  results  for  radiation  control  from  a  baffled  rectangu¬ 
lar  panel  by  a  single,  centrally  located,  small  piezoceramic  patch  [18].  The  panel  has  the 
same  dimensions  as  that  discussed  in  Figures  7  and  8,  except  it  has  a  thickness  of  2  mm. 
The  panel  is  being  driven  near  the  resonance  of  a  (3,  1)  mode  at  a  frequency  of  350  Hz 
and  the  error  sensor  is  a  single  microphone  located  at  1*8  m  from  the  panel.  The  results 
of  Figure  1 1  show  excellent  global  attenuation  and  panel  modal  decompositions  demon¬ 
strate  that  all  panel  modes  are  significantly  reduced  in  amplitude;  a  surprising  result  for 
a  single  actuator.  This  effect  as  well  as  multi-actuator,  multi-sensor  (MIMO)  systems  are 
presently  under  investigation  [19]. 


3.2.  SHAPE  MEMORY  ALLOY  ACTUATORS 

Other  important  work  in  this  area  has  been  concerned  with  the  use  of  shape  memory 
alloys  (SMA)  as  adaptive  inputs.  The  mechanism  by  which  shape  memory  alloy  fibers  (or 
films)  exhibit  their  characteristic  shape  memory  effect  can  be  described  very  basically  as 
follows :  an  object  in  the  low  temperature  martensitic  condition,  when  plastically  deformed 
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and  with  the  external  stresses  removed,  will  regain  its  original  (memory)  shape  when 
heated.  The  process  is  the  result  of  a  martensitic  phase  transformation  taking  place  during 
heating.  The  main  aim  of  the  work  is  the  development  of  adaptive  structures  utilizing 
embedded  shape  memory  alloys  (SMA).  The  applications  of  such  “smart”  structures  are 
many  [20]  and  much  work  has  been  carried  out  to  derive  the  fundamental  equations  of 
motion  of  such  structures  [21].  However,  the  discussion  here  will  be  limited  to  those  related 
to  the  structural  acoustic  problem. 

Sound  radiation  has  been  demonstrated  to  be  related  to  modal  response  and  shape  [1]. 
Thus  if  one  can  alter  the  mode  shapes  of  a  vibrating  structure,  then  the  acoustic  power 
radiated  by  such  structures  may  be  reduced  (or  increased).  Analytical  work  on  simply 
supported  panels  with  embedded  SMA  fibers  of  various  configurations  has  shown  that, 
when  the  fibers  are  activated  (i.e.,  heated  by  passing  a  current  through  them),  significant 
modification  in  the  radiated  acoustic  field  is  achieved.  In  Figure  12  is  shown  radiation 
directivity  for  an  activated  SMA  panel:  activation  of  the  fiber  can  be  seen  to  cause  a 
significant  change  in  the  radiation  pattern  [22],  This  effect  has  been  demonstrated  to  be 
due  to  changes  in  the  panel  mode  shapes  and  thus  the  structural  acoustic  coupling  when 
the  fibers  are  activated  [23].  For  the  analytical  example  of  Figure  12,  the  composite  plate 
was  of  dimension  1-1  m  x  0-8  m  x  0  008  m,  with  a  quasi-isentropic  stacking  sequence  of 
[0/-45/45/90]  and  constructed  from  equal  thickness  layers  of  graph ite/epoxy  and  Nitinol/ 
epoxy.  The  Nitinol  was  assumed  to  be  the  top  and  bottom  plys  of  the  laminate  with  a 
40%  fiber  volume  percentage,  yielding  10%  for  the  entire  plate.  The  Nitinol  was  also 
assumed  to  achieve  a  recovery  stress  in  the  fibers  upon  activation  of  280  MPa.  The  damping 
factor  S  was  set  equal  to  0  01. 


CD 
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Figure  12,  Radiation  directivity: - ,  active; - ,  inactive. 


It  should  be  noted  here  that,  in  contrast  to  the  piezoceramic  transducer,  the  active  input 
is  not  oscillating  and  what  is  really  being  developed  here  is  a  truly  adaptive  (or  smart) 
structure,  properties  and  response  of  which  can  be  altered  by  electrical  inputs.  However, 
work  is  progressing  on  developing  a  vibrating  SMA  actuator.  In  Figure  1 3  are  presented 
transmission  loss  (TL)  curves  for  sound  transmitting  through  a  SMA  panel  with  and 
without  activation  [22]  and  excited  by  a  plane  wave  incident  at  45°.  The  main  point 
demonstrated  in  Figure  1 3  is  that  significant  modification  in  the  TL  curve  can  be  achieved 
by  SMA.  Much  work  is  now  needed  to  optimize  the  layout  and  activation  of  the  SMA 
fibers  optimally  to  reduce  sound  radiation  in  a  required  way,  based  on  formulations  for 
the  modification  in  modal  shapes  and  their  corresponding  radiation  efficiency. 

Other  work  of  interest  concerns  control  of  sound  radiation  from  beams  with  embedded 
SMA  fibers.  In  Figure  14  is  shown  the  shift  in  measured  resonant  frequency  of  the  funda¬ 
mental  mode  of  a  clamped-clamped  beam  upon  SMA  activation  [24],  Experiments  on 
controlling  radiation  from  such  beams  using  SMA  fibers  have  also  been  successful  [25]. 
In  this  experimental  arrangement,  the  beam  has  dimensions  of  0-822  m  x  0-206  m  x 
0-991  m  and  was  constructed  from  a  Nitinol  reinforced  graphite /epoxy  material  with  a 
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Figure  13.  Panel  transmission  loss: - ,  active; - ,  inactive. 


15%  Nitinol  volume  fraction.  The  beam  was  excited  into  motion  by  a  non-contacting 
electromagnetic  transducer  driven  by  a  steady  state  pure  tone  frequency.  The  beam  could 
thus  be  excited  either  on  or  off  resonance  of  required  modes  by  varying  the  input  frequency. 
In  Figure  1 5  is  shown  the  time  history  of  the  sound  pressure  level  of  the  beam  responding 
to  an  excitation  at  the  n  =  4  mode  (145  Hz).  The  control  strategy  uses  a  pattern  search 
technique,  implemented  on  a  mini-computer,  to  minimize  the  sound  pressure,  by  adjusting 
the  voltage  applied  to  the  embedded  SMA  fibers.  For  this  case,  the  effect  of  the  third  mode 
moving  close  to  the  excitation  frequency  is  evident  at  40  s.  The  controller  then  adapted 
the  input  so  that  the  disturbance  was  located  at  the  minimum  pressure  response  (an  anti¬ 
resonance  point)  between  the  third  and  fourth  modes. 


4.  SENSORS 

For  any  control  strategy,  observability  is  an  important  requirement.  Thus,  sensing  of 
the  plant  responses  to  be  minimized  is  an  important  part  of  the  research  work  described 
here.  As  stated  previously,  a  key  aspect  of  the  approach  is  to  use  the  radiated  acoustic 


Figure  14.  Adaptive  SMA  beam  response: - ,  unactivated; - 


,  activated. 
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Figure  15.  Adaptive  control  of  radiation  from  SMA  beam. 


field  as  direct  error  information.  Most  of  the  previous  results  discussed  here  relate  to  using 
discrete  microphones  located  in  the  radiated  acoustic  field.  However,  there  are  many 
situations  in  which  such  an  approach  is  impractical  and  alternatives  have  to  be  sought. 

4.1.  OPTICAL  FIBER  SENSORS 

Optical  fiber  waveguides,  originally  developed  for  medium  distance  data  communica¬ 
tion,  have  been  applied  to  the  sensing  of  physical  observables  for  the  past  ten  years 
[26].  By  monitoring  the  intensity,  phase,  polarization,  wavelength,  mode  and  time  delay 
properties  of  optical  signals  which  propagate  in  such  fiber  waveguides,  a  wide  range  of 
physical  phenomena  relevant  to  the  problem  here,  including  strain,  rotation  rate,  vibra¬ 
tional  mode  shape  amplitudes  and  acoustic  waves,  may  be  measured. 

Present  work  also  entails  integration  of  such  approaches  into  the  structural  acoustic 
control  problem.  A  spectral  estimation  of  the  response  of  a  beam,  measured  by  an  accelero¬ 
meter  and  an  embedded  optic  fiber  [27],  is  given  in  Figure  16.  It  is  apparent  that  the  optic 
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Figure  16.  Fiber  optic  sensing  of  beam  response: - ,  fiber  optic;  —  •  — ,  accelerometer. 
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fiber  gives  a  good  estimation  of  the  resonance  frequency  of  the  beam.  In  other  applications, 
optic  fibers  have  been  used  in  conjunction  with  Kalman  filtering  to  provide  modal  ampli¬ 
tudes  of  beam  responses  required  for  implementation  of  control  [28].  In  Figure  17  are 
given  results  of  a  simulation  of  such  a  system  on  a  clamped-clamped  beam  when  excited 


by  a  steady  state  sine  wave  turned  on  at  f  =  0.  There  is  no  damping  in  the  system.  The 
curves  are  the  actual  (rs)  and  estimated  amplitudes  (ri)  of  mode  1.  The  results  show  that 
the  modal  amplitudes  can  be  estimated  accurately  with  a  time  domain  approach.  In  order 
to  derive  a  control  variable  in  the  radiated  acoustic  power  these  modal  amplitudes  may  be 
weighted  by  their  associated  radiation  efficiency,  thus  artificially  introducing  the  structural 
acoustic  coupling  characteristic.  To  fully  account  for  radiated  power,  the  modal  cross¬ 
interaction  terms  must  also  be  considered.  However,  future  work  will  be  concerned  with 
direct  sensing  of  near-field  acoustic  pressures  using  optic  fibers.  In  conjunction  with  acous¬ 
tic  holography  theory  [29],  it  will  then  be  possible  to  construct  a  control  cost  function  in 
terms  of  estimated  far-field  radiated  acoustic  power,  from  near-field  measurements  of 
pressure. 

4.2.  NITINOL  FIBER  SENSORS 

Nickel-titanium  shape  memory  alloys  (SMA)  have  many  peculiar  properties,  many  of 
which  can  be  exploited  for  activation  or  sensing  applications.  As  is  the  case  with  many 
activator  materials,  such  as  piezoceramics  and  polyvinylidene  fluoride  (PVDF),  Nitinol 
can  be  used  to  perform  sensing  as  well  as  actuation.  However,  Nitinol  strain  sensors  differ 
from  Nitinol  actuators  in  that  the  sensors  utilize  only  one  material  phase,  the  austenite 
phase,  whereas  Nitinol  actuators  utilize  the  reversible  transformation  between  the  marten¬ 
sitic  and  austenitic  phase.  The  distributed  (or  integrated)  Nitinol  sensors  currently  being 
utilized  measure  strain.  The  utility  of  the  integrated  strain  information  has  been  discussed 
above  in  reference  to  the  optical  fiber  sensors. 

The  Nitinol  fiber  strain  sensors  are  simply  Nitinol  wires  with  a  low  transition  tempera¬ 
ture,  so  as  to  assure  that  the  material  is  always  in  the  austenite  phase.  In  our  studies, 
pseudo-elastic  or  super-elastic  Nitinol  has  been  used.  The  basic  concept  is  to  measure  the 
change  in  resistance  of  the  Nitinol  as  a  function  of  integrated  strain.  This  concept  allows 
for  very  simple  processing  as  the  Nitinol  sensor  is  nothing  more  than  a  distributed  strain 
gage  in  a  Wheatstone  bridge.  Nitinol  has  a  high  resistivity  for  a  metal,  making  it  well 
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suited  for  strain  sensing.  The  super-elastic  nature  of  the  Nitinol  also  means  that  strains 
up  to  6%  can  be  reliably  and  repeatedly  measured. 

Experimental  demonstration  of  the  Nitinol  sensor  was  performed  by  embedding  a 
0.012  in  diameter  fiber  in  a  fiberglass  cantilever  beam  off  the  neutral  axis.  The  Nitinol 
sensor  was  then  used  as  the  active  leg  of  a  Wheatstone  bridge.  When  the  embedded  Nitinol 
fiber  is  strained,  the  resistance  increases  and  the  bridge  is  no  longer  balanced,  resulting  in 
a  voltage  across  the  bridge.  The  cantilever  beam  was  used  to  verify  the  integrated  strain 
capabilities  of  the  fiber  in  both  static  and  dynamic  modes.  Static  and  dynamic  tests  showed 
a  linear  response  for  root  strains  (of  the  fiber)  up  to  1*2% ,  the  maximum  strain  tested 
with  the  beam.  Calibration  tests  of  the  Nitinol  fiber  itself  have  indicated  a  linear  response 
greater  than  6%  strain.  However,  once  the  sensing  fiber  has  been  strained  beyond  6%  it 
becomes  plastically  deformed.  The  experimental  response  of  the  embedded  Nitinol  fiber 
to  a  freely  vibrating  cantilever  beam  at  approximately  4  Hz  is  shown  in  Figure  18.  The 
primary  advantages  of  Nitinol  strain  gages  is  their  ease  of  implementation  and  large  range. 
Current  work  involves  using  the  Nitinol  fiber  as  a  dual-mode  sensor,  i.e.,  to  measure 
temperature  and  strain  simultaneously. 

4.3.  PIEZOCERAMICS  AND  POLYVINYLIDENE  FLUORIDE  (PVDF) 

Piezoceramics  can  also  be  used  as  sensors.  The  advantage  of  this  strategy  is  that  the 
same  devices  can  be  used  in  some  applications  in  a  time  sharing  mode  as  actuators  and 
sensors.  A  comparison  of  a  fast  Fourier  transform  (FFT)  of  the  response  of  a  panel  excited 
by  an  impulse  [18]  is  shown  in  Figure  19.  The  response  is  measured  by  a  centrally  co¬ 
located  accelerometer  and  a  piezoceramic  element  bonded  to  the  panel.  The  estimates  of 
panel  resonant  frequencies  by  the  piezoceramic  can  be  seen  to  be  good,  and  thus  the 
information  could  be  used  as  a  control  variable  for  an  estimate  of  the  spectral  content  of 
the  noise  input.  Other  experiments  on  control  of  vibrational  power  flow  in  beams  have 
also  indicated  that  such  piezoelectric  devices  can  be  used  to  sense  other  control  variables 
[30],  such  as  vibrational  response  and  power  flow.  Although  the  above  devices  can  be 
successfully  used  to  measure  structural  response,  this  data  must  be  then  manipulated  to 
account  for  the  structural  acoustic  coupling.  A  direct  measurement  of  the  radiated  pressure 
field  would  be  simpler  and  it  is  in  this  application  that  PVDF  shows  much  potential.  This 
material  has  been  demonstrated  to  be  of  enough  sensitivity  to  be  able  to  measure  acoustic 
pressure  fluctuations,  and  can  be  easily  used  as  a  distributed  sensor  where  averaged  effects 
(i.e.,  over  a  distributed  control  area)  are  required. 
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Figure  19.  Piezoceramic  sensing  of  panel  response: - ,  piezoceramic; - ,  accelerometer. 


Reference  [15]  discusses  experimental  work  in  which  PVDF  distributed  sensors  were 
directly  attached  to  vibrating  panels  and  used  as  error  sensors  in  an  active  structural- 
acoustic  control  approach.  When  the  PVDF  sensors  were  shaped  to  only  observe  the  odd- 
odd  modes  of  the  simply  supported  panel  (i.e,  the  efficiently  radiating  modes),  high  global 
reductions  in  far-field  sound  were  measured.  This  result  should  be  contrasted  with  the  use 
of  point  structural  sensors  such  as  accelerometers,  which  often  lead  to  an  increase  in 
radiated  sound  levels  [11],  In  effect,  the  shaped  PVDF  sensor  acts  as  an  analog  structural 
wavenumber  filter.  If  the  sensor  is  long  compared  to  the  structure,  then  the  PVDF  sensor 
averages  the  response  of  high  wavenumber,  short  wavelength  inputs  (subsonic  compo¬ 
nents)  to  zero,  while  retaining  information  from  the  low  wavenumber,  long  wavelength 
inputs  (supersonic  components).  As  discussed  previously,  a  structural  error  sensor  with 
these  characteristics  is  highly  desirable,  as  the  controller  is  only  observing  the  critical 
radiating  components  of  the  motion  of  the  structure.  Associated  with  such  approaches  is 
a  significant  signal  processing  requirement,  in  which  the  sensed  data  is  converted  into  the 
required  control  variables. 


5.  ACTIVE  CONTROL  TECHNIQUES 

An  important  aspect  of  active  control  of  sound  radiation  from  structures  is  the  choice, 
design  and  implementation  of  a  suitable  control  strategy.  Ultimate  choice  of  strategy  is 
dependent  upon  a  number  of  factors,  but  perhaps  the  most  important  is  the  nature  of  the 
noise  input;  whether  it  is  steady  state  sinusoidal  (including  multiple  frequencies),  random 
or  transient.  All  of  these  noise  conditions  will  be  encountered  in  structural  acoustic 
applications. 

5.1.  STATE  FEEDBACK  CONTROL  TECHNIQUES 

Research  into  the  application  of  state  feedback  methods  has  focused  on  casting  the 
structural  acoustics  control  problem  into  the  paradigms  of  modern  control  theory.  In  one 
investigation  [31],  the  Linear  Quadratic  Regulator  (LQR)  optimal  method  has  been 
applied  to  the  control  of  radiation  from  a  subsonic  baffled,  clamped-clamped  beam  in  air. 
The  approach  was  to  consider  the  suppression  of  the  transient  radiation  of  the  structure 
when  it  has  been  excited  by  impulsive  forces  or  initial  conditions.  The  structure  was 
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described  via  an  Euler- Bernoulli  model  of  a  uniform  clamped-clamped  beam.  This  partial 
differential  equation  description  was  then  discretized  using  a  Ritz-type  expansion  in  terms 
of  the  first  three  controlled  modes  of  the  beam. 

The  fluid  medium,  air  in  this  case,  was  modeled  by  assuming  a  harmonic  motion  input 
from  the  beam  structure  as  one  argument  of  a  Rayleigh  integral  written  to  yield  the  spatial, 
far-field  pressure  distribution.  The  resulting  integral  was  then  treated  as  a  transfer  function 
between  the  terms  of  the  assumed  beam  spatial  expression  (the  uncontrolled  modes)  and 
the  far-field  pressure  distribution.  This  study  treated  only  the  diagonal  terms  (the  direct 
terms)  of  the  resulting  spectral  factorizations  of  the  radiation  resistance  of  the  modes. 
These  transfer  functions  were  then  implemented  as  filters  in  a  real-time  control  analysis. 
Causality  was  ensured  by  using  the  inverse  Laplace  transform  to  derive  the  filter  impulse 
response  functions.  This  formulation  allowed  the  acoustic  radiation  to  be  inferred  from 
the  structural  motions. 

These  relations  were  used  as  partial  state  estimators  in  a  LQR  optimal  control  formula¬ 
tion.  The  performance  of  the  controller  designed  to  reduce  radiation  (acoustic  controller) 
was  compared  to  the  performance  of  a  controller  designed  to  reduce  beam  vibration.  Equal 
energy  was  assumed  for  each  case  in  order  to  normalize  the  comparisons.  The  modal  time 
history  of  the  beam  with  two  force  actuators,  used  to  suppress  vibration  is  shown  in  Figure 
20.  The  result  of  the  acoustic  control  is  shown  in  Figure  21 ;  the  radiation  was  reduced  by 
73%  as  compared  to  that  of  the  vibration  controller.  Increased  attenuation  could  be 
achieved  by  decreasing  the  penalty  factor  on  control  effort.  Note  that  the  acoustic  con¬ 
troller  allows  mode  two,  an  inefficient  radiator,  to  ring  much  longer  than  was  allowed  by 
the  vibration  controller;  it,  instead,  puts  its  energy  into  the  more  efficiently  radiating  third 
mode.  This  work  is  being  extended  to  treatment  of  the  radiation  coupling  of  the  modes 
and  to  experimental  realizations. 

Other  work  with  state  feedback  control  of  structural  acoustic  radiation  involves  the 
control  of  SMA-reinforced  composite  beams  [25].  Part  of  this  experimental  work,  the 
pattern  search  minimization,  was  discussed  earlier  in  section  3.2  of  this  paper.  Another 
portion  of  this  work  was  concerned  with  the  closed-loop  tuning  of  the  beam  radiation 
response  anywhere  within  an  octave  bandwidth  above  the  fundamental  mode.  It  has  been 
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Figure  21.  LQR  control  of  beam  sound  radiation: - ,  mode  1 ; - ,  mode  2;  ,  mode  3. 


demonstrated  [32]  that  the  frequency  of  the  lower  order  vibration  modes  of  a  clamped- 
clamped  SMA  composite  beam  are  linearly  related  to  the  bulk  temperature  of  the  beam. 
The  control  approach  was  to  use  the  measured  temperature  as  a  controlled  variable  to 
indirectly  control  the  beam  radiation.  This  experimental  and  analytical  study  had  as  its 
goal  the  maximization  of  the  radiation  response  of  the  beam  subjected  to  a  steady  state 
disturbance. 

The  beam  was  modelled  with  a  first-order,  thermal  capacitance  model.  The  control  was 
accomplished  via  a  minicomputer  which  adjusted  the  amount  of  resistive  heating  of  the 
SMA  filaments  in  the  composite  structure  to  reach  and  hold  a  preset  temperature.  In 
Figure  22  are  shown  the  results  of  the  control  with  the  beam  being  driven  at  46  Hz, 
which  is  off  the  35  Hz  unactuated  fundamental  mode  frequency.  The  closed-loop  control 
increased  the  radiated  sound  pressure  level  by  20  dB  by  moving  the  fundamental  frequency 
of  the  adaptive  beam  close  to  46  Hz.  This  demonstrates  the  ability  of  the  feedback  control 
scheme  to  place  the  beam  resonant  frequencies  at  a  set  point. 

5.2.  LEAST  MEAN  SQUARE  (LMS)  ADAPTIVE  ALGORITHMS 

For  applications  in  which  the  noise  field  is  a  steady  state  sinusoidal  input  (or  multiple 
frequencies)  and  in  some  cases  random  broadband,  the  feedforward  LMS  adaptive 
approach  has  proved  quite  successful  [33],  In  general,  this  approach  relies  on  constructing 
a  quadratic  cost  function  by  squaring  the  moduli  of  the  error  variables  and  then  using 
various  techniques  such  as  steepest  descent,  pattern  search,  etc.,  to  find  the  unique  mini¬ 
mum  of  the  cost  function.  The  control  approach  may  be  implemented  in  both  the  time  or 
frequency  domain.  An  advantage  of  the  LMS  approach  is  that  unlike  optimal  control, 
little  system  identification  is  needed.  An  important  consideration  is  that  a  good  spectral 
estimate  of  the  noise  signal  is  needed.  However,  in  many  applications  this  can  be  either 
measured  or  computed  directly  from  the  noise  input  excitation  (for  example,  the  fundamen¬ 
tal  propeller  frequency  is  directly  related  to  shaft  speed  and  number  of  blades). 

Another  important  aspect  of  the  feedforward  LMS  control  approach  is  that,  in  general, 
as  contrasted  with  the  optimal  approach,  it  relies  on  control  inputs  to  the  structure  which 
may  be  viewed  as  having  all  the  mass,  spring  and  damper  parameters  of  an  attached 


ACTIVE  /  ADAPTIVE  STRUCTURES 


35 


Figure  22.  Peak  radiation  frequency  placement:  (a)  before  and  (b)  after  frequency  placement  control. 

substructure.  Thus  the  controller  can  be  viewed  as  performing  “system  modification”  to 
lower  the  structural  response  by  altering  the  system  input  impedance  to  the  noise  source. 
The  modified  input  impedance  thus  generally  results  in  lower  noise  energy  transmitted  into 
the  control  field.  Recent  analytical  work  has  also  demonstrated  that,  analogous  to  feedback 
controlled  systems,  the  feedforward  controlled  system  has  new  eigenproperties  [34]. 

In  Figure  23  is  shown  the  arrangement  of  a  typical  time  domain  LMS  adaptive  approach 
based  on  the  “Filtered  X”  algorithm  [33].  The  heart  of  the  system  is  the  adaptive  Finite 
Impulse  Response  (FIR)  filter,  the  coefficients  of  which  are  updated  by  the  control  algo¬ 
rithm  in  order  to  minimize  the  signals  at  the  error  microphones.  In  this  case  the  arrange¬ 
ment  corresponds  to  the  experiments  of  reference  [11],  with  corresponding  results  of 
Figures  3  and  4.  The  data  acquisition  and  control  algorithm  in  this  application  were 
written  in  assembly  language  and  down  loaded  into  a  TMS320C25  chip  in  conjunction 
with  three  Analog/Digital  (A/D)  converters  and  two  Digital /Analog  (D/A)  converters 


Error 

microphono 


Figure  23.  Arrangement  of  time  domain  adaptive  LMS  controller. 
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for  dedicated  control  implementation.  The  number  of  coefficients  in  each  filter  was  two, 
thus  limiting  the  application  to  narrowband.  The  sample  rate  was  fixed  at  2  kHz.  This 
arrangement  enabled  flexible  reprogramming  of  the  control  approach  as  well  as  high 
convergence  speed.  In  Figure  24  is  shown  a  typical  time  history  of  the  error  signals,  and 
the  system  can  be  seen  to  converge  in  approximately  50  ms  to  approximately  15dB  of 
attenuation  when  the  control  is  switched  on.  Thus,  such  controllers  can  effectively  adapt 
and  track  many  structural  acoustic  inputs  (e.g.,  an  aircraft  engine)  in  “real  time”.  Other 
LMS  adaptive  approaches  rely  on  constructing  a  cost  function  from  frequency  domain 
information.  In  this  case  it  is  not  necessary  to  estimate  the  phase  delay  between  the  control 
inputs  and  error  sensors  as  this  is  averaged,  and  as  many  error  sensors  as  required  can  be 
easily  used.  However,  this  approach  is  generally  slower  than  the  time  domain  due  to  the 
higher  sampling  requirements.  In  Figure  25  is  shown  a  typical  control  variable  path  for  a 
frequency  domain  LMS  adaptive  controller  as  the  system  searches  for  the  quadratic  cost 
function  minimum  [35].  This  system  was  used  for  the  control  of  structure-borne  sound  in 


Control  on 


Figure  24.  Error  signal  of  adaptive  LMS  controller. 


Figure  25.  Adaptive  controller  characteristics: - ,  cost  function;  — 0 — ,  controller  path. 
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aircraft  [36]  and,  while  it  is  slower  to  converge  than  the  time  domain  approach,  it  is  easier 
to  implement  and  more  stable  with  respect  to  use  of  multiple  sensors. 

An  interesting  aspect  of  the  LMS  approach  is  that  there  is  much  similarity  between  its 
arrangment  and  the  original  Rosenblatt  “perceptron”  system  which  is  the  fundamental 
basis  of  artificial  neural  networks  [37].  Thus  adaptive  LMS  filters  can  also  be  viewed  from 
the  artificial  neural  network  approach  as  devices  which  are  trained  by  various  methods  to 
model  the  system  plant.  When  the  noise  is  minimized  (for  a  single  input/single  output 
system),  the  FIR  coefficients  will  contain  information  related  to  the  plant  transfer  function. 
This  observation  implies  that  much  of  the  progress  presently  being  achieved  in  neural 
networks  may  be  soon  implemented  to  feedforward  LMS  techniques  to  create  “smart” 
controllers,  particularly  for  control  of  non-linear  systems. 


6.  CONCLUSIONS 

The  results  presented  here  show  that  significant  progress  has  been  made  towards  both 
understanding  the  mechanisms  of  active  structural  acoustic  control  (ASAC)  and  ultimately 
implementing  the  technique  in  realistic  situations.  In  conjunction  with  this,  new  under¬ 
standing  in  the  individual  areas  of  distributed  actuators  and  sensors  as  well  as  control 
theory  and  implementation  as  related  to  the  structural  acoustic  problem  has  been  achieved. 
The  technique  shows  much  potential  for  efficiently  actively/adaptively  controlling 
structure-borne  noise  radiation  in  many  situations. 
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Active  control  of  sound  radiation  from  a  simply  supported  rectangular  fluid-loaded  plate  is 
analytically  studied.  The  plate  is  assumed  to  be  excited  by  a  point  force  at  subsonic  frequencies. 

The  solution  to  the  plate  motion  is  based  on  the  admissible  functions  for  an  in  vacuo 
homogeneous  plate,  which  is  also  the  basis  for  Fourier  decomposition  of  the  fluid  loading 
[B.  E.  Sandman,  J.  Acoust.  Soc.  Am.  61,  1502-1510  ( 1977)  ].  Feed-forward  control  is  carried 
out  by  using  point  forces  applied  to  the  plate.  The  amplitudes  of  the  control  forces  are 
determined  by  the  optimal  solution  of  a  quadratic  cost  function  that  integrates  the  far-field 
radiated  acoustic  pressure  over  a  hemisphere  in  the  radiation  half-space.  The  results  show  that 
for  subsonic  disturbances,  a  high  global  reduction  in  radiated  pressure  is  possible.  For  on- 
resonant  excitations,  a  reasonable  sound  reduction  can  be  achieved  with  up  to  two  properly 
located  active  control  forces,  and  for  off-resonant  excitations,  up  to  four  control  forces  may  be 
necessary.  The  results  thus  indicate  that  the  active  structural  acoustic  control  approach  will 
provide  large  attenuations  in  radiated  sound  when  edge  mode  coupling  induced  by  heavy  fluid 
loading  is  present.  The  number  and  location  of  the  control  forces  are  determined  so  as  to 
suppress  the  efficiently  radiating  modes.  The  far-field  directivity  pattern,  the  plate  velocity 
autospectrum  in  the  two-dimensional  wave  number  domain,  and  the  near-field  pressure 
distribution  are  studied. 

PACS  numbers:  43.40. Vn,  43.40.Dx,  43.40.Rj 

INTRODUCTION 

There  are  many  cases  of  practical  interest  to  the  indus¬ 
try  and  marine  engineering  in  which  the  control  of  sound 
radiation  from  fluid-loaded  plates  is  important.  Much  re¬ 
search  has  been  done  on  the  plate  vibration  response,  the 
modal  coupling  effects  due  to  the  fluid  loading,  the  radiation 
efficiency,  etc.  of  fluid-loaded  plates  (Davies,  1977;  Sand¬ 
man,  1977;  Lomas  and  Hayek,  1977;  Fahy,  1985;  Junger  and 
Feit,  1 986 ) .  All  of  the  previous  work  is  important  in  terms  of 
understanding  the  behavior  of  sound  radiation  and  dynamic 
structural  response  of  fluid-loaded  plates.  On  the  other 
hand,  active  structural  acoustic  control  (ASAC)  has  been 
applied  recently  to  many  structures  such  as  plates  (Fuller, 

1988;  Fuller  et  al.y  1990a,  1991)  and  cylinders  (Fuller  and 
Jones,  1987;  Fuller  et  al.y  1990b)  with  light  fluid  loading 
(i.e.,  no  radiation  coupling)  as  well  as  to  an  infinite  fluid- 
loaded  plate  with  discontinuities  (Gu  and  Fuller,  1991, 

1992). 

The  present  study  is  focused  on  ASAC  applied  to  a  sim¬ 
ply  supported  rectangular  plate  located  in  an  infinite  baffle 
with  heavy  fluid  loading  on  one  side,  as  shown  in  Fig.  1 .  The 
disturbance  is  a  point  force  operating  at  a  steady  single  fre¬ 
quency  while  control  is  achieved  by  point  forces  applied  to 
the  plate.  The  control  objective  is  to  minimize  the  total  radi¬ 
ated  power  that  is  a  quadratic  function  of  the  control  force 
amplitudes.  The  study  focuses  on  the  behavior  of  the  near- 
and  far-field  sound  radiation  as  well  as  the  wave-number 
distribution  of  the  uncontrolled  and  controlled  plate.  The 
investigation  is  novel  because  it  introduces  for  the  first  time 
the  influence  of  edge  mode  coupling  due  to  the  heavy  fluid 
loading  into  the  ASAC  technique.  It  was  not  known  or  un¬ 


derstood  prior  to  this  work  how  the  modal  coupling  will 
affect  control  performance. 


I.  ANALYSIS 

A.  Plate  motion  analysis 

In  thin  plate  theory,  the  governing  equation  for  the 
transverse  deflection  of  the  plate  is 

n  2 

DV4w  +  pph  — ^  =  -  q{x,y,t)  -  p0{x,y,t),  (1) 

dt m 

where  D  =  Eh  3/12(  1  —  v2)  is  the  flexural  rigidity  of  the 
plate,  with  v  denoting  the  Poisson  ratio,  E  is  the  plate  mate¬ 
rial  modulus  of  elasticity,  h  is  the  thickness,  pp  is  the  mass 
density,  w(x9y,t)  is  the  displacement  of  point  (xfy )  at  time  tf 
q{x,y,t)  is  the  directly  applied  external  force,  which  in  this 
case  includes  the  point  disturbance  force  and  the  control 
forces,  and p0{x,y,t)  is  the  fluid  loading  pressure.  Combining 
the  wave  equation,  the  Euler  equation,  and  the  boundary 
conditions  on  the  plate  and  off  the  plate  (Sandman,  1977), 
the  modal  amplitudes  of  the  plate  vibration  can  be  solved 
from  a  complex  nondiagonal  matrix  equation  that  reveals 
the  coupled  fluid-loading  effects.  The  solution  of  Eq.  ( 1 ) 
yields  the  fluid-loaded  plate  response  w(x,y,t)  and  the  corre¬ 
sponding  pressure  field  p(x,yj:,ty.  The  detailed  procedure 
was  described  by  previous  researchers  (Davies,  1971;  Sand¬ 
man,  1977;  Lomas  and  Hayek,  1977),  and  the  results  are 
summarized  here.  The  steady-state  acoustic  pressure  is 
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p(x,y,z)  -  12^r(f)  t 
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b  R 

where  p,  and  cf  are  the  fluid  density  and  the  sound  speed, 
respectively,  c.  is  the  flexural  wave  speed,  a  and  b  are  the 
plate  dimension  in  the  x  and  y  direction, 
R  =  ^(x-xy  +  (y-yt)1+'zl,  <° is  the  nondimensional 
excitation  frequency,  and  k  is  the  acoustic  wave  number. 
Here  W  are  the  modal  coefficients  that  can  be  solved  from 
the  coupled  matrix  equation  of 

-M^n)Wmn=an,  (3) 


'  P 

■  rsmn 


■  icoR  L, 


p 

rsmn 


m  —  1  n  =  1 

where  Kp  is  the  plate  stiffness  matrix,  (R 
+  io}Mi+mp„ )  is  the  fluid  radiation  resistance  and  combined 
mass  matrix,  and  a„  are  the  modal  components  of  the  forc¬ 
ing  function  q(x,y,t),  respectively.  The  detailed  definitions 
of  these  terms  are  given  by  Sandman  ( 1977).  To  solve  Eq. 
( 3 ) ,  the  authors  used  a  truncation  of  modes  of  m  =  6,  n  —  6 
for  numerical  estimation,  since  the  difference  is  within  1  % 
compared  to  that  achieved  by  using  a  truncation  of  m  =  10, 
n  =  10. 

For  estimating  the  radiation  pressure,  the  far-field  pres¬ 
sure  can  be  evaluated  with  the  Rayleigh-Ritz  method 
(Sandman,  1977)  as  given  by 

1  (4) 


vRpph 


m  =  1  n  —  1 


in  which 


Tmn(0,<f>)  =  ^(mrr)(njr) 


X 


r  1  _  (  —  l)me'**1  f  1  —  (  —  l)V*v] 

[  (mv)2  -  K2X][(MT)2  -  K2y] 
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FIG.  2.  Spatial  coordinate  definition. 


B.  Sound  radiation 

The  total  far-field  radiated  pressure  due  to  the  distur¬ 
bance  input  and  control  forces  is 

plr(R,d,(t>)  =plAR,d,<t>)  +pi'{R,e,d>) 

Ns  N' 

=  Y  B,q,  4-  AjPj 

,=1  7-1 

=  { B}T{q }  +  UY{p},  <6> 

in  which  the  total  far-field  pressure  p[ar  is  the  sum  ofp"ar  due 
to  Ns  disturbance  forces  and  pfar  due  to  Nc  control  forces, 
while  {<?}  is  the  disturbance  force  amplitude  vector,  {pi  is 
the  control  force  amplitude  vector,  {5}  is  the  distribution 
function  for  the  disturbance,  and  {A}  is  the  distribution 
function  for  the  control  force,  respectively.  Note  that  both 
{A}  and  {B}  are  functions  of  Wm„,  which  are  the  modal 
amplitudes  of  the  solution  to  Eq.  (1).  Combining  Eq.  (4) 
and  Eq.  (6)  results  in  the  following  equations: 


and 


6aprC02  « 

a,= — ^--7  y 

0 c 

2 

Wmn 

rmnm) 

(7) 

1  irRpph3  m  =  i 

n  =  1 

Pi 

B,  -  £ 

CO 

I 

Wmn 

Tmnm), 

(8) 

TfRpph  3  m =  1 

n  «  1 

Pi 

where  A  and  Bi  are  tne  ytn  eiemcm  *uu  uu  — 

vectors  {A}  and  {B},  respectively,  mdPj  and  q,  are  the/th 
element  and  the  ith  element  of  the  control  force  vector  {pi 
and  the  disturbance  forcing  vector  {, q },  respectively. 


C.  Optimal  control 

The  objective  of  the  optimal  control  is  to  minimize  the 
far-field  sound  radiation  over  a  hemisphere  above  the  plate 
in  the  fluid  half-space.  The  cost  function  based  on  the  far- 
field  acoustic  power  is  expressed  as  (Fuller,  1988) 

r2ir  /~tr/ 2 


<P  = 


1 

R  2  J 


\pL  r  ds 


nrt 

l 


\p\3t  ]2  sin  6  dddtb,  (9) 


(5) 

where  Kx  =  ka  sin  6  cos  <t>  and  Ky  =  kb  sin  6  sin  <t>  are  the 
definitions  of  the  far-field  radiation  position,  and  6  and  <b  are 
defined  in  Fig.  2. 


which  can  be  written  in  matrix  form  as 

d>  =  {pY[A  ]{/>}*  +  {qY[B  ]{/>}*  +  {pY[B  }"{q}* 

+  {q}T[C]{qY,  (10) 
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where  superscript  “T”  denotes  transposition,  denotes 
conjugation,  and  “//”  denotes  transposition  and  conjuga¬ 
tion.  Matrices  [A],  [2?],  and  [C]  are  the  results  of  substitut¬ 
ing  the  vector  sum  of  Eq.  (6)  into  Eq.  (9)  and  can  be  ex¬ 
pressed  as  follows: 

].v.<  vr  =  f  f  [{a}{A}h  }s\n  9 dd dd),  (11) 
Jo  Jo 

[B  ].v  <.v  =  f  f  '  [{B}{A}Hhxn9dddd>,  (12) 
Jo  Jo 

and 

[C  W,  =  f"  f"  [  ] sin  ddddi.  (13) 

Jo  Jo 

In  order  to  minimize  the  acoustic  power  expressed  in  Eq. 
(9),  the  cost  function  is  differentiated  with  respect  to  the 
control  force  amplitude  {/?}  and  set  to  zero,  as  outlined  by 
Nelson  et  ah  ( 1987)  and  Lester  and  Fuller  ( 1990).  As  the 
optimal  solution  for  the  minimization  of  the  cost  function 
defined  in  Eq.  (9),  the  control  force  amplitude  is 

{p}=  -[A]-'[B]T{q}.  (14) 

Equation  ( 14)  relates  the  control  force  amplitude  {/?}  with 
the  disturbance  amplitude  {q}.  The  relationship  implies 
that,  given  the  disturbance,  the  active  feedforward  control 
can  be  implemented  by  proper  amplitude  and  phase  adjust¬ 
ments  of  the  control  forces  through  Eq.  ( 1 4 )  to  minimize  the 
sound  radiation  in  the  far  field.  Here,  [A  ]  is  the  distribution 
matrix  of  control  forces  and  [5]  is  the  distribution  matrix 
relating  the  coupling  between  the  control  forces  and  the  dis¬ 
turbance. 

II.  RESULTS  AND  DISCUSSION 

The  numerical  evaluation  is  based  on  an  aluminum  rec¬ 
tangular  plate  of  which  the  material  properties  and  dimen¬ 
sions  are  listed  in  Table  I.  The  center-point-driven  response 
of  the  plate  depicted  in  Fig.  3  illustrates  the  plate  resonances 
with  or  without  heavy  fluid  loading.  For  the  problem  consid¬ 
ered  here,  the  excitation  frequencies  are  only  those  that  do¬ 
minantly  excite  the  low-order  modes  of  the  plate  and  are  well 
below  the  coincidence  frequency,  fc  =  cj-{mp/D)U2 
=  23  966  Hz  for  the  given  plate,  where  cf  is  the  sound  veloc¬ 
ity  in  the  sea  water  and  mp  the  plate  density  per  area.  The 
disturbance  force  amplitude  is  taken  as  10  N  for  all  the  cases 
calculated  in  the  following  examples. 

The  presence  of  fluid  loading  lowers  the  resonant  fre¬ 
quencies  of  the  plate  response  but  does  not  significantly 
change  the  structural  mode  shapes  (Fahy,  1985).  The  natu¬ 


FIG.  3.  Frequency  response  of  a  rectangular  plate. 


ral  frequencies  of  the  first  several  modes  were  estimated  nu¬ 
merically  from  the  plate  displacement  response  of  Fig.  3  and 
compared  to  those  results  calculated  with  the  approximate 
expression  provided  by  Fahy  ( 1985).  The  far-field  pressure 
was  calculated  using  Eq.  (6)  in  which  the  optimal  control 
forces  were  based  on  Eq.  ( 14)  for  the  controlled  case.  With  a 
harmonic  point  force  applied  at  the  center  of  the  plate  as  the 
disturbance,  the  plate  is  excited  at  on-  and  off-resonant  fre¬ 
quencies.  The  near-field  pressure  distributions  illustrate 
how  the  control  forces  modify  the  sound  radiation  sources 
and  change  the  nature  of  structural  acoustic  coupling  near 
the  surface  of  the  plate. 

The  two-dimensional  wave-number  domain  {Jcx,ky) 
analysis  demonstrates  the  change  within  the  supersonic 
wave-number  region  (yjk  l ~+  k  \  < co/c ).  The  wave-number 
spectrum  of  the  plate  velocity  is  given  by  the  Fourier  trans¬ 
form  of  the  plate  velocity  as  follows: 


V{kxtky)~[  f  v(x,y)e  l(kx*  +  kyy)  dx  dy 

J  —  co  J  —  oc 

00  oc 

=  icocp  £  I  Wmn 

m  —  l  n  —  1 


TTITT 

—  ( mrr)/a )2 

( nir/b ) 

—  ( nrr/b )2 


[(  -  l]j 

[(  -  l)ne~ lkyb  —  l]j, 

(15) 


TABLE  I.  Material  properties  of  an  aluminum  rectangular  plate  and  fluid 
medium. 


Phase 

speed 

Density 

Thickness 

Size 

System 

(m/s) 

(kg/m3) 

(m) 

(m) 

Aluminum  plate 

5432 

2700 

0.009525 

0.5588x0.8636 

Seawater 

1500 

1026 

where  v{x,y)  =  icow(x,y)  and  w(x>y)  is  the  solution  of  Eq. 
( 1 ) .  The  velocity  autospectrum  is  used  to  evaluate  the  wave- 
number  domain  energy  and  its  expression  is 

\V{kx,ky)\2  =  V(kx,ky)V*(kx,ky).  (16) 

It  should  be  noted  that  the  velocity  wave-number  autospec¬ 
trum  is  also  a  function  of  the  excitation  frequency. 
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A.  Resonant  frequencies 

For  a  simply  supported  rectangular  plate  in  vacuo ,  the 
natural  frequencies  are  estimated  as 


where  mp  =  pph.  For  a  rectangular  plate  submerged  in 
heavy  fluid,  it  is  assumed  that  the  natural  frequencies  fall 
below  their  in  vacuo  values  in  proportion  to  the  square  root 
of  the  ratio  of  the  loaded  to  unloaded  modal  masses  (Fahy, 
1985).  According  to  Fahy,  the  analysis  of  reactive  loading 
on  structural  waves  having  wave  numbers  much  greater 
than  an  acoustic  wave  number  has  shown  that  the  effective 
added  mass  per  unit  area  is  pf/kmn ,  where  pf  is  the  fluid 
density  and  kmn  is  the  primary  effective  wave-number  com¬ 
ponent  of  the  vibration.  The  approximate  expression  of  the 
fluid-loaded  structure  natural  frequency  is  (Fahy,  1985) 

co'mn^a>m^\  +  (pf/mpkmn)]-'/2,  (18) 

where  comn  is  the  corresponding  in  vacuo  natural  frequency 
defined  by  Eq.  (17)  and  kmn  —  V( mn/a )2  +  (nrr/b)2. 

Hence,  there  are  two  approximate  methods  to  deter¬ 
mine  fluid-loaded  plate  natural  frequencies:  one  is  to  observe 
the  peak  values  from  the  frequency  response  magnitudes 
such  as  from  Fig.  3„  since  the  nonlinearity  of  Eq.  ( 3 )  makes 
an  explicit  solution  of  eigenvalues  unavailable.  The  other  is 
to  use  Eq.  (18).  In  the  following  discussion,  the  results  ob¬ 
tained  with  these  two  different  methods  are  compared  and 
found  to  be  very  consistent  in  most  cases. 

Figure  3  illustrates  the  center-point  displacement  mag¬ 
nitude  of  the  plate  for  center-point  excitation.  The  results  are 
very  similar  to  those  previously  estimated  by  Sandman 
( 1977).  Because  of  the  location  of  the  drive  point,  it  is  seen 
that  even  numbered  modes  can  not  be  excited,  so  that  only 
odd-odd  modes  appear  on  the  response  diagram.  The 
in  vacuo  resonances  are  well  predicted  by  Eq.  ( 17) .  The  nat¬ 
ural  frequencies  of  the  fluid-loaded  case  evaluated  by  two 
different  approaches  also  converge  well  (referring  to  Tables 
II  and  III).  The  relative  errors  between  the  results  are  rea¬ 
sonable  (8.0%  for  co[ 3,  9.1%  for  co'3l,  4.6%  for  co J5,  and 
4.3%  for  )  except  for  the  first  mode  (30%  for  a)'u  ).  The 
comparison  of  these  results  suggests  that  in  general  Eq.  ( 1 8 ) 
is  a  fairly  good  estimate  for  fluid-loaded  plate  lower-order 
modal  natural  frequencies  when  kmn  >  k  and  the  discrepancy 
in  estimating  the  first  mode  is  noted. 

B.  Fundamental  mode  excitation 

When  the  disturbance  frequency  coincides  with  the  first 
mode  (1,1)  resonance,  a  relatively  high  sound  radiation 
arises.  Because  of  the  location  and  the  frequency  of  the  exci- 


TABLE  II.  Natural  frequencies  (Hz)  of  the  fluid-loaded  plate  estimated 
with  Fahy’s  approximate  formula  (Fahy.  1985). 


Mode  (m,/r) 

1 

3 

5 

1 

40.41 

173.8 

489.7 

3 

388.9 

555.2 

905.7 

TABLE  III.  Natural  frequencies  (Hz)  of  the  fluid-loaded  plate  estimated 
from  numerical  frequency  response  evaluation. 


Mode  (m,n) 

1 

3 

5 

1 

30.94 

160.9 

467.8 

3 

356.4 

532.2 

tation,  the  fundamental  mode  dominates  the  plate  vibration 
and  the  sound  radiation.  Since  the  plate  is  vibrating  in  a 
single  efficiently  radiating  monopole  mode,  the  task  is  to  try 
to  suppress  this  mode  by  secondary  forces  in  order  to  reduce 
the  sound  radiation.  With  one  control  force  located  at 
(x,,j>,)  =  (a/4,6 /4),  the  controlled  plate  is  seen  to  radiate 
like  a  dipole  (referring  to  Fig.  4)  and  the  sound  radiation  is 
attenuated  in  the  far  field  by  around  65  to  85  dB.  From  the 
near-field  pressure  distribution  shown  in  Fig.  5(a)  and  (b)  it 
is  illustrated  that  the  overall  pressure  level  decreases  about 
44  dB  near  the  surface  of  the  plate.  This  indicates  that  the 
suppression  of  the  ( 1 , 1 )  mode  leads  to  a  global  sound  reduc¬ 
tion.  With  two  control  forces  located  at  (x,,y,)  =  (a/4,6 /4) 
and  (x2,y2)  =  (3a/4,36/4),afurther25to30dBoffar-field 
pressure  attenuation  is  achieved  as  observed  in  Fig.  4.  Com¬ 
paring  Fig.  5(b)  and  Fig.  5(c)  reveals  that  not  only  a  further 
1 5  to  20  dB  reduction  of  pressure  level  is  achieved  in  the  near 
field,  but  the  pattern  of  the  radiation  source  is  also  changed 
from  a  two-lobe  type  to  a  three-lobe  type.  This  implies  that 
not  only  the  dominant  (1,1)  mode  is  suppressed,  but  the 
relations  between  the  residual  modes  are  re-adjusted  so  as  to 
make  their  overall  contribution  to  sound  radiation  less  effi¬ 
cient.  This  phenomenon  is  known  as  “modal  restructuring”. 
When  four  control  forces  are  located  at  one-sixth  of  the 
lengths  away  from  the  plate  edges,  even  further  sound  at¬ 
tenuation  is  observed  in  the  far  field  (the  residual  pressure 
directivity  is  localized  around  the  origin  in  Fig.  4 ) .  The  force 
amplitudes  and  locations  are  listed  in  Table  IV. 

The  near-field  sound  pressure  magnitude  distribution 
shown  in  Fig.  5(d)  indicates  that  further  modal  restructur- 


Without  control  One-force  control  Two -force  control  Four-force  control 


6=o° 


FIG.  4.  Far-field  directivity  pattern:  on-resonance  excitation, /=  31  Hz, 
6  =  0. 
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(c)  With  two  control  forces  (d)  With  four  control  forces 


FIG.  5.  Near-field  sound  pressure  level  at  z  —  0.01  m ,/=  31  Hz. 


ing  is  performed  since  the  overall  pressure  level  does  not 
seem  to  be  lower  than  that  shown  in  Fig.  5(c),  but  different 
higher-order  source  patterns  are  observed  in  these  two  con¬ 
trolled  cases.  Comparing  the  controlled  residual  pressure 
distributions  shown  inFig. '5(b),  (c),  and  ( d ) ,  to  the  uncon- 


|)  TABLE  IV.  Disturbance  and  control  force  amplitudes  and  locations,  a — 
plate  length  in  the  x  direction,  b — plate  length  in  the  y  direction. 

[Excitation 

frequency  f—  31  (Hz) 

Amplitude  (N)  Location  (x,y) 

I  Disturbance  force  10  +  Ox/  (0.5a,  0.5b) 

One  control  force  -  19.465  -  8.526  x  10-5Xi  (0.25a,  0.256') 

Two  control  forces  —9.7325  —  4.198  Xl0_5X/  (0.25a,  0.25b) 
-9.7325-4.328  XlO"5X/  (0.75a,  0.75b) 

I  Four  control  forces  —  9.5444  —  3.1253  X  10~2X/  (0.1667a,  0.1667b) 

_  9.5444  -  3.1273X  10~zXi  (0.8333a,  0.8333b) 

—  9.5448  +  3.1131  X  10-2X/  (0.1667a,  0.8333b) 

_  9.5448  +  3.1149X  10~2X/  (0.1667a,  0.8333b) 

f—  434  (Hz) 

•  Disturbance  force  10  +  0Xi  (0.5a,  0.5b) 

One  control  force  5.7973  -  2.8288  X 10-3X/  (0.25a,  0.25b) 

I  Two  control  forces  12.981  —  1.3601  X  10_2X/  (0.5a,0.25b) 

12.981  -  1.3601  XlO-2Xt  (0.5a,  0.75b) 

Four  control  forces  4.7092  -  3.514  X  10"5X/  (0.3333a,  0.3333b) 
4.7092-3.514  xl(T3Xi  (0.6667a,  0.6667b) 
4.7092  -  3.514  X  10~3X/  (0.6667 a,  0.3333b) 

I  4.7092-  3.514  XlO~3X/  (0.3333a,  0.66676) 


trolled  pressure  distribution  shown  in  Fig.  5(a),  it  is  noted 
that  the  modal  suppression,  i.e.,  the  suppression  of  the  effi¬ 
cient  (1,1)  mode,  is  the  dominant  cause  of  the  sound  reduc¬ 
tion.  This  observation  is  extendible  to  those  cases  when  only 
one  efficient  mode  is  dominantly  excited  to  radiate  sound. 

To  better  explain  the  sound  power  reduction,  the  plate 
velocity  autospectrum  in  a  two-dimensional  wave-number 
domain  is  calculated  and  the  results  are  shown  in  Fig.  6. 
(The  reference  value  in  Figs.  6  and  9  is  arbitrarily  taken  as 
6.36  X  10-9  m2/s2  so  that  the  autospectrum  represents  rela¬ 
tive  values. )  It  is  observed  that  the  supersonic  region  of  the 
wave-number  spectrum,  illustrated  by  the  area  within  the 

small  circle  where  A Jk2x  4-  k\ </:,  decreases  with  the  in¬ 
crease  of  number  of  control  forces.  This  clearly  explains  that 
the  active  control  reduces  the  sound  radiation  energy 
through  reducing  the  radiated  power  in  the  supersonic  re¬ 
gion.  In  addition,  it  is  observed  that  the  reduction  in  sound 
radiation  is  not  necessarily  accompanied  by  reduction  in 
plate  vibration.  For  example,  the  area  outside  the  supersonic 
region  remains  almost  the  same  level  in  Fig.  6(c)  and  (d), 
while  the  supersonic  region  is  reduced.  The  corresponding 
far-field  pressures  demonstrate  a  fall  in  magnitude  (refer  to 
Fig.  4).  The  results  illustrate  the  important  observation  that 
only  the  wave-number  spectrum  within  the  supersonic  re¬ 
gion  is  relevant  to  the  far-field  sound  radiation  and  hence 
reduction.  On  the  other  hand,  the  modal  suppression  is  also 
confirmed  by  comparing  Fig.  6(b),  (c),  and  (d)  with  Fig. 
6(a),  respectively,  the  velocity  autospectrum  is  reduced 
within  and  outside  the  supersonic  region.  This  indicates  that 


341 


J.  Acoust.  Soc.  Am.,  Vol.  93,  No.  1 ,  January  1993 


Y.  Gu  and  C.  R.  Fuller:  Active  control  of  sound  radiation 


341 


(a)  Disturbance  only 


(b)  With  one  control  force 


(c)  With  two  control  forces 


-0.6  -0.4  -0.2  -0.0  0.2  0.4  0.6  * 


(d)  With  four  control  forces 


FIG.  6.  Wave-number  domain  plate  velocity  autospectrum, /=  31  Hz. 


there  is  not  only  a  reduction  in  sound  radiation  level,  but  a 
reduction  in  plate  vibration  magnitude  level  as  well. 

It  is  also  interesting  to  examine  the  optimal  control  force 
values  that  are  given  in  Table  IV.  For  the  on-resonant  case  of 
/=  3 1  Hz,  it  is  apparent  that  the  control  forces  are  always 
nearly  purely  real  and  180°  out-of-phase  with  the  distur¬ 
bance  force.  For  a  single  control  force,  a  much  larger  magni¬ 
tude  of  optimal  control  force  than  disturbance  is  required, 
although  this  will  depend  upon  location  of  the  forces.  When 
multiple  control  forces  are  used,  the  control  force  magni¬ 
tudes  are  of  the  same  order  as  the  disturbance  and  largely 
independent  of  location.  The  results  indicate  that  for  the  on- 
resonant  case,  although  multiple  control  inputs  do  not  sig¬ 
nificantly  increase  the  sound  reduction,  they  have  the  advan¬ 
tage  of  keeping  the  control  force  magnitudes  lower.  This 
effect,  however,  needs  further  investigation  before  definite 
conclusions  can  be  made. 

C.  Off-resonant  excitation 

The  off-resonant  example  is  illustrated  with  the  plate 
centrally  driven  at  frequency /=  434  Hz.  From  Fig.  3  it  can 
be  seen  that  this  frequency  is  higher  than  the  resonance  of 
mode  (3,1)  so  that  more  modes  are  involved  in  the  plate 
response.  The  results  show  that,  although  the  sound  radi¬ 
ation  level  due  to  the  disturbance  is  relatively  lower  than  that 
of  the  on-resonant  excitation  example,  reasonable  sound  re¬ 
duction  is  much  harder  to  obtain.  In  this  case,  the  (3,1), 
(1,5),  and  (3,3)  modes  combine  to  contribute  to  the  plate 
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vibration  and  sound  radiation.  It  is  thus  difficult  to  position 
one  control  force  to  couple  into  all  three  modes,  in  such  a 
way  as  to  reduce  their  respective  sound  radition  properly  to 
achieve  a  global  sound  reduction.  This  is  illustrated  by  the 
results  of  Fig.  7  where  one  control  force  only  reduces  the  far- 
field  radiation  by  around  2  to  4  dB.  When  two  or  more  con¬ 
trol  forces  are  employed,  reasonable  sound  reduction  is 
achieved.  Figure  7  shows  that  about  15  to  30  dB  of  attenu¬ 
ation  is  obtained  in  the  far  field  with  two  control  forces  and 


Without  control  One-force  control  Two-force  control  Four-force  control 


6=0° 


FIG.  7.  Far-field  directivity  pattern:  off-resonant  excitation,  /  =  434  Hz, 
^  =  0. 
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(a)  Disturbance  only 


(c)  With  two  control  forces 


(b)  With  one  control  force 


O  Q 


(d)  With  four  control  forces 


FIG.  8.  Near-field  sound  pressure  level  at  z  -  0.01  m,/=  434  Hz. 


the  directivity  patterns  suggest  that  the  radiation  source  is  of 

I  multipole  type.  Four  control  forces  provide  a  further  sound 
reduction  in  a  global  extent  of  about  10  to  20  dB  although  in 
the  region  from  6=  -25°tod?  =  25”  the  radiation  increases 
■  by  about  10  to  15  dB  over  the  two-control-force  case. 

£  An  examination  of  near-field  pressure  distribution  from 
Fig.  8  ( a )  to  ( d )  implies  that  the  off-resonant  plate  source  is 

I  far  more  complicated  than  the  on-resonant  case  and  a  far- 
field  sound  reduction  does  not  always  accompany  a  signifi¬ 
cant  overall  pressure  level  reduction  in  the  near  field  due  to 
the  modal  restructuring”  phenomena  discussed  previously 

I  The  near-field  pressure  distribution  in  Fig.  8(a)  is  the  result 
of  radiation  of  the  (3,1),  ( 1,5)  and  (3,3)  modes.  When  one 
control  force  is  applied,  there  is  no  apparent  reduction  of  the 
—pressure  level,  as  shown  in  Fig.  8(b),  but  there  is  some 
■change  in  the  shapes  of  the  source  pattern.  Meanwhile  it  is 
seen  in  Fig.  9(b)  that  there  is  some  minor  radiation  reduc- 

Ition,  as  illustrated  by  a  decrease  of  the  velocity  autospectrum 
m  the  upper  right  area  in  the  supersonic  circle.  This  indicates 
that  ASAC  provides  some  attenuation,  although  the  result  is 
not  as  good  as  the  on-resonant  case  when  one  control  force  is 

I  used.  Another  interesting  phenomenon  is  that  by  observing 
[he  subsonic  regions  in  Fig.  9(a)  and  (b),  respectively,  it  is 
shown  that  the  subsonic  region  in  Fig.  9  ( b )  has  a  higher  level 

I  than  that  in  Fig.  9(a),  which  indicates  that  the  plate  vibra- 
hon  level  may  be  higher,  when  control  is  applied  (this  can 
imly  be  confirmed  when  the  velocity  autospectrum  is  plotted 
in  the  full  range  of  -  «  <*x  <  »,  _00</t  <cc)  This 
Jidicates  two  points:  ( 1 )  ASAC'does  not  always  reduce  the 
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structural  response;  (2)  modal  restructuring  sometimes  can 
play  an  important  role  in  reducing  the  sound  radiation  par¬ 
ticularly  for  off-resonant  cases.  When  two  control  forces  are 
applied,  it  is  observed  that  the  overall  near-field  pressure 
level  is  only  slight  reduced  [Fig.  8(c)  J,  but  a  much  better 
sound  reduction  is  observed  in  the  far  field  (Fig.  7)  as  well  as 
in  the  supersonic  region  of  velocity  autospectrum  [Fig. 
9(c)].  From  the  near-field  pressure  distribution  shown  in 
8(c)  it  can  be  concluded  that  the  increase  of  source 
order  leads  to  the  sound  reduction.  Finally  when  four  con¬ 
trol  forces  are  applied  on  the  plate,  the  overall  near-field 
pressure  level  is  reduced  by  about  10  dB  and  the  source  order 
is  further  modified  [Fig.  8(d)],  A  further  reduction  of  ve- 
locity  autospectrum  in  supersonic  is  also  observed  in  Fig 
9(d)  corresponding  to  the  far-field  pressure  reduction  in 
Fig.  7.  In  this  four-force-control  case,  it  can  thus  be  conclud¬ 
ed  that  modal  suppression  as  well  as  modal  restructuring  is 
the  mechanism  of  modifying  the  panel  source  and  reducing 
the  sound  radiation.  The  drop  in  plate  response  for  the  case 
o  Fig.  8(d)  is  due  to  the  number  of  control  forces  being  of 

the  order  of  significant  plate  modes  in  terms  of  sound  radi¬ 
ation. 

Table  IV  provides  the  optimal  control  force  magnitudes 
for  the  off-resonant  case  of/=  434  Hz.  The  control  forces 
are  again  nearly  purely  real  but  are  now  in  phase  with  the 
disturbance  in  contrast  to  the  on-resonant  case.  When  one 
control  force  is  used,  the  force  magnitude  is  of  the  order  of 
the  disturbance,  but  corresponding  sound  power  reduction 
is  small.  Using  two  control  forces  leads  to  better  sound  re- 
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(c)  With  two  control  forces 


(d)  With  four  control  forces 


FIG.  9.  Wave-number  domain  plate  velocity  autospectrum,/  =  434  Hz. 


duction  (see  Fig.  7)  and  the  control  magnitudes  are  also  of 
the  order  of  the  disturbance.  Four  control  forces  leads  to 
high  sound  power  reduction  and  the  control  magnitudes  are 
now  reduced,  in  line  with  the  on-resonant  case. 

III.  CONCLUDING  REMARKS 

Active  control  of  sound  radiation  from  a  fluid-loaded 
rectangular  plate  excited  by  a  centrally  located  point  force  at 
subsonic  frequencies  has  been  analytically  studied.  The  con¬ 
trol  forces  are  chosen  so  as  to  minimize  the  total  acoustic 
power  radiated  into  a  hemisphere  in  the  fluid-loaded  half¬ 
space.  The  reduction  in  sound  radiation  has  been  shown  to 
depend  on  the  excitation  frequency  that  determines  which 
modes  will  contribute  dominantly  to  the  total  radiation.  In 
general,  off-resonant  excitations  are  more  difficult  to  control 
than  on-resonant  ones  since  more  modes  are  involved.  In  the 
cases  studied  in  this  paper,  up  to  two  control  forces  are  need¬ 
ed  to  control  radiation  for  on-resonant  excitation  and  up  to 
four  control  forces  for  off-resonant  excitation. 

A  two-dimensional  wave-number  domain  analysis  of 
the  plate  response  illustrates  how  the  wave-number  compo¬ 
nents  in  the  supersonic  region  decrease  when  active  control 
is  applied.  This  approach  reveals  the  cause  of  sound  reduc¬ 
tion  from  the  point  of  view  of  plate  vibration  radiating  com¬ 
ponents.  It  is  demonstrated  that  for  plates  with  heavy  fluid 
loading,  sound  radiation  control  occurs  by  two  major  mech¬ 
anisms  viz.  ( 1 )  modal  suppression  in  which  dominantly  ra¬ 
diating  modes  are  controlled  in  magnitude  and  (2)  modal 

i 
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restructuring  in  which  the  plate  averaged  response  is  little 
changed  but  has  a  lower  radiation  efficiency  due  to  a  more 
complex  residual  shape.  The  sound  reduction  achieved  in 
on-resonant  case  is  mainly  through  modal  suppression,  and 
the  sound  reduction  achieved  in  off-resonant  case  is  achieved 
primarily  through  modal  restructuring. 

This  study  adds  new  understanding  to  research  in  con¬ 
trolling  the  sound  radiation  from  finite  fluid-loaded  plates. 
The  results  indicate  that  the  ASAC  feedforward  control  ap¬ 
proach  will  provide  high  sound  attenuation  for  vibrating 
structures  submerged  in  heavy  fluids  including  edge  radi¬ 
ation  coupling  phenomena.  Future  work  will  study  the  effect 
of  localized  structural  discontinuities  as  well  as  experimen¬ 
tally  confirm  the  above  conclusions. 
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Active  control  of  sound  radiation  from  a  simply  supported  beam: 
Influence  of  bending  near-field  waves 
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Active  control  of  sound  radiation  from  a  baffled  simply  supported  finite  beam  is  analytically 
studied.  The  beam  is  subjected  to  a  harmonic  input  force  and  the  resulting  acoustic 
field  is  minimized  by  applying  a  control  point  force.  For  a  single  frequency,  the  flexural 
response  of  the  beam  subject  to  the  input  and  control  forces  is  expressed  in  terms  of  flexural 
waves  of  both  propagating  and  near-field  types.  The  optimal  control  force  complex 
amplitude  is  derived  by  minimizing  the  acoustic  radiated  pressure  at  one  point  located  in  the 
far  field.  The  far-field  radiated  pressure,  the  displacement  of  the  vibrating  beam,  and 
the  one-dimensional  wave-number  spectrum  of  the  beam  velocity  are  extensively  studied.  In 
order  to  further  understand  control  mechanisms,  the  radiated  pressure  due  to  the 
flexural  propagating  wave  and  the  flexural  near-field  wave,  respectively,  is  investigated  at  the 
minimization  point  before  and  after  the  control  is  involved.  The  analysis  shows  that, 
when  the  control  is  applied,  the  combination  of  the  radiated  pressure  due  to  the  two  different 
types  of  waves  (as  their  associated  radiation  is  out-of-phase)  at  the  minimization  point 
causes  the  large  pressure  attenuation.  These  results  demonstrate  that  structural  near  fiHds  are 
important  in  terms  of  predicting  performance  in  active  control  of  structurally  radiated 
sound. 

PACS  numbers:  43.40. Vn 


INTRODUCTION 

Structural  vibrations  as  well  as  their  associated  radi¬ 
ated  sound  fields  have  always  been  a  problem  in  industry. 
If  the  sound  radiation  is  unacceptable,  different  passive 
control  approach  are  traditionally  used  to  attenuate  noise. 
However,  passive  techniques  generally  give  poor  control 
performances  in  the  low-frequency  region.  In  the  last  de¬ 
cade,  active  noise  control  has  emerged  as  a  practical  pos¬ 
sibility  to  reduce  acoustic  noise  fields  especially  at  low  fre¬ 
quencies.  This  method  usually  employs  acoustic  control 
sources  to  attenuate  the  primary  noise  field.  The  active 
noise  control  approach  and  some  of  its  applications  have 
been  described  in  Refs.  1  and  2.  The  technique  has  been 
successfully  implemented  for  one-dimensional  sound  field. 
However,  for  a  three-dimensional  radiated  sound  field, 
there  are  some  disadvantages  with  using  acoustic  sources 
as  the  control  inputs  amongst  which  are  the  number  of 
sources  required,  size,  and  difficulties  in  implementation. 

A  new  approach  for  the  active  control  of  structurally 
radiated  sound  fields  has  been  investigated.  Fuller3  demon¬ 
strated  that  reduction  of  the  far-field  acoustic  radiation  |*an 
also  be  obtained  by  directly  modifying  the  response  of  the 
structure  by  applying  structural  inputs  rather  than  by  add¬ 
ing  a  distribution  of  acoustic  sources  in  the  surrounding 
sound  field.  The  active  control  of  sound  radiation  can  be 
achieved  by  either  point  forces3  or  piezoelectric  elements4 
directly  applied  on  the  vibrating  structure  surface,  while 
information  is  obtained  from  radiation  associated  re¬ 
sponses. 


.  Most  of  all  previous  theoretical  and  experimental 
works  on  beams  have  been  concerned  with  active  control  of 
bending  motion  and  flexural  power  flow.5-10  The  active 
control  of  sound  radiation  due  to  a  clamped  edge  discon¬ 
tinuity  on  a  semi-infinite  beam  has  been  investigated  theo¬ 
retically  by  Guigou  and  Fuller11  and  experimentally  by 
Guigou  et  al 12  Recently,  the  dynamic  behavior  of  a  con¬ 
trolled  simply  supported  beam  has  been  studied  by  Burdi- 
sso  and  Fuller.13,14  They  demonstrated  that  the  simply  sup¬ 
ported  beam  has  new  eigenproperties  to  the  disturbance 
when  the  control  is  applied  to  minimi?*  either  the  out-of- 
plane  motion  at  one  point  on  the  beam  or  the  radiated 
pressure  level  at  one  point  in  space. 

In  the  present  paper,  active  control  of  sound  radiation 
from  a  finite  simply  supported  beam  is  studied.  The  beam 
is  subjected  to  a  harmonic  input  force  and  the  resulting 
acoustic  field  is  minimized  by  applying  a  control  point 
force  (both  forces  approximating  shakers).  For  a  single 
frequency,  the  flexural  response  of  the  beam  subject  to  the 
input  and  control  forces  is  expressed  in  terms  of  flexural 
waves  of  both  propagating  and  near-field  types.  The  opti¬ 
mal  control  force  complex  amplitude  is  derived  by  mini¬ 
mizing  the  acoustic  radiated  pressure  at  one  point  located 
in  the  far  field.  On  determining  the  optimal  control  force,  it 
can  be  re-substituted  in  the  constitutive  equations  for  the 
system  and  the  minimized  fields  can  be  evaluated.  The 
mam  scope  of  this  paper  is  to  investigate  how  the  control  of 
the  radiated  pressure  at  the  minimization  point  occurs.  It 
should  be  noted  that  all  previous  analytical  studies  on  ac- 
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FIG.  I.  Coordinate  system.  , 


tive  structural  acoustic  control  (ASAC),  for  example  Ref. 
3,  have  ignored  structural  near  fields.  The  main  purpose  of 
the  present  paper  is  to  determine  whether  these  structural 
near  fields,  present  at  discontinuities  such  as  the  control 
and  input  locations  and  the  boundaries,  are  important  in 
determining  and  predicting  control  performance.  To  this 
end,  the  radiated  pressure  due  to  the  flexural  propagating 
wave  and  the  flexural  near-field  wave,  respectively,  is  com¬ 
pared  at  the  minimization  point  before  and  after  the  con¬ 
trol  is  involved  and  the  importance  of  the  wave  compo¬ 
nents  is  investigated. 


I.  BEAM  DISPLACEMENT 

The  Cartesian  coordinate  system  used  in  this  analysis 
and  the  location  of  the  simply  supported  beam  in  the  co¬ 
ordinate  system  are  shown  in  Fig.  1.  The  beam  is  taken  to 
be  located  in  an  infinite  baffle  (in  the  x,y  plane)  and  the 
simply  supported  boundary  conditions  are  applied  at  both 
ends,  i.e.,  at  x=  ±1/2,  where  /  is  the  length  of  the  beam. 
The  time  dependence  for  all  the  fields  is  assumed  to  be 
e-'"',  where  co  is  the  angular  frequency. 

The  simply  supported  beam  is  first  excited  by  an  input 
shaker,  modeled  as  a  point  force  Fn  located  at  x=air  To 
achieve  active  control,  a  control  point  force  Fc  located  at 
x=<z<r  approximating  a  control  shaker,  is  then  applied  to 
the  beam.  This  system  is  described  in  Fig.  2(a). 

„  Consider  an  infinitely  long  beam.  Here,  Fu  Mx  and  F2, 
Mz  applied  on  the  infinite  beam  in  the  manner  shown  in 
Fig.  2(b)  with  the  correct  complex  values  will  create  at 
x=—l/2  and  x=l/ 2,  respectively,  the  boundary  condi¬ 
tions  of  a  simply  supported  beam.  Hence,  the  part  of  the 
infinitely  long  beam,  which  is  located  between  —  l/2<x<,l/ 
2,  will  behave  in  every  respect  as  if  there  were  simply  sup¬ 
ported  conditions  at  both  end.  Therefore,  the  response  of 
the  beam  due  to 

(i)  an  input  point  force  F„  located  at  x=an  (the  dis¬ 
turbance), 

(ii)  a  point  force  F]  located  at  x=—l/2  (due  to  the 
simply  supported  condition), 


(a) 


4 


* 


Fe 


z 

<b)  A 


FIG.  2.  (a)  Schematic  of  the  simply  supported  beam,  (b)  Forces  and 
moments  applied  on  the  beam. 


(iii)  a  line  moment  Mx  located  at  *=  -1/2  (due  to  the 
simply  supported  condition), 

(iv)  a  point  force  F2  located  at  x=l/2  (due  to  the 
simply  supported  condition), 

(v)  a  line  moment  M2  located  at  x=l/ 2  (due  to  the 
simply  supported  condition), 

(vi)  and  a  control  point  force  Fc  located  at  x=a0  has 
to  be  derived. 

The  flexural  displacements  of  an  infinite  thin  beam  due 
to  a  point  force  and  a  line  moment  have  been  fully  derived 
by  Guigou.11  It  was  found  that  the  out-of-plane  displace¬ 
ment  due  to  a  point  force  F  located  at  any  position  x=a 
on  the  beam  is 


w(x)  =  ( iF/AEIk ))  [<?'*/!*-“!  +&-*/ l'-«l  jt  ( j ) 

and  the  out-of-plane  displacement  due  to  a  line  moment 
located  at  any  position  x=a  is 


M  sgn(;c— a)  ...  . 

“>(*)  - - -gjp - [<?'*/!*-«! -r‘/lJ-*l  ],  (2) 


where  the  structural  wave  number  is 


k/=  Xarm/E 7,  (3) 

El  is  the  flexural  stiffness  {E  is  the  modulus  of  elasticity,  / 
is  the  cross-sectional  moment  of  inertia),  m  is  the  density 
per  unit  length,  both  constant  throughout  the  length  of  the 
beam,  and  the  function  sgn(;c  — a)  is  defined  by 
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sgn(jc— a)  = 


f  + 1,  if  x>a, 

—  1,  otherwise. 


It  can  be  observed  that  a  point  force  or  a  line  moment 
creates  two  different  flexural  waves  on  each  side  of  the 
application  point:  a  propagating  flexural  wave  (first  term 
in  the  bracket)  and  a  nonpropagating  near-field  flexural 
wave  (second  term  in  the  bracket). 

In  this  case,  the  beam  is  assumed  to  be  slightly 
damped.  Structural  damping  is  included  by  using  a  com¬ 
plex  modulus  of  elasticity  defined  as  follows: 


£=£•(1-/0), 


where  0  is  the  damping  ratio  or  loss  factor.  The  previous 
equations  are  also  valid  when  E  is  replaced  by  the  complex 
modulus  of  elasticity.  It  can  be  noted  that  the  structural 
bending  wave  number  kf  also  becomes  complex  due  to  the 
damping. 

Thus,  using  the  superposition  principle  and  Eqs.  ( 1 ) 
and  (2),  the  flexural  displacement  of  the  beam  system  as 
shown  in  Fig.  2(b)  is  given,  for  —  //2<x<//2,  by 


IF  'F  * 

[e,k^x-a"\ +ie-kflx~a" l]+-~  -ie-k/ix+inu _ -kfix+mu 

4EIky  tEIk y  1 

Note,  in  Eq.  (6)  positive  and  negative  wave  components  due  to  the  noise  and  control  forces  are  derivable  from  the 
modulus  of  the  spatial  variation  term. 

The  forces,  £,  and  F2,  and  the  moments,  Mx  and  M2,  are  found  in  such  a  way  that  the  system  satisfies  the  simply 
supported  boundary  conditions  at  x=  -1/2  and  at  x=l/2,  which  are  defined  by 

w\x=-i/i=w\x=i/2=0 


Then,  the  four  unknowns  magnitudes  are  given  by  a  system  of  four  linear  equations,  which  can  be  written  in  matrix  form 
as  follows: 


(1+0  (e'V-f -«-*/)  0 

(e'V+Zg-V)  (1+/)  /k/e'V-e-V) 

(-1+0  (-«*/+&- V)  -2 ikf 

(-e'V+Ze-V)  (-1+0  -/k+e'V+e-V) 


-ikfiW-e-VjWp; 


ikAW+e-V)  Mx 


—  (e‘kA,n~a*) +ie~kAl/2-an)) 


—  (ei*/^+af^ + ie~kAl^i+ac^ ) 
_  (g/*/<W-af)  +  /e-4/ w-ac) ) 


-  ( -eikf{,n+a") +ie-kA,n+aJ)  F"+  _(_e*///2+ac)+/e-t7{//2+ac))  Fc' 


-{—AkfiI/2~a<r)+ie-kJiln-ac)) 


Therefore,  the  four  unknowns  £„  F2,  M „  and  M2  are  determined  as  functions  of  the  input  point  force  F.  and  the 
control  point  force  Fc  For  simplification  of  the  notation,  the  unknowns  are  given  by 

£.1  k(D]  kd)' 

£2  _  A„(2)  .  Ae( 2)  . 

Mx  ~  A„(3)  F"+  Ac(3)  Fe’  (10) 

U„(4)J  U(  4). 
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h'C:  the  sLml  displLfemit,  rfthTs  be  r*  dedUC'd  fr0m  ^  m- 
"(D-UFStirfyW,-* .t+ie-V,-..,  J  -llowtng expression,  for  -//2«<;/2i 

+K.(2)-*/d,(4))e*/<«-fl+(ij,(2)+,Vji(4))i!_VM. 

+(^c(2)+/*/4f(4))e-*/W-Jr)j  ' 


X)J  +  (^c/4 £7*})  [^-«dl+/e-*/(,-ae, 


It  should  be  noted  at  this  point  that  a  simply  supported 

field)' ^LC°ntdlti0n  0nly  transforms  an  incident  (^ear- 
fie Id  propagatmg  wave  into  a  reflected  propagating  (near- 

field)  wave;  traveling  waves  incident  on  a  staple  sup™ 

bound  genera.te.a  reflected  near-field  (unliked  cla^d 
boundary  condition,  which  couples  an  incident  propagat- 

ng  wave  with  a  reflected  propagating  wave  and  averted 
near-field  wave).  Thus,  in  this  case,  the  input  for, 
urbance)  and  control  force  are  mainly  responsible  for  the 

sr.tsr aexur*  —  ^ 
^ssrssssac-  .xc 


(id 


STtTcM  nMiCed  ?ta  of  Nation  (U) 

m  1116  far  field  15  equivalent  to  a  couple  (k  k  )  in  tZ 
wave-number  domain  defined  by  *  ^ 


*x=*osin  0cos 

A  A 

^y~^o  s>n  9  sin  6, 


(14) 


“'Uj')=iD(r), 


(12) 


£  ““  W  <,/2,  whOT  '»  rePrM““  •!>=  width  of 


Which  are  the  points  of  stationary  phase  It  is  now  n~ 

Sunder  '!%***  ”*"*  **  *°* 

The  double  spatial  Fourier  transform  is  defined  by 

v(k„ky)  =  J  ^  J  ^  v(xy)e***eik>>' dx  dy,  (15) 

which  is  reduced  to 


H.  FAR-FIELD  RADIATED  PRESSURE 


~  cln  rv2 

U(kx,ky)=  j_,n  J_//2°(xJ’)e*‘xea>'dydx, 


(16) 


1  it  w!?f thC  Spherical  ordinate  system  as  shown  in  Fig 
1,  it  was  demonstrated  in  Ref.  1 1  that,  for  any  general  2  D 

sure'caiTbe  loadinS-  the  ^eld  radiated  pres¬ 

sure  can  be  closely  approximated  by  the  expression  de 

nved  using  the  method  of  stationary  phase 


p{r,d,<p)  icapouiko  sin  9  cos  sin  9  sin  <j>) 


,is.l0Cated  111  a  rigid  infinite  baffle,  ie 
0  for  |*|  >1/2  and  \y\  >/y2. 

As  the  beam  displacement  is  taken  to  be  constant 

Shgr«icTmhxlde  bSam  ^  ^  (12)]*  the  ^^grals 

wim  respect  to  *  and  y  are  separable,  i.e., 
v(k„ky)  =  e'V  dy  j  ^  v{x)dk^  dx 


X  (e'^/hrr). 


(13) 


=  v(ky)v{kx), 


(17) 


nnmK  P°  *°  are’  resPective,Jr* the  d«nsity  and  the  wave 
mber  m  the  surrounding  acoustic  medium  and  v(k  k  ) 

represents  the  spatial  Fourier  transform  of  the  velocfcv  of 
the  vibrating  structure.  velocity  of 

The  far-field  radiated  pressure  is  a  function  nf  th»  a 
bib  spa, ta,  JW  mnsf<L  the  out.0,  ™  ^  :: 

loaty  for  ^  which  is  drfucd  as  the  supmo„l 


where  v(x)  can  be  derived  from  Eq  (11) 

lion™6  CXPreSSi0n  °f  is  ^  obtained  by  integra- 


w  sin(y/2) 

°(k’)=-VT-- 


(18) 
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and  the  expression  of  v{kx)  is  found  to  be 
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v(k  g/'A-g,U/-^i(//2>+'V"  #»A.tf-(*/+*,)(W)-*, 

- + - v* — 


4£7*j. 


+  - +Mn(l)+/V„(3))e-W)  i-f  £1 1 

7  x  */+** 

+M.U )  ~^Wi)  17^' 

7  X  */“*, 

+(A„(2)+kfA  l-e-u'f+,k*)l\  io)Fc  / M-/*ry(W)+*/«[ 

*/+'**  J  4EIkf  { 

*/+*x  */+'**  +  Ay- 1*, 

♦Wiltww  1-*~H/~'*-’' 

/+*  */-*, 

+ W2) -W)^™ i^l>J~V.'+W2)  +*A(4)yw«,  l-.-'^^\ 

/_i'  */+*,  r 


The  method  of  separating  the  double  spatial  Fourier  inte¬ 
gral  into  two  single  integrals,  implies  that  v(ky)  is  indepen¬ 
dent  of  the  input  force  and  the  control  force.  Thus,  only 
the  one-dimensional  wave-number  spectrum  v(kx)  will  be 
studied  before  and  after  the  control  is  applied. 


III.  OPTIMAL  CONTROL 

:  *“  the  foIlowing  control  strategy,  the  sound  pressure 

level  is  to  be  minimized  at  one  specified  point  in  the  far 
field.  The  location  of  the  point  in  space,  where  the  sound 
pressure  level  has  to  be  optimized,  is  given  by  in 

the  spherical  coordinate  system.  The  control  point  force 
has  to  drive  the  beam  such  that  the  sound  pressure  level  is 
minimum  at  this  location.  Thus,  the  optimum  complex 
amplitude  of  the  control  point  force  Fe  is  obtained  by  min¬ 
imizing  the  square  value  of  the  pressure  modulus  at  the 
point  in  the  far  field. 

The  cost  function,  defined  as  the  square  of  the  pressure 
modulus  is 

^■—P^re>^P<l>e)P*('’e,df,lf>e),  (20) 

where  denotes  the  complex  conjugate. 

To  simplify  the  notation,  the  far-field  radiated  pressure 
a*  (re<@e>4,t)  can  be  rewritten  as 


A=N( 

+X(rM')C*(re,d',4e)Fj* 

+H*(re>9e,<fie)  C{rMt)F*HFe 

+C{r„9et<f>e)C*(re,9e,<l>e)FcF^ .  (22) 

The  cost  function  is  a  real  quadratic  function  of  the  control 
force.  For  a  given  location  of  the  control  force,  this  qua¬ 
dratic  cost  function  has  a  unique  minimum  value  associ¬ 
ated  with  an  optimal  control  force  magnitude.  Taking  the 
derivatives  of  the  cost  function  A  with  respect  to  the  real 
and  imaginary  part  of  the  control  force  leads  to  the  optimal 
solution  for  the  control  force  complex  amplitude 


Fr=~ 


C(rM')  F* 


It  should  be  noticed  that  minimizing  the  radiated  pressure 
in  the  far  field  at  is  equivalent  to  reducing  the 

wave-number  spectrum  at  {kjtj,  where  k„  and  k„  are 
given  by  Eq.  ( 14)  as  a  function  of  9e  and  <f>r  Wave-number 
domain  control  approaches  based  on  this  concept  have 
been  demonstrated  in  Ref.  15.  Therefore,  the  control  force 
is  independent  of  the  radius  r„ifr,is  large  enough  to  place 
the  minimization  point  in  the  far  field.  Thus,  this  type  of 
wratrol  is  referred  as  a  directional  control,  as  the  radiation 
is  minimized  in  the  direction  (0„^,)  in  the  far  field. 


P(rt>8*<i>e)  —N(r<r9e,<t>)Fn+C(re,9t,d>,)Fr,  (21 ) 

'  ,v-  individual  flexural  wave  contribution 

duid  frornEq^  03)  ° ““  ^  ^  thC  out-°f-Planc  displacement  of  the  beam  is 

Therefore,  the  cost  function  A  to  be  minimized  is  re-  EfieklTv^v^  Plating  and  nonpropagating 
written  as  .  .  waves>  it  is  possible  to  determine  their  relative 

contribution  to  the  radiated  far-field  pressure. 
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;y*TV, 


Width 

4.0  cm 

Length 

38.0  cm 

Flexural  stiffness 

5.33  Nm2 

Density 

0.6267  kg/m 

Damping  ratio 

0.1% 

Equation  (11),  giving  the  out-of-plane  displacement  of 
e  simp  y  supported  beam,  can  be  rewritten  in  the  form 

“W-^W+Mx),  (24) 

a™s"n"  resP“tiv'1>’’  “»  Pr0Pagadng 

e±kJ  "  J  and  nonpropagating  near-field  (terms  in 
e  /  )  components  of  the  beam  flexural  displacement 
Upon  taking  the  spatial  Fourier  transform  of  each  dis- 
placement  component  the  far-field  radiated  pressure  can 
be  then  expressed  as 

p(r,e,(f))  =ppr(r,e,4>)  +pn{(r,6,<f>),  (25) 

where  ppt  andpnf  are,  respectively,  the  pressure  radiated  by 
e  propagating  and  near-field  component  of  the  beam  dis¬ 
placement  This  decomposition  of  the  pressure  into  two 
-mponents  respectively  due  to  the  propagating  waves  and 

bv  whT^d  Waves  “  CXpected  to  show  the  mechanisms 
y  Which  the  control  is  achieved  at  the  minimization  point 

the^iff33  Tabli°8  "  StUdy  °f  the  relative  oootributiom  of 
the  different  wave  types. 

V.  RESULTS 

The  beam  characteristics  are  presented  in  Table  L  The 

f0rCC  1S  taken  t0  have  a  magmtude  of  17V  and  is 
located  at  =  —0.4/.  The  control  force  position  is 
ed  at  x~ac-l/ 8.  Three  different  frequencies  of  excita- 

3L7  ^  corresPondmgto  the  first  S 
mode  of  the  system;  126  Hz,  corresponding  to  the  second 
flexural  mode  of  the  system;  and  600  Hz,  corresponding  to 
an  off-resonance  frequency  of  the  system.  The  radiated 

KC  “  computed  at  a  tadius  r=  7.62  m  from  the  center 
of  the  beam,  which  is  well  into  the  far  field.  The  pressure 
field  is  minimized  at  the  location  (re= 7.62  m,  0=0,  6 

tenri  coorldinate  which  is  at  a  dis- 

tance  of  7.62  m  above  the  center  of  the  beam  in  the  xj 

Plane.  By  minimizing  the  radiated  pressure  in  the  far  field 
this  location,  the  one-dimensional  wave-number  spec¬ 
trum  is  minimized  at  k„= 0,  as  explained  previously. 

A.  On-resonance  excitation  31.7  Hz,  first  mode 

,  F!f  3  shows  the  fur-field  pressure  radiated  in  the  xx 
plane  by  the  simply  supported  beam  for  an  excitation  fre¬ 
quency  of  31.7  Hz,  corresponding  to  the  first  mode.  First, 
i  can  be  noticed  that,  as  expected  for  this  frequency  the 
radiation  from  the  beam,  when  no  control  is  involved,  is 
JJL"  t°  a  monopole  source  corresponding  to  the  struc- 

r  #  ,  °n  °f  the  first  mode-  For  diis  particular  case,  the 

admted  pressure  due  to  the  propagating  flexural  waves 

Fie  reEr:fieJd  flCXUral  WaVCS5  resPectiveIy,  is  shown  in 
seen  thl  T  “  monopolelike  for  both  of  them.  It  can  be 
seen  that  the  radiation  is  mostly  due  to  the  propagating 
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HG.  3.  Far-field  pressure  radiated  in  xj  plane  at  31  7  Hr- 
out  control; - .  with  control.  P  L7H2- 


-,  with- 


sris,  *e  tw°  dii'ere"‘  •w-  °f  i. 

ptoe  such  that  their  associated  radiated  gelds  add  coher- 

^2)  501111(1  leVd  “  Iar®er  either 

each).  When  the  control  force  is  applied  to  the  beam  in 

FifVsho1611^  ^  PrCSSUre  at  minimization  point. 
Fig.  3  shows  that  the  pressure  field  is  highly  attenuated 

8°'dB  reduction)  311(1  ^Pole  like  ( 10  dB  were 

field*1  d thC  pressure  i6veIs  iu  order  for  the  pressure 
eld  under  control  to  be  observable).  In  Fig  4(b)  it  can 
^  obserrsd  tha,  the  radia«d  prsssurc  dueV^’p^ 
g  ttng  flexural  wave  has  been  attenuated  by  about  65  dB 
anti  that  the  radiated  pressure  due  to  the  near-field  waves’ 
has  been  reduced  by  15  dB.  When  the  control  is  invoked, 
the  sound  pressure  levels  associated  to  these  two  types  of 
waves  are  almost  equal  (about  15  dB  in  all  directions). 


FIG.  4  Components  of  the  far-field  pressure  radiated  in  x:  plane  at  31  7 

wav«  "due‘,Co0r,;  W-  ^  .  due  to  near -field  flexuL 

waves,  ,  due  to  propagating  flexural  waves. 
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8=  o 


Beam  coordinate 

FIG.  5.  Out-of-plane  displacement  at  31.7  Hz: - ,  without  control; 

- ,  with  control. 

However,  as  the  total  radiated  pressure  is  largely  attenu¬ 
ated,  it  can  be  deduced  that  these  two  different  flexural 
waves  now  radiate  out-of-phase,  such  that  their  associated 
radiated  field  cancel  each  other. 

Figure  5  shows  the  out-of-plane  displacement  without 
and  with  control.  (The  large  displacements  are  due  to  the 
slightly  damped  system  being  driven  very  close  to  reso¬ 
nance.)  Before  the  control  force  is  applied,  the  displace¬ 
ment  corresponds  to  that  expected,  i.e.,  a  mode  shape  cor¬ 
responding  to  the  first  mode  of  the  simply  supported  beam. 
When  control  is  applied,  the  displacement  of  the  beam  is 
reduced  to  a  very  low  level  of  vibration  (hardly  observable 
on  the  figure).  Therefore,  in  this  case,  the  attenuation  of 
the  radiated  pressure  is  associated  with  a  direct  attenuation 
of  the  vibratory  motion  of  the  beam. 

The  one-dimensional  wave-number  spectrum  [57(&x)] 
is  shown  on  Fig.  6.  In  the  case  without  control,  the  spec¬ 
trum  corresponds  exactly  to  the  one  expected  for  a  funda¬ 
mental  mode,  with  a  maximum  of  amplitude  at  kx—0. 
When  the  control  is  involved,  the  wave-number  spectrum 
amplitude  is  reduced  to  an  amplitude  close  to  zero  for  all 
the  wave  numbers.  The  extremely  small  amplitudes  in  the 
supersonic  region  (region  defined  as  the  radiating  wave- 
number  components)  correspond  to  the  fact  that  the  pres¬ 
sure  is  nearly  completely  attenuated  (as  noticed  on  Fig.  3). 

B.  On-resonance  excitation  126  Hz,  second  mode 

For  the  second  case,  the  beam  is  excited  with  a  fre¬ 
quency  of  126  Hz  near  the  second  mode  of  vibration.  Fig¬ 
ure  7  shows  the  far-field  radiated  pressure  without  and 


Wave  number  (1/m) 


FIG.  6.  Wave-number  spectrum  at  31.7  Hz: - ,  without  control; 

- ,  with  control. 


FIG.  7.  Far-field  pressure  radiated  in  x*z  plane  at  126  Hz: - ,  with¬ 
out  control; - ,  with  control. 

with  control.  For  the  uncontrolled  case,  the  radiation  pat¬ 
tern  is  similar  to  that  of  a  dipole  radiator,  as  it  is  expected 
for  the  second  mode  of  vibration.  However,  the  sound  pres¬ 
sure  level  is  not  zero  at  0=0,  as  the  pressure  radiated  by 
the  second  mode  should  be.  This  is  probably  due  to  the  fact 
that  the  vibratory  motion  has  small  components  from 
other  modes  and  so  is  not  perfectly  symmetric  with  respect 
to  the  center  of  the  beam  due  to  the  nonsymmetric  position 
of  the  disturbance  force.  Figure  8(a)  shows  that  the  prop¬ 
agating  flexural  wave  is  mostly  responsible  for  the  sound 
radiation  in  all  direction  except  for  0  close  to  zero.  The 
near-field  flexural  waves  still  radiate  as  a  monopole  radia¬ 
tor  even  if  the  overall  motion  is  dominantly  dipole  like.  At 
0=0,  these  two  types  of  waves  radiate  in  phase.  When  the 
control  is  invoked,  the  sound  pressure  level  is  attenuated  at 


(b)  9=  o° 


Sound  Pressure  Level  (dB) 


FIG.  8.  Components  of  the  far-field  pressure  radiated  in  x^z  plane  at  126 

Hz:  (a)  without  control;  (b)  with  control - ,  due  to  near-fieid  flexural 

waves;  — ,  due  to  propagating  flexural  waves. 
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FIG.  9.  Out-of-plane  displacement  at  126  Hz: - ,  without  control; 

- ,  with  control 

the  minimization  point  and  for  0  very  close  to  zero,  else¬ 
where  it  is  slightly  increased  (about  2.5  dB).  Figure  8(b) 
shows  that  the  pressure  field  due  to  the  near-field  waves 
has  been  decreased  by  6  dB;  on  the  other  hand,  the  pres¬ 
sure  field  due  to  the  propagating  waves  has  been  increased 
by  about  2  dB.  However,  at  0=0,  the  acoustic  pressure 
radiation  due  to  the  propagating  waves  and  the  one  due  to 
the  near-field  waves  are  equal  and  out-of-phase,  such  that 
the  total  radiated  pressure  at  0=0  is  canceled.  This  result 
implies  that  the  attenuation  at  the  error  point  is  due  to  the 
interaction  of  the  propagating  and  near-field  waves;  a  re¬ 
sult  that  stresses  the  importance  of  near-field  components. 

The  out-of-plane  displacement  can  be  observed  on  Fig. 

9.  It  corresponds,  as  expected,  to  the  second  mode  of  vi¬ 
bration,  with  a  node  at  the  center  of  the  beam  and  a  max¬ 
imum  displacement  at  x=±//4.  When  the  control  is  ap¬ 
plied,  the  mode  shape  is  unchanged  but  the  vibration  level 
is  increased.  Thus,  in  this  case,  the  attenuation  of  the  pres¬ 
sure  level  at  the  minimization  point  in  the  far  field  leads  to 
an  increase  of  the  vibratory  motion.  Note  that  near-field 
terms  in  the  structural  response  are  unobservable.  How¬ 
ever,  being  monopolelike,  they  are  more  efficient  radiators 
than  the  propagating  component,  which  increases  the  near- 
field  structural  motion  importance  in  the  radiated  acoustic 
field. 

The  one-dimensional  wave-number  spectrum  for  the 
uncontrolled  and  controlled  cases  can  be  observed  on  Fig. 

10.  The  shaded  region  denotes  the  supersonic  region.  As 
expected  for  the  uncontrolled  case,  the  wave-number  spec¬ 
trum  peaks  for  kx~  ±  \kf\ ,  where  \kf  \  is  the  modulus  of 
the  complex  structural  wave  number.  This  maximum  can 


-100  -80-60-40  -20  0  20  40  60  80  100 

Wave  number  (1/m) 

FIG.  10.  Wave-number  spectrum  at  126  Hz: - ,  without  control; 

- f  with  control. 


FIG.  11.  Far-field  pressure  radiated  in  *,z  plane  at  600  Hz: _ , 

without  control; - ,  with  control. 

also  be  related  to  kxz~  ±2 ir//,  corresponding  to  the  second 
flexural  vibrational  mode  of  the  simply  supported  beam 
determined  by  modal  analysis.  When  the  control  is  applied, 
the  amplitude  of  the  wave-number  spectrum  is  largely  re¬ 
duced  at  kx= 0  and  is  slightly  increased  for  all  other  wave 
numbers.  This  increase  of  magnitude  in  the  supersonic  re¬ 
gion  and  the  large  decrease  at  kx= 0  correspond  to  the 
observation  made  in  Fig.  7.  The  spectrum  still  presents  the 
same  peaks,  i.e.,  the  mode  shape  of  the  beam  is  not 
changed  by  the  control  (as  noticed  previously  in  Fig.  9). 

C.  Off-resonance  excitation  600  Hz 

The  last  case  studied  corresponds  to  an  off-resonance 
excitation  of  the  simply  supported  beam  at  600  Hz.  Figure 
1 1  shows  the  far-field  radiated  pressure  without  and  with 
control.  The  radiation  pattern  without  control  is  almost 
like  a  dipole  radiation  pattern  with  only  a  slight  node 
around  0=0,  implying  contributions  from  several  modes. 
In  Fig.  12(a),  it  can  be  noticed  that  the  near-field  flexural 
waves  still  radiate  as  a  monopole  radiator,  and  are  radiat¬ 
ing  12.5  dB  more  in  level  than  the  propagating  waves  at 
0=0.  The  two  wave  components  radiate  in  phase  and  thus 
add  coherently.  When  the  control  is  applied,  the  far-field 
radiation  from  the  beam  is  reduced  to  a  dipole  radiation 
structural  motion,  with  no  radiation  in  the  direction  0=0. 
The  sound  pressure  levels  are  also  well  reduced  for  the 
directions  close  to  0=0  and  slightly  attenuated  elsewhere. 

It  can  be  noted  in  Fig.  12(b)  that  at  0=0,  the  radiation 
from  the  near-field  waves  has  been  reduced  by  7.3  dB  and 
the  one  from  the  propagating  waves  has  been  increased  by 
5  dB.  The  attenuation  of  the  total  sound  pressure  level  at 
0=0  again  occurs  because  the  two  components  radiate 
equally  and  out-of-phase. 

Figure  13  shows  the  out-of-plane  displacement,  which 
is  close  to  that  corresponding  to  the  fourth  mode  (507 
Hz).  Three  node  and  four  antinodes  can  be  observed;  how¬ 
ever,  the  displacement  distribution  is  not  symmetric  with 
respect  to  the  center  of  the  beam.  When  the  control  is 
invoked,  the  mode  shape  is  changed  as  the  location  of  two 
nodes  are  moved,  and  the  maximums  of  amplitude  are 
attenuated.  It  can  also  be  noticed  that  the  displacement 
amplitude  is  attenuated  between  x  —  l/2  and  the  location  of 
the  input  force.  In  this  case,  the  minimization  process  leads 
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I 


riG.  Components  of  the  far-held  pressure  radiated  in  7,  ?  plane  at  600 

Hz;  (a)  without  control;  (b)  with  control. - ,  due  to  near-field  flexural 

waves;  — ,  due  to  propagating  flexural  waves. 

to  a  small  decrease  of  radiation  for  directions  not  close  to 
9—0  and  to  a  change  of  mode  shape  and  a  decrease  in 
amplitude  of  the  out-of-plane  displacement 

Figure  14  presents  the  one-dimensional  wave-number 
spectrum  with  and  without  control.  For  the  uncontrolled 
case,  two  main  peaks  can  be  observed  close  to  kx~  ±\kf\ 
and  two  other  ones  closer  to  kx=0  located  at  kx=± \kf\/ 
4.  The  two  main  peaks,  also  corresponding  to  kx~4v/l  for 
modal  analysis,  shows  that  the  fourth  flexural  vibrational 
mode  is  mostly  responsible  for  the  response  of  the  beam  at 
this  frequency.  When  the  control  is  invoked,  the  spectrum 
amplitude  is  reduced  in  all  the  supersonic  region  with  a 
large  attenuation  at  kx= 0.  The  general  shape  of  the  spec¬ 
trum  is  changed  (the  values  of  kx  for  which  the  peaks 
occur  are  slightly  increased),  which  is  related  to  the 
change  in  the  mode  shape  of  the  vibrating  beam  noticed 
previously. 


FIG.  13.  Out-of-plane  displacement  at  600  Hz: - — ,  without  control; 

- ,  with  control. 


FIG.  14.  Wave-number  spectrum  at  600  Hz: - ,  without  control 

- ,  with  control. 

.  D.  Control  comparison  with  and  without  near-field 
waves 

It  is  interesting  to  investigate  the  control  performance 
by  calculating  the  optimal  forces  using  only  traveling 
waves  and  then  calculate  the  minimized  field  using  the 
expressions  that  include  both  near-field  and  traveling 
waves.  Such  calculations  should  give  some  insight  on  the 
consequences  of  neglecting  the  near  field  when  predicting 
the  performance  of  realistic  ASAC  system.  Table  II  pre¬ 
sents  the  amplitude  and  phase  of  the  control  forces  in  order 
to  control,  respectively,  the  total  pressure  field  and  the 
pressure  field  only  due  to  the  propagating  waves  in  the 
direction  9=0.  First,  it  should  be  noticed  that  the  control 
force  is  for  all  cases  out-of-phase  (phase  close  to  180°)  with 
the  input  or  disturbance  force. 

For  the  first  mode  of  the  simply  supported  beam,  the 
control  of  either  the  total  pressure  or  the  pressure  due  to 
the  propagating  waves  leads  to  almost  the  same  optimal 
amplitude  value  for  the  control  force.  This  was  expected, 
as  it  was  noticed  in  Fig.  4(a)  that  the  propagating  flexural 
waves  are  mainly  responsible  for  the  sound  radiation  at  this 
frequency.  When  the  control  minimizes  the  pressure  due  to 
only  propagating  waves  at  5=0,  the  pressure  due  to  the 
near-field  waves  is  still  reduced  by  half  fin  the  same  way 
observed  in  Fig.  4(b)]  in  all  directions.  However,  the  pres¬ 
sure  due  to  the  propagating  waves  becomes  negligible  as 
highly  reduced  in  all  directions.  Therefore,  the  total  pres¬ 
sure  field  under  this  control  situation  is  approximately 
equal  to  the  pressure  field  due  to  the  near-field  waves  under 
control,  which  is  about  16.5  dB  in  all  directions. 

For  the  second  mode  and  off-resonance  cases.  Table  II 
shows  that  the  optimal  control  forces  calculated  with  the 


TABLE  II.  Optimal  control  force  amplitude  and  phase. 


Condition 

Frequency 

(Hz) 

Force  to  control 
pressureincl.  both 
wave  types 

Force  to  control 
pressure  incl.  only 
propagating  waves 

1st  mode 

31.7 

0.334435  N, 

0.334232  N, 

ZI79.99 * 

Z179.99* 

2nd  mode 

126.0 

0.252983  .V, 

0.1 12613  N, 

Z  179.98* 

Z179.89* 

Off-resonance 

600.0 

0.427298  .V, 

0.152152  Ny 

Z  179.86* 

Z179.30* 
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FIG.  15.  Far-field  pressure  radiated  in  xj  plane  at  600  Hz: 
without  control; - •,  with  control  on  propagating  waves  only. 


near-field  waves  neglected  are  significantly  different  than 
when  both  wave  types  are  included  (corresponding  to  the 
realistic  situation).  Figure  15  presents  the  controlled  radi¬ 
ation  directivity  for  the  frequency  of  600  Hz,  correspond¬ 
ing  to  the  optimal  gains  derived  from  only  propagating 
wave  information.  When  compared  with  Fig.  1 1,  it  is  ap¬ 
parent  that  the  main  effect  of  ignoring  the  near-field  waves 
on  calculating  the  optimal  gain  is  to  markedly  reduce  the 
attenuation  obtained  at  the  error  microphone.  At  other 
locations,  the  residual  sound  levels  are  increased  by  ap¬ 
proximately  3  dB.  Calculations  reveal  that  the  residual 
value  at  the  error  microphone  in  Fig.  15  is  equal  to  the 
near-field  contribution  at  this  point.  This  observation 
agrees  with  the  usual  observability  requirements  in  control 
system  performances  (i.e„  to  be  controlled,  a  variable  has 
to  be  first  observed). 


VI.  CONCLUSIONS 

The  active  control  of  sound  radiation  from  a  simply 
supported  beam  has  been  analytically  studied.  For  excita¬ 
tion  on-  and  off-resonance,  a  control  point  force  approxi¬ 
mating  a  shaker  has  been  shown  to  be  effective  to  actively 
modify  the  vibrational  response  of  the  system  in  order  to 
obtain  directional  sound  control,  i.e.,  the  minimization  of 
the  acoustic  radiated  pressure  at  one  point  located  in  the 
far  field.  The  large  decrease  of  the  radiated  pressure  at  the 
minimization  point  has  been  shown  to  be  caused  by  the 
destructive  combination  of  the  pressure  radiated,  respec¬ 
tively,  by  the  propagating  flexural  waves  and  the  nonprop¬ 
agating  near-field  flexural  waves  (equal  and  out-of-phase). 
This  phenomenon  proves  that,  even  if  the  near-field  flex¬ 
ural  waves  can  be  neglected  in  terms  of  vibration,  they  play 
an  important  role  in  terms  of  radiation  and  control.  This 


characteristic  is  due  to  the  high  radiation  efficiency  associ¬ 
ated  with  the  monopole  source  term  of  the  structural  near 
fields.  The  attenuation  of  the  radiated  acoustic  pressure  at 
the  minimization  point  in  the  far  field  is  related  to  a  de¬ 
crease  of  the  supersonic  wave-number  component,  corre¬ 
sponding  to  the  direction  of  minimization,  in  the  vibra¬ 
tional  response  of  the  system.  This  attenuation  is  not 
necessarily  associated  with  a  decrease  of  the  amplitude  in 
the  global  vibrational  response  of  the  system.  These  results, 
m  general,  demonstrate  that  structural  near  fields  play  an 
important  role  in  active  structural  acoustic  control  and 
should  be  considered  in  the  design  of  ASAC  systems. 
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In  recent  years  adaptive  feedforward  control  algorithms  have  been  successfully  implemented  to 
attenuate  the  response  of  systems  under  persistent  disturbances  such  as  single  and  multiple  tone 
as  well  as  random  inputs.  System  causality  is  not  an  issue  when  the  excitation  is  sinusoidal 
because  of  ns  deterministic  nature.  However,  causality  is  a  very  important  factor  in  broadband 
control.  Though  significant  deterioration  in  the  performance  of  noncausal  control  systems  have 
been  opened  m  the  literature,  analytical  tools  are  virtually  nonexistent  to  predict  the  behavior 
of  broadband  controllers.  The  main  objective  of  this  research  is  to  develop  an  approach  to 
investigate  system  causality.  A  formulation  is  presented  to  address  the  effectiveness  of  a  control 
configuration  as  a  function  of  the  filter  size,  delay  time,  and  dynamic  properties  of  the  structure. 

The  technique  is  illustrated  in  a  simple  numerical  example  and  the  results  are  also  corroborated 
expenmen  tally.  Lca 


PACS  numbers:  43.40. Vn 


INTRODUCTION 

Persistent  vibrations  in  elastic  structures  and  their  ra¬ 
diated  sound  fields  are  problems  commonly  found  in  engi¬ 
neering  practice.  Adaptive  feedforward  control  algorithms 
have  proved  to  be  successful  in  attenuating  stationary  dis¬ 
turbances  such  as  single,  multiple  frequencies,  and  random 
inputs.  Adaptive  feedforward  algorithms  were  first  applied 
to  signal  noise  canceling  as  demonstrated  by  Widrow.1 
More  recently  these  techniques  have  been  extended  to  con¬ 
trol  one-dimensional,2  multidimensional  acoustic  fields,3  as 
well  as  ^structurally  radiated  sound  using  structural  control 
inputs.  Feedforward  least-mean-square  (LMS)  and 
recursive-least-mean-square  (RLMS)  adaptive  algorithms 
have  been  applied  on  active  control  of  bending  modon  in 
infinite  or  semi-infinite  thin  beams.5-4  Recently,  the  simul¬ 
taneous  control  of  flexural  and  extensional  waves  in  beams 
has  been  demonstrated  by  a  multichannel  LMS  approach, 
in  conjunction  with  specialized  piezoceramic  transducers.9 

However,  most  previous  theoretical  and  experimental 
studies  consider  only  single-  and  multiple-sinusoidal  exci¬ 
tations.  Applications  of  feedforward  control  for  broadband 
excitation  is  much  more  scarce  and  mostly  restricted  for 
attenuating  noise  in  ducts10-12  and  enclosures.13-14  Active 
feedforward  control  of  broadband  flexural  waves  in  infinite 
beams  have  being  reported  by  Elliott.15  Recently,  the  au¬ 
thors  have  developed  two  new  broadband  feedforward  con¬ 
trol  configurations  for  finite  structures,16  which  use  an 

adaptive  finite  impulse  response  (HR)  filter  as  a  compen¬ 
sator. 

A  general  arrangement  of  a  feedforward  control  ap¬ 
proach  applied  to  a  finite  system  is  shown  in  Fig.  1.  The 
response  of  the  system  produced  by  the  offending  distur- 
ance  x(t)  is  canceled  by  a  “coherent”  control  input  u(r), 
which  is  obtained  by  Upping  the  disturbance  input  and 
feeding  this  signal  into  the  compensator  W.  The  compen¬ 


sator  is  computed  such  that  the  mean  square  value  of  some 
system  response,  j.e.,  the  signal  from  an  error  sensor,  is 
minimized.  The  feedforward  control  system  is  said  to  be 
causal  when  the  signal  fed  into  the  comoensator  is  obtained 
far  enough  m  advance  to  allow  time  for  the  processing  and 
propagation  of  the  control  signal  to  meet  and  cancel  the 
disturbance  signal  at  the  error  sensor.  In  'other  words,  the 
propagation  time  of  the  disturbance  x{t )  through  the  con¬ 
trol  path  should  be  less  than  or  equal  to  the  protjagation 
time  through  the  disturbance  path.  System  causality  is  not 
a  constraint  when  the  excitation  is  sinusoidal  because  of 
the  deterministic  nature  of  the  signal.  Future  values  of  the 
signal  are  completely  predicuble  under  steady-sute  condi¬ 
tions.  On  the  other  hand,  causality  is  a  very  imporunt 
issue  in  broadband  control  because  future  values  of  the 
excitation  cannot  be  predicted  due  to  the  randomness  of 
this  type  of  excitation.  The  signal  is  only  predictable  in 
some  statistical  sense.  In  feedforward  broadband  control  of 
infinitely  long  systems,  such  as  ducts  and  beams  where 
there  are  no  reflected  waves  from  boundaries,  the  response 
to  the  disturbance  can  always  be  sensed  far  enough  up¬ 
stream  to  yield  a  causal  system.  In  finite  reverberant  sys¬ 
tems,  where  standing  wave  phenomena  occur  at  the  natural 
frequencies,  it  could  be  difficult  or  virtually  impossible  to 
configure  the  control  system  to  render  the  system  causal. 

Early  broadband  control  experiments  have  shown  de¬ 
terioration  in  the  performance  due  to  delays  in  the  control 
path  that  results  in  noncausal  control  systems.  Warner  and 
Bernhard  discussed  qualitatively  the  influence  of  control 
path  delay  on  the  cancellation  of  nondeterministic  sound  in 
acoustic  enclosures,  while  Sutton  and  his  colleagues14  have 
experimentally  demonstrated  significant  performance  re¬ 
duction  in  the  control  of  random  sound  in  enclosures  by 
delaying  the  signal  in  the  control  path.  They  suggested 
improvement  can  be  gained  by  placing  the  reference  sensor 
close  to  the  disturoance  source  and  the  control  speaker 
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FIG.  1.  General  arnmgemenc  of  a  feedforward  control  approach. 


FIG.  1  Discrete  time  domain  feedforward  block  diagram  with  a  delay  in 
the  control  path. 


close  to  the  error  or  cancellation  transducer.  Similar  per¬ 
formance  degradation  has  also  been  observed  in  broadband 
structural  vibration  control  experiments.16  Analytical  stud¬ 
ies  on  the  performance  limits  of  causally  constrained  con¬ 
trol  systems  have  also  been  reported  in  the  literature.  Nel¬ 
son  er  aL[i  have  developed  a  time-domain  formulation  for 
the  case  of  active  control  of  sound.  Joplin  et  aL 18  adopted 
a  numerical  scheme  to  ‘find  the  optimum  causal  filter  in 
control  of  low  frequency  random  sound  in  enclosures. 

In  practical  implementation  of  digital  controllers,  the 
total  control  path  delay  is  due  to  the  smoothing  filters,  the 
sampling  process  for  the  controller,  and  the  physical  sys¬ 
tem  itself.  A  causal  controller  can  often  be  achieved  by 
carefully  choosing  the  distances  between  the  disturbance 
and  control  inputs  and  the  error  sensors.  This  is  particu¬ 
larly  true  in  active  control  of  acoustic  enclosures  where  the 
wave  speed  is  relatively  low  and  the  physical  dimensions  of 
the  system  are  large.  However,  a  causal  system  would  be 
difficult  to  realize  in  many  other  situations,  i.e.,  in  active 
control  of  structural  vibrations.  Thus,  the  main  goal  of  this 
work  is  to  investigate  the  control  performance  of  noncausai 
control  systems,  and  to  lay  out  the  mathematical  founda¬ 
tions  to  develop  design  guidelines  of  noncausai  feedforward 
controllers.  In  contrast  to  the  work  of  Nelson  e*aL,{7  the 
formulation  presented  here  is  carried  out  in  the  frequency- 
domain.  The  analysis  demonstrates  that  some  control  is 
always  achievable  for  any  degree  of  “noncausality”  in  a 
system.  The  work  also  shows  that  the  performance  degra¬ 
dation  due  to  delay  in  the  control  path  can  be  offset  by 
increasing  the  compensator  filter  size.  The  proposed  for¬ 
mulation  is  then  applied  to  the  case  of  a  simply  supported 
beam  for  illustrative  results  and  also  compared  to  an  ex¬ 
perimental  investigadon  of  the  same  system. 


1.  THEORY 

ine  single  inpu:,  single  output  feedforward  control 
system  shown  in  Fig.  2  is  considered.  The  analysis  is  first 
carried  out  in  the  discrete  time  domain.  The  disturbance 
input  is  assumed  to  be  a  zero  mean  white  noise  stationary 
random  process.  The  Z  transform  of  the  system  response. 
T*(z),  can  be  written  as  follows 

T{z)  =  Tl({z)X{z)%  (l) 


where  T  l€{z)  is  the  transfer  function  between  the  distur¬ 
bance  input  and  the  error  output,  and  X{z)  is  the  Z  trans¬ 
form  of  the  input  signal. 

The  system  is  controlled  by  feeding  forward  a  refer¬ 
ence  signal,  coherent  to  the  disturbance,"  through  the  con¬ 
trol  filter  W{z).  The  reference  signal'is  obtained  by  tapping 
the  disturbance  input  X{z)  and  passing  itrihrough  a  delay 
filter  D(z)  which  is  given  by 

D(z)  ~z~d.  (2) 

The  time  delay  produced  by  the  filter  D(z)  is  r=dts, 
where  ts  is  the  sampling  period  that  is  related  to  the  sam¬ 
pling  frequency^  by  rf=  1  /fs.  The  time  delay  r  represents 
the  difference  in  propagation  time  of  a  pulse  through  the 
control  and  disturbance  paths  to  the  error  sensor.  The  con¬ 
trol  system  is  causal  by  selecting  the  delay  d—Q?  Le.,  the 
disturbance  takes  the  same  time,  in  tHk  ideal  situation,  to 
propagate  through  the  control  and  disturbance  paths.  The 
control  system  is  made  noncausai  by  setting  the  delay  pa¬ 
rameter  positive,  d  >  0. 

The  analysis  in  the  discrete  time-domain  allows  us  to 
define  a  physically  realizable  causal  FIR  filter  as  the  com¬ 
pensator  W{z).  That  is 

L 

W{z)=  X  (3) 

/=0 

where  wt  is  the  Ith  weight;  and  (I -hi)  is  the  filter  size 
equal  to  the  number  of  weights. 

The  Z  transform  of  the  response,  Y*{z),  due  to  the 
control  input  is  given  as  follows 

(4) 

where  Tce(z)  is  the  transfer  function  between  the  control 
input  and  the  error  output,  and  U{z )  is  the  Z  transform  of 
the  control  input. 

The  response  of  the  system  can  then  be  computed  as 
the  superposition  of  the  response  due  to  the  disturbance- 
and  control  inputs  as  follows 

e(r)  =  [  Tie(z)  +  D(z)  JV(z) T„[z) ]X(z).  (5) 

In  feedforward  control,  the  optimum  filter  weights 
that  define  the  control  input  signal  are  determined  by  min¬ 
imizing  the  mean  square  value  of  the  error  output.  The 
mean  square  value  of  e(z)  can  be  computed  as19 
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(6) 


I72 


^  j  n 


(*> 


dz 


where  <t>„(z)  is  the  discrete  power  spectral  density  func¬ 
tion  (PSDF)  of  the  error  sequence;  j  is  the  imaginary 
number;  and  the  path  of  integration  is  counterclockwise  on 
a  circle  centered  at  the  origin  on  the  z  plane. 

A.  Frequency-domain  analysis 

The  integration  in  Eq.  (6)  can  be  conveniently  solved 
m  the  frequency  domain  by  using  the  transformation19 


which  relates  the  discrete  time  variable  z  to  the  non- 
normalized  frequency  a.  Using  Eq.  (7),  the  integral  in  Eq. 
(6)  becomes19 


i  l 

(8) 

where  <Pe((<o)  is  the  error  signal  PSDF  denned  in  the  fre¬ 
quency  domain,  and  coyv —rrj t.  is  the  Nyquist  circular  fre¬ 
quency.  The  same  transform,  Eq.  (7),  applied  to  Eq.  (5) 
gives  the  frequency  content  of  the  error  output  as 

=  [r,((^)TD(^'i)  W(eJa'!)T„(eJ*'!)  ]*(<»). 

(9) 

Replacing  Eq.  (7)  into  Eqs.  (2)  and  (3)  and  these  into  Eq. 
(9)  results  in: 

e{a>)  =  {} V}T{/}Ta(.^)  ]*(«), 

where 

{ W0  ,uix  ,wz,...,w  i}T 

is  the  vector  of  filter  weights,  and 

{/} = { 1  ,e-Ja\...,e-j°n>}T 

is  known  as  the  complex  sinusoid  vector  in  digital  spectral 
analysis;  and  the  vector  transpose  is  denoted  by  the  su¬ 
perscript  T. 

The  power  spectral  density  function  of  the  error  signal 
is  now  defined  by 

<!>«(<»)  =.£[ <:(*,)<:(  <a)*],  (13) 

where  •£!  *  ]  is  the  expected  value  operator;  and  the  asterisk 
denotes  the  complex  conjugate.  Substituting  Eq.  ( 10)  into 
Eq-  (13)  yields 

*«(»)  = 

+e-'Wf*{  W}T{f)T„{ e'"'0  1 2d>„(^). 

(14) 

Since  the  disturbance  is  a  zero  mean  white  noise  random 
process,  the  disturbance  PSDF  is  constant,  <$>^{01)  =  <D0. 
The  mean  square  value  of  the  error  signal  as  a  function  of 
the  filter  weights  can  now  be  computed  by  replacing  Eq. 
(14)  mto  Eq.  (8),  and  expanding  the  complex  modulus  to 


(11) 

(12) 


<r  =  ot  +  {»ryT[R]{lV}  +  {W}T^Hy  +  {ffy*)'  (l5) 
where 


<b0da> 


(16) 


is  the  variance  of  the  system  response  due  to  the  distur¬ 
bance  input  alone;  matrix  [R]  given  by 


R(  0) 
R(-l) 


(*]- 


R(-2) 


R(  1)  R(  2) 
*(0)  R(  1) 
R(-l)  R(0) 


RU) 


■  \  R(I) 

Rl-L)  •••  R(-l)  R(  0) 


.  __  .  .  (17) 

is  a  rienmnan  Toeplitz  matrix  that  is  formed  from  the 
(£,-f-U  coefficients 


I  r«, v* 

*(r)=T-  {TJ^lV^todo  (18) 
and  the  vector  {. H)  is  given  by 

(19) 

with 


f"v  r„(«-^or(,(^) 

Lu  J 

Xe-W+^^dco.  (20) 

In  adaptive  feedforward  control  the  error  output  mean 
square  value  in  Eq.  (15),  referred  as  the  performance  sur¬ 
face,  is  a  quadratic  function  of  the  filter  weights  u//.  The 
optimum  weights  are  those  that  minimize  the  mean  square 
value  of  the  error  signaL  Thus,  differentiating  Eq.  (15) 
with  respect  to  u//  and  setting  the  result  to  zero  yields  the 
following  linear  system  of  equations 

mm—m,  (21) 

where  {Hr}  is  the  real  part  of  the  complex  vector  { HJ . 

The  properties  of  matrix  [R]  will  be  described  in  fur¬ 
ther  detail  in  the  next  section.  _Assuming  now  that  the 
matrix  [R]  is  nonsingular,  solving  for  the  optimum  vector 
{WJ  in  Eq.  (21),  and  replacing  it  back  into  Eq.  (15)  yields 
the  minimum  mean  square  value  as 

(22) 

The  minimum  mean  square  value  of  the  controlled 
output  response  is  the  difference  between  the  mean  square 
valuejiue  to  the  disturbance  alone  and  the  quadratic  form 
{&r}-  Thus,  the  control  system  performance 
will  be  completely  determined  by  the  properties  of  this 
quadratic  form. 

The  effectiveness  of  the  control  system  can  be  mea¬ 
sured  by  the  performance  ratio 


„(dB>  —  10  log, i, _<£>!( 


(23) 
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(a) 


T,(z) 


(y»). 


FIG.  3.  Random  processes  associated  to  the  integrals  in  Eqs.  ( 16),  (18), 
and  (20). 


that  gives  the  error  output  power  reduction  in  decibels. 


II.  CONTROL  SYSTEM  PERFORMANCE  ANALYSIS 

A  physical  interpretation  for  the  terms  in  matrix  [R] 
and  vector  {if}  can  be  derived  by  considering  the  two  zero 
mean  random  processes  depicted  in  Fig.  3.  The  process  in 
Fig.  3(a)  is  the  response  of  the  system  {yk){  when  excited 
at  the  disturbance  location  by  the  sequence  xkf  while  the 
process  in  Fig.  3(b)  is  the  response  of  the  system  (yk)c 
when  excited  at  the  control  location  by  the  delayed  se¬ 
quence  xk_d.  The  term  R(r)  represents  the  autocorrela¬ 
tion  sequence  of  the  response  (yk)c  as20 

i  rwy? 

R{r)=E[{yk)c{y, _r)c}=—  <t 

(24) 

where  the  PSDF  in  Eq.  (24)  is  given  in  terms  of  the  dis¬ 
turbance  PSDF  and  the  system  dynamics  as 

^>)  =  [rc,(^)|2<t>0.  (25) 

Since  the  autocorrelation  sequence  i?(r)  is  indepen¬ 
dent  of  the  delay  parameter  dr  the  properties  of  the  auto¬ 
correlation  matrix  of  the  random  process  (y*)c  will  also  be 
independent  of  the  delay.  The  properties  of  [R]  are  a  func¬ 
tion  of  the  system  dynamics,  through  the  control  input  and 
error  output  transfer  function  T^iz),  and  the  sampling 
frequency.  Since  the  autocorrelation  function  of  a  real  sta¬ 
tionary  random  process  is  an  even  function  R  ( r)  =  R  ( —  r)  f 
the  matrix  [£]  is  real  ancLsymmecric.  Because  of  the  non¬ 
negative  property  of  the  autocorrelation  function,  the  au¬ 
tocorrelation  matrix  is  positive  semidefinite.20 

The  term  H{r)  in  Eq.  (20)  represents  the  cross- 
correlation  sequence  between  the  random  processes  (yk)t 
and  (yk)c  as  follows20 


/: 


W.Vy 


where  the  cross  PSDF  in  Eq.  (26)  is  given  by 


<>,*(«)  =  T, <t>0. 


(26) 


(27) 


Unlike  the  autocorrelation,  the  cross-correlation  se¬ 
quence  of  a  real  random  process  is  a  complex  variable. 
From  Eq.  (27),  H(r)  is  a  function  of  the  system  dynamics 


FIG.  4.  Real  part  of  cross-correlation  sequence  H{r)  in  Eq.  (26)  for  a 
typical  structure. 


through  the  transfer  functions  Tif(z)  and  Tce(z ),  the  se¬ 
lected  sampling  frequency  and  the  control  path  delay  d .  To 
graphically  illustrate  the  dependance  of  H(r)  with  the  de¬ 
lay  parameter  d,  the  real  part  of  the  cross-correladon  se¬ 
quence  is  plotted  in  Fig.  4  as  a  continuous  line  for  a  causal 
system  by  setting  d= 0.  Assuming  the  control  path  has  a 
delay  d,  the  cross-correlation  sequence  for  the  noncausai 
system  is  the  same  cross-correladon  of  the  causal  system 
shifted  toward  the  left  as  shown  in  Fig.  4  with  dashed 

Important  qualitative  conclusions  on  the  controlled 
system  performance  can  be  drawn  by  considering  the  spe¬ 
cial  case  of  sinusoidal  random  process.20  In  this  process,  a 
random  sequence  is  approximated  as  the  sum  of  M  real 
sinusoids  as 

*k=  2  Amsm(<o„ktt+dJ,  (28) 

I 

where  Am  is  the  real  amplitude  of  the  mth  sinusoid  of 
circular  frequency  com,  and  the  associated  phase  Qm  is  a 
uniformly  distributed  random  variable  on  the  interval  0  to 
It.  The  amplitude  Am  is  related,  to  the  magnitude  of  the 
PSDF  at  frequency-  com.  The  number  and  frequency  of  the 
sinusoids  can  be  arbitrary.  For  the  sake  of  clarity  in  the 
presentation,  we  select  a  uniform  distribution  for  the  sinu¬ 
soid  frequencies  as  <um  =  m(A<y)  that  results  in 
^m  =  2(d>0A<u)1/2.  In  the  limiting  case  that  Af—  ao  and 
A<u  — 0  the  sequence  in  Eq.  (28)  will  be  a  true  white  noise 
random  sequence. 

Replacing  Eq.  (28)  into  the  process  described  in  Fig. 
3(b),  it  is  not  dimeuit  to  show  that  the  autocorrelation 
sequence  of  this  sinusoidal  process  can  be  easily  computed 
in  closed  form  as20 


R{r)=<S>o&o  1  I  Tee{com)  | :  cos(uwrrt)  (29) 

m= 3 1 

and  the  associated  autocorrelation  matrix  becomes 
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(30) 


Cisrursartca  Inoui 


I  |rw(»j|I{^Ksaf}r, 

m*  I 

wher'  (Sm}  is 

-^>=[1,  cos(<ymrf),  cos^^lf,) . cos(<a,£rJ)]r. 

(3!) 

Again  the  autocorreiation  matrix  [j?J  is  real,  symmet- 
ric  and  in  general  positive  semidefinite,  or  in  other  words 
the  eigenvalues  of  matrix  [j?J  are  real  and  non-negative. 
The^rank  of  the  autocorrelation  matrix  can  be  shown  to  be 
2-Wr  The  dimension  of  matrix  [J?]  is  equal  to  the  number 
of  filter  weights,  ( L  -p  1 ).  If  2M  is  greater  or  equal  to  ( £ 
-i-  1),  the  eigenvalues  of  [*]  are  ah  real  and  positive  and 
the  matrix  inverse  in  Eq.  (22)  exists.  On  the  other  hand,  if 
(£-rl)  is  greater  than  2M,  there  will  be  ( L  -f- 1 )  —  2M 
zero  eigenvalues  and  matrix  [j?]  is  singular.  A  physical 
interpretation  can  be  gained  by  considering  the  case  where 
the  number  of  weights  in  the  filter  is  twice  the  number  of 
sinusoids  included  in  the  process,  (L~l)  =  2M.  Thus, 
there  are  enough  weights  to  adjust  the  phase  and  magni¬ 
tude  of  each  sinusoid  to  drive  the  output  mean  square 
value  to  zero,  (cr)min=0.  Clearly,  increasing  the  number 
of  filter  weights  provides  no  further  reduction  and  this  is 
mathematically  depicted  by  the  rank  of  [J?J  being  1M. 

For  the  case  of  ( £  -f  1 )  <  1M,  the  positive  definite 
property  of  [i?]  and  of  its  inverse  allows  us  to  write 

iHr}T[R]-'{Hr}>  0  (32 ) 

for  any  arbitrary  vector  {Hr},  which  has  the  important 
implication  that  there  will  always  be  some  degree  of  reduc- 
don  in  the  output  variance  in  Eq.  (22)  in  spite  of  any  delay 
m  the  control  path.  Because  of  the  positive  definite  prop¬ 
erty,  it  is  not  difficult  to  show  that  the  quadratic  form  in 
Eq.  (32)  is  a  monotonically  increasing  function.  That  is 

^ tHr}T[R ]  ~ , >{{Hr}T[R ]  .  (33 ) 

Therefore,  the  deterioration  in  the  control  performance 
due  to  the  time  delay  could  at  least  be  partially  compen¬ 
sated  by  increasing  the  filter  size  This  phenomenon  was 
observed  in  the  numerical  and  experimental  studies  of  the 
next  section. 


in.  experimental  and  numerical  results 

Both  analytical  and  experimental  investigations  of  the 
system  causality  for  broadband  structural  control  were  first 
performed  on  a  simply  supported  beam.  The  beam  is  made 
of  steel  and  has  a  length  of  £=380  mm.  Two  thin,  flexible 
metal  shims  connect  the  beam  to  a  rigid  frame,  providing 


TABLE  I.  Simply  supported  beam  natural  frepuer.sies. 


Natural  frequency  (Hz) 

Analytical 

Experimental 

l 

31.7 

32.9 

l 

127.0 

126.9 

J 

285.6 

232.3 

4 

507.2 

505.3 

mental  Deam  analysis. 


wuuaiuuh.  me  expenmentam 
measured  natural  frequencies  are  presented  in  Table  I  Fie 
ure  o  shows  the  location  of  the  error  sensor  and  distur¬ 
bance  and  control  inputs.  The  error  sensor  was  a  mini- 
acce.erometer  located  at  x.=0.626£.  The  control 
actuation  was  applied  by  a  co-located  set  of  piezoelectric 
patcaes  mounted  on  each  side  of  the  beam  surfaces  wired 
out-or-phase  to  produce  a  pair  of  bending  moments  applied 
at  ;tcl  =0.797  £  and  xa =0.6971.  The  disturbance  input 
action  was  also  applied  by  a  piezoelectric  patch.  The  re- 
sultrng  disturbance  bending  moments  are  applied  at 

L  and  x^  —  0.3941.  The  experiment  was  limited  to 
control  the  first  three  bending  modes  because  the  location 
ot  the  control  actuator  pair  rendered  the  fourth  mode  un¬ 
controllable.  Consequently,  the  cutoff  frequency  of  the 

ow-pass  filters  used  in  the  experimental  setup  was  set  at 
40U  riz. 

A  schematic  diagram  of  the  complete  experimental 
setup  is  shown  m  Fig.  6.  A  white  noise  signal  was  gener¬ 
ated  by  a  Briiel  &  Kjmr  2032  spectrum  analyzer,  which 
was  low-pass  filtered  to  obtain  band-limited  random  noise 
from  0  to  400  Hz.  This  signal  was  input  into  a  power 
amphfier  whose  output  drove  the  disturbance  piezoelectric 
paten.  The  same  input  signal  was  fed  into  the  controller. 
The  control  system  used  in  the  experiment  is  a  broadband 
adaptive  LMS  controller  implemented  on  a  Texas  Instru¬ 


ct*  &  KJar 


FIG.  6.  Experimental  setup  for 
trol  algorithm. 


testing  the  feedforward  broadband 
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ment  TMS320C30  digital  signal  processor  (DSP).16  The 
sampling  rate  used  for  the  control  experiments  was  fs 
=  2000  Hz.  The  control  signal  from  the  DSP  was  low-pass 
filtered  and  fed  into  a  power  amplifier  that  in  turn  drove 
the  control  piezoelectric  patches. 

The  propagation  time  from  both  the  disturbance  and 
control  inputs  to  the  error  sensor  was  measured  by  com¬ 
puting  the  cross-correlation  functions  across  each  path 
while  being  excited  by  white  noise.  The  propagation  time 
for  each  path  is  found  at  the  largest  peak  on  the  respective 
cross-correlation  function.  It  was  found  that  the  control 
path  has  an  average  deiay  time  of  2.7  ms  with  respect  to 
the  disturbance  path,  which  was  introduced  mainly  by  the 
smoothing  filter  in  the  control  path.  Therefore,  the  exper- 
imental  setup  yields  a  noncausal  control  system.  A  pro¬ 
grammable  deiay  z~d<  was  installed  in  the  disturbance  path 
allowing  the  control  system  to  be  made  causal  by  varying 
the  delay  de.  The  reader  should  not  confuse  this  experi¬ 
mental  delay  parameter  de  with  the  analytical  delay  param¬ 
eter  d  used  in  Secs.  I  and  II.  The  deiay  in  the  disturbance 
path  in  the  experimental  setup  simply  allow  us  to  compare 
the  behavior  of  the  causal  ywith  the  noncausal  control  sys¬ 
tem.  On  the  other  hand,  the  analytical  delay  parameter  d  in 
the  control  path  has  the  purpose  of  modeling  the  actual 
time  deiay  in  a  control  system  whose  characteristics  are 
being  investigated.  It  is  important  to  mention  that  in  a  real 
implementation,  delaying  the  disturbance  signal  as  in  this 
experiment  is  seldom  possible.  Thus,  it  is  of  a  paramount 
importance  to  address  the  performance  of  real  noncausal 
systems. 

An  analytical  model  of  the  experimental  setup  was 
also  derived  by  solving  the  eigenvalue  problem  of  a  simply 
supported  beam.  The  bending  stiffness  is  £7=5.329  NT  m2 
and  mass  per  unit  length  is  m =0.626  NT  s2/m:  that  cor¬ 
responds  to  the  experimental  beam  properties.  The  system 
is  assumed  to  have  0.2 %  viscous  damping  in  each  mode. 
Again  only  the  three  first  modes  are  included  in  the  re¬ 
sponse  analysis.  The  well  known  natural  frequencies  and 
mass  normalized  mode  shapes  are  given  by 


<t>nW 


(34) 


The  analytical  natural  frequencies  are  also  tabulated  in 
Table  I  and  they  agree  very  well  with  the  experimentally 
measured  ones.  These  eigenproperties  are  used  to  compute 
the  transfer  functions  T  if{z)  and  Tce(z )  needed  for  the 
analysis.  The  derivation  of  these  transfer  function  is  de¬ 
tailed  in  the  Appendix. 

A.  Causal  control  system 


The  behavior  of  the  causal  control  system  was  first 
investigated  by  implementing  a  deiay  of  3  ms  ( de  =  6 )  into 
the  disturbance  path  in  the  experimental  setup.  This  exper¬ 
imental  delay  parameter  is  nearly  equivalent  to  a  delay 
parameter  *f  =  0  in  the  analysis.  Figure  7  shows  a  compar¬ 
ison  of  the  measured  error  signal  before  and  after  control 
using  an  adaptive  FIR  filter  with  24  weights.  Although  the 
error  was  not  completely  canceled,  a  large  amount  of  vi¬ 
bration  attenuation  was  achieved  by  the  controller.  A  com¬ 


0  Q.I  QZ  CL3  OU  Oj  06  (L7  OS  09  l 
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o  o.i  ai  clj  a  a  ULi  oa  0.7  a*  (L9  i 


(5) 

FIG.  7.  Error  signal  from  the  structure  using  a  FIR  filter  with  24  weights, 
(a)  Before  control;  (b)  after  control. 

parison  of  the  spectrum  of  the  error  signal  before  and  after 
control  is  shown  in  Fig.  8,  and  it  gives  additional  insight 
into  the  control  mechanism.  Despite  an  increase  of  the 
spectrum  in  some  off-resonance  frequencies  bands,  the 
spectrum  at  the  resonances  (32.9,  126.9,  and  232.3  Hz) 
displays  a  reduction  of  approximately  20-25  dB.  The  result 
was  a  net  reduction  of  the  mean-square  error  of  19.4  dB. 
Thus,  the  controller  behaves  as  a  wideband  controller 
rather  than  broadband  controller,  attenuating  the  large  fre¬ 
quency  components  that  occur  near  the  structural  reso¬ 
nances  while  adding  energy  at  the  antiresonances. 

The  influence  of  the  adaptive  filter  size  on  the  control¬ 
ler  performance  was  then  investigated  experimentally  by 
varying  the  filter  size  ( L  +  1 ) .  The  reductions  in  the  error 
signal  power  was  measured  for  12,  14,  16,  24,  32,  48,  64, 
and  80  weights  in  the  FIR  filter  and  they  are  plotted  in  Fig. 
9.  It  can  be  seen  that  the  control  performance  quickly 
improves  with  larger  filters  to  reach  a  nearly  constant  re¬ 
duction  of  20  dB.  The  analytical  response  of  the  beam  for 
a  causal  system  is  obtained  by  setting  the  deiay  parameter 


Freaue=cy  (Hi) 


FIG.  8.  Spectrum  of  error  signal  using  a  FIR  filter  with  24  weights. 
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FIG.  9.  Power  reduction  of  error  signal  as  a  function  of  the  filter  size. _ 

Analytical  causal; - analytical  noncausai;  0 — O  experimental  causal; 

X  —  X  experimental  noncausai  system. 
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- " 

modal  damping  for  a  causal  system. 


^  iuncaon  or  cue  filter  size  and 


d=Q  in  Eq.  (2).  The  integrals  in  Eqs.  (16),  (18),  and  (20) 
are  numerically  solved  as  described  in  the  Appendix.  The 
power  reduction  at  the  error  sensor  location  computed 
from  Eq.  (23 )  is  plotted  in  Fig.  9  as  a  function  of  the  filter 
size.  The  analytical  prediction  shows  the  same  general 
trend  as  the  experimental  observations  with  two  excep¬ 
tions.  Firstly,  the  analytical  curves  display  some  oscillation 
in  the  monotonically  increasing  performance  function 
which  is  not  observed  in  the  experiment.  The  reason  for 
this  discrepancy  may  lay  in  the  lack  of  resolution  in  the 
experimental  results.  The  period  of  this  oscillation  is  re¬ 
lated  to  the  period  of  the  first  natural  mode  of  the  beam. 
The  same  oscillatory  phenomenon  was  also  observed  by 
Nelson  et  aL  17  Secondly,  the  analytical  model  displays  bet¬ 
ter  control  for  larger  filter  sizes  than  in  the  experimental 
observations.  This  is  probably  due  to  the  fact  that  the  con¬ 
troller  may  not  have  completely  converged  at  the  time  the 
response  was  measured  since  large  filters  requires  longer 
convergence  times.  In  addition  the  convergence  parameter 
was  set  very  small  (1CT7)  for  the  large  filter  size,  thus 
increasing  the  effects  of  round  off  error. 


noncausai  controller  shows  significant  reduction  of  the  e-- 
ror  variance  which  is  only  about  3  dB  below  the  causal 
controller. 

The  good  agreement  between  the  analytical  and  exper¬ 
imental  results,  for  both  the  causal  and  noncausai  control 
systems,  validates  the  proposed  formulation  as  an  analvti- 
c  tool  to  predict  control  system  performance.  This  simDie 
laboratory  demonstration  shows  that  the  formulation  pre¬ 
sented  here  can  be  used  to  predict  the  controller  perfor¬ 
mance  as  a  function  of  the  system  parameters  such  as  delay 
time,  sampling  frequency,  filter  size,  number  of  modes  to 
control,  etc.  As  an  example,  it  is  useful  to  predict  the  min¬ 
imum  filter  size  to  achieve  a  required  degree  of  reduction  of 
the  error  signal.  The  causal  controller  of  the  experimental 
setup  needed  12  coefficients  to  reduce  the  error  variance  by 
dB.  On  the  other  hand,  the  noncausai  controller,  with  a  X 
delay  of  3  ms,  requires  24  filter  weights  for  the  same  re- 
duenon.  However,  increasing  the  filter  size  also  slows  the  i 
adaptive  process  and  increases  the  computational  effort. 

Thus,  careful  analysis  of  the  control  performance  should  be 
considered  before  a  controller  is  implemented  on  a  partic¬ 
ular  application. 


B.  Noncausai  control  system 

The  behavior  of  the  noncausai  control  system  was  then 
studied  by  setting  the  programmable  delay  de  to  zero  in  the 
~  ^perimentai  setup  of  Fig.  6.  This  is  equivalent  to  setting 
in  the  analysis.  The  experimental  error  signal  time 
histories  and  spectrums  before  and  after  control  show  the 
same  features  as  for  the  causal  system  in  Figs.  7  and  8,  and 
thus  they  are  r.cc  presented  here.  Tae  reduction  in  the  error 
signal  power  in  terms  of  the  FIR  filter  size  is  again  plotted 
in  Fig.  9.  The  analytically  predicted  power  reduction  for 
the  noncausai  control  system  is  also  plotted  in  Fig.  9.  Both 
the  analytical  and  experimental  results  show  that  the  ef¬ 
fectiveness  of  the  noncausai  controller  is  severely  compro¬ 
mised  for  filters  with  less  than  24  weights  compared  with 
the  causal  controller.  However,  for  larger  filter  size,  the 


ui  camping 


The  effect  of  damping  in  a  causal  system  is  investigated 
by  varying  the  modal  viscous  damping  ratio  £  from  2%  to 
10%.  As  shown  in  Fig.  10  the  decrease  in  damping  results 
in  better  attenuation  of  the  error  output  mean  square 
value.  This  is  due  to  the  enhanced  notch-filtering  effect  of 
the  structure  that  yields  the  response  to  resemble  the  su¬ 
perposition  of  multiple  sinusoids  whose  frequencies  are  the 
natural  frequencies  of  the  structure.  This  behavior  is  de¬ 
scribed  by  Nelson  er  as  an  increase  in  the  -predict¬ 
ability  of  the  broadband  input  by  the  filtering  effect  of  the 
structure.  In  the  limiting  case  of  the  modal  damping  ap¬ 
proaching  zero,  a  filter  with  the  number  of  coefficients 
equal  to  twice  the  number  of  modes  to  control  would  be 
sufficient  to  completely  cancel  the  error  signal.  Figure  1 1 
presents  the  parametric  stady  of  damping  in  the  noncausai 
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FIG.  1 1.  Power  reduction  of  error  signal  as  function  of  the  filter  size  and 
modal  damping  for  a  noncausai  system. 


system.  The  results  shows  the  same  general  deterioration  in 
the  performance  with  the  increase  in  damping  as  for  the 
causal  system.  The  analytical  formulation  developed  here 
can  also  be  used  to  investigate  the  variation  in  the  control- 
ler  performance  with  different  delays  and  spectral  content 
of  the  broadband  input  disturbance. 


IV.  CONCLUSIONS 

A  formulation  was  developed  to  carried  out  causality 
analysis  of  feedforward  controlled  elastic  systems  subjected 
to  broadband  excitations.  The  control  approach  used  is  the 
feedforward  control  approach  with  a  FIR  filter  as  compen¬ 
sator.  The  proposed  analytical  tool  was  developed  in  the 
frequency-domain  and  can  be  used  to  predict  the  perfor¬ 
mance  of  this  type  of  controllers  in  terms  of  system  param¬ 
eters  such  as  delay  time,  damping,  spectral  content  of  the 
input,  filter  size,  etc...  It  is  demonstrated  that  reduction  in 
the  error  signal  mean  square  value  is  always  achievable  for 
any  noncausai  control  system.  The  analysis  also  shows  that 
the  deterioration  in  the  control  performance  due  to  the 
delay  in  the  control  path  can  be  at  least  partially  compen¬ 
sated  by  increasing  the  compensator  order.  The  applicabil¬ 
ity  of  the  formulation  is  demonstrated  on  a  laboratory 
model  of  a  simply  supported  finite  beam.  The  control  per¬ 
formance  was  investigated  for  both  causal  and  noncausai 
systems  as  a  function  of  the  compensator  size  and  system 
damping.  The  numerical  results  are-also  corroborated  ex¬ 
perimentally.  Good  agreement  is  observed  between  the  nu¬ 
merically  predicted  and  measured  results,  thus  validating 
tne  proposed  formuiaticn. 
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The  integrals  in  Eqs.  ( 16),  ( 18),  and  (20)  do  not  have 
closed  form  solution.  A  direct  numerical  integration  poses 
some  difficulties  because  the  peaked  nature  of  the  typical 
structural  transfer  functions  and  also  due  to  the  oscillatory 
behavior  of  the  term  e*™  in  Eqs.  (18)  and  (20)  Here  a 
detailed  description  is  presented  for  the  numerical  evalua- 
tion  of  these  integrals. 

The  transfer  function  between  the  control  input  and 
error  sensor  can  be  written  as  follows 

u 

Tce(z)=z  £^unejl„(z)9  (Al) 

the  modal  control  force  u„  and  the  modal  error  compo¬ 
nents  <=„  are  given  by 


u„  = 


i) 


dx 


~  ^  Cl  / 

dj-  >  Gn=t(Sn[xe). 


(A 2) 


N  is  the  number  of  modes  included  in  tho  analysis;  and 


Hn{z)=-r 


(A3) 


z~—<inlz+ani 

is  the  nth  modal  frequency  response  function  (FRF)  de¬ 
fined  in  the  discrete  domain.  The  coefficients  bnl,  a„lf  and 
an2  related  to  the  nth  natural  frequency  m„,  damping 
ratio  f3n ,  and  the  sampling  period  t;  as"1 


-  b„=- 


-sin(aw); 


(A4) 


anl  =  cos (a^) ; 

with  Solving  for  the  roots  of  the  de 

nominator  in  Eq.  (A3),  Hn(z)  can  be  written  as 


Hn{z)  =- - - — — 

(2-r„)(z-zJ) 

where  the  roots  are 


(A5) 


z*~e  os(<B«A)  +j  i/l -cos^tu^r,)}.  (A6) 

The  modules  square  of  the  transfer  function  Ta(z )  is  com- 
puted  as 


=  I  I  WmtneMzWJz-1)  (Al) 

l  m-m.  1 

where  by  replacing  z  by  z~ 1  is  equivalent  to  take  the  com¬ 
plex  conjugate  in  the  frequency  domain.  Replacing  Eq. 

in*°  (A.7)  and  using  partial  fraction  expansions,  the 
product  of  the  modal  FRFs  can  be  expanded  as  follows 


H„(z)Hm(z-'  j  = 


Bn 


A, 


Z-Zn  z—\/zm 


■1/4’ 

(A8) 


where  the  coefficients  in  the  partial  fractions  are  easily 
computed.  Replacing  Eq.  (A8)  into  (A7)  becomes 
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J  *  ;V 

R(r)=^Z  2  2  u„ume„ejnm{r). 


where 


^ nm  ( 


f".Vr 

ejvrt. 

=  ^J 

"vr  ^ 

^zrdcj 

f*A> 

gjurt, 

^‘.-Z„da 

+cw  J 

r^v. 

ei*«s 

-"V/ 

eJut‘—  \/zm  dc° 

^  j 

gjort, 

+  Arm  J 

•".V/ 

£JU,‘-  l/Z%  dC°' 

'  Dam  J  -ay/  7^- 1/4  dco-  (AIO) 

Now  each  integral  in  Eq.  (A9)  is  better  conditioned  that 
tie  ongina  integral  in  Eq.  ( 18).  The  numerical  solution  of 
the  integrals  in  Eq.  (A9)  does  not  pose  any  problems  for 
wide  range  of  the  parameters  r  and  ts.  Similarly,  the  infe¬ 
st  m  Eq.  (16)  becomes 


1  N  ft 

<J~d~2^  2  2  0) 

m=»  l 


(All) 


and  Eq.  (20) 


j  iV 

H{r)=l^  ,r,  fnUm£,£jnm{d+r),  (A12) 


where  the  disturbance  modal  force  is  given  by 


(A13) 


A  McCool.  J.  Kaunitz,  C  S.  Williams, 

Noise  Cane  I J'  R"aZadJ,:r'  E  Dong-  Jr-  R.  C  Goodlin.  “Adaptive 
ms"  8'  Pnnaples  “d  Applications,"  Proc.  IEEE  63.  1692- 

JSo£  “ArtV'  ARenuacion  of^  the  State  of  the  Art," 

Eng.  18.  100-110  (1982). 

Cylindrical*  Shell!"  f  Rvaiuation  of  Active  Control  in  a 

(1989^  "  J'  1r‘b’  StreS1  Rehability  design  111,  337-342 


)  LtngularrpLAeltbV%C°T,1  *  ^  ^aa°"  fr0m  1  V&*«ns 

menfal  Cn  by  Sound  Source3  ind  Vibration  Inputs:  an  Ex--- 

Vib-  f. 

4  Ilc’  Nelson.  and  A.  R.  D.  Curtis. 

c„rol  rfnral  w„c  “ 

B =0,™,te  for  , 

Jr  e  .  ,4  *  'JU1dance,  Control  Dyoam.  9.  673-680  C1936 > 

I  Scneuten.  “Acuve  Attenuauon  of  Bending  Waves  in  Beam!"  L 
jInsL  Acoust.  12,  623-629  (1990).  Proc- 

^Lo^Powet  Sow  “E^'™ran  m  A«tve  Control  of 

,  AIAA  paper  90-1 132  ( i9SJ?  P,COCeranucs  AOTaWr5  “d  ^ts." 

ControUf  £  p  SJC°L  "Simuitaneous  Acave 

n/r  ,  £xIcns,orui  Power  Flow  in  Beams."  in 

Structurei “T"  ^  -d 

|oAL  1990),pp  677_i  "  (A“bUra  UmVOTity'  Auburn. 

f  R  R°^  Algorithm  for  Designing  1  Broadband  Active  Commi 
„  ?yS““-  1  Sound  yib-  80.  373-380  (1982).  ^°‘ 

•hSr^sr  s"“  - 
122?  is  sB?  ^>'<£3  “ 

43:^37  (|9g7).  -Uawi.  Spw:(i  Sipul  ?rec».  ASSP-3S. 

J.  S.  Vipperman,  R.  A.  Burdisso  and  CL  R  Fniw  /-* 

;=rs3r--; 

‘i"”1  "f 

(1990).  enclosures,  J.  Acoust.  Soc.  Am.  87,  2396-2404 

^Hall.  N£Wy“£Si9°5)SteaniS'  ^a/,rtbe  Signal  Ancesnng  (Prentice- 

a  h£  NrS£"l987!r  SPtaTal  AnalySiS  With  Anliations  (Prentice. 

Jt  A  Isermann,  Control  Sterns  (Spnnger-Veriag.  Beriin.  1981). 


j-  Acoust.  Soc.  Am.,  Vol.  94,  No.  1.  July  1993 


Burdisso  er  a/.:  Causal, ty  analyse  ol  feedforward  systems 


C-l  1  Enhancing  Induced  Strain  Actuator  Authority  Through  Discrete  Attachment  to  Structural 
Elements,  Z.  Chaudhry  and  C.  A.  Rogers,  AIAA  Journal,  Vol.  31  No.  7,  pp  1287-1292 
July  1993. 


C-l  1 


AIAA  Journal 
Vol.31.No.  7,  July  1993 


Enhancing  Induced  Strain  Actuator  Authority  Through  Discrete 

Attachment  to  Structural  Elements 


Z.  Chaudhrv*  and  C.  A.  Rogers^ 

Virginia  Polytechnic  Institute  and  State  University ,  Blacksburg,  Virginia  24061 


In  structural  control,  induced  strain  actuators  are  used  by  bonding  them  or  embedding  them  in  a  structure. 
With  bonded  or  embedded  actuators  used  for  inducing  flexure,  the  developed  in-plane  force  contributes  indi¬ 
rectly  through  a  locally  generated  moment.  Control  authority  in  this  configuration  is  thus  limited  by  actuator  off¬ 
set  distance.  In  this  paper,  a  new  concept  of  flexural  or  shape  control  is  presented,  wherebv  induced  strain  actua¬ 
tors  such  as  piezoelectric  ceramic  patches  or  shape  memory  alloys  are  attached  to  a  structure  at  discrete  points 
(as  opposed  to  being  bonded).  This  paper  specifically  addresses  discretely  attached  induced  strain  actuators  like 
piezoceramic  and  electrostrictive  actuators  which  are  available  in  the  form  of  plates  or  patches,  and  includes 
actuator  flexural  stiffness  considerations.  This  configuration  is  different  from  the  bonded  actuator  configuration 
in  two  ways.  One,  because  the  actuator  and  the  structure  are  free  to  deform  independently,  the  in-plane  force  of 
the  actuator  can  result  in  an  additional  moment  on  the  structure  and  enhanced  control.  Second,  the  actuator  can 
be  offset  from  the  structure  without  an  increase  in  the  flexural  stiffness  of  the  basic  structure.  This  allows  for  the 
optimization  of  the  offset  distance  to  maximize  control.  Enhanced  control  is  demonstrated  by  comparing  the 
static  response  of  a  discretely  attached  actuator  beam  system  with  its  bonded  counterpart  system.  The  advantage 
of  this  configuration  over  the  bonded  configuration  is  also  verified  experimentally. 


Introduction 

N  recent  years,  there  has  been  increased  interest  in  the  use  of 
induced  strain  actuators  for  various  types  of  structural  control. 
A  number  of  models  have  been  developed  to  represent  the  induced 
strain  actuator  and  substrate  coupling.  Models  of  strain  actuators 
coupled  with  simple  beams1-5  and  plates6-7  have  been  introduced. 
Most  of  this  work  has  focused  on  the  development  of  accurate 
models  to  represent  actuator  and  substrate  coupling.  In  all  of  these 
models,  however,  the  actuators  are  either  embedded  or  bonded  to 
the  surface  of  the  structure.  No  other  configuration  for  mounting 
the  actuator  on  the  structure  has  been  considered. 

The  focus  of  this  research  has  been  to  investigate  various  con¬ 
figurations  for  integrating  induced  strain  actuators  into  structures 
and  to  determine  an  efficient  way  of  utilizing  induced  strain  actua¬ 
tors.  The  conventional  method  of  bonding  induced  strain  actuators 
to  the  surface  is  certainly  the  easiest,  but  may  not  exploit  the  full 
capabilities  of  the  induced  strain  actuators.  By  bonding  or  embed¬ 
ding  an  actuator  in  a  structure,  the  actuator  becomes  part  of  the 
structure  and  as  such,  deforms  along  with  it.  The  in-plane  force  of 
the  actuator,  which  is  the  primary  force  exerted  by  the  actuator  on 
the  structure,  contributes  only  indirectly,  i.e.,  in  the  development 
of  a  moment  on  the  structure.  This  is  because  of  a  balancing  action 
between  the  compression  and  tension  members  in  the  structure.8 
The  moment  is  a  product  of  actuator  force  and  actuator  offset  dis¬ 
tance.  Therefore,  for  a  given  available  force,  the  actuator  offset 
distance  must  be  increased  to  increase  the  moment  and  conse¬ 
quently  the  authority  of  the  actuator.  Increasing  the  actuator  offset 
distance  poses  two  problems— it  increases  the  flexural  stiffness  of 
the  structure  and  it  increases  the  stroke  requirement  of  the  actuator. 
This  is  the  dilemma  regarding  structural  control  with  embedded  or 
surface-bonded  actuators. 
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Faced  with  this  dilemma,  a  new  configuration  in  which  the  actu¬ 
ator  is  attached  to  the  structure  at  discrete  points  is  proposed.  This 
configuration  is  fundamentally  different  from  the  bonded/embed¬ 
ded  configuration.  In  this  configuration,  the  structure  and  actuator 
between  the  two  discrete  points  can  deform  independently,  and  the 
in-plane  force  of  the  actuator,  which  is  dormant  in  the  case  of  the 
bonded  actuator,  can  cause  out-of-plane  displacements  of  the 
structure.  Also,  because  now  the  actuator  offset  distance  can  be 
increased  without  any  increase  in  the  basic  flexural  stiffness  of  the 
structure  (as  seen  by  the  actuator),  this  distance  can  be  optimized 
for  maximum  actuator  authority. 

Two  implementations  of  this  concept  are  possible.  In  the  first, 
the  actuator  (e.g.,  shape  memory  alloy  actuator  wires)  does  not 
possess  any  flexural  stiffness  and,  therefore,  force  exerted  by  the 
induced  strain  actuator  on  the  structure  is  directed  along  a  straight 
line  joining  the  two  attachment  points.  This  configuration  is  the 
most  efficient,  and  results  in  much  greater  control  compared  to  the 
bonded  configuration.  The  formulation  and  experimental  results 
for  this  configuration  and  its  variants  have  already  been  investi¬ 
gated  and  have  been  reported  in  an  earlier  paper.9  In  this  paper,  the 
second  implementation,  where  the  actuator  [like  piezoelectric 
(PZT)  and  electrostrictive  actuators]  possesses  flexural  stiffness,  is 
analyzed.  In  this  configuration,  the  actuator  authority  is  again 
enhanced  particularly  due  to  correct  selection  of  the  actuator  offset 
distance. 

Formulation 

Consider  a  simply  supported  beam  with  an  induced  strain  actua¬ 
tor  attached  at  two  discrete  points,  as  shown  in  Fig.  1 .  When  the 
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actuator  contracts  in  response  to  an  applied  electric  field  or  tem¬ 
perature  gradient,  it  exerts  a  compressive  force  on  the  beam  and 
the  actuator  itself  goes  into  tension.  The  tensile  force  in  the  actua¬ 
tor  is  exactly  equal  and  opposite  the  compressive  force  in  the 
beam.  The  form  of  the  governing  equation  for  both  the  beam  and 
actuator  is: 

Elw.x»x±Pw,xx  =  0  (1) 

The  form  of  the  solution  of  the  previous  equation  is,  of  course, 
different  for  the  actuator  and  the  beam.  For  the  beam,  the  force  P  is 
compressive  and  for  the  actuator,  the  force  P  is  tensile.  In  general, 
the  flexural  stiffnesses  El  of  the  beam  and  the  actuator  are  also  dif¬ 
ferent.  The  solution  of  the  differential  equation  for  the  beam  is 

Wj  (Xj)  =  AjSinA'jCj  +  Blcoskx]  +  Clxl  +  D{  (2) 

and  for  the  actuator 

w2(a-2)  =  AjSinhte,*  E2cosh£,v2  +  C2x2  +  D2  (3) 

where 

k  =  Jp/El ~  (4) 


and 

k  =  Jp7eF2  (5) 


The  eight  constants  Ar  Bn  C(,  and  D.  (/=  1,  2)  are  solved  from  the 
following  eight  boundary  and  matching  conditions: 
at  Xj=0,  and  x2=0: 

Wj  =  w2  =  0 

(6) 

w  =  w 

1  •  .c  j  *  •  .r  2 

(7) 

— EI,w  -EI^Wj  =  -  Pd 

1  l>xx  -  L'xx 

(8) 

at  Xj  =  l,  and  x2  =  /: 

o 

II 

ri 

£ 

II 

sT 

(9) 

w  =  w, 

x  2 

(10) 

-EI.W  ~EFw7  =-Pd 

1  ['XX  -  l'XX 

(ID 

Critical  Buckling  Load 

The  true  input  in  such  problems  is  applied  electric  field  or  free 
induced  strain  of  the  actuator  (e.g.,  A  =  d2XE),  but  before  address¬ 
ing  the  question  of  the  relationship  between  the  free  induced  strain 
and  the  force  P ,  the  eigenvalue  problem  is  analyzed.  The  character¬ 
istic  equation  for  the  critical  buckling  load  can  be  obtained  by  sim¬ 
ply  setting  the  actuator  offset  distance  d  to  zero: 

-  i2-k 2 

2  ( 1  -  cosklcoshkl)  A - —  sinklsinhkl  =  0  (12) 

kk 

The  critical  buckling  load,  as  it  changes  with  the  flexural  stiffness 
ratio  of  the  actuator  and  beam  (EIxIEI2),  is  shown  in  Fig.  2.  The 
critical  buckling  load  has  been  normalized  by  Elxll\  Also,  only 
flexural  stiffness  ratios  greater  than  one  are  considered  because  in 
most  applications  the  structure  is  stiffer  than  the  actuator. 

At  higher  values  of  flexural  stiffness  ratios,  the  value  of  the  crit¬ 
ical  buckling  load  is  asymptotic  to  tz2E1xII\  which  is  the  critical 
buckling  load  of  a  column  with  both  ends  pinned.  This  is  perfectly 
logical,  because  as  the  flexural  stiffness  ratio  increases,  the  flexural 
stiffness  of  the  actuator  becomes  less  and  less  significant  compared 
to  the  beam,  until  finally  the  actuator  behaves  like  a  cable  (with 
negligible  flexural  stiffness)  tied  to  the  two  ends  of  the  beam. 


Fig.  2.  Critical  buckling  load  vs  flexural  stiffness  ratio  EI^EI 2. 
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It  is  important  to  realize  that  buckling  in  such  a  configuration  is 
possible,  but  for  most  induced  strain  actuators,  which  have  limited 
stroke  capability,  it  does  not  pose  any  problem.  This  is  because  cat¬ 
astrophic  buckling  (i.e.,  large  displacements)  not  only  requires  a 
force  greater  than  the  critical  buckling  load  but  also  requires  that 
the  force  remain  constant  regardless  of  the  displacement  of  the 
structure.  This  is  of  course  not  the  case  with  induced  strain  actua¬ 
tors;  they  have  limited  stroke,  after  which  they  exert  only  a  negli¬ 
gible  force  on  the  structure.  Theoretically,  buckling  can  take  place 
with  induced  strain  actuators,  but  displacements  will  still  depend 
on  the  stroke  capability  of  the  actuators.  Generally  speaking,  for 
any  significant  structural  buckling,  the  actuator  strain  must  be 
greater  than  1%,  which  is  possible  only  in  the  case  of  shape  mem¬ 
ory  alloy  (SMA)  actuators.  But  as  stated  earlier,  SMA  actuators, 
which  are  available  in  the  form  of  wires,  have  negligible  flexural 
stiffness  and  therefore  do  not  fall  into  this  category  of  problems. 

Force-Free  Induced  Strain  Relationship 

The  free  induced  strain  A,  which  is  the  true  primary  input  vari¬ 
able,  can  be  computed  for  a  given  force  P  using  the  following 
equation: 


P  =  EA2(  e“,-A) 

where 

dx2  2  \  dx2  ) 

Substituting  for  E°x  in  Eq.  (13)  and  rearranging, 
d.r,  EA  2Vd.r, ) 


(13) 


(14) 


(15) 


Integrating  this  expression  yields  the  following  expression  for  u2: 


1  rf  sinh2Lx,  ,.,^sinh2Lt,  .t. 


v  4  k  2 

_  (  cosh  2  kx. 


+  C^x-t  ■+*  A^B^k 

+  2Z?2C2coshb:2 j>  +  +  A  \x,  +  F 


4  k  2 
+  2A-,C,sinh£t, 


(16) 


Two  unknowns,  A  and  the  constant  of  integration  F,  can  now  be 
evaluated  by  enforcing  the  following  two  boundary  conditions  on 
the  u2  displacement  at  x2  =  0,  and  x2  =  /  (note  that  at  this  stage  the 
coefficients  A,  B ,  C,  and  D  are  all  known): 


U2(  0)  =  dw. 

(17) 

u2(l)  =  dw, 

(18) 

From  these  equations,  free  induced  strain  A  can  be  computed  for 
3  given  force  P.  It  is  noted  that  the  problem  could  have  also  been 
/jrmulated  with  the  free  induced  strain  as  the  referenced  variable 
instead  of  the  force  P.  But  since  in  most  stability-type  problems  the 
primary  variable  is  force,  this  problem  was  formulated  accord¬ 
ingly. 

Beam  Response 

With  the  previous  equations,  it  is  now  possible  to  examine  the 
beam  response  as  a  function  of  both  the  actuator-induced  force  P 
or  the  free  induced  strain  A.  Other  variables  that  influence  the 
response  are  flexural  stiffness  ratio  £/|/£/2,  and  actuator  offset  dis¬ 
tance  d. 

The  effect  of  flexural  stiffness  ratio  on  the  beam  response  is 
-  .iown  in  Figs.  3,  4,  and  5.  Figure  3  shows  the  response  for  £/,/£/2 
=  1,  Fig.  4  for  El El :  =  5,  and  Fig.  5  for  El{/EI2  =  10,  Although 
the  force  has  been  normalized  by  the  critical  buckling  load  (for  the 
specified  flexural  stiffness  ratio),  it  is  necessary  to  show  a  different 
plot  for  each  of  the  values  of  the  flexural  stiffness  ratios  because  of 
the  nonlinear  relationship  between  force  and  free  induced  strain.  In 
all  three  figures,  the  normalized  force  is  plotted  vs  the  beam  center 
point  displacement,  normalized  by  beam  length.  The  free  induced 
strain  corresponding  to  values  of  actuator  force  is  plotted  on  the 
right  vertical  axis.  For  comparison,  the  response  of  the  beam  to  a 
rntre  moment  (M  =  Pd)  is  also  plotted  in  each  figure.  Note  that  the 
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Fig.  3.  Beam  response  for  a  flexural  stiffness  ratio  =  I  (d*=  0.01).  The 
right  vertical  axis  shows  the  free  induced  strain  corresponding  to  the 
force. 
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Fig.  4.  Beam  response  for  a  flexural  stiffness  ratio  =  5  (d*=  0.01).  The 
right  vertical  axis  shows  the  free  induced  strain  corresponding  to  the 
force. 
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Fig.  5.  Beam  response  for  a  flexural  stiffness  ratio  =  10  id*  =  0.01).  The 
right  vertical  axis  shows  the  free  induced  strain  corresponding  to  the 
force. 


free  induced  strain  on  the  right  vertical  axis  does  not  correspond  to 
this  linear,  moment  response  curve. 

One  thing  to  notice  from  all  three  figures  is  the  enhanced  bend¬ 
ing  of  the  beam  with  discretely  attached  actuators  compared  to  the 
bonded  actuator  case.  But,  to  take  advantage  of  the  nonlinear 
region  of  enhanced  bending,  a  certain  minimum  force  and  free 
induced  strain  are  required.  For  example,  in  Fig.  3.  where  the  flex¬ 
ural  stiffness  ratio  is  1.  a  free  induced  strain  greater  than  1000 
microstrain  will  result  in  approximately  70%  increase  in  displace¬ 
ment,  compared  to  that  obtained  with  a  bonded  actuator. 

As  the  flexural  stiffness  ratio  is  increased,  the  beam  becomes 
stiffer  compared  to  the  actuator,  and  an  even  greater  free  induced 
strain  is  required  to  get  into  the  nonlinear  region  of  enhanced 
bending,  as  can  be  seen  in  Figs.  3  and  4.  But,  as  the  flexural  stiff¬ 
ness  ratio  increases  beyond  10.  the  free  induced  strain  required  to 
achieve  a  certain  fraction  of  the  critical  buckling  load  becomes 
almost  a  constant.  This  is  consistent  with  the  fact  that  the  normal¬ 
ized  critical  buckling  load  becomes  insensitive  to  the  flexural  stiff¬ 
ness  ratio  as  this  ratio  becomes  greater  than  10. 

Therefore,  for  most  practical  structures,  where  the  flexural  stiff¬ 
ness  ratio  is  likely  to  be  higher  than  10.  an  actuator  with  an 
induced  strain  capability  of  1000  microstrain  can  result  in  a  20- 
30%  increase  in  bending  displacements  purely  due  to  the  nonlinear 
effects. 

Length  of  the  beam,  or  distance  between  the  two  points  where 
the  actuator  is  attached  to  the  structure,  is  also  an  important  factor 
which  controls  the  beam  response.  In  all  figures,  the  force  P  has 
been  normalized  by  the  critical  buckling  load,  and  the  critical 
buckling  load  is  inversely  proportional  to  the  length  of  the  beam. 
Therefore,  a  longer  distance  between  the  two  points  where  the 
actuator  is  attached  to  the  structure  reduces  the  critical  buckling 
load  and  hence  the  force  required  to  cause  nonlinear  effects. 

Optimization  of  Offset  Distance  for  Enhanced  Control 

Within  the  region  of  linear  response,  the  most  important  param¬ 
eter  which  influences  response  is  the  actuator  offset  distance.  This 
parameter,  as  will  be  shown,  if  used  properly  can  result  in  a  sub¬ 
stantial  increase  in  bending  control.  As  seen  in  Fig.  6  for  a  given 
value  of  P/Pcn  a  higher  value  of  the  offset  distance  beneficially 
decreases  the  force  required  (from  the  actuator)  to  achieve  a  cer¬ 
tain  displacement,  but  at  the  same  time,  as  seen  in  Fig.  7,  increas¬ 
ing  the  actuator  offset  distance  increases  the  stroke  requirement. 
Mechanically  when  the  actuator  is  close  to  the  surface,  the  struc¬ 
ture  to  which  it  is  attached  provides  a  greater  constraint  to  the  actu¬ 
ator's  expansion  and  contraction,  and  in  turn  a  greater  force  is 
developed  in  the  actuator  and  applied  to  the  structure  and  this  leads 
to  force  saturation  in  the  actuator.  On  the  other  hand  if  the  actuator 
offset  distance  is  increased,  the  constraint  offered  to  the  actuator 
by  the  structure  is  reduced  thereby  letting  the  actuator  contract  or 
expand  more  freely.  And  in  the  extreme  case  where  there  is  no  con- 
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Fig.  6.  Beam  response  for  different  values  of  the  actuator  offset  dis¬ 
tance  d*. 
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Fig.  7.  Beam  response  for  different  values  of  the  actuator  offset  dis¬ 
tance  dm ,  showing  the  increased  stroke  requirement  for  higher  values  of 
actuator  offset  distance. 


straint,  it  will  lead  to  strain  saturation.  Between  the  two  extremes 
of  force  saturation  and  strain  saturation,  there  is  in  fact  an  optimum 
offset  distance  that  maximizes  the  moment  applied  to  the  substrate. 

To  study  the  effect  of  variation  of  offset  distance  on  the  beam 
displacements,  the  offset  distance  is  normalized  as  follows: 

d  =  d/{t/2) 

and  the  beam  displacement  at  the  center  8  is  normalized  by  the  dis¬ 
placement  when  the  offset  distance  is  a  minimum,  i.e.,  d  =  1  or  d 
=  tb!2. 

8  -8/(8);., 

This  normalizing  scheme  is  physically  meaningful  and  also  allows 
us  to  study  the  effect  of  variation  of  the  offset  distance  in  the  most 
general  manner.  The  minimum  value  of  the  normalized  offset  dis¬ 
tance  is  1  and  this  corresponds  to  when  the  actuator  is  on  the  sur¬ 
face  of  the  beam  with  minimum  offset  distance  (i.e.,  d  =  th!2).  For 
values  higher  than  1,  it  represents  the  offset  distance  as  a  fraction 
of  half  of  the  substrate  thickness.  Similarly,  the  normalized  beam 


displacement  represents  the  ratio  of  the  beam  displacements  w 
the  actuator  offset  to  when  the  actuator  has  no  offset  and  lies 
surface. 

Figure  8  shows  the  normalized  beam  displacement  plotted^ 
the  normalized  offset  distance  for  two  different  values  of  Be 
beam-actuator  thickness  ratio  vra,  and  E{lEz  =  l.  Figure  9 
similar  plot  for  E{/E:  =  3.  As  expected  the  beam  displacement 
increases  with  increasing  offset  distance  until  it  reaches  a  maxi¬ 
mum.  after  which  it  begins  to  decrease  again.  This  behavior  is  in¬ 
sistent  with  the  physical  explanation  presented  earlier.  As  seeBn 
Fig.  8,  as  the  substrate  becomes  thicker  relative  to  the  actuator“e 
optimum  offset  distance  also  increases.  As  the  thickness  ratio  i> 
increased  from  10  to  20.  the  normalized  optimum  offset  dista»e 
changes  from  2  to  2.6.  In  this  figure  where  the  modulus  otWe 
beam  and  the  actuator  are  the  same,  the  beam  displacement  carWe 
increased  by  as  much  as  50%  compared  to  bonded  actuator. 


Fig.  8.  Normalized  beam  displacement  vs  normalized  offset  dis« 

( Ely/EI z  =  1)  showing  1)  the  increased  displacements  with  increa  Jn 
actuator  offset  distance,  and  2)  the  optimum  offset  distance. 


Fig.  9.  Normalized  beam  displacement  vs  normalized  offset  distB'e 
(f/j/E/j  =  3)  showing  1)  the  increased  displacements  with  increaB0 
actuator  offset  distance,  and  2)  the  optimum  offset  distance.  * 
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If  the  substrate  stiffness  is  greater  than  the  actuator  stiffness,  the 
advantage  of  increasing  the  offset  distance  is  even  greater  as  seen 
in  Fig.  9  where  the  beam-actuator  modulus  ratio  is  3^  For  this  stiff¬ 
ness  ratio,  optimally  offsetting  the  actuator  can  result  in  more  than 
100%  increase  in  displacements  compared  to  bonded  actuator.  (It 
u:Il  be  shown  later  that  the  bonded  actuator  configuration  is 

eed  the  degenerate  case  for  this  discretely  attached  actuator 
configuration.) 

It  is  important  to  point  out  that  in  both  Fig.  8  and  9  the  beam 
response  is  in  the  linear  region  and  the  only  factor  which  is  chang¬ 
ing  with  the  change  in  offset  distance  is  the  moment  applied  to  the 
beam  (the  in-plane  force  of  the  actuator  does  not  contribute  to  the 
beam's  transverse  displacements).  However,  if  the  distance 
between  the  two  points  where  the  actuator  is  attached  to  the  beam 
is  long  or  if  the  force  of  the  actuator  is  a  significant  fraction  of  the 
critical  buckling  load  and  the  nonlinear  effects  are  prominent,  the 
optimum  offset  distance  also  becomes  a  function  of  the  actuator 
:.:tivation  level. 

Relationship  Between  Bonded  and  Discretely  Attached 
Actuator  Configurations 

As  stated  in  the  discussion  on  the  optimum  offset  distance,  the 
enhanced  displacements  in  the  linear  region  are  due  to  the 
increased  bending  moment  and  not  because  of  the  nonlinear  struc¬ 
tural  response.  In  the  model  for  the  discretely  attached  actuator,  the 
beam  and  the  actuator  are  subjected  to  concentrated  moments 
applied  at  the  two  points  where  the  actuator  is  attached  to  the 
'■'■earn.  For  bonded  actuators,  also,  the  action  of  the  actuators  is  rep- 
esented  by  concentrated  moments  applied  at  two  ends  of  the  actu¬ 
ator.  Thus,  in  both  cases  the  response  is  basically  due  to  end 
moments.  Then  how  does  the  discretely  attached  actuator  formula¬ 
tion  with  minimum  offset  distance  compare  with  the  bonded  actua¬ 
tor  formulation?  The  two  formulations  do  in  fact  give  exactly  the 
same  response  within  the  linear  regime  and  the  bonded  configura¬ 
tion  is  a  degenerate  case  of  the  discretely  attached  actuator  config¬ 
uration.  In  fact,  it  is  possible  to  derive  the  Bemoulli-Euler  expres¬ 
sion  for  the  beam  curvature  from  considerations  similar  to  the  one 
used  in  the  discretely  attached  formulation.10 

Thus,  the  observations  regarding  the  optimum  offset  distance 
.an  be  directly  applied  to  bonded  actuators  with  one  restriction. 
The  restriction  being  that  increasing  the  offset  distance  should  not 
add  to  the  basic  flexural  stiffness  of  the  structure.  This  can  be  done 
by  filling  the  area  created  by  the  offset  with  a  foam  or  honeycomb 
type  structure  which  only  provides  a  filler  and  no  increase  in  flex¬ 
ural  stiffness.  If  the  actuator  offset  distance  is  increased  by  increas¬ 
ing  the  basic  thickness  of  the  substrate,  obviously  none  of  the 
advantages  mentioned  previously  apply  because  it  is  well  known 
that  increasing  the  substrate  thickness  increases  the  flexural  stiff¬ 
ness  as  a  square  of  the  offset  distance  whereas  the  actuation 
moment  increases  only  linearly. 

The  previous  discussion  also  implies  that  for  thinner  and  softer 
substrates  it  would  be  advantageous  to  embed  actuators  below  the 
surface  rather  than  surface  mount  them. 

This  problem  has  been  specifically  formulated  for  the  case 
where  the  actuator  is  contracting  and  applying  a  compressive  force 
to  the  beam.  Within  the  linear  region,  where  the  response  is  essen¬ 
tially  due  to  the  concentrated  end  moments,  all  of  the  observations 
regarding  the  optimum  offset  distance  also  apply  to  a  situation 
where  the  actuator  is  expanding  and  applying  a  tensile  force  to  the 
beam.  In  such  a  situation,  however,  the  discretely  attached  actuator 
is  likely  to  bend  itself  and  transmit  minimal  force  to  the  structure, 
especially  if  the  substrate  is  thick.  This  situation  can  be  alleviated 
by  having  a  honeycomb  type  filler  between  the  actuator  and  the 
substrate.  The  honeycomb  would  ensure  that  the  actuator  itself 
does  not  bend  and  transfers  all  of  the  force  to  the  substrate. 


Experimental  Procedure  and  Results 

To  demonstrate  enhanced  control  experimentally  a  relatively 
thick  beam  was  chosen.  As  stated  earlier,  increasing  the  offset  dis¬ 
tance  is  most  beneficial  for  thicker  substrates.  The  actuators  used 


were  0.25-mm-thick  (10  mils)  Piezoelectric  Products  G-1195 
piezoceramic  plates.  A  PZT  patch  was  attached  to  a  l/8-in. -thick. 
3/4-in. -wide,  and  6-in.-long  aluminum  beam  as  shown  in  Fig.  10. 
Spacers  0.075-in.  thick  (which  provide  the  optimum  offset  dis¬ 
tance  for  this  case)  were  placed  at  the  two  ends  of  the  PZT  to  pro¬ 
vide  the  necessary  offset.  To  contrast  the  response  of  the  discretely 
attached  actuator  with  the  bonded  actuator,  a  second  specimen 
with  bonded  PZT  actuator  patch  was  prepared.  Geometric  and 
material  properties  of  the  PZT  actuator  and  the  beam  were  identi¬ 
cal  for  both  specimen.  In  preparing  the  discretely  attached  actuator 
specimen,  it  was  important  that  the  actuator  be  absolutely  straight. 
If  there  is  a  slight  curvature,  the  actuator  will  quickly  strain  satu¬ 
rate  by  overcoming  the  slack  due  to  the  initial  curvature  and  very 
little  force  will  be  transmitted  to  the  structure. 

Beam  displacements  were  measured  in  the  cantilever  configura¬ 
tion  at  a  point  1  in.  from  the  right  end  of  the  PZT  patch  as  shown  in 
Fig.  10.  A  linear  variable  differential  transformer  (LVDT)-type 
miniature  displacement  transducer  type  DFg-5  (manufactured*  by 
Sangamo  Schlumberger  Industries),  with  a  sensitivity  of  1070  mV/ 
mm.  was  used.  As  shown  in  Fig.  10,  the  armature*  of  the  LVDT 
transducer  rested  on  the  beam,  and  ensured  positive  contact 
between  the  beam  and  the  armature  at  all  times.  The  armature  of 
the  displacement  transducer  weighs  only  1.14  g  and  was  assumed 
to  have  negligible  effect  on  the  system  response. 

The  dc  voltage  applied  in  the  poling  direction  of  the  PZT  actua¬ 
tor  was  varied  from  0  to  250  V.  A  personal  computer  equipped 
with  an  analog/digital  (A/D)  board  was  used  to  record  the  voltage 
being  applied  to  the  actuator  and  the  voltage  output  from  the  dis¬ 
placement  transducer.  The  voltage  output  from  the  transducer  was 
fed  directly  to  the  A/D  board,  but  the  voltage  applied  to  the  PZT 
was  stepped  down  through  a  voltage  divider  and  then  fed  to  the 
A/D  board.  The  applied  voltage  and  corresponding  displacements 
were  recorded  at  increments  of  10  V. 

Figure  11  shows  the  results  of  the  experiment:  applied  electric 
field  is  plotted  on  the  vertical  axis  and  displacement  is  on  the  hori¬ 
zontal  axis.  In  the  figure  there  are  two  sets  of  experimental  data 
points,  for  both  the  bonded  and  the  discretely  attached  beam-actua¬ 
tor  specimen.  Agreement  between  the  theoretical  response  and  the 
experimental  data  is  generally  good,  except  at  high  field  levels, 
where  the  theoretical  response  overpredicts  displacements. 

A  theoretical  solution  for  the  bonded  beam-actuator  specimen  is 
obtained  using  the  pin-force  model  formulation  because  for  high 
beam-actuator  thickness  ratios,  as  is  the  case  in  this  experiment, 
this  model  is  as  accurate  as  the  Bemoulli-Euler  model  and  simpler 
to  use.  In  the  computation  of  the  theoretical  response  for  both  con¬ 
figurations.  a  strain-dependent  mechanical/electrical  coupling  co¬ 
efficient  c/3 j  is  used.  The  method  suggested  by  Crawley  and  Laz¬ 
arus6  is  used  to  compute  (secant  definition  of  d}]).  fhe  follow¬ 
ing  second-order  curve  fit  of  the  reported  experimental  data  was 
used  to  compute  the  value  of  dy*  iteratively: 

c/jt  =  200  +  0.0012c  -  2tr 

It  is  important  to  recognize  that  the  nonlinearity  in  the  response  in 
Fig.  2  is  not  due  to  structural  nonlinearity  but  is  completely  due  to 
the  nonlinear  field-strain  behavior  of  the  PZT  actuator. 


Fig.  10.  Schematic  representation  of  discretely  attached  beam  actuator 
specimen  and  experimental  setup  used  to  measure  displacements. 


Fig.  11.  Experimental  results:  comparison  of  bonded  and  discretely 
attached  actuator  configurations. 


Table  1  Comparison  of  experimental  and  theoretical  results 


Type 

Field, 

V/mm 

^31* 

pm/V 

Displacement,  mm 

Predicted  Data 

Predicted 
force,  lb 

Predicted 

moment, 

in.  lb 

Discretely 

500 

273 

0.0646 

0.0605 

4.7 

0.611 

Attached 

1000 

349 

0.1640 

0.1450 

11.8 

1.534 

500 

223 

0.0451 

0.0445 

6.16 

0.3853 

Bonded 

1000 

249 

0.1000 

0.1050 

13.767 

0.86 

It  is  interesting  to  note  the  predicted  force  in  the  actuator  at  dif¬ 
ferent  field  levels  and  the  resulting  moment  applied  to  the  beam- 
actuator  structure.  Results  of  the  predictions  for  some  representa¬ 
tive  values  are  shown  in  Table  1.  At  1000  V/mm,  the  predicted 
force  in  the  discrete  actuator  is  16%  less  than  the  bonded  actuator, 
but  the  moment  is  40%  greater.  The  difference  in  values  of 
d3*  used  for  predicting  the  response  of  the  bonded  actuator  and  the 
discretely  attached  actuator  is  also  apparent.  With  an  offset  piezo¬ 
electric  actuator,  structural  control  authority  is  enhanced  as  a  result 
of  the  nonlinear  field-strain  relationship  of  PZT, 

Conclusions 

To  increase  the  realm  of  applications  of  induced  strain  actuators 
beyond  vibration  control  and  micropositioning,  it  is  necessary  to 
examine  configurations  other  than  the  standard  bonded/embedded 
configuration.  In  this  paper,  a  new  configuration  of  discretely 
attached  induced  strain  actuators  to  enhance  structural  control  is 
developed  and  verified  experimentally.  As  a  first  step,  a  simple 
beam-actuator  system  is  analyzed.  Aside  from  the  distance  be¬ 
tween  the  two  discrete  points  where  the  actuator  is  attached  to  the 
beam,  the  beam  response  is  basically  a  function  of  two  variables — 
the  ratio  of  the  flexural  stiffnesses  of  the  beam  and  actuator  and  the 
actuator  offset  distance. 

This  proposed  configuration  can  enhance  the  response  above 
that  of  the  bonded  actuator  configuration  by  two  mechanisms.  One 
is  by  taking  advantage  of  the  geometrically  nonlinear  enhanced 


structural  response.  For  most  practical  structures  where  the  beam 
actuator  flexural  stiffness  ratio  is  greater  than  10,  this  would 
require  an  actuator  with  a  free  induced  capability  greater  than  1000 
microstrain.  The  second  mechanism  is  that  of  optimally  increasing 
the  distance  through  which  the  actuator  is  offset  from  the  structure 
at  the  two  points  of  attachment.  This  mechanism  enhances  control 
in  both  the  linear  and  nonlinear  regions  of  structural  response  and 
does  not  require  any  minimum  stroke  capability  of  the  actuator. 

The  increase  in  acruator  authority  achieved  by  offsetting  the 
actuator  depends  on  the  beam-actuator  thickness  and  modulus 
ratio.  For  thicker  or  high  modulus  substrates,  optimal  increase  in 
the  actuator  offset  distance  results  in  a  substantial  increase  in  flex¬ 
ural  control.  In  experimental  work  with  PZT  actuators  and  alumi¬ 
num  beams,  a  40%  increase  in  displacements  over  the  bonded  con¬ 
figuration  was  observed. 

The  geometry  presented  in  this  paper  is  just  one  of  the  possible 
configurations  of  discretely  attached  actuators.  Note  that  as  soon  as 
the  constraint  that  the  actuator  be  bonded  to  the  structure  every¬ 
where  (without  significantly  modifying  the  overall  geometry  of  the 
structure)  is  relaxed,  a  whole  array  of  new  geometric  and  kine¬ 
matic  possibilities  is  opened.  The  concept  can  easily  be  extended 
to  any  type  of  actuator  including  magnetos tnctive  and  PZT  stacks. 
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The  authors  wish  to  thank  Professor  Yigit  [1]  for  his  interest  in  the  paper  -Theory  of 
feedforward  controlled  system  eigenproperties”  [2],  The  notion  of  a  controlled  system 
responding  with  a  new  set  of  eigenproperties,  natural  frequencies  and  mode  shapes,  is  well 
established  m  feedback  control  approaches.  The  control  forces  are  generally  expressed  in 
terms  of  the  states  of  the  system  and  they  can  be  moved  to  the  left  side  of  the  equations 
o  motion  to  recognize  easily  that  the  properties  of  the  system  have  been  changed.  In  other 
words,  the  dynamics  of  the  controller  is  now  included  with  the  dynamics  of  the  system. 
On  the  other  hand,  the  concept  of  a  linear  system  under  feedforward  control  responding 
wi  h  a  new  set  of  eigenproperties  is  not  widely  accepted  and  is  rather  controversial.  Expla¬ 
nations  of  dynamic  behavior  of  the  feedforward  controlled  systems  in  the  literature  are 
generally  based  on  physical  assumptions  and  experimental  observations.  As  mentioned  in 
the  introduction  in  reference  [2],  the  traditional  view  in  feedforward  control  of  systems 
under  steady  state  disturbances  is  of  “active  cancellation”.  The  response  due  to  the  disturb¬ 
ance  exciting  the  uncontrolled  modes  is  “cancelled”  by  control  force(s)  properly  driven 
by  the  same  uncontrolled  modes.  The  experimental  work  by  Snyder  and  Hansen  [3]  on 
active  control  of  sound  m  ducts  demonstrated  that  the  active  control  input(s)  modifies  the 
input  impedance  of  the  duct  system  that  the  disturbance  source  is  acting  upon.  This  leads 
o  less  energy  input  into  the  system  by  the  disturbance.  Thus,  it  is  clear  that  the  conven¬ 
tional  concept  of  active  cancellation  or  phase  cancellation”  may  not  be  appropriate  to 
describe  the  physical  controlled  response.  Thus,  the  dynamic  behavior  of  feedforward 
controlled  systems  clearly  needs  to  be  investigated  in  strict  mathematical  terms  The  effi- 
cient  analysis  and  design  of  feedforward  controlled  systems  will  require  a  mathematical 
framework  similar  to  that  enjoyed  by  feedback  control  techniques.  The  work  in  reference 

[  ]  is  the  first  effort  toward  these  goals,  and  outlines  a  rigorous  mathematical  formulation 
to  address  this  issue. 

t0fkdd;T  the  f 1 ™ents  ^  Profess^  Yigit  [1],  it  is  first  convenient  briefly  to 
f,  ,  the  methodoloSy°f  reference  [2],  The  response  of  the  uncontrolled  system  due  to 

reference'^)'6  mPUt  expreSSed  in  terms  of  the  modes  «  given  as  (equation  (9)  in 


Wf{D,  CO)=  £  fn<t>n(D)H„((0)F, 


(1) 


which  can  also  be  written  as 


Wf  (A  <°)  =  W(A  co2)/d{co2)}F=  Tdf{(o)F. 


(2) 

The  uncontrolled  transfer  function  between  the  response  at  point  D  and  the  disturbance 

’  Dpy'  1S. the  ratl°  of  two  Polynomials.  The  denominator  d{co2)  is  common  to  all 
ransfer  functions  since  the  poles  of  a  structure  are  global  properties.  On  the  other  hand 
the  polynomial  in  the  numerator,  nf{D,  co2),  gives  the  zeros,  and  they  are  local  properties 
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associated  with  the  particular  transfer  function.  The  denominator  d(co2)  is  also  the  charac¬ 
teristic  polynomial  of  the  uncontrolled  system:  that  is,  the  zeros  of  d(co2)  give  the  natural 
frequencies.  When  the  system  is  excited  at  those  frequencies,  the  response  will  be 
unbounded  if  there  is  no  system  damping. 

The  equations  of  motion  of  the  controlled  system  is  traditionally  written  as  follows 
(equation  (12)  in  reference  [2]): 

W(D,co)=  V  (f,F+p„P)Hn(co)<pn(D).  '  (3) 

«=  1 

The  compensator  G(co)  that  relates  the  control  input  to  the  disturbance  input,  as 
P=  -G(co)F,  is  the  ratio  of  two  transfer  functions.  Because  of  the  global  characteristic  of 
the  poles,  G(co )  is  the  ratio  of  two  polynomials  of  order  (IV-  1)  in  co2G(co)  =  N(co )/D( co). 
The  numerator  N(co)  is  the  zeros  of  the  transfer  function  between  the  disturbance  input 
and  the  displacement  response  at  the  error  sensor  location,  nf(E ,  co2).  The  denominator 
D(a>)  is  the  zeros  of  the  transfer  function  between  the  control  input  and  the  displacement 
response  at  the  error  sensor  location,  nc  ( E ,  co2).  Thus,  it  is  clear  that  the  poles  of  the 
compensator  G(co)  are  the  zeros  of  D{co)  as  Professor  Yigit  stated  in  reference  [1],  How¬ 
ever,  as  in  feedback  approaches,  in  order  to  analyze  the  behavior  of  the  controlled  system 
it  is  necessary  to  include  the  dynamics  of  the  compensator  with  that  of  the  plant.  Such  an 
approach  is  what  is  addressed  in  reference  [2].  To  clarify  this  approach,  we  expand  upon 
the  analysis  in  more  detail. 

Equation  (3)  seems  to  suggest  that  the  controlled  response  is  simply  due  to  the  superposi¬ 
tion  of  the  responses  by  the  disturbance  and  control  forces  (“active  cancellation”).  The 
approach  taken  in  reference  [2]  to  investigate  the  dynamics  of  the  controlled  system  is  to 
introduce  the  compensator,  P=  —G(co)E,  into  the  equations  of  motion  in  equation  (3),  as 
in  feedback  analysis.  Through  some  mathematical  manipulation,  equation  (3)  is  shown  to 
become 


W(D,  co)  =  Y  ~  <t>AD)Hc,(co)F , 


/  =  i  mcl 


(4) 


which  can  also  be  written  as 

W(D,  co)  =  {nf(D,  co2)/D(co)}F=(Tdf{co))cF .  (5) 

The  controlled  system  response  given  by  equations  (4)  and  (5)  has  the  same  structure  as 
that  of  equations  (1)  and  (3),  which  represent  the  uncontrolled  system  response.  The 
equations  of  motion  in  equation  (4)  state  that  the  composite  structure-controller  system 
response  is  expanded  as  a  linear  combination  of  a  new  set  of  modes,  <pc/(D ).  Each  mode 
will  resonate  if  driven  at  the  excitation  frequency  coc/  associated  with  the  modal  frequency 
response  function  Hc/(co)  =  (coh  —  co~)  l.  Equation  (5)  shows  that  the  controlled  system 
transfer  function  between  the  disturbance  input  F  and  the  displacement  at  any  arbitrary 
point  D  in  the  structure,  ( TDE(co))c ,  has  as  denominator  D(co).  This  polynomial  is  the 
same  for  all  transfer  functions  in  the  controlled  system.  Also,  D(co)  is  the  characteristic 
polynomial  of  the  controlled  system,  and  its  zeros  give  the  controlled  resonance  frequen¬ 
cies:  that  is,  if  the  system  is  excited  at  those  frequencies  the  controlled  response  will  be 
unbounded.  Thus,  the  poles  of  the  controlled  system  (zeros  of  D{co))  are  global  properties. 
The  numerators,  nf(D ,  co)  (zeros  of  the  controlled  system  transfer  function)  are  different 
for  each  point  in  the  domain  D. 
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tr  ™^°fntr0t,led  resP°nse  of  the  system  can  be  directly  written  in  terms  of  the  uncontrolled 
transfer  functions,  as  commonly  done  in  control  textbooks: 


W(D.  to)  = 


=^!»+c 


L  d(co2) 


d(co') 


(6) 


where  nAD.  orjdico)  is  the  transfer  function  between  the  response  at  point  D  and  the 
control  mput  £:  The  response  at  the  error  location  £  due  to  the  disturbance  £  ,s  given  by 


W(E.  co)  = 


t^o2).  +  G(co)nAE-C°1) 


d(co2) 


d(co-)  J 


£■ 


(7) 


Smpens^of^!^  !an0US  desi^n  techniques  are  developed  to  obtain  the 

compensator  G(co).  For  example.  Isermann  [4]  derived  a  minimum  variance  feedforward 

controller  given  by  G(a>)  =  -{n,(E.  co2)^2))^  co2).  On  the  other  hand Terence 

SISO  nrocess  T“  particular  compensator  G(co)  that  drives  the  response  of  the 

SO  process  of  equation  (7)  to  zero:  i.e..  zero  dynamics.  Moreover  while  traditional 
control  textbooks  stop  the  analysis  at  the  design  of  G(co).  the  work  in  reference  PI  further 
mvest^gates  the  dynamic  behavior  of  the  response  at  other  locations  in  ZZc^en 
y  quation  (6).  Replacing  the  compensator  found  in  reference  [2]  in  equation  (6)  gives 


fV(D,o>)  = 


fyjlX  or)  nf(E.  co2)  nc{D.  a2) 


L  d(a>2) 

The  controlled  transfer  function  becomes 


nc(E,  co~)  d(co2)] 


W(D,  co ) 


1 


d(co2)  L 


nf(D,  co2)  -  Hf^E' 


nc{E,  co2) 


(8) 


(9) 


This  equation  seems  to  suggest  that  the  poles  of  the  system,  d(co\  were  not  affected  while 
JJ  only  change  is  in  the  zeros  of  the  transfer  functions  due  to  the  term  in  brackets 
However  the  formulation  in  reference  [2]  (by  working  with  the  modal  expansion  of  the 
response)  shows  that  the  term  in  brackets  can  be  reduced  to 


(TDf(co))c  = 


d(co2) 


n/(D,  co2)  d(co2) 
nc{E ,  co2) 


_nr(D,  ft)2)_«/(P,  or 
«,(£,  <y2)  D(co) 


(10) 


5L°*f  W°rdS’  the  po,es  are  cancelled  by  zeros  of  the  numerator  in  brackets  Therefore 
the  statement  in  section  2  of  Professor  Yigit’s  letter  [1],  .  .  what  the  authors  did  in  HI 

is  to  consider  G(co)  as  the  transfer  function  of  the  controlled  system,  and  claim  that  the 

OnTT'T  g,VK  thlPOle!  °f>he  controlled  system",  is  comply  wrong 

On  the  contrary,  we  have  demonstrated  that  the  controlled  system  has  a  new  resonance 
behavior  given  by  the  poles  of  the  controller  G(co)  resonance 

The  above  discussion  can  also  be  used  to  address  the  comment  in  the  last  naraeranh  of 
section  3  in  reference  [1],  There  Professor  Yigit  states  that  eigenproperties  are  indepenckJ 

formula?  r~d  ^  feedforward  alters  the  response  to  a  specific  input  The 

is  altered To  [he  vT*  [2t!,(?iefly  rev,ewed  above)  unequivocally  shows  that  the  response 
d  i  theffcoher,ent  disturbance  input  and  the  modification  is  such  that  the  con- 

T21  k  an  th  ?  e  C!1V"  y  h3S  nCW  ei§enPr0Perties.  Simply  a  careful  reading  of  reference 

of  sectk> n 's  (‘The  tt t0  T  thCSe  POmtS  W6re  dearly  indicated  in  the  last  ParaEraPh 

eigeTvZes  aL  moH  ?  the  upreSent  Work  is  that  the  controlled  beam  exhibits  new 

g  alues  and  mode  shapes  to  the  input  disturbance  . .  .”)  and  in  the  conclusions  section 
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(  The  analysis  presented  here  shows  that  feedforward  controlled  systems  have  effectively 
new  eigenproperties"). 

The  author  of  reference  [1]  again  seems  to  be  confused  as  to  how  the  controlled  system 
eigenfunctions  are  computed  when  expressing  ". .  .  develop  a  method  to  calculate  mode 
shapes  based  on  the  response  of  the  structure  to  a  specific  input”.  Equation  (4)  shows  that 
the  controlled  response  is  expressed  in  terms  of  a  new  set  of  (A'-  1 )  eigenfunctions  o  ,{D) 
However,  these  eigenfunctions  are  not  computed  by  evaluating  the  response,  equation  ( 5,' 
at  the  associated  resonance  frequency  cocl.  The  eigenfunctions  are  computed  bv  conveni¬ 
ently  normalizing  the  controlled  eigenfunctions  with  respect  to  the  mass  distribution  to 
take  advantage  of  some  well  known  orthogonality  conditions  of  the  uncontrolled  modes. 
The  controlled  eigenfunctions  are  shown  to  be  given  as  a  linear  combination  of  the  uncon¬ 
trolled  modes,  since  they  have  been  used  as  an  expansion  basis:  that  is  (equation  P9)  in 
reference  [2]), 

A' 

<t>c,(D)=  T  Th,(j)n(D),  (||) 

n=  1 

where  the  expansion  coefficients  are  given  by 


T,n  =  c, 


0}I/~  coj, 


(14) 


The  constant  ct  is  included  since  the  controlled  mode  shapes  are  arbitrary  to  a  constant 
multiplier,  c,  is  computed  by  requiring 


I  rr  : 

'm=  1  ( tO  i  COm) 


(13) 


In  reference  [1]  it  was  stated  that  the  controlled  eigenfunctions  are  not  unique  for  a  given 
system.  However,  the  controlled  eigenfunctions  given  in  equation  ( 1 1 )  are  uniquely  defined 
once  the  control  input  and  error  variable  to  minimize  are  specified.  It  is  also  very  important 
to  mention  that  the  expansion  coefficients  in  equation  (12)  are  identical  to  the  relationship 
found  in  the  computation  of  the  modified  eigenfunctions  in  dynamic  local  modification 
techniques  [5],  As  shown  in  references  [6,  7],  properly  selecting  the  error  quantity  to  be 
minimized  will  yield  a  compensator  G(co)  such  that  a  structure  can  be  actively  modified 
to  behave  with  new  dynamic  properties.  In  reference  [7]  the  eigenproperties  of  the  beam- 
absorber  system  of  Figure  1(a)  are  computed  first.  By  using  the  design  approach  presented 
in  reference  [6],  an  error  sensor  is  designed  such  that  upon  cancellation  of  its  output  the 
controlled  system  of  Figure  1(b)  will  have  eigenproperties  (eigenvalues  and  mode  shapes) 
identical  to  those  of  the  beam  absorber  system  of  Figure  1(a). 

In  rf.fe,rence  M  the  author  states  that  “. . .  the  peaks  appearing  in  Figure  3  for  the 
controlled  case  are  not  because  of  any  change  in  the  system  eigenproperties,  but  simply 
due  to  the  excitation  at  those  frequencies”.  This  explanation,  “. . .  simply  due  to  the 
excitation  at  those  frequencies”,  of  the  presence  of  the  peaks  in  the  controlled  response, 
is  vague  at  best.  If  there  is  no  change  in  the  system  dynamics,  as  Professor  Yigit  claims, 
a  valid  question  is  “Why  does  the  controlled  system  not  resonate  when  driven  at  the 
natural  frequencies  of  the  uncontrolled  beam  (35,  1 18,  277  Hz,  etc.)?”. 

It  is  also  stated  m  reference  [1]  that  the  feedforward  controller  does  not  reduce  the 
number  of  degrees  of  freedom.  In  reference  [2],  it  is  shown  that  the  SISO  controlled  system 
as  one  less  resonance  frequency  due  to  the  constraint  imposed  by  driving  the  error 
variable  to  zero.  Further  insight  into  this  subject  can  be  gained  by  considering  the  simple 
limiting  problem  of  a  structure  with  N  modes  that  is  controlled  with  W  control  inputs  that 
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(a) 


(b) 


Figure  1.  (a)  Beam-absorber  system  and  (b)  active  controlled  system,  the  dynamic  properties  of  which  are 
the  same  as  those  of  the  beam-absorber  system. 


in  turn  will  drive  N  error  variables  to  zero.  It  is  an  easy  exercise  to  find  that  the  response 
anywhere  in  the  structure  is  zero  at  all  frequencies.  Thus,  it  is  obvious  that  the  controlled 
system  has  eliminated  all  N  dynamic  degrees  of  freedom. 

In  feedforward  control  the  compensator  G(co)  is  computed  or  derived  by  minimizing 
the  mean  square  value  of  some  system  response.  If  the  error  sensor  cannot  observe  a 
particular  mode  (i.e.,  an  accelerometer  placed  at  a  node),  the  component  of  the  response 
due  to  the  unobservable  modes  will  not  be  affected  by  the  control  input.  Similarly,  if  the 
control  input  is  orthogonal  to  a  particular  mode,  that  mode  cannot  be  controlled  Thus 
contrary  to  the  opinion  of  the  author  in  reference  [1],  both  issues  of  observability  and 
controllability  are  relevant  to  feedforward  control  approaches.  Furthermore,  the  concept 
of  observability  has  been  successfully  used  in  active  structural  acoustic  control  applications 
for  developing  sensors  which  observe  only  efficient  acoustic  radiators  modes  [8], 

Professor  Yigit  then  continues  by  stating  that  “. . .  feedforward  control  neither  alters 
the  mass  nor  the  stiffness  distribution;  therefore  there  is  no  new  differential  equation  to 
be  searched  for.”  As  we  have  mentioned  before,  the  system  effectively  behaves  as  having 
new  eigenproperties  that  the  input  disturbance  is  acting  upon.  As  mentioned  in  reference 
[2],  the  modal  expansion  of  the  controlled  response  in  equation  (4)  could  be  represented 
by  a  partial  differential  equation  of  motion.  It  was  not  the  main  goal  of  the  work  in 
reference  [2]  to  obtain  such  a  differential  equation,  since  is  not  required  to  analyze  the 
controlled  system.  However,  such  an  analytical  approach  is  feasible. 

In  the  last  paragraph  in  reference  [1],  it  is  stated  that  “. . .  the  fact  that  the  excitation 
frequencies  chosen  were  somewhat  close  to  some  of  the  natural  frequencies  may  have  been 
one  of  the  reasons  for  the  mistake  .  .  .”.  The  experiments  in  reference  [2]  were  carried  out 
at  40  excitation  frequencies  over  the  range  50-1000  Hz.  The  very  good  agreement  between 
the  experimental  and  analytical  results  is  evident  over  the  whole  frequency  range.  Professor 
Yigit  may  have  not  realized  that  the  frequency  axis  in  Figure  3  in  reference  [2]  is  in  log 
scale  (the  third  controlled  resonance  frequency  of  631  Hz  is  separated  by  100  Hz  from  the 
closest  beam  natural  frequency  of  738  Hz).  Thus,  it  is  not  correct  to  categorize  some  of 
the  off-resonance  excitation  frequencies  (60,  70,  80,  190,  230,  800,  830,  1000  Hz  etc.)  as 
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being  somewhat  close  to  the  natural  frequencies  (Table  2  of  reference  [2])  and  to  suggest 
that  this  led  to  misinterpretation  of  the  results. 

In  conclusion,  the  theory  presented  in  reference  [2]  is  a  new  analytical  investieation  of 
feedforward  controlled  systems.  The  formulation  is  based  on  strict  mathematical  terms 
and  it  was,  moreover,  verified  experimentally.  The  analysis  does  not  have  anv  flaws,  nor 
is  it  formulated  on  wrong  transfer  functions".  Finally,  new  concepts  that  depart  from 
the  conventional  understanding  are  seldom  accepted  at  once  without  resistance.  However, 
these  same  new  ideas  are  the  starting  point  of  efficient  formulations  that  can  produce 
significant  technological  progress.  As  Don  Quijote  said,  “si  ladran.  Sancho.  es  senal  que 
cabalgamos"  [9],  1 
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Wn  ruaPi°VJ!ie1'df0?,ard  C°atro1  structures  bascd  °n  the  filtered-x  LMS  algorithm  have 
n  developed  for  the  active  control  of  broadband  vibration  in  structures.  In  the  first 

th°ant  thlSt^fef the  .c°nLntIOnal  ufiltered-x  LMS  contro1  configuration  is  modified  sS 
that  die  transfer  function  between  the  control  input  and  the  error  output  is  represented  by 

an  infinite  impulse  response  (HR)  filter.  An  IIR  filter  will  most  efficiently  model  the  reson¬ 
ances  and  antiresonances  which  are  characteristic  of  a  structure,  but  they  introduce  stability 
requirements  that  must  be  satisfied.  In  order  to  remove  these  stability  problems,  the  equa- 
noLew«C°nt'r°  coafisuraL°n  1S  developed  by  first  filtering  the  error  signal  by  the  system 

die  referlnt^Sh118  “’•P*  T*™1  is  obtained  in  both  configurations  by  filtering 
the  reference  signal  through  an  adaptive  finite  impulse  filter  (FIR).  Both  control  configure- 

^  "B”™1  p—  "*■£» 


1.  INTRODUCTION 

Oyer  the  past  decade,  active  control  methods  have  become  recognized  as  a  viable  means 
of  attenuating  structural  vibration  and  its  associated  sound  radiation.  The  principle  behind 
active  control  is  adding  “secondary”  controlled  source(s)  in  order  to  “cancel”  the  response 
generated  by  the  “primary”  or  disturbance  input.  Adaptive  feedforward  algorithms  have 
proven  successful  for  applications  in  which  the  disturbance  is  stationary,  such  as  single 
and  multiple  frequencies,  and  random  inputs.  The  control  inputs  are  computed  by  passing 
a  signal  which  is  coherent  to  the  disturbance  input  through  an  adaptive  filter  before  being 
apphed  to  the  structure.  The  coefficients  of  the  adaptive  filter  are  updated  in  such  a  way 
as  to  minimize  a  quadratic  cost  function  created  from  a  measurable  variable  of  the  system. 
The  sum  of  the  mean-square  values  of  the  output  of  a  number  of  sensors  is  commonly 
used  as  the  cost  function.  J 

Feedforward  control  was  initially  applied  to  one-dimensional  acoustic  fields,  as 
summarized  in  the  review  article  by  Wamaka  [1],  More  recendy,  the  technique  has  been 
extended  to  multi-dimensional  acoustic  fields  (2]  as  well  as  control  of  structurally  radiated 
J?*  Feedforward  least-mean-square  (LMS)  and  recursive  least-mean-square 
(RLMS)  adaptive  algorithms  have  been  applied  on  aedve  control  of  bending  motion  in 
infinite  or  semi-infinite  thin  beams  [4-8].  Recently,  the  simultaneous  control  of  flexural 
and  extensional  waves  in  beams  has  been  demonstrated  by  a  multi-channel  LMS  approach, 
m  conjunction  with  specialized  piezoceramic  transducers  [9].  Most  theoretical  and  experi¬ 
mental  studies  consider  only  single  and  multiple  sinusoidal  excitations.  Applications  of 
feedforward  control  for  broadband  excitation  are  much  more  scarce  and  restricted  for 
attenuating  noise  in  ducts  [10-12]  and  enclosures  [13].  Broadband  structural  control  has 
been  demonstrated  with  feedback  and  state-space  methods,  but  there  is  very  little  reported 
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implementation  of  feedforward  control  in  the  open  literature.  The  feedforward,  broadband 
structural  control  that  is  reported  is  characterized  by  infinitely  long  structures  that  have 
no  reflected  power  which  occurs  from  boundary  conditions  [6].  Consequently,  the  response 
to  the  disturbance  can  be  measured  at  a  location  on  the  structure  before  the  error  sensor, 
providing  exact,  a  priori  knowledge  of  the  error  signal  to  be  cancelled.  In  addition,  the 
previous  implementations  of  feedforward,  broadband  controllers  for  noise  and  structural 
vibration  have  transfer  functions  between  the  control  input  and  the  error  sensor  which  are 
relatively  flat  in  magnitude  response,  allowing  them  to  be  easily  represented  by  a  fairly 
low  order  finite  impulse  response  (FIR)  filter. 

Here,  two  adaptive  single-input,  single-output  (SISO)  feedforward  control  configura¬ 
tions  for  the  active  control  of  broadband  vibration  of  a  supprted  structure  are  developed. 
The  first  controller  is  based  on  the  filtered-x  LMS  control  algorithm,  where  the  off-line 
system  ^identification  of  the  transfer  function  between  the  control  and  error  signals  is 
performed  by  combining  an  autoregressive  moving-average  (ARMA)  model  and  variations 
of  the  RLMS  [14-16]  methods  to  determine  the  coefficients  of  an  HR  filter.  An  DR  filter 
provides  an  efficient  means  of  representing  a  structural  transfer  function  which  exhibits 
both  poles  and  zeros,  but  it  complicates  the  control  system  because  this  type  of  filter  must 
satisfy  certain  stability  requirements.  The  equation  error  control  configuration  provides  a 
means  of  removing  the  stability  requirements  of  the  DR  filter  by  incorporating  the  system 
identification  information  into  two  FIR  filters.  This  configuration  is  achieved  by  filtering 
the  error  signal  with  the  poles  of  the  plant  before  minimizing  it. 

The  controllers  were  implemented  in  a  digital  signal  processing  (DSP)  board,  and  experi¬ 
mental  results  for  a  simply  supported  beam  are  presented.  The  delay  times  through  the 
disturbance  and  control  paths  to  the  error  output  were  measured  so  that  an  additional 
delay  could  be  introduced  into  the  disturbance  path  to  guarantee  that  the  controller 
would  be  causal.  The  control  performance  of  the  filtered-x  LMS  control  configuration  was 
evaluated  for  different  size  adaptive  filters.  The  same  analysis  was  repeated  for  an  acausal 
control  system,  where  the  disturbance  path  delay  was  removed. 


2.  THEORY 

2.1.  CONVENTIONAL  FILTERED-X  LMS  CONTROL  ALGORITHM  ' 

A  typical  block  diagram  of  a  SISO  filtered-x  LMS  [14,  17]  control  structure  is  shown 
in  Figure  1.  The  plant  output  denoted  as  the  error  signal  e*  is  the  combination  of  the 
response  due  to  the  disturbance  input  xk  and  the  control  input  uk  :  that  is, 

ek  =  dk+ykl  t  (1) 


Figure  1.  Filtered-x  LMS  control  algorithm  for  structural  vibration  control. 
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where  the  subscript  k  indicates  a  signal  sample  at  time  tk.  The  response  due  to  the  control 
input  in  equation  (1)  can  be  replaced  in  terms  of  the  control  sequence  uk  as 

ek  =  dk  +  Tcc(z)uk,  (2) 

where  T„(z)  is  the  z -transform  of  the  transfer  function  between  the  control  input  uk  and 
its  resulting  measured  beam  response  yk. 

The  control  sequence  uk  is  obtained  here  by  filtering  a  reference  signal  that  is  coherent 
to  the  disturbance  signal  through  an  adaptive  FIR  filter.  It  is  assumed  here  that  the 
reference  signal  is  obtained  by  directly  tapping  from  the  disturbance  signal.  Thus,  the 
control  sequence  becomes 


uk=W(z)xk.  (3) 

The  adaptive  FIR  filter,  fV(z),  can  be  written  explicitly  in  terms  of  the  ( JV+ 1)  coefficients 
as 


W(z)  =  fV0  +  Wxz~] 1  +  fV2z~z  +  •  -  •  +  Wnz-n 


=  S  wf*, 

/• 0 


(4) 

(5) 


where  z~f  represents  a  delay  of  /  samples  such  that  For  the  sake  of  brevity, 

the  adaptive  filter  coefficients  W(  will  not  be  shown  as  a  function  of  time  except  in  the 
actual  filter  update  equations.  Replacing  equation  (3)  into  equation  (2),  the  error  output 
is  given  as 

■  ,  e*  =  dk+Tce(z)W(z)xk.  (6) 

Since  the  plant  is  a  linear,  time-invariant  structure,  the  transfer  function  7^0)  can  be 
efficiently  represented  by  an  HR  filter.  Such  a  filter  can  best  represent  the  resonances  and 
antiresonances  typical  of  a  structural  frequency  response  function  because  it  has  both 
poles  and  zeros : 


TC'{z)=A{z)/{\-B{z)),  {7) 


N 


where  A(z)  and  B(z)  represent  polynomials  in  the  complex  variable  z. 

Now,  substituting  equation  (7)  into  equation  (6),  the  error  signal  becomes 


The  LMS  algorithm  adapts  the  coefficients  0, 1, . . .  yN)  in  order  to  minimize  a 
quadratic  cost  function  of  the  plant  response.  The  mean  square  value  of  the  error  signal 
is  clearly  a  quadratic  function  of  the  weights  of  the  adaptive  filter  W[z\  and  thus  there 
is  a  unique  solution.  The  cost  function  is  defined  as  *'  "  ‘  '■  *  '* 

;  CiW^Elell  -v..V:  .  ‘  -  (10) 
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where  E[  ]  denotes  the  expected  value  operator.  Substituting  equations  (5)  and  (6)  into 
equation  (10)  gives 


W)  =  E 


dk+T"{z)\l  = 

0 


(11) 


The  cost  function,  and  thus  the  error  signal,  is  minimized  by  computing  the  gradient  of 
the  quadratic  performance  surface  and  searching  along  the  negative  direction  toward  the 
minima.  This  technique  is  referred  to  as  the  steepest  decent  method  [14],  The  algorithm 
used  to  update  the  weights  can  then  be  written  as 


(12) 

0  W i 

where  p  controls  the  step  size  and  thus  the  stability  and  rate  of  convergence  of  the 
minimization  process.  Information  on  estimating  \x  can  be  found  in  the  literature  [14], 
and  will  not  be  presented  here. 

Differentiating  the  cost  function  in  equation  (10)  with  respect  to  the  weight  Wt  yields 


dC/dW~2E[ek  dek/3W,], 

(13) 

=  2E  [ekTce 

(14) 

=  2E[ekxk-,], 

(15) 

Xk-i=Tce(z)Xk-i- 

(16) 

The  sequence  xk  is  referred  to  as  the  filtered-x  signal,  and  is  the  predicted  response  from 
the  plant  when  the  control  loop  is  excited  by  the  reference  signal  xk .  Therefore,  a  system 
identification  of  the  control-error  signal  path  is  necessary  before  the  gradient  of  the 
performance  function  can  be  estimated.  The  measured  transfer  function  is  represented  by 

fce=A{z)/{\-B(z))  (17) 

in  Figure  1.  Here,  we  assume  that  the  coefficients  of  the  polynomials  A(z)  and  B(z)  differ 
by  a  small  amount  with  respect  to  the  true  coefficients  in  A(z)  and  B{z ),  respectively. 

The  time  domain  LMS  algorithm  uses  an  instantaneous  gradient  approximation  to 
estimate  the  deterministic  gradient  shown  by  equation  (15).  Thus,  removing  the  operator 
E[  ]  from  equation  (15)  and  placing  it  into  equation  (12),  the  update  equation  becomes 

Wi(k+  l)=Wi(k)-2nekxk-i,  /=  1, JV,  (18) 

where 

x^Tc&x^.  ,  .  (19) 

For  the  filtered-x  signal  xk  to  be  bounded  such  that  the  control  algorithm  will  be  stable, 
the  filter  T^z)  must  be  stable.  The  stability  of  this  filter  is  guaranteed  if  all  of  the  poles 
given  by  the  zeros  of  (1  -  B{z ))  in  equation  (17)  remain  inside  the  unit  circle  in  the  complex 
z-plane. 

2.2.  EQUATION  ERROR  FILTERED-X  LMS  CONTROL  CONFIGURATION 

The  fact  that  the  poles  of  the  system  represent  global  system  properties  can  be  taken 
advantage  of  to  develop  a  second  control  configuration  that  will  eliminate  the  stability 
problems  introduced  by  the  IIR  filter  used  in  the  filtered-x  LMS  control  configuration.  As 
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Figure  2.  Filtered-x  LMS  algorithm  being  used  in  the  equation  error  control  configuration. 


shown  in  Figure^  2,  the  output  of  the  plant  is  first  filtered  by  the  measured  poles  of 
the  system,  (1  —  B{z)\  and  then  the  LMS  algorithm  is  used  to  minimize  the  filtered  error 
signal  rather  than  the  error  signal  itself.  Such  a  filtered  version  of  the  error  signal  is  often 
referred  to  as  equation  error— hence  the  name  “equation  error  filtered-x  LMS  control 
configuration  .  Typically,  equation  error  forms  are  used  to  counter  stability  and  conver¬ 
gence  problems  of  adaptive  HR  filters  in  system  identification  [14-16, 18].  This  topic  will 
be  addressed  in  more  detail  later. 

The  new  error  signal  to  be  minimized  is  then  given  as 

4=(1  (20). 

where  (1  — /J(z))  are  the  poles  of  the  measured  system  identification.  Replacing  the  error 
ek  from  equation  (6)  gives 

-  (1  -  B(z))(dk  +  TJ?)  W{z)xk).  (21) 

The  transfer  function  between  the  disturbance  signal  xk  and  its  contribution  yk  to  the  error 
signal  is 

T„(z)  *  C(z)/(1  -5(z)).  (22) 

Thus,  equation  (21)  can  be  also  written  as 


If  an  exact  identification  of  the  system  poles  is  assumed,  equation  (23)  yields 

<&  =  [C(z)  +  A(z)W{z)]xk. 


(23) 


(24) 


Due  to  noise  in  the  measurement  and  variation  in  the  system’s  properties,  an  exact  cancella¬ 
tion  of  poles  and  zeros  is  rarely  possible  in  practice.  However,  the  resulting  response  due 
to  the  inexact  cancellation  can  be  shown  to  be  insignificant  unless  the  zeros  and  poles  are 
too  far  off  [19].  Furthermore,  the  adaptive  LMS  algorithm  was  shown  to  tolerate  errors 
in  the  system  identification  for  harmonic  control  [17,  20],  and  a  similar  error  tolerance 
was  observed  experimentally  when  operating  the  broadband  controller.  This  behavior  is 
attributed  to  the  robust  nature  of  the  LMS  algorithm,  that  should  be  contrasted  with 
feedback  control,  where  an  accurate  model  of  the  system  is  generally  essential.  Equation 
(24)  shows  that  by  forward  filtering  the  output  of  the  plant  with  (1  -5(z)),  the  system 
poles  are  cancelled  in  the  signal  ek .  The  reader  should  notice  that  this  control  structure  is 
only  possible  because,  again,  the  system  poles  (1  —  B(z))  represent  global  properties. 
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The  update  equation  for  the  adaptive  filter  coefficients  is  again  obtained  as  in  the 
previous  section.  The  new  cost  function  to  be  minimized  becomes 

C(Wi)  =  E[(el)%  (25) 

Differentiating  equation  (25)  with  respect  to  the  weight  Wi9  and  considering  equation 
(24),  gives 

dC  “  ~  • 

— -2E [eldel/dWt]  ...  (26) 

-2E[4U(r)(r~>*].  (27) 

Then,  using  instantaneous  values  to  approximate  expected  values  of  the  gradient,  the 
updated  equation  for  now  becomes 

Wi{k^\)^Wi(k)-2fieU^  iV,  (28) 


where 


xk-i=A{z)xk-i  (29) 

is  the  filtered-x  signal  required  to  compute  the  gradient.  This  signal  is  obtained  by  filtering 
the  disturbance  signal  with  only  the  zeros  of  the  measured  transfer  function  fce(z).  The 
main  advantage  of  this  configuration  is  that  the  poles  ( 1  —  B(z ))  do  not  participate  in 
computing  the  filtered-x  signal  xk .  Thus,  the  stability  requirements  of  the  system  identifica¬ 
tion  are  removed  since  the  signal  xk  will  always  be  stable,  even  when  some  or  all  of  the 
poles  of  Tu(z)  are  outside  the  unit  circle.  The  drawback  of  this  configuration  is  that  a 
filtered  version  of  the  error  signal  is  minimized  instead  of  the  error  signal  itself.  It  is  easy 
to  show  that  minimizing  e%  would  not  necessarily  cause  ek  to  be  minimized.  However,  if 
the  filter  (1  —  B{z))  is  of  adequate  size,  then  minimizing  ek  also  minimizes  ek  [14]. 


3.  SYSTEM  IDENTIFICATION  OF  CONTROL  LOOP 
3.1.  LEAST  SQUARE  SOLUTION  OF  ARMA  MODEL 

Recursive  filters  representing  plants  with  both  poles  and  zeros,  as  shown  in  equation 
(7),  are  often  referred  to  a  autoregressive-moving  average  (ARMA)  models.  A  time  series 
ARMA  model  of  order  N  can  be  written  as 

v  N 

**“ -  —  '■  -  •  '  Bjyk-h  (30) 

•  r"'tl  •  v.  ,  -a.  A  r  J  ,  -  /— 0.  ...  7-1  .  .  *  '  ...  •  ,  . 

V  *•  *  •  Z  ;  •  .  *  .  -  •  -  .  ’  .  .  ,  -  * 

where  yk  is  the  filter  output,  xk  is  the  input  sequence,  and  A{  and  Bi  are,  respectively,  the 
coefficients  of  the  MA  and  AR  portions  of  the  HR  filter/' 

Multiplying  each  side  of  equation  (30)  consecutively  by  each  element  from  the  sequences 
{xk}  and  {yk}  (e.g.,  {xk ,  xk-x , . . . ,  xk^t  yk~ i , . . . ,  yk-#} )  and  taking  the  expected  value, 
the  following  linear  system  of  equations  results 
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The  components  in  this  equation  are  defined  in  terms  of  the  auto-  and  cross-correlation 
functions  of  the  sequences  {xk}  and  {yk}  as 


(32,  33) 


{R*y}=< 

(RAO)' 

RryO) 

>,  {R„}  =  < 

fJWD) 

RyA)  1 

AAW. 

- 

[^(AOj 

WJ- 


■JWO)  JU-D 
RAD  R«(0)v 

A*  VO  Rxx(N—  l) 


[R*y]  = 


RryM) 

X*r<! 0) 


Rxy(- 2) 

^(-1) 


'^(i) 

^x(2) 


^x(O) 

^x(l) 


Ax(iV)  R,*(M-1) 


^(0) 

JUD 


Ryy  (0) 


R~(-N) 
R.A-N+ 1) 

R~( 0)  . 
JM-AO  ' 

^(-AT+  1) 


^(1)  J 


^x(l-iV) 

Ryx(2-N) 

RAO)  J 

Ryy(~N  + 1) 

^(-iV+1) 


1)  Ryy(N~  1)  ***  ^ry(O)  J 

where  the  correlation  functions  and  some  of  their  properties  are  defined  as 

Rx*(m)  =  E[xhxk+m)  =  Rxx(-m), 

R*y(m)  =  R{xkyk*m]  =  Rjx{-m). 

The  unknown  filter  coefficients  A,-  and  Bt  are  the  components  of  the  vectors 


(34) 


(35) 


(36) 


(37) 


(38) 


(39,40) 


Solving  the  system  in  equation  (31) ’will  produce  a  least  square  (LS)  solution  for  the  HR 
filter  coefficients,  which  represents,  a  complex  polynomial  in  z.  This  type  of  solution 
provides  the  advantage  that  the  poles  do  not  have  to  be  broken  into  second  order  sections 
and  checked  for  stability  during  the  identification  process  (in  order  that  the  summed 
filter  output  remains  bounded).  Rather,  the  poles  can  be  factored  and  stabilized  after  the 
parameter  estimation  is  complete  and  before  the  filter  is  implemented  in  the  control  system. 
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The  denominator  polynomial  of  the  transfer  function  in  equation  (7)  can  be  factored 
into  the  form 

1  ~5(r)  « 1  -biz-l-b2z-2 - bsz~N  (41) 

=  :-"(z-z,Xz-z2)(z-z3)  •  •  •  (z-zN),  (42) 

where  *,■(/=  1,2,...,  N )  are  the  roots  or  poles  of  the  structure.  They  occur  in  complex 
conjugate  pairs,  representing  the  individual  second  order  sections  of  the  structure.  A  pole, 
and  therefore  the  filter  is  stable  when  its  modulus  is  less  than  one.  Poles  can  be  made 
stable  by  reciprocation,  a  process  where  each  unstable  root  is  divided  into  unity  in  order 
to  reflect  it  back  inside  the  unit  circle  [14].  This  procedure  preserves  the  magnitude  response 
of  the  transfer  function,  but  alters  the  phase  response.  An  accurate  estimate  of  the  phase 
could  be  needed  for  response  prediction  of  the  control  loop  when  excited  by  the  disturbance 
input  (generation  of  the  filtered-x  reference  signal).  If  necessary,  the  phase  corruption  can 
be  remedied  by  using  the  adaptive  HR  configuration  for  system  identification,  as  explained 
in  section  3.2. 


3.2.  ADAPTIVE  IIR  FILTERS  FOR  SYSTEM  IDENTIFICATION 

An  HR  filter  was  proposed  earlier  in  equation  (7),  to  represent  the  transfer  function 
between  the  control  input  and  the  error  output,  Tce(z).  The  LMS  algorithm  can  be  used 
to  adapt  recursive  filters  [12,  14-16,  18],  but  left  in  their  conventional  form  they  pose  some 
problems.  First,  the  cost  function  is  not  a  quadratic  function  of  the  filter  weights  B(z)9 
meaning  that  the  performance  surface  may  be  multi-modal.  Also,  the  poles  of  the  filter, 
(1  —  B{z))9  must  remain  inside  the  unit  circle  for  the  filter  output  to  remain  bounded.  One 
solution  to  these  problems  is  to  use  the  equation  error  minimizadon  technique  for  adapting 
IIR  filters  [14,  16,  18].  Shown  in  Figure  3  is  an  equation  error  adapdve  HR  filter  that  will 
carry  out  the  system  identification  of  the  control  loop.  As  with  the  equation  error  control 
configuration,  the  output  error  is  first  filtered  with  the  recursive  coeffcients  of  the  IIR, 
(1  -i?(z)),  before  it  is  minimized,  allowing  the  separation  of  the  feedforward  and  feedback 
sections  of  the  filter.  Each  section  is  then  adapted  as  independent  transversal  filters,  each 
having  its  own  quadratic  error  surface.  The  output  error  signal  is  given  as  the  difference 
between  the  plant  output  dki  and  the  predicted  plant  response  from  the  recursive  filter, 
yk :  that  is, 


ek-dk-yk 


=  dk-Tce(z)xk 


A{z) 

(1  -B(z)) 


Xk . 


(43) 

(44) 


Figure  3.  System  identification  of  a  plant  using  an  adaptive  IIR  filter. 
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Multiplying  the  above  equation  by  the  filter  poles  (1  -J9(z)),  the  desired  filtered  equation 
error  eki  becomes 

e‘k  =  (\-B(z))dk-A(z)xk.  (45) 

The  cost  function  to  be  minimized  is  again  the  mean  square  value  of  e\  as 

C{AhBt)  =  (46) 

C(Ait  Bi)=E[(dk-B(z)dk-A(z)xk)2}.  (47) 


Equation  (47)  can  be  recognized  as  a  quadratic  function  of  the  filter  coefficients  from  both 
the  numerator  and  denominator  of  Tce(z) .  One  can  now  perform  a  gradient  search  to 
update  the  filter  coefficients  A,  and  Bit  as  shown  by  equation  (12).  Again,  the  partial 
derivatives  of  the  cost  function  are  taken  with  respect  to  each  filter  weight-  The  gradient 
and  its  instantaneous  approximation  for  the  coefficient  B(  will  be 

3C 

—  =  2E[ei  del/dBf]  =  2E[e‘k  (-</*-,)]  *  -2  e\dk-iy  (48) 

where  ek  is  the  equation  error  sequence  from  equation  (45)  and  dk~i  is  the  measured  plant 
response  to  the  input  signal. 

Similarly,  the  gradient  for  the  numerator  coefficients  can  be  approximated  as  follows: 
dC 

—  =  2E[e‘kde‘k/dAi]  =  2E[e‘k(-xk_i)]  *  -2e‘kxk_i9  (49) 

where  xk  is  the  input  disturbance  sequence  to  the  filter  and  plant,  which  is  zero-mean, 
band-limited  white  noise. 

Considering  equation  (12)  with  equations  (48)  and  (49),  we  can  construct  the  final  form 
of  the  LMS  coefficient  update  equations  for  the  system  identification  as 

+  Ai(k+  \)=Ai(k)Jr2nekXic-i.  (50,51) 

The  recursive  coefficients  Biy  computed  using  equation  (50),  must  remain  inside  the  unit 
circle  in  the  z-complex  plane  for  the  filter  output  to  be  stable.  A  solution  to  this  problem 
is  to  break  the  polynomial  (1  —  B(z))  into  second  order  filter  sections  and  configure  them 
into  cascade  form  [18].  Then,  the  stability  of  each  individual  filter  can  be  guaranteed  by 
requiring  the  coefficients  to  remain  inside  the  region  of  stability  as  shown  in  reference 
[14,  pp.  14, 160  —  1].  However,  the  cascade  form  results  in  a  much  more  complex  system 
identification  algorithm,  with  an  associated  significant  computational  effort. 

The  adaptive  HR  configuration  can  also  be  used  to  correct  for  the  phase  corruption 
which  may  occur  during  stabilization  of  the  least-squares  ARMA  solution  described  in 
section  3.1.  In  this  case,  the  coefficients  of  the  stabilized  ARMA  model  provide  the  first 
guess  to  the  LMS  solution,  where  only  the  numerator  coefficients  of  the  IIR  filter,  Ait  are 
adapted  using  equation  (51).  -*7  • 

'  4.  EXPERIMENTAL  SET-UP  '  7  "  . 

An  experimental  investigation  of  the  two  broadband  control  structures  from  the  previous 
sections  was  performed  in  the  beam  shown  in  Figure  4.  The  beam  is  made  of  plain  carbon 
steel  and  its  dimensions  are  380  x  40  x  2  mm.  Two  thin,  flexible  metal  shims  connect  the 
beam  to  a  heavy  support  stand,  providing  the  desired  simply  supported  end  conditions. 
The  first  six  natural  frequencies  which  were  obtained  experimentally  are  listed  in  Table  1. 
The  error  sensor  was  a  Bruel  &  Kjaer  (B&K)  mini-accelerator  located  238  mm  from  the 
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Table  1 


Experimental  natural  frequencies 


Mode 

experimental  fn  (Hz) 

1 

32*9 

2 

126-9 

3 

282*} 

4 

498*6 

5 

768*7 

6 

1077*0 

left  edge  of  the  beam,  a  location  capable  of  sensing  the  modes  of  interest.  A  B&K  type 
2635  charge  amplifier  was  used  to  condition  the  sensor  signal  and  perform  an  analog 
integration  of  it.  It  was  observed  that  the  controller  produced  better  results  when  velocity 
rather  than  acceleration  was  used  as  the  error  signal.  Control  action  was  applied  by  a 
co-located  set  of  G1195  piezoelectric  strips.  The  piezoelectric  strips  measured 
38-1  x  32-0  x  0*2  mm  and  their  closest  edge  was  located  265  mm  from  the  left  edge  of 
the  beam,  as  shown  in  Figure  4.  The '  disturbance  or  input  action  actuator  was  also 
applied  by  a  piezoelectric  strip.  It  measured  38  x  22  x  0-2  mm  and  was  affixed  150  mm 
from  the  left  edge,  of  the  beam,  where  it  is  capable  of  exciting  all  of  the  modes  of 
interest  jc-:  ..  .  ...  ::  /  ; 

The  two  Control  approaches  presented  in  previous  sections  were  implemented  in  a  Texas 
Instruments  TMS320C30  digital  signal  processor  (DSP)  board  installed  into  a  host  80386- 
based  personal  computer.  The  system  identification  and  the  control  codes  for  the  DSP 
were  written  in  assembly  language.  Interface  programs  written  in  C-language  allowed 
control  of  the  sample  rate  and  convergence  parameter  from  the  PC.  They  also  downloaded 
the  compiled  assembly  codes  to  the  DSP  for  execution.  Three  Frequency  Devices  9002 
low-pass  filters  were  used  to  filter  the  input  signal,  the  control  signal  and  the  error  signal. 
The  propagation  time  from  both  the  disturbance  and  control  inputs  to  the"  error  output 
was  measured  by  computing  the  cross-correlation  functions  across  each  path  while  being 
excited  by  white  noise.  The  propagation  time  for  each  path  was  found  at  the  largest  peak 
on  the  respective  cross-correlation  function,  and  it  was  discovered  that  the  disturbance 


ACTIVE  BROADBAND  VIBRATION  CONTROL 


293 


Figure  5.  Experimental  set-up  for  testing  the  feedforward  broadband  control  algorithm. 


path  had  a  delay  of  3  ms  with  respect  to  the  control  input.  Therefore  the  control  system 
is  non-causal.  A  programmable  delay  s  ~d  was  installed  in  the  disturbance  path,  allowing 
the  control  system  to  be  made  causal  by  varying  the  delay  d  to  give  at  least  3  ms  of  delay. 
A  schematic  diagram  of  the  complete  experimental  set-up  is  shown  in  Figure  5. 

The  experiment  was  limited  to  control  of  the  first  three  bending  modes,  because  the 
location  of  the  control  actuator  pair  rendered  the  fourth  mode  uncontrollable.  Conse¬ 
quently,  the  cut-off  frequency  of  the  low-pass  filters  was  set  at  400  Hz.  The  input  signal 
was  band-limited  random  noise  from  0  to  400  Hz,  which  was  generated  by  a  B&K  2032 
spectrum  analyzer.  The  sampling  rate  used  for  the  system  identification  and  control  experi¬ 
ments  was  2000  Hz.  Both  portions  of  the  HR  filter  that  represents  T^z)  have  24 
coefficients.  An  IIR  filter  of  any  smaller  size  did  not  produce  accurate  estimates  of  the 
beam  natural  frequencies  during  the  system  identification. 

The  first  step  in  operating  the  control  is  to  perform  the  off-line  system  identification. 
The  random  input  signal  was  fed  into  the  control  actuator,  and  the  error  signal  was 
monitored  from  the  excitation.  A  DSP  code  measured  the  two  signals  and  computed  the 
statistics  for  the  ARMA  model  shown  in  equation  (31).  Approximately  30  000  points  were 
used  to  compute  the  correlation  functions,  which  were  sent  back  to  the  PC  to  form  the 
linear  system  shown  in  equation  (31),  and  to  solve  for  the  filter  coefficients  A,  and  B{  of 
Tce(z).  The  poles  were  then  computed  by  solving  for  the  zeros  of  (1  - B(z))9  and  the 
unstable  poles  were  stabilized  by  reciprocation,  as  described  in  the  previous  section.  In  the 
event  that  the  stabilized  model  has  accurately  identified  the  system  natural  frequencies  but 
does  not  provide  adequate  performance  for  the  control  system,  the  phase  corruption 
occurring  from  the  pole  reciprocation  can  be  remedied  by  using  the  adaptive  HR  config¬ 
uration  of  Figure  3  to  adapt  only  the  numerator  coefficients  of  the  filter,  At.  In  this  case, 
the  coefficients  of  the  stabilized  ARMA  model  provided  the  first  guess  to  the  LMS  solution. 
For  this  experimental  work,  the  stabilized  ARMA  model  predicted  the  filtered-x  signal 
well  enough  that  the  correction  of  the  phase  corruption  was  not  performed.  A  comparison 
between  the  autospectra  of  the  filtered-x  signal  and  the  real  output  error  is  presented  in 
Figure  6,  and  they  show  very  good  agreement. 

The  IIR  filter  coefficients  were  then  stored  in  the  memory  of  the  DSP  to  be  used  by  the 
control  codes  in  generating  the  filtered-x  reference  signals  used  for  updating  the  coefficients 
of  the  adaptive  FIR  filter.  Next,  the  random  input  signal  was  applied  to  the  disturbance 
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Figure  6,  Autospectram  of  the  control-loop  response  when  excited  by  white  noise:  (a)  Measured;  (b)  predicted 
filtered-x  signal. 


actuator  and  the  performance  of  the  different  control  configurations  was  investigated.  Two 
variables  w^ere  examined  with  the  filtered-x  LMS  controller:  (a)  the  effect  of  adaptive  filter 
size  of  control  performance;  and  (b)  how  this  performance  changes  when  the  system  is 
made  non-causal  by  removing  the  delay  from  the  disturbance  path.  The  equation  error 
control  configuration  of  Figure  2  was  operated  with  two  different  sets  of  coefficients  used 
to  filter  the  error  signal.  In  the  first  test,  the  stabilized  poles  used  in  the  filtered-x  controller 
equation  (17)  were  used  to  forward  filter  the  errror.  The  second  test  filtered  the  error  signal 
with  the  same  poles  after  a  couple  of  conjugate  pairs  had  been  reflected  outside  the  unit 
circle.  This  test  was  used  to  demonstrate  that  when  using  the  equation  error  configuration, 
the  poles  do  not  have  to  be  stable.  A  convergence  parameter,  5  x  10"4,  was  used  for  all 
three  test  cases  in  which  a  24th  order  adaptive  FIR  was  used.  An  increase  or  decrease  in 
convergence  parameter  was  made  when  the  adaptive  filter  size  was  decreased  or  increased, 
respectively.  All  time  and  frequency  domain  analysis  was  carried  out  by  the  B&K  2032 
and  was  downloaded  to  a  PC  via  an  IEEE-488  interface. 

5.  RESULTS 

The  conventional  filtered-x  LMS  control  configuration  of  Figure  1  was  studied  first.  A 
delay  of  5  ms  (d=  59)  was  implemented  in  order  to  have  a  causal  control  system.  In  Figure 
7  is  shown  a  comparison  of  the  steady-state  error  signal  measured  from  the  beam,  both 
before  and  after  the  conventional  filtered-x  LMS  control  was  applied  with  a  24th  order 
adaptive  FIR.  Although  the  error  signal  was  not  reduced  to  zero,  a  large  amount  of 
vibration  attenuation  was  achieved  by  the  controller.  A  comparison  of  the  graphs  of  the 
power  spectral  density  of  the  two  error  signals  is  shown  in  Figure  8,  and  it  gives  additional 
insight  into  the  control  mechanism.  Despite  an  increase  of  the  spectrum  in  some  of  the 
off-resonance  frequency  bands,  the  spectrum  at  the  system  resonances  displays  a  reduction 
of  approximately  20-25  dB.  The  result  was  a  net  reduction  of  the  mean-square  error  of 
19*4  dB.  Thus,  the  controller  behaves  as  a  wide-band  controller  rather  than  a  true  broad¬ 
band  controller,  attenuating  the  larger  frequency  components  that  occur  near  the  structural 
resonances  while  adding  energy  at  the  antiresonances.  The  reader  should  keep  in  mind 
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Figure  7.  Error  signal  from  the  plant:  (a)  before  control;  (b)  after  controL 
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that  the  areas  under  the  two  curves  can  not  be  compared  directly,  because  of  the  log 
scaling.  Convergence  of  the  adaptive  algorithm  occurred  in  approximately  three  seconds, 
as  shown  by  the  time  histories  of  the  control  and  error  signals  in  Figure  9.  I 

—The  influence  of  the  adaptive  FIR  filter  size  on  the  controller  performance' was  then 
investigated  by  varying  the  filter  order  N  from  12  to  80  coefficients.  This  process  was 
performed  for  both  causal  and  non-causal  control  systems.  The  reduction  in ‘the  mean 
square  error  as  function  of  the  filter  size  is  plotted  in  Figure  10.  For  the  causal  system  shown 
by  the  top  curve,  it  can  be  seen  that  the  control  performance  quickly  improves*" with  larger 
filters  to  reach  a  nearly  constant  reduction  of  20  dB.  The  programmable  delay  d  was  then 
set  to  zero  to  evaluate  the  controller  when  it  is  non-causal.  The  results  of  these  tests  are  shown 
by  the  bottom  curve  in  Figure  10.  The  performance  of  the  non-causal  controller  is  severely 
compromised  for  small  size  adaptive  filters  compared  with  the  causal  controller.  However, 
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Figure  9.  Time  histories  showing  the  convergence  rate  of  the  adaptive  controller:  (a)  error  signal;  (b)  control 
input  signal. 


Figure  10.  Performance  of  filtered-x  LMS  controller  as  the  adaptive  filter  <rae  is  increased: - ,  causal; 

- ,  non-causaL  :<f  ■; 


.  ....  .  .  ;  o  . 

for  larger  filter  size,  the  non-causal  controller  shows  significant  reduction  of  the  mean- 
square  error,  which  is  only  2*5  dB  below  the  causal  controller*  Analytical  studies  are  being 
carried  out  to  characterize  this  behavior  and  will  be  reported  in  file  near  future. 

Next,  the  equation  error  control  structure  was  demonstrated  by  performing  two  experi¬ 
ments  with  a  causal  control  system  having  24  adaptive  .coefficients.  In.. the  .first  test,  the 
error  signal  was  filtered  with  the  same  stabilized,  poles,  (1  —B(z)),  used,  for  the  filtered-x 
LMS  controL  This  configuration  did  not  produce  as  much  reduction  in  the  error  signal  as 
the; conventional  filtered-x  LMS  control  structure;  nor  did  it  converge  as  quickly.  In  Figure 
11,  a.  comparison  of  the  error  signal  time  histories;  before  and  after,  control  is  presented. 
The  autospectra  of  jthe  error  signal  were  similar  to  those  of  Figure  8, ..where  the  modal 
amplitudes,  were  reduced  while  some  off-resonance  frequency  ;bands  increased  in  energy. 
A  reduction  pf,10-dB  in  the  power  of  the  error  signal  was  measured  in  this  case.  For  the 
second  control  experiment,  some  of  the  poles  of  (1  —B(z))  were  reflected  outside  the  unit 
circle  before  being  used  to  filter  the  error  signal  with  the  equation  .error  configuration. 
This  test  demonstrates  that  the  equation  error  control  configuration  will  work  even  when 
the  HR  filter  that  is  used  for  the  filtered-x  LMS  control  is  unstable.  Such  a  result  is  useful 
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Figure  II.  Actual  error  signal  time  histories  during  application  of  the  equation  error  control' form:  (a)  without 
control;  (b)  with  equation  error  control  configuration.  ~  _  jf  - 


for  systems  that  apply  a  simultaneous  on-line  system  identification  and  control  [21-23], 
On-line  system  identification  is  carried  out  by  injecting  an  additional,  uncorrelated  random 
signal  into  the  control  path  while  operating  an  LMS  or  RLMS  algorithm  in  a  typical 
system  identification  arrangement.  After  updating  the  coefficients  of  JW(z),  they  are  copied 
to  the  LMS  algorithm  and  used  to  create  the  filtered-x  signal.  Stabilization  of  the  recursive 
filter  coefficients  is  not  required  when  emplying  the  equation  error  control  configuration, 
reducing  both  the  system  complexity  and  computational  overheads.  The  total  power  reduc¬ 
tion  of  the  error  signal  for  the  last  experiment  was  approximately  8-9  dB,  which  differs 
slightly  from  the  results  of  the  first  equation  error  control  experiment.  Again,*  the  before 
and  after  control  error  signals  are  compared  as  shown  in  Figure  12.  Both  of  these  experi¬ 
ments  displayed  much  lower  power  reductions  than  the  corresponding  causal,  24th  order 
filtered-x  LMS  controller,  which  exhibited  20  dB  of  attenuation. 
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Table  2 

Comparison  of  three  different  control  structures  having  a 
24 th  order  causal  adaptive  FIR  filter 


Control  configuration 

Reduction  (dB) 

No  control 

n/a 

Conventional  LMS  controller 

194 

Equation  error  LMS  controller  with 

stable  poles 

10-1 

Equation  error  LMS  controller  with 

unstable  poles 

8-91 

However,  the  experiments  demonstrate  the  advantage  that  a  highly  accurate  system 
identification  with  stable  poles  is  not  necessary  when  using  the  equation  error  control 
structure.  The  penalty  for  the  relaxation  on  the  system  identification  is  a  deterioration  of 
the  control  performance.  The  difference  between  the  results  of  the  three  test  cases  can  be 
explained  simply  by  the  fact  that  a  different  cost  function  is  minimized  for  all  three  test 
cases.  These  test  results  are  summarized  in  Table  2. 


6.  CONCLUSIONS 

The  attenuation  of  broadband  structural  vibration  using  adaptive  feedforward  control 
was  experimentally  demonstrated.  Two  control  configurations  based  on  the  filtered-x  LMS 
algorithm  were  studied,  and  both  used  an  adaptive  FIR  filter  as  a  compensator.  In  the 
filtered-x  LMS  control  configuration,  the  measured  transfer  function  between  the  control 
input  and  error  output  is  efficiently  represented  by  an  HR  filter,  which  introduces  stability 
problems  into  the  control  system.  It  is  seen  that  increasing  the  size  of  the  adaptive  filter 
in  the  filtered-x  LMS  controller  improves  control  performance  asymptotically  for  attenua¬ 
tions  as  large  as  20  dB  (Figure  10).  The  same  asymptotic  behavior  was  observed  when  the 
disturbance  path  delay  was  removed  ( d  ~  0),  making  the  system  non-causal.  Attenuations 
for  the  non-causal  control  were  smaller  than  those  for  the  causal  controller,  and  yet 
significant  attenuations  of  up  to  17  dB  were  observed.  The  equation  error  control 
configuration  did  not  achieve  as  good  a  control  (9-10  dB)  as  the  filtered-x  LMS  controller, 
but  it  demonstrated  the  advantage  that  it  will  work  even  when  the  poles  of  the  estimated 
IIR  model  for  the  control-error  transfer  function  are  unstable. 
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An  Impedance  Method  for 
Dynamic  Analysis  of  Active 
Material  Systems 

This  paper  describes  a  new  approach  to  analyzing  the  dynamic  response  of  active 
material  systems  with  integrated  induced  strain  actuators ,  including  piezoelectric , 
electrostrictive ,  and  magnetostrictive  actuators.  This  approach,  referred  to  as  the 
impedance  method ,  has  many  advantages  compared  with  the  conventional  static 
approach  and  the  dynamic  finite  element  approach ,  such  as  pin  force  models  and 
consistent  beam  and  plate  models .  The  impedance  approach  is  presented  and  de¬ 
scribed  using  a  simple  example,  a  PZT actuator-driven  one-degree-off  reedom  spring- 
mass-damper  system ,  to  demonstrate  its  ability  to  capture  the  physics  of  adaptive 
material  systems,  which  is  the  impedance  match  between  various  active  components 
and  host-structures,  and  its  utility  and  importance  by  means  of  an  experimental 
example  and  a  numerical  case  study. 

The  conventional  static  and  dynamic  finite  element  approaches  are  brief  y  sum¬ 
marized.  The  impedance  methodology  is  then  discussed  in  comparison  with  the  static 
approach.  The  basic  elements  of  the  impedance  method,  i.e.,  the  structural  imped¬ 
ance  corresponding  to  actuator  loading  and  the  dynamic  output  characteristics  of 
PZT  actuators,  are  addressed.  The  advantages  of  using  the  impedance  approach 
over  conventional  approaches  are  discussed  using  a  simple  numerical  example.  A 
comparison  of  the  impedance  method  with  the  static  and  the  dynamic  finite  element 
approaches  are  provided  at  the  conclusion  of  this  paper. 


Introduction 

There  are  two  approaches  currently  used  in  the  dynamic 
analysis  of  active  material  systems,  one  is  referred  to  as  a  static 
approach  and  the  other  is  dynamic  finite  element  approach. 
Both  of  these  approaches  have  some  drawbacks  in  analyzing 
the  dynamic  response  of  active  material  systems  resulting  from 
the  activation  of  integrated  induced  strain  actuators,  such  as 
PZT  patches.  A  brief  review  of  these  two  approaches  is  given 
below. 

Static  Approach.  The  static  approach  refers  to  the  method 
of  using  a  statically  determined  equivalent  force  or  moment 
as  the  amplitude  of  the  forcing  function  to  determine  the  dy¬ 
namic  response  due  to  the  activation  of  integrated  induced 
strain  actuators.  There  are  several  approaches  to  determining 
the  equivalent  force  or  moment  from  bonded  PZT  actuators. 
One  widely  used  approach  is  the  pin  force  model.  In  the  pin 
force  model  (Crawley  and  Deluis,  1989),  it  is  assumed  that  the 
mechanical  interaction  between  a  bonded  actuator  and  its  host 
structure  occurs  at  the  ends  of  the  actuator  in  the  form  of 
concentrated  forces.  This  concentrated  force  can  be  determined 
based  on  the  strain  compatibility  and  static  force  equilibrium 
between  the  actuator  and  structure.  This  concentrated  force 
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or  moment  is  then  used  to  represent  the  effect  of  the  induced 
strain  actuator  in  static  and  dynamic  analyses  by  assuming  that 
the  resultant  “pin-force”  is  frequency  independent. 

Another  widely  used  approach  for  determining  the  static 
equivalent  force  or  moment  uses  Euler-Bernoulli  beam  equa¬ 
tions  (Crawley  and  Deluis,  1989)  or  consistent  plate  equations 
which  are  fundamentally  the  same  as  the  pin  force  models 
except  for  a  variation  in  the  assumed  strain  field.  The  equiv¬ 
alent  force  or  moment  determined  from  Euler-Bernoulli  beam 
theory  is  also  more  accurate  than  the  pin  force  model  because 
it  includes  the  mechanical  stiffening  and  the  bending  of  the 
bonded  PZT  actuators.  Once  again,  the  force  or  moment  is 
calculated  based  on  the  stiffness  of  the  structure  at  the’ point 
where  the  actuators  are  attached  and  the  resultant  induced 
force  or  moment  is  independent  of  frequency,  even  for  dynamic 
analysis. 

Lin  and  Rogers  (1992)  have  developed  a  new  model  of  the 
equivalent  force  and  moment  using  an  elasticity  approach, 
which  shows  the  nonlinear  distribution  of  the  equivalent  in¬ 
duced  force  or  moment.  This  model  is  very  accurate  for  static 
analysis,  but  as  described  above  is  a  static  stiffness  approach 
and  does  not  allow  for  the  actuator  performance  to  vary  with 
frequency  and  the  impedance  of  the  structure. 

The  static  approach,  as  will  be  discussed  in  this  paper,  should 
be  avoided  in  the  dynamic  analysis  of  active  material  systems 
as  a  result  of  these  obvious  shortcomings. 
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Fig.  1  A  spring  driven  by  a  PZT  actuator 


Dynamic  Finite  Element  Approach.  The  electrically  in¬ 
duced  strain  from  any  induced  strain  actuator  (i.e.,  PZT  or 
PMN)  has  the  same  effect  as  thermal  expansion  on  the  struc¬ 
tural  response.  When  using  the  dynamic  finite  element  ap¬ 
proach  to  determine  the  dynamic  response  of  an  active  material 
system,  the  actuators  are  treated  as  regular  integral  structural 
components  with  associated  mass,  stiffness,  and  damping.  The 
equivalent  excitation  forces  of  the  actuators  (the  forcing  terms 
in  the  finite  element  equation,  [Af](u  J  +  [C](u)  +  [K]  j  u  j 
=  (F^j)  are  equal  to  the  actuator  blocking  forces  (Liang  and 
Rogers,  1989;  Hagood  et  al.,1990;  Sung  et  al.,  1992). 

The  dynamic  finite  element  analysis  can  provide  correct  pre¬ 
diction  of  the  dynamic  response.  However,  there  are  some 
drawbacks  associated  with  this  approach.  For  example,  ex¬ 
tremely  fine  finite  element  mesh  around  an  actuator  is  needed 
in  order  to  provide  satisfactory  convergence.  It  is  also  difficult 
to  customize  a  commercially  available  finite  element  program 
to  deal  with  the  harmonic  dynamic  thermal  expansion  needed 
to  model  the  induced  strain  effect  of  actuators.  This  approach 
does  not  capture  the  physical  essence  of  the  dynamic  interaction 
between  the  actuator  and  structures.  For  example,  the  forcing 
terms  in  the  dynamic  finite  element  analysis  is  frequency  in¬ 
dependent  (blocking  forces  of  the  actuators).  This  may  create 
a  false  impression  that  the  force  exerted  on  a  structure  by  an 
actuator  is  its  blocking  force,  which  is  not  true  as  will  be 
discussed  in  this  paper. 

In  this  paper,  an  impedance  approach  for  dynamic  analysis 
of  active  material  systems  will  be  presented.  Numerical  results 
of  the  dynamic  response  of  a  beam  excited  by  a  PZT  actuator 
based  on  various  approaches  discussed  will  be  provided.  Ex¬ 
perimental  validation  of  the  approach  will  be  provided.  This 
paper  will  also  provide  a  comparison  between  static,  dynamic 
finite  element,  and  impedance  approaches. 

Impedance  Methodology 

The  impedance  method  of  analyzing  the  dynamic  response 
of  active  material  systems  can  be  simply  described:  the  inter¬ 
actions  between  actuators  and  structures  are  governed  by  the 
dynamic  output  characteristics  of  the  actuators  and  the  dy¬ 
namic  characteristics  of  the  structure,  i.e.,  the  structural 
impedance.  To  begin,  we  shall  study  the  basic  elements  of  this 
approach  by  examining  the  following  example,  a  PZT  actuator- 
driven  one-degree-of-freedom  spring-mass-damper  (SMD)  sys¬ 
tem  and  review  the  static  approach  as  well. 

The  static  response  of  a  PZT/structure  interaction  (Fig.l) 
is  determined  by  coupling  the  constitutive  relations  of  PZT 
and  structure  with  their  equilibrium  and  compatibility  con¬ 
ditions.  The  force-displacement  relation  for  the  PZT  actuator 
can  be  expressed  as: 

F=Ka  (x-xtn),  (1) 

where  *  is  the  displacement,  F  is  the  force  exerted  by  the 
actuator,  and  KA  is  the  static  stiffness  of  the  PZT  given  by 
Yzz  wa^a^a  where  wAi  hAj  and  lA  are  the  width,  thickness, 
and  length  of  the  PZT  actuator,  respectively.  xin  is  the  free 
induced  displacement  of  the  actuator  given  by  dnElA  where 
d}2  is  the  piezoelectric  constant  and  £  is  the  electric  field.  The 
force  and  displacement  relation  for  the  spring  is  given  by: 

F=-Ksx,  (2) 

where  Ks  is  the  spring  constant.  Equations  (1)  and  (2)  describe 
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Fig.  3  A  schematic  representation  of  the  dynamic  interaction  between 
an  actuator  and  its  host  structures  illustrated  by  a  PZT  actuator-driven 
one-degree-of-freedom  spring-mass-damper  system 


the  force  and  displacement  relations  of  the  PZT  actuator  and 
spring.  The  force  given  by  both  equations  is  the  force  within 
the  components.  The  force  and  displacement  sign  convention 
is  positive  for  tension  and  negative  for  compression.  If  the 
induced  displacement  of  the  PZT  actuator,  xtn,  is  in  the  positive 
direction  (also  positive  *  direction  as  shown  in  Fig.  1),  the 
resulting  force  in  the  spring  is  negative  as  expressed  bv  Eq. 
(2)- 

Figure  2  illustrates  the  force-displacement  relations  of  both 
the  PZT  actuator  and  spring.  The  intersection  determines  the 
static  equilibrium  of  the  actuator  and  spring  system.  A  so- 
called  “equivalent  force”  can  be  determined  as: 


-  _  KaKs 
eq  Ks  +  Ka 


(3) 


The  “equivalent  force”  is  used  to  represent  the  presence  and 
activation  of  the  PZT  actuator  in  the  static  approach.  To 
determine  the  dynamic  response  of  a  mechanical  system,  as 
shown  in  Fig.  3,  with  the  static  approach,  the  governing  equa¬ 
tion  is  expressed  by :  mx  +  c  x  +  Ksx  =  Feq  sin  (w/),  where 
Feq  is  determined  from  Eq.  (3).  Notice  that  the  stiffness  of  the 
PZT  is  not  included  and  this  “equivalent  force”  is  independent 
of  frequency  or  constant  over  the  entire  frequency  range  of 
possible  excitation. 

The  impedance  approach  will  treat  the  problem  differently. 
As  an  example  of  how  the  impedance  approach  is  used  to 
determine  the  dynamic  response  of  an  actuator-driven  system, 
consider  the  PZT-driven  one-degree-of-freedom  spring-mass- 
damper  (SMD)  system  shown  in  Fig.  3.  In  a  dynamic  scenario, 
the  following  relation  based  on  the  concept  of  mechanical 
impedance  should  be  utilized  for  the  structure  (the  spring-mass- 
damper  system): 


F=  -Zx,  (4) 

where  Z  is  the  mechanical  impedance  of  the  SMD  system  given 
by: 


where  /  is  ( —  l)1/2t  c  the  damping  coefficient,  m  the  mass,  and 
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a;  the  excitation  frequency.  The  reason  for  the  negative  sign 
in  Eq.  (4)  is  the  same  as  in  Eq.  (2).  The  resonant  frequency 
of  the  SMD  system,  wn,  is  given  by: 

oin  =  \jKs/m.  (6) 

Assuming  a  harmonic  steady  state  excitation,  recall 

x  =  uix.  (7) 

The  force-displacement  for  the  SMD  can  now  be  expressed  as: 

F=  -Kdx-  -  [cui-m(co2  -  u2n  ]  ]x,  (8) 

where  KD  is  called  the  dynamic  stiffness. 

In  static  analysis,  the  force-displacement  relation  of  P2T, 
according  to  the  constitutive  equations,  is  given  by  Eq.  (1).  In 
the  dynamic  analysis,  Eq.  (1)  is  no  longer  adequate,  the  dy¬ 
namic  output  characteristics  of  PZT  actuators  must  be  used, 
which  can  be  determined  based  on  a  coupled  electro-mechan¬ 
ical  analysis. 

Dynamic  Output  Characteristics  of  PZT  Actuators. 

Consider  the  PZT  actuator  shown  in  Fig.  3.  The  electric  field 
is  applied  in  the  z-direction,  and  it  is  assumed  that  the  PZT 
expands  and  contracts  only  in  the^-direction.  The  constitutive 
relation  of  the  PZT  of  the  ( F,  E)-type  (stress  and  electric  Field 
as  independent  variables)  may  be  expressed  as  follows: 

Si-sizTi^r  d^iE  (9) 


-tlzE+dnTz,  (10) 

where  S2  is  the  strain,  T2  the  stress,  Sx.  the  complex  compliance 
at  zero  electric  field,  dn  the  piezoelectric  constant,  i3r3  the 
complex  dielectric  constant  at  zero  stress  given  by  e3r3  (1  -  8i) , 
8  the  dielectric  loss  factor,  and  Z>3  the  electric  displacement. 

The  equation  of  motion  for  a  PZT  vibrating  in  the  y-direc- 
tion  may  be  expressed  as  follows: 

d2 v  —E  d2u 

pdT2-Yz2d?'  (11) 

where  v  is  the_displacement  in  the  y-direction,  p  is  the  density 
of  the  PZT,  Yzz  =  Y22  (1  +  h?),  is  the  complex  modulus  of 
PZT  at  zero  electric  field,  and  rj  is  the  mechanical  loss  factor 
of  PZT. 

Solving  Eq.  (1 1)  by  separating  the  displacement  u  into  time 
and  spatial  domain  solutions  yields: 

v=uelut=  (A  sin  ky  +  B  cos  ky)elut>  (12) 


k2~Jp/YEn.  (13) 

The  PZT  is  connected  to  a  structure  which  is  represented  by 
its  impedance,  Z.  The  equilibrium  and  compatibility  relation 
between  the  structure  and  the  PZT  can  be  described  by: 

_  ZTL./Tw 

The  simplest  expression  for  structural  impedance  is  the  one 
given  by  Eq.  (5)  for  a  one-degree-of-freedom  SMD  system. 

Equation  (14)  provides  one  boundary  condition  for  Eq.(12). 
Another  boundary  condition  is  given  by  Vym0  =  0,  which  leads 
to  B  =  0. 

Substituting  Eq.  (14)  into  Eq.  (9)  yields: 


S2=f 

dy 


=  -s£ 


ZVy 


’  4*  d-nE . 


Note:  a  bar  over  a  variable  indicates  its  spatial  component 
except  in  the  case  of  complex  material  properties,  such  as  s?2 

and  Yu-  The  coefficient,  A,  in  Eq.  (12)  can  be  solved  from 
Eq.  (15)  as: 


k  cos  (klA) 


s&Ziu 


sin  ( klA ) 


In  order  to  further  simplify  the  derivation  and  help  us  to  explain 
the  physics  from  a  point  of  view  of  impedance  matching,  the 
mechanical  impedance  of  the  PZT  actuators  is  introduced  here. 
If  a  constant  force  excitation  is  applied  to  a  PZT  actuator, 
such  as  the  one  shown  in  Fig.  3,  the  actuator  response  can  be 
determined  following  the  same  derivation  outlined  in  Eqs.  (12) 
to  (16).  The  mechanical  impedance  of  the  PZT  actuator  de¬ 
fined,  as  the  ratio  of  the  excitation  force  to  the  velocity  re¬ 
sponse,  may  be  expressed  as: 


ZA=  - 


Ka(\  +*/) 


w  tan  (klA) 

Note:  the  mechanical  impedance  of  the  actuator  defined  above 
is  the  short-circuit  actuator  impedance. 

The  coefficient,  A,  given  by  Eq.  (16)  can  then  be  simplified 
as: 

ZAd22E 

~ k  cos  (klA)(ZA  +  Z)  (18) 

It  is  necessary  to  mention  here  that  the  second  constitutive 
relation  of  PZT  Given  by  Eq.  (10)  is  not  used.  Physically,  this 
indicates  that  the  power  supply  always  satisfies  the  current 
requirement  of  the  PZT  actuators. 

The  output  displacement  of  the  PZT  actuator  and  the  strain 
and  stress  field,  as  well  as  the  electric  displacement  field  can 
then  be  solved  as  follows: 

_  _  Z4d22EIA  tan  (klA) 

K  •  (19) 


and  the  strain: 


and  the  stress: 


_ZAdnE  cos  {ky) 

2  ZA  +  Z  cos  (klA)  ’ 


c”,(fr)-i  Vt&E  (2D 

\ZA  +  Z  cos  (klA)  ) 

and  the  electric  displacement  field: 

r  cos  (ky)  -r  ,i  yE 

Di~  zA+z  ^T( U7)  +  {e”-d*Y*)E-  (22) 

The  force  output  from  the  actuator  (within  the  actuator)  can 
be  obtained  from  Eq.  (21)  as: 

wAhAT2y.  =  dnEYEnwAhA.  (23) 

The  output  characteristics  of  an  excitation  device,  such  as  a 
shaker,  are  usually  expressed  in  terms  of  its  free  stroke  and 
dynamic  blocking  force.  The  free  stroke  of  a  PZT  actuator, 
x/t  can  be  calculated  from  Eq.  (19)  by  assuming  the  mechanical 
impedance,  Z,  to  be  zero,  yielding: 

,  —  tan  (klA) 

xf=dnElA  )  AJ.  (24) 

kia 

The  dynamic  blocking  force,  Fb,  can  be  determined  from  Eq. 
(23)  by  assuming  an  infinite  mechanical  impedance,  Z,  yield¬ 
ing: 

Fb= -iynEwAhA.  (25) 


xf=dnElA 


Yf2dnEwAhA 


Equations  (24)  and  (25)  provide  the  dynamic  output  charac¬ 
teristics  of  PZT  actuators.  Based  on  Eq.  (25),  the  dynamic 
blocking  force  of  a  PZT  actuator  is  frequency  independent, 
which  is  superior  to  shakers  whose  dynamic  blocking  force  is 
constant  in  only  a  limited  frequency  range  (Ewins,  1984).  How¬ 
ever,  it  is  necessary  to  state  that  although  a  PZT  actuator  has 
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a  “constant”  dynamic  blocking  force,  the  forces  acting  on  a 
structure  from  integrated  PZT  actuators  are  not  necessarily 
constant.  The  interaction  forces  from  the  integrated  actuators 
are  functions  of  the  structural  impedance,  as  will  be  discussed 
later. 

The  free  stroke  of  a  PZT  actuator  is  a  function  of  frequency. 
At  the  resonance  of  the  PZT  actuator  corresponding  to  klA  = 
(n  -  1/2 )t,  where  n  can  be  any  positive  integer,  the  displace¬ 
ment  output  for  a  PZT  can  be  infinite  if  there  is  no  damping 
(the  tangent  function  is  infinite  at  these  values).  However,  as 
a  low  frequency  transducer,  the  operating  frequency  range 
should  be  far  below  its  first  resonant  frequency,  for  example, 
below  1/5  of  the  resonant  frequency  as  a  rule-of-thumb  (Thom¬ 
son,  1981).  Thus,  a  PZT  actuator  may  be  treated  as  a  constant 
displacement  output  device  (dnElA).  This  approximation 
causes  less  than  3  percent  error.  For  example,  if  the  length  of 
an  actuator  is  0.05  m,  the  Suggested  Operation  Frequency 
Range  (SOFR),  which  is  1/5  of  the  first  resonant  frequency 
of  the  PZT  actuator,  will  be  from  DC  to  around  2.8  kHz. 

If  a  PZT  actuator  is  driving  a  mechanical  system,  the  output 
force  and  displacement  of  the  PZT  actuator  are  related.  This 
relation  can  be  determined  by  combining  Eq.  (19)  and  (23)  to 
eliminate  the  structural  impedance  term,  Z,  yielding: 

-=  ,  tan  (klA)  — 

F  =  Ka(\+iv) — ^-A-x  +  Fi.  (26) 

KlA 

Compared  with  the  static  force-displacement  relation  given  by 
Eq.  (1),  Eq.  (26)  includes  structural  damping  and  the  dynamics 
of  the  actuator.  If  the  frequency  is  within  the  SOFR,  tan  (klA)/ 
klA  is  about  1.  A  PZT  Actuator  may  be  treated  as  a  linear 
output  device  independent  of  frequency. 

Determination  of  Actuator/Structure  Dynamic  Interac¬ 
tion.  If  the  dynamic  characteristics  of  the  structure  and  the 
actuators  are  known,  the  dynamic  interaction  between  the 
structure  and  actuator  can  be  determined  from  the  Dynamic 
Actuator/Structure  Interaction  Chart  (DASIC),  as  shown  in 
Fig.  4.  In  Fig.  4,  the  dynamic  output  characteristics  of  a  PZT 
Actuator  given  by  Eq.  (26)  are  independent  of  frequency  if 
the  frequency  is  within  the  SOFR.  The  dynamic  characteristics 
of  the  mechanical  system  as  given  by  Eq.(8)  are  represented 
by  a  group  of  rotating  lines,  as  shown  in  Fig.  4.  The  intersection 
of  the  rotating  lines  with  the  output  characteristics  of  the  PZT 
determines  the  dynamic  response,  e.g.,  force  and  stroke.  Note 
that  the  damping  is  not  included  in  the  DASIC.  When  the 
excitation  frequency  is  zero,  the  intersection  of  the  dynamic 
force-displacement  lines  of  the  SMD  and  PZT  is  the  same  as 
the  static  response  determined  in  Fig.  2.  When  the  frequency 


increases,  the  F-D  lines  of  the  SMD  system  rotate  counter¬ 
clockwise  around  the  origin  of  the  coordinate  system.  The  new 
intersection  point  of  the  F-D  lines  of  the  SMD  system  (non¬ 
zero  frequency)  and  PZT  actuator  determines  the  dynamic 
response  of  the  system.  When  the  excitation  frequency  is  the 
same  as  the  resonant  frequency  of  the  SMD  system,  «?„,  the 
F-D  line  of  SMD  is  coincident  with  the  displacement  axis.  This 
indicates  that  the  PZT  actuator  is  free  to  expand  and  contract 
and  the  stress  inside  the  actuator  is  zero,  which  implies  that 
the  induced  force  of  the  actuator  is  zero.  When  the  excitation 
frequency  is  greater  than  oj„,  the  mechanical  displacement  of 
the  PZT  actuator  is  larger  than  the  free  stroke,  xm.  This  in¬ 
dicates  that  the  PZT  actuator  is  stressed  and  deformed  by  the 
inertia  of  the  mass  and  the  recovery  of  the  spring.  If 
the  excitation  frequency  is  equal  to  the  resonant  frequency  of 
the  entire  system  (PZT  +  SMD),  which  corresponds  to 
the  line  parallel  to  the  F-D  relation  of  the  PZT,  the  force  and 
displacement  within  the  actuator  and  spring  are  infinite. 
can  be  approximated  from  the  following  expression: 


\Ka±Ks 
I  mA  +  m  ’ 


(27) 


where  mA  is  the  mass  of  the  actuator. 

If  the  excitation  frequency  is  greater  than  aJn,  the  displace¬ 
ment  response  is  out-of-phase  with  respect  to  the  displacement 
response  before  the  frequency  reaches  uJrt.  The  dynamic  equi¬ 
librium  is  in  the  third  quadrant  as  shown  in  Fig.  4.  If  the 
frequency  is  infinite,  the  F-D  line  of  the  SMD  is  coincident 
with  the  force  axis,  which  means  that  the  SMD  is  dynamically 
rigid.  The  force  provided  by  the  actuator  is  the  dynamic  block¬ 
ing  force.  Ft,.  However,  it  is  necessary  to  remember  that  the 
excitation  frequency  needs  to  be  within  the  SOFR  in  order  to 
use  this  chart.  If  the  excitation  frequency  is  greater  than  the 
SOFR,  the  variation  of  the  actuator  output  characteristics  needs 
to  be  considered.  This  can  be  done  by  rotating  the  F-D  line 
of  the  PZT  actuator  clockwise  around  the  point  corresponding 
to  the  blocking  force. 

The  actuator/structure  interaction  can  also  be  explained  us¬ 
ing  the  concept  of  mechanical  impedance  matching  in  Eq.  (23). 
If  the  impedance  of  the  mechanical  system  is  at  its  lowest, 
which  corresponds  to  its  resonance,  the  force  provided  by  the 
PZT  actuator  is  at  its  lowest.  This  corresponds  to  the  case 
where  the  F-D  line  rotates  to  coincide  with  the  displacement 
axis.  If  the  structural  impedance  matches  the  actuator  imped¬ 
ance,  the  actuator  provides  the  maximum  force  and  power.  In 
DASIC,  actuator  and  structure  impedance  matching  is  rep¬ 
resented  by  parallel  F-D  lines.  It  is  necessary  to  state  that 
impedance  matching  between  an  output  device  and  its  load 
means  that  both  impedances  are  complex  conjugate. 


Calculation  of  Structural  Impedance.  In  order  to  use  the 
impedance  approach,  the  structural  impedance  corresponding 
to  actuator  loading  must  be  calculated  first.  The  excitation 
force  provided  by  integrated  actuators  can  be  very  complicated. 
For  example,  the  actuation  provided  by  a  PZT  actuator  bonded 
on  a  beam  is  shear  force  and  its  distribution  may  be  expressed 
with  a  hyperbolic  tangent  function  (Lin  and  Rogers,  1992). 
Determination  of  the  structural  impedance  corresponding  to 
a  distributed  force  can  be  very  difficult.  In  this  paper,  the 
structural  impedance  of  beams  corresponding  to  two  types  of 
actuator  excitation  will  be  discussed. 

Consider  a  beam  structure  with  a  complex  modulus  of  elas¬ 
ticity  Yb>  mass  density  p5,  and  moment  of  inertia  over  area 
K2.  The  equation  of  motion  for  the  transverse  deflection  y(x, 
t)  is: 


dy 

dt2 


=  -c2Kz 


dx 4 


P(X,t) 

P3a 


(28) 


where  p(x,  t)  is  the  external  dynamic  loading,  a  is  the  cross- 
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sectional  area  of  the  beam,  and  c  is  the  complex  wave  speed 
of  the  beam  given  by: 


(29) 


The  governing  Eq.  (28)  is  solved  by  expanding  the  transverse 
displacements  and  external  loads  in  terms  of  the  eigenfunc¬ 
tions,  Xm(x)>  of  the  beam.  The  applied  forcing  function  is 
harmonic  and  can  be  expressed  as: 


p(x,t)  =  2  p^Xm(x)  exp  (/cor),  (30) 

m  *  1 


PZT  Actuator 


PZT  Actuator  Rotational  Impedance  Zfl 


where  gj  is  the  driving  frequency  and  XmW  can  be  determined 
based  on  the  boundary  conditions  of  the  beam.  The  transverse 
displacements  can  also  be  expressed  in  terms  of  the  eigen¬ 
functions  of  the  beam  as: 


y(x,t )  =  2  wmXm(x)  exp  (/cor).  (31) 

m  *  1 


The  modal  amplitudes,  Wmt  can  then  be  solved  by  substituting 
Eqs.  (30)  and  (31)  into  Eq.  (28).  For  example,  if  the  boundary 
condition  of  the  beam  is  simply-supported,  the  modal  ampli¬ 
tude  may  be  determined  as: 


Pm/PBQ 


(32) 


where  L  is  the  length  of  the  beam. 

Consider  a  beam  with  two  PZT  actuators  bonded  on  top 
and  bottom.  The  actuators  are  activated  out-of-phase,  result¬ 
ing  in  a  pure  bending  excitation.  The  effect  of  the  actuators 
can  be  represented  by  a  pair  of  bending  moments,  M.  If  the 
two  ends  of  the  actuators  are  at  and  f2,  respectively,  the 
internal  moment  distribution  may  be  expressed  as  follows  using 
the  Delta  functions: 


m(x)  =M{H(x- fe) -H(x- *,)]  (33) 


The  pressure  function,  p(x),  can  be  expressed  with  the  fol¬ 
lowing  function  as: 

d2M(x)  ,  . 

P(x)=— (x-£2)-6'  (x-Zi)].  (34) 

ax 


The  modal  amplitudes  for  the  pressure  expression,  Pm>  can  be 
calculated  using  the  following  expression: 

P(x)Xm(x)dx 

Jo 

^n  =  — ~L - .  (35) 

[  Xm(x)dX 

Jo 

The  modal  amplitudes  for  the  displacement  expression  can  be 
calculated  from  Eq.  (32).  The  equivalent  rotational  structural 
impedance  corresponding  to  the  pure  bending  moment  of  the 
actuators  is  defined  to  be: 

ZR^W(Ql-ex)^M/(el-Bi)iwy  (36) 

where  Bx  and  02  are  the  rotation  angles  at  £  1  and  £2,  respectively, 
which  are  found  by  differentiating  the  transverse  deflection 
with  respect  to  x: 

CD 

m  =»  l 


(37) 

OD 

WmX'm/x^v 

m  m  1 

The  equivalent  structural  impedance  given  by  Eq.  (36)  needs 
to  be  modified  in  order  to  be  used  in  Eqs.  (19)  to  (23).  The 


Fig.  5  A  simplified  mode!  for  PZT  actuators  bonded  on  beam  structures 


Fig.  S  A  cantilever  beam  excited  vertically  by  a  PZT  actuator  with  one 
end  fixed 


interaction  between  the  beam  and  actuator  previously  discussed 
may  be  represented  by  a  simple  system  of  two  actuators  creating 
pure  bending  moment  to  drive  a  rotational  mass-spring-damper 
system  having  the  same  rotational  impedance  as  given  by  Eq. 
(36),  as  shown  in  Fig.  5.  The  two  actuators  have  the  same 
length  lAf  width  wA,  and  thickness  hAy  and  they  are  hB  apart, 
where  hB  is  the  thickness  of  the  beam.  If  the  rotation  of  mass 
is  6 ,  the  axial  displacement  of  either  of  the  actuators,  x,  will 
be  dhB/ 2  (assuming  small  deformation).  The  dynamic  force 
equilibrium  and  geometrical  compatibility  together  may  be 
expressed  as: 


F=[2ZB/(hB  +  hA)2]k  =  Zk.  (38) 

The  equivalent  mechanical  impedance  determined  from  Eq. 
(38)  can  be  directly  used  in  Eqs.  (19)  to  (23)  to  determine  the 
stress,  strain,  force,  displacement,  and  electric  displacement 
of  the  PZT  actuators. 

For  an  actuator  whose  effect  can  be  represented  with  a  point 
loading,  such  as  a  stacked  PZT  actuator  used  in  truss  structures 
and  a  magnetostrictive  actuator,  as  shown  in  Fig.  6,  the  def¬ 
inition  of  corresponding  structural  impedance  to  actuator  load¬ 
ing  can  be  expressed  as: 


Z  =  £  (39) 

This  impedance  is  usually  determined  by  calculating  the  struc¬ 
tural  response,  xf  corresponding  to  an  arbitrary  force,  F,  at 
the  actuator  location. 

When  calculating  the  structural  impedance,  the  influence  of 
the  actuator  stiffness  and  damping  should  not  be  included 
because  they  have  been  included  in  the  impedance  model 
through  the  short-circuit  actuator  impedance.  The  mass  load¬ 
ing  of  the  actuator,  however,  needs  to  be  included  in  the  cal¬ 
culation  of  structural  impedance  for  surface  bonded  actuator 
configuration.  This  requires  to  solve  a  set  of  linear  equations 
to  determine  the  modal  amplitude,  Wm.  The  derivation  of 
modal  amplitude  here,  Eq.  (28)  to  Eq.(32),  ignores  the  effect 
of  mass  loading  on  the  transverse  vibration. 
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Table  1  Material  properties  of  G1195  PZT  (from  Piezo  System,  Inc.) 
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Fig.  7  The  dynamic  response  of  a  cantilever  beam  at  0.1  m  from  its 
root.  The  solid  line  is  predicted  by  the  impedance  approach.  The  dashed 
line,  which  is  completely  coincident  with  the  solid  line,  is  predicted  by 
the  dynamic  finite  element  approach.  The  dash-dotted  line  is  predicted 
by  the  static  approach. 


Determination  of  Structural  Dynamic  Response 

Once  the  structural  impedance  corresponding  to  the  actuator 
load  is  calculated,  the  stress  within  the  actuators  can  be  de¬ 
termined  form  Eq.  (21).  The  actuator  excitation,  whether  it  is 
a  moment  or  force,  can  then  be  determined.  For  example,  if 
the  actuators  create  pure  bending,  the  excitation  moment  can 
be  determined  as: 

Ma  =  Ti\vAhAhg.  (40) 

If  the  magnitude  of  moment  in  Eq.  (33)  is  assumed  to  be  unity, 
the  corresponding  modal  amplitudes  can  be  found  to  be  Wm 
from  Eq.  (32).  The  actual  dynamic  response  of  the  beam  can 
then  be  determined  based  on  the  following  modal  amplitude: 

Wm=MAWm.  (41) 


Numerical  Example 

Figure  6  shows  a  cantilever  beam  with  a  PZT  actuator  sup¬ 
port  vertically  at  0.025  m  away  from  its  root.  The  di2  effect 
of  the  actuator  is  utilized  to  generate  a  vertical  excitation.  The 
beam  is  made  of  aluminum  with  a  density  pB  =  2700  kg/m3 
elastic  modulus  Ya  =  60  GPa,  length  lB  =  0.25  m,  width  w’B 
=  0.02  m,  and  thickness  hB  =  2  mm.  The  loss  factor  for  the 
aluminum  is  assumed  to  be  0.005.  The  PZT  actuator  has  a 
width  wA  =  2  mm,  length  /„  =  0.05  m,  and  thickness  hA  = 
0.25  mm.  The  basic  material  properties  for  the  PZT  material 
(Gil 95)  are  listed  in  Table  1. 

Assuming  the  electric  voltage  applied  to  the  PZT  actuator 
is  100  volts,  the  dynamic  response  of  the  beam  at  a  point  0. 1 
m  from  the  root  of  the  beam  is  calculated  using  the  static 
dynamic  finite  element,  and  impedance  methods,  and  is  illus¬ 
trated  in  Fig.  7.  The  solid  line  is  from  the  impedance  approach, 
which  is  completely  coincident  with  the  dashed  line  predicted 
using  the  dynamic  finite  element  approach.  The  response  pre¬ 
dicted  by  the  static  approach  is  given  by  the  dash-dotted  line. 
It  is  apparent  that  the  static  approach  fails  to  include  the 
stiffening  of  the  PZT  actuator,  which  in  this  case  is  significant. 


Fig.  8  Resistive  (solid  line)  and  reactive  power  (dashed  line)  supplied 
to  the  PZT  actuator 


The  electro-mechanical  power  can  also  be  calculated  based 
on  the  electric  displacement  given  by  Eq.  (22).  The  resistive 
and  reactive  power  of  the  coupled  electro-mechanical  system 
can  then  be  determined,  as  shown  in  Fig.  8.  The  resistive  power 
represents  the  actuator  power  consumption  due  to  the  me¬ 
chanical  damping  of  the  PZT  actuator  and  the  beam,  as  well 
as  the  dielectric  loss  of  the  PZT  actuator.  The  reactive  power 
reflects  the  transfer  of  the  kinetic  or  potential  energy  of  the 
entire  mechanical  system  and  the  reactive  electric  field  energy. 
Detailed  discussion  of  power  consumption  and  energy  transfer 
can  be  found  in  previous  work  (Liang  et  al.t  1992,  1993). 


Experimental  Validation 

Rossi  et  al.  (1993)  have  applied  the  impedance  approach 
presented  in  this  paper  to  study  the  dynamic  response  of  one- 
dimensional  cylindrical  ring  structures.  It  is  very  convenient 
to  apply  the  impedance  method  to  study  the  structural  dynamic 
response  if  the  structural  impedance  of  the  ring,  which  is  similar 
to  the  impedance  defined  by  Eqs.  (36)  and  (38),  is  determined 
from  the  equation  of  motion  of  cylindrical  structures.  Exper¬ 
iments  have  also  been  conducted  to  verify  the  impedance  model 
for  shell  structures.  A  brief  discussion  of  the  experimental 
results  is  provided  here. 

The  test  article  is  an  aluminum  ring  with  two  bonded  curved 
PZT  actuators,  as  shown  in  Fig.  9.  The  out-of-plane  displace¬ 
ments  at  point  1,  2,  3,  and  4  are  measured  using  a  VPI  (vi¬ 
bration  pattern  image)  laser  system.  The  measured  velocity 
response  and  the  theoretical  prediction  based  on  the  impedance 
and  static  approaches  at  point  #4  is  plotted  in  Fig.  10.  In  Fig. 
10,  the  solid  line  is  the  experimental  results,  the  prediction 
using  the  impedance  approach  is  given  by  the  dashed  line,  and 
the  results  obtained  with  the  static  model  similar  to  the  pin- 
force  model  given  by  Crawley  and  deLuis  (1989)  are  illustrated 
by  the  dash-dotted  line.  It  is  apparent  that  the  results  by  -the 
impedance  approach  agree  extremely  well  with  the  experimen¬ 
tal  results  while  the  static  approach  failed  to  accurately  predict 
the  dynamic  resonse  around  the  second  and  the  fourth  mode. 
The  physical  explanation  of  this  phenomena  can  be  found  from 
the  point  of  actuator  mass  loading  and  stiffening.  Detailed 
discussion  of  these  experimental  results  can  be  found  in  the 
paper  by  Rossi  et  al.  (1993)  as  well  as  in  the  following  dis¬ 
cussion. 


Discussion  of  the  Numerical  Results 

What  are  the  mechanics  of  active  material  systems?  The 
following  discussion  of  the  simple  example  above  will  establish 
an  understanding  of  the  dynamic  interaction  between  actuators 


Journal  of  Vibration  and  Acoustics 


JANUARY  1994,  Vol.  116  /  125 


Fig.  9  An  aluminum  ring  excited  by  two  PZT  actuators.  The  velocity 
response  of  the  ring  is  measured  at  point  #1,  #2,  #3,  and  #4  (Rossi  et  al., 
1993) 


Fig.  10  Experimental  measurement  and  theoretical  prediction  of  the 
velocity  response  of  the  aluminum  ring  at  point  #4  (Rossi  et  al.,  1993) 


and  their  host  structures.  Figure  11  shows  the  mechanical 
impedance  of  the  cantilever  beam  at  the  point  of  PZT  Actuator 
support  (dashed  line).  The  mechanical  impedance  of  the  PZT 
actuator  according  to  Eq.  (14)  is  also  calculated  (dash-dotted 
line).  The  valleys  of  the  mechanical  impedance  curve  of  the 
beam  correspond  to  the  resonances  of  the  cantilever  beam, 
which  indicates  that  at  the  resonance,  the  beam  is  dynamically 
very  soft.  This  is  the  reason  why  the  force  output  from  the 
PZT  actuator  is  the  lowest  at  the  resonance  of  the  beam,  as 
shown  by  the  solid  line  in  Fig.  11.  When  the  impedance  of  the 
actuator  matches  the  impedance  of  the  beam,  the  force  output 
of  the  PZT  actuator  is  maximum.  Note:  there  are  two  inter¬ 
sections  between  the  mechanical  impedance  curves  of  the  PZT 
actuator  and  the  beam  around  each  peak;  only  the  First  inter¬ 
section  which  corresponds  to  the  complex  conjugates  of  the 
impedances  is  physically  meaningful.  The  frequency  corre¬ 
sponding  to  the  first  intersection  is  also  the  resonant  frequency 
of  the  entire  mechanical  system  (beam  and  PZT  support)  as 
explained  in  DASIC. 

The  stiffening  effect  on  the  resonant  frequency  due  to  the 
extra  stiffness  of  the  PZT  actuator  can  be  determined  based 
on  the  actuator  and  structural  impedance  match.  If  the  width 


Fig.  11  Mechanical  impedance  of  the  beam  at  0.1  m  from  the  root 
(dashed  line);  mechanical  impedance  of  the  PZT  actuator  (dash-dotted 
line);  force  output  form  the  PZT  actuator  (solid  line);  equivalent  force 
used  by  the  static  approach  (lower  dotted  line);  excitation  force  used 
by  the  dynamic  finite  element  approach  (upper  dotted  line) 


of  the  actuator  in  the  above  numerical  example  increases,  the 
mechanical  impedance  of  the  PZT  actuator  also  increases.  The 
frequency  corresponding  to  the  first  intersection  around  every 
peak  of  the  beam  impedance  curve  will  increase,  as  can  be  seen 
in  Fig.  11.  A  higher  resonant  frequency  indicates  more  stiff¬ 
ening  from  the  PZT  actuator.  When  the  stiffness  or  impedance 
of  the  PZT  actuator  is  so  high  that  the  actuator  behaves  like 
a  rigid  support,  the  resonant  frequencies  are  those  correspond¬ 
ing  to  the  peak  frequencies  of  the  beam  impedance  curve.  This 
happens  when  the  actuator  impedance  curve  intersects  at  the 
peak  or  is  completely  above  the  beam  impedance  curve. 

The  force  applied  to  the  beam  by  the  actuator,  referred  to 
as  the  actuator  force  output  in  this  paper  (which  is  actually 
the  force  within  the  actuator),  is  apparently  not  a  constant,  as 
illustrated  by  the  solid  line  in  Fig.  11.  The  lower  dotted  line 
is  the  equivalent  force  used  in  static  analysis,  as  determined 
from  Eq.  (3).  The  difference  between  the  two  clearly  indicates 
the  incorrect  physical  representation  of  the  static  model.  The 
higher  dotted  line  in  Fig.  1 1  is  the  dynamic  blocking  force  used 
in  the  dynamic  finite  element  approach.  Using  this  constant 
force  as  the  excitation  may  create  confusion  in  explaining  the 
physics  of  the  dynamic  interaction  between  actuator  and  struc¬ 
ture.  Notice  that  around  the  resonances  of  the  entire  system 
(PZT  actuator  and  beam),  which  corresponds  to  the  peaks  of 
the  PZT  force  curve  predicted  based  on  the  impedance  ap¬ 
proach,  the  force  inside  the  actuator  (or  the  force  acting  on 
the  beam  provided  by  the  actuator)  can  be  larger  than  the 
dynamic  blocking  force  illustrated  by  the  higher  dotted  line. 
This  has  been  observed  experimentally  and  is  due  to  the  reactive 
nature  of  a  vibrating  system,  and  is  clearly  illustrated  in  DASIC. 
Another  interesting  thing  to  notice  in  Fig.  1 1  is  that  at  the  anti- 
resonant  frequencies  of  the  beam,  the  actuator  output  force 
is  the  same  as  the  dynamic  blocking  force.  This  is  shown  in 
Fig.  11  by  the  second  intersection  point  between  the  higher 
dotted  line  and  the  solid  line  around  each  peak  of  the  force 
curve. 

The  impedance  approach  to  determining  the  dynamic  re¬ 
sponse  is  very  different  from  the  other  two  approaches.  In 
experimental  modal  analysis,  the  resonance  of  a  system  is  de¬ 
termined  by  the  frequency  response  function  which  is  the  ratio 
of  the  response  to  the  excitation  force.  This  is  simply  because 
the  excitation  force  provided  by  most  excitation  devices,  such 
as  shakers,  is  not  a  constant  for  the  same  reason  stated  in  this 
paper.  Using  a  response  resulting  from  a  variable  force  tends 
to  provide  misleading  results.  For  example,  if  the  excitation 
device  is  a  shaker,  the  frequency  corresponding  to  a  peak  of 
the  response  curve  is  not  the  actual  resonant  frequency  of  that 
mode  because  of  the  extra  mass  loading  from  the  shaker. 


Fig.  12  Determination  of  the  dynamic  response  based  on  the  frequency 
response  function  and  actuator  force  output.  Dashed  line  is  the  actuator 
force  output,  dash-dotted  line  is  the  frequency  response  function  (or 
response  under  unit  force  excitation),  and  the  solid  line  is  the  true  dy¬ 
namic  response  predicted  by  the  impedance  approach  (actuator  force 
output  times  the  frequency  response  function). 


Similarly,  if  the  excitation  device  is  a  PZT  actuator  which  has 
one  end  fixed  as  in  the  numerical  example  in  this  paper,  the 
peak  frequencies  are  higher  than  the  corresponding  resonant 
frequencies  of  the  original  mechanical  system,  such  as  the 
cantilever  beam  in  the  numerical  example,  because  of  the  stiff¬ 
ening  effect.  Only  when  the  excitation  force  is  a  constant  are 
the  resonant  frequencies  determined  from  the  peak  frequencies 
equal  to  the  true  resonance  frequency.  In  the  impedance  ap¬ 
proach,  the  frequency  response  function  is  first  calculated  by 
using  a  constant  unit  force,  the  dynamic  response  is  then  de¬ 
termined  by  multiplying  the  frequency  response  function  and 
the  actual  actuator  force  output  determined  from  the  imped¬ 
ance  approach.  This  is  why  the  response  predicted  by  the 
impedance  approach  can  accurately  reflect  the  mechanical 
stiffening  of  the  actuators.  It  is  necessary  to  say  that  induced 
strain  actuators  do  not  always  stiffen  the  original  mechanical 
system,  even  in  the  case  where  bonded  PZT  actuators  are  used 
to  excite  a  structure.  In  this  case,  the  impedance  approach  can 
still  accurately  predict  the  influence  of  actuator  mass  loading. 

To  further  illustrate  how  the  impedance  approach  predicts 
dynamic  response,  let  us  examine  Fig.  12  which  shows  the 
actuator  force  output  (dashed  line),  the  beam  response  (dash- 
dotted  line)  resulting  from  a  unit  force  excitation  (frequency 
response  function),  and  the  actual  dynamic  response  (solid  line) 
of  the  entire  mechanical  system  (PZT  actuator  and  cantilever 
beam).  We  already  know  from  the  force  analysis  above  that 
the  valleys  of  the  force  curve  correspond  to  the  resonant  fre¬ 
quencies  of  the  cantilever  beam,  while  the  peaks  correspond 
to  the  resonant  frequencies  of  the  actuator  and  beam  system. 
It  is  very  clear  that  when  multiplying  the  dashed  line  and  dash- 
dotted  line  to  yield  the  solid  line,  the  peaks  of  the  solid  line 
will  represent  the  resonance  of  the  actuator  and  beam  system. 

Conclusions 

The  contribution  of  this  paper  is  to  introduce  the  impedance 
approach,  which  has  been  well  studied  in  the  modal  analysis 
field,  to  the  area  of  active  material  systems.  This  approach, 
compared  with  the  static  approach  and  the  dynamic  finite 
element  approach,  has  many  advantages.  The  most  important 
advantage  of  the  impedance  approach  is  that  it  reflects  the 
physical  essence  of  the  mechanics  of  active  material  systems. 

The  work  presented  in  this  paper  provides  a  methodology 
for  analyzing  the  dynamics  of  active  material  systems  with 
integrated  actuators.  This  methodology  can  be  used  with  any 
actuators,  any  material  systems,  and  any  structures  as  long  as 
the  structural  impedance  corresponding  to  the  actuator  loading 
and  the  dynamic  output  characteristics  of  the  actuators  can  be 


determined.  This  paper  has  also  provided  an  approach  to  de¬ 
termining  the  structural  impedance  corresponding  to  two  types 
of  actuator  loading.  The  concept  of  DASIC  can  virtually  be 
used  to  describe  any  linear  actuator/structure  interaction. 

This  paper  has  used  three  approaches  to  determine  the  struc¬ 
tural  response.  A  comparison  of  the  three  approaches,  static, 
dynamic  finite  element,  and  impedance,  is  provided  below. 

•  Static  approach 

This  approach  is  simple  and  easy  to  use,  but  it  can  yield  very 
misleading  results  especially  when  the  dynamic  response  is 
sensitive  to  actuator  mass  loading  or  stiffening.  More  impor¬ 
tantly,  this  approach  does  not  correctly  capture  the  physical 
essence  of  the  actuator/structure  interaction  in  the  dynamic 
scenario. 

•  Dynamic  finite  element  approach 

The  dynamic  finite  element  approach  may  predict  correct  dy¬ 
namic  response,  but  it  is  difficult  to  use  this  approach  to  explain 
the  physical  essence  of  the  mechanics  of  active  material  sys¬ 
tems.  Since  most  finite  element  programs  do  not  combine 
dynamic  analysis  and  thermal  analysis  together,  modifying 
those  programs  to  model  the  induced  strain  actuators  can  also 
be  very  difficult.  For  large  structures  with  small  actuators,  fine 
finite  element  mesh  around  an  actuator  may  be  needed  in  order 
to  provide  satisfactory  convergence,  which  will  make  solving 
the  finite  element  equations  time-consuming  and  costly.  It  is 
also  very  difficult  to  use  the  dynamic  finite  element  method 
to  conduct  coupled  electro-mechanical  analysis,  such  as  the 
determination  of  actuator  power  consumption  which  can  be 
easily  determined  with  the  impedance  approach. 

•  Impedance  approach 

The  impedance  approach  provides  a  straightforward  approach 
to  accurately  determining  the  dynamic  response  of  active  ma¬ 
terial  systems.  It  represents  the  physical  essence  of  the  inter¬ 
action  between  actuators  and  structures.  As  a  discretized 
method,  the  impedance  approach  can  provide  much  more  in¬ 
formation  than  the  other  descretized  method,  the  static  ap¬ 
proach.  This  approach  can  easily  be  used  in  the  electro¬ 
mechanical  analysis  of  an  adaptive  material  system  to  deter¬ 
mine  the  electrical  parameters,  such  as  actuator  power  con¬ 
sumption  and  system  power  requirement.  This  approach  has 
also  provided  a  window  for  studying  the  energy  consumption 
and  transfer  in  an  active  material  system,  which  is  a  long¬ 
standing  issue  in  the  smart  material  system  community.  The 
stress  field  within  a  PZT  actuator,  including  the  thermal  stress 
resulting  from  the  heat  dissipation,  can  also  be  accurately 
calculated  using  the  impedance  approach. 

Since  the  actuator  dynamics,  i.e.,  the  actuator  force  output, 
current,  etc.,  are  derived  from  generic  structural  interaction, 
the  impedance  method  presented  can  be  easily  applied  to  study 
complicated  structures.  The  principle  of  the  impedance  meth¬ 
odology  can  also  be  easily  integrated  into  exiting  computer 
codes.  For  example,  a  subroutine  can  be  developed  to  deter¬ 
mine  the  frequency-dependent  force  output  of  the  actuators 
based  on  the  structural  impedance  calculated  from  its  main 
program,  such  as  ABAQUS  or  NASTRAN.  The  corrected 
dynamic  response  can  then  be  determined  by  multiplying  the 
actuator  dynamic  force  output  with  the  frequency  response 
function  prediction  from  the  main  program. 
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freedom  spring-mass-damper  system,  to  illustrate  the  methodology  usS  »  det^in^h  jeSree'of' 
power  consumption  and  energy  flow  in  the  coupled  electro-mechanLl  svstem  TV  k  ,actuat°r 

applied  to  more  complicated  mechanical  structures  or  systems  such  as  aS  oLrH  Tm  r 
structural  acoustic  control  Th^  c  u  y  SUCn  as  a  nuid‘Joaded  shell  for  active 


INTRODUCTION 

TNTEGRated  induced  strain  actuators  provide  the  energy 
for  intelligent  material  systems  and  structures  to  respond 
adaptively  to  internal  or  external  stimuli.  The  actuator 
power  consumption  as  well  as  the  energy  transfer  (from  the 
actuator  to  the  mechanical  systems  and  vice  versa),  there¬ 
fore,  are  very  important  issues  in  the  application  and  design 
o  intelligent  material  systems  and  structures.  However,  the 
research  to  date  on  energy  transfer  and  actuator  power  con¬ 
sumption  have  been  limited.  The  purpose  of  this  article  is  to 
provide  a  general  methodology  to  study  the  energy  transfer 
and  actuator  power  consumption  in  an  intelligent  material 
system  with  integrated  induced  strain  actuators  by  means  of 
a  coupled  electro-mechanical  analysis. 

/DSrdenng  3  pIaK  driven  by  a  Piezoelectric  ceramic 
(PZT)  actuator  powered  by  an  electrical  supply,  the  power 
consumption  can  be  measured  from  a  power  meter  con¬ 
nected  to  the  PZT  circuit.  However,  a  fundamental  question 
remains:  “How  is  the  energy  being  consumed?”  The  power 
consumption  is  related  to  the  designated  Sanction  of  the 
plate,  i.e.,  whether  it  is  used  for  shape  control,  vibration,  or 
acoustic  control,  as  well  as  the  associated  electronic  sys¬ 
tems,  including  the  power  supply  itself.  In  this  article,  we 
will  not  include  the  power  supply  system  in  the  coupled 
e  ectro-mechamcal  analysis  by  assuming  that  the  power  sup- 
p  y  system  can  always  satisfy  the  current  need  of  the  actua- 
tors.  In  vibration  control,  the  energy  supplied  to  the  PZT 


actuators  is  dissipated  by  the  structural  damping  in  the  plate 
and  the  internal  damping  and  dielectric  loss  of  the  PZT  ac- 
tuator.  For  acoustic  control,  some  of  the  energy  will  be  used 
to  radiate  sound.  In  shape  control,  most  of  the  energy  is 
transferred  from  reactive  electric  energy  into  react: ve=me- 
chanical  energy  (strain  energy)  and  still  stored  in  the  electro¬ 
mechanical  system.  During  the  process  of  maintaining  the 
deformed  shape  for  the  plate,  the  only  energy  consumed  is 
resulting  from  the  dielectric  loss  of  the  PZT  actuator 
Why  it  is  important  to  understand  the  power  consumption 
of  the  integrated  actuators?  We  shall  examine  the  following 
example  in  active  acoustic  control  of  sound  from  a  plate 
wit  bonded  PZT  actuators.  In  active  structural  acoustic 
control  with  PZT  actuators,  the  sound  pressure  is  linearly 
related  to  the  induced  force  or  moment  from  the  actuators. 
Thus,  the  increase  in  the  sound  pressure  level  in  dB  is  very 
limited  with  an  increase  in  the  induced  force  or  moment 
from  the  actuators.  For  example,  a  50%  increase  in  the  in¬ 
duced  moment  will  only  increase  3.5  dB  in  sound  pressure 
level.  However,  the  voltage  level  and  the  power  consumption 
for  the  actuators  can  be  significantly  reduced  if  the  original 
sound  pressure  level  needs  to  be  maintained.  A  50%  in- 
crease  m  the  induced  moment  can  reduce  the  voltage  level 
by  33%  and  power  consumption  by  56%,  as  will  be  dis¬ 
cussed  later.  It  is  clear  that  the  mechanical  optimization  of 
an  intelligent  material  system  for  active  control  should  in¬ 
clude  minimization  of  power  consumption  as  one  of  the  pri- 
mary  objective  functions. 
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This  article  will  also  deal  with  the  energy  transfer  be¬ 
tween  actuators  and  their  host  mechanical  systems,  which  is 
the  basis  of  active  control  technology.  For  example,  consid¬ 
ering  the  active  vibration  control  of  a  beam,  the  beam  is 
excited  by  an  external  force.  At  steady  state,  the  power 
supplied  by  the  external  excitation  force  is  completely  con¬ 
sumed  by  the  damping  of  the  beam.  The  total  mechanical 
energy  of  the  vibrating  beam  (reactive  in  nature)  includes 
the  kinetic  and  elastic  potential  energy.  When  PZT  actuators 
are  bonded  to  the  beam  to  change  the  vibration  response  of 
the  beam,  they  will  provide  mostly  a  reactive  strain  energy 
that  changes  both  the  total  amount  of  mechanical  reactive 
energy  and  its  distribution  in  the  PZT  and  beam  system, 
which  is  the  primary  cause  of  the  variation  in  the  dynamic 
response  of  the  beam.  This  system  energy  transfer  can  be 
reflected  in  the  reactive  electric  power  supplied,  as  will  be 
discussed  in  the  article. 

Some  other  benefits  for  having  a  fully-coupled  model  to 
determine  the  power  consumption  of  integrated  actuators 
and  system  energy  transfer  are: 

•  determination  of  the  power  supply  required  to  operate  an 
intelligent  material  system 

•  determination  of  the  energy  efficiency  of  intelligent 
material  systems 

•  determination  of  the  heat  generation  from  the  actuators, 
which  is  essential  in  the  thermal  stress  analysis  of  in¬ 
duced  strain  actuators 

•  as  an  aid  in  designing  energy-efficient  intelligent  material 
systems  and  structures 

•  as  an  aid  in  understanding  the  system  energy  transfer 


INTRODUCTION  OF  THE  IMPEDANCE  METHOD 
FOR  THE  DYNAMIC  ANALYSIS  OF  ACTIVE 
MATERIAL  SYSTEMS 

The  electro-mechanical  modeling  of  PZT  actuator-driven 
systems  is  based  on  the  impedance  method  developed 
recently  by  Liang  etal.  (1993a,  1993b).  A  brief  introduction 
of  the  concept  of  the  impedance  method  is  presented  below. 

The  impedance  method  of  analyzing  the  dynamic  re¬ 
sponse  of  active  material  systems  can  be  simply  described: 
the  interactions  between  actuators  and  structures  are 
governed  by  the  dynamic  output  characteristics  of  the  actua¬ 
tors  and  the  dynamic  characteristics  of  the  structure,  i.e., 
the  structural  impedance.  The  structural  impedance  in¬ 
cludes  mass,  damping,  boundary  conditions,  rigidity,  spa¬ 
tial  location,  and  acoustic  impedance  if  fluid  coupling  effect 
needs  to  be  included. 

The  dynamic  interaction  of  a  PZT/structure  (Figure  1)  is 
determined  by  coupling  one  of  the  constitutive  relations 
(converse  effect)  of  PZT  and  structure  with  their  equilib¬ 
rium,  compatibility  conditions,  and  the  equations  of  motion 
for  both  the  PZT  actuator  and  the  structure.  The  force- 
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Figure  1.  A  schematic  illustration  of  a  PZT  actuator-driven 
mechanical  system  represented  by  its  structural  impedance  (a  one - 
degree-of-freedom  spring-mass-damper  system  driven  by  a  PZT  ac¬ 
tuator). 


displacement  relation  for  the  PZT  actuator  can  be  expressed 
as: 

F  =  Ka(x  -  *,.)  (1) 

where  *  is  the  displacement,  F  is  the  force  exerted  by  the  ac¬ 
tuator,  and  Ka  is  the  static  stiffness  of  the  PZT  given  by 
Yi2EwAhA/lA,  where  wA,  hA,  and  lA  are  the  width,  thickness, 
and  length  of  the  PZT  actuator,  respectively.  xtn  is  the  free- 
induced  displacement  of  the  actuator  given  by  di2ElA,  where 
d3 2  is  the  piezoelectric  constant  and  E  is  the  electric  field. 

In  a  dynamic  scenario,  the  following  relation  based  on  the 
concept  of  mechanical  impedance  should  be  utilized  for  the 
structure  (the  spring-mass-damper  system): 

F  =  -Zi  (2) 

where  Z  is  the  mechanical  impedance  of  the  SMD  system 
given  by: 


or  —  ut 

Z  =  c  +  m - i  (3) 

u> 

where  /  is  (  —  1)I/Z,  c  is  the  damping  coefficient,  m  is  the 
mass,  Ks  is  the  spring  constant,  and  gj  is  the  excitation  fre¬ 
quency.  The  resonant  frequency  of  the  SMD  system,  is 

given  by: 

=  '/KM  (4) 

Assuming  a  harmonic  steady  state  excitation,  recall 

x  —  ojix  (5) 

The  force-displacement  for  the  SMD  can  now  be  expressed 
as: 


F  =  —  K0x  =  —  [cui  —  ,m( cu2  -  wl)]x  (6) 

where  KD  is  called  the  dynamic  stiffness. 

The  dynamic  interaction  force  between  the  actuator  and 
the  SMD  can  be  determined  from  Equations  (6)  and  (1)  as: 


F  = 


KdKa 

Kd  +  KaX" 


(7) 
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Since  KD  is  frequency  dependent,  the  force  exerting  on  a 
demCtUre  ^  ^  'megrated  actuator  is  also  frequency  depen- 


COUPLED  ELECTRO-MECHANICAL  ANALYSIS 

Consider  the  PZT  actuator  shown  in  Figure  1.  The  elec- 
nc  field  is  applied  in  the  -direction,  and  it  is  assumed  that 
the  PZT  expands  and  contracts  only  in  the  y-direction  The 

=^eItn0fthe  PZT °f ' *e  (*««  and 

fonows  fi  d  35  the  mtensive  variabIes)  may  be  expressed  as 


and 


Si  -  Jf2r2  +  dnE 


Di  —  ?  I \E  +  djiT, 


(8) 


(9) 


where  is  the  strain,  T2  is  the  stress,  Jf2  is  the  complex 
compliance  at  zero  electric  field,  d32  is  the  piezoelectric 
constant,  e32  is  the  complex  dielectric  constant  at  zero 
stress  giVen  by  eL  (1  -  Si),  8  is  the  dielectric  loss  factor 
and  D3  is  the  electric  displacement. 

The  equation  of  motion  for  a  PZT  vibrating  in  the 
y-direction  may  be  expressed  as  follows: 


d2v  —  d2v 

6dt 2  ~  Y22J ^ 


(10) 


^  7  ^displacement  in  the  y-direction,  e  is  the  den- 

lusof  PZT  at  ’  /f|  ~  Yh  (I  +  iv)  is  comPlex  modu- 
factor  of  PZT  °  *  eCt”C  fieM’  ^  V  ‘S  ±e  mechanicaJ  loss 

Solving  Equation  (10)  by  separating  the  displacement  v 
nto  time  and  spatial  domain  solutions  yields: 


v  —  ve“ 


=  (A  sin  ky  +  B  cos  ky)eu 


where 


k2  = 


«VTf2 


(11) 


(12) 


TT>e  PZT  is  connected  to  a  structure  which  is  represented  by 
its  impedance,  Z.  The  equilibrium  and  compatibility  rela- 
tion  between  the  structure  and  the  PZT  can  be  described  by: 


tion  (11).  Another  boundary  condition  is  given  bv  v 
0,  which  leads  to  B  =  0.  ' 

Substituting  Equation  (13)  into  Equation  (8)  yields: 


S  =  — 

2  dy 


•~F  E  \  yMl  Al(jJ 

*AhA 


j  22 


+  dnE 


(14) 


cLult  ~  _ 


EVyal^/CV 

wAhA  1 


(13) 


The  simplest  expression  for  structural  impedance  is  the 
EqUati°n  P)  f°r  a  -e-degree-of-freedom 

Equation  (13)  provides  one  boundary  condition  for  Equa- 


Note:  a  bar  over  a  variable  indicates  its  spatial  component 

f*™  tT  °f  C°mplex  matenal  Properties,  such  as 
22  a™  '«•  The  coefficient.  A,  in  Equation  (11)  can  be 
solved  from  Equation  (14)  as: 


A  = 


dnE 


k  cos(klA)  +  ^~sin(Ir/H) 


(15) 


In  order  to  further  simplify  the  derivation  and  help  ex¬ 
plain  the  physics  from  a  point  of  view  of  impedance  match¬ 
ing  the  mechanical  impedance  of  the  PZT  actuators  is  in- 
troduced  here.  If  a  constant  force  excitation  is  applied  to  a 
PZT  actuator  (such  as  the  one  shown  in  Figure  1)  in  the 
y-direction,  the  actuator  response  can  be  determined  follow¬ 
ing  the  same  derivation  outlined  in  Equations  (11)  to  (15) 
The  mechanical  impedance  of  the  PZT  actuator,  defined  as 
the  ratio  of  the  excitation  force  to  the  velocity  response,  mav 
be  expressed  as: 


ZA  = 


^(1  +  rji)  klA 


u  tan  (klA) 1 


(16) 


Note:  the  mechanical  impedance  of  the  actuator  defined 
above  is  based  on  the  assumption  that  the  PZT  actuator  be- 
haves  like  a  passive  material  and  has  no  electric  coupling 

e  coefficient,  A,  given  by  Equation  (15)  can  then  be 
simplified  as: 


A  = 


ZAdnE 


k  cos (klA)  (ZA  +  Z) 


(17) 


The  output  displacement  of  the  PZT  actuator  and  the 
strain  and  stress  field,  as  well  as  the  electric  displacement 
held,  can  then  be  solved  as  follows: 


the  strain: 


the  stress: 


Ti  = 


ZAd32ElA  xan(klA) 
ZA  +  Z  klA 


j  _  ZAd3iE  cos  (ky) 
Za  +  Z  cos (kiA) 


Za  cos(ky) 


(18) 


(19) 


Za  +  Z  cos(klA)  ^  Jdji  YhE 


(20) 
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the  electric  displacement  field: 


ZAYf2d}2E  cos(Icv)  _  _  „ 

777T  +  <*»  “  dUYU)E  (2l) 
ZA  +  Z  cosuxj 

The  electric  current  is  calculated  using 

/  =  iu  |  |  D3dxdy  (22) 

which  yields: 

/  =  Ieiut  (23) 

where 


/  =  iu)EwAlA 


d\2 Y22ZA  tan (klA) 
Z  +  ZA  klA 


+  *L-dhY  fa  (24) 


Since  the  electric  field  is  expressed  as  £  =  K//1.4,  the  admit¬ 
tance,  Y  =  11V,  is  then  found  as 


y 


!d\2Y22ZA  tanf/t/^) 


+  &  -  d\2Y\ 


(25) 


Because  tan (klA)lklA  is  close  to  one  in  the  frequency  range 
of  interest  in  most  applications  of  intelligent  materials, 
Equation  (25)  may  be  further  simplified  as: 


Y  = 


Z 

ZA  +  z 


(26) 


It  is  clear  that  the  coupled  electro-mechanical  admittance 
includes  the  capacitance  of  the  PZT  material  and  me¬ 
chanical  interaction  expressed  by  the  mechanical  impedance 
terms.  The  resonance  of  the  electro-mechanical  system 
occurs  when  the  actuator  impedance,  ZAl  and  structural  im¬ 
pedance,  Z,  match  (complex  conjugate). 


ELECTRICAL  POWER  ASSOCIATED  WITH  AN 
ACTUATOR-DRIVEN  MECHANICAL  SYSTEM 

If  a  voltage,  V  =  v  sin (ut).  is  applied  to  a  load,  the  cur¬ 
rent  measured  in  the  circuit  is  /  =  /  sin(u>r  +  0).  The 
voltage  and  current  are  related  by  the  admittance, 
Y  —  Re(T)  +  i  Im(T),  of  the  load.  There  are  three  types 
of  electric  power  defined  as  follows: 

The  apparent  power,  WA: 


WA  =  I.K  =  j  \Y\  (27) 

where  l.  and  V,  are  the  RMS  current  and  voltage,  respec¬ 
tively. 


The  dissipative  power,  WD\ 


v2 

WD  -  coso  =  —  Re(T)  (28) 

The  reactive  power,  WR: 


WR  =  WA  sino 


-lm(Y) 


(29) 


The  apparent  power  is  the  power  supplied  to  the  induced 
strain  actuators.  The  dissipative  power,  as  implied  by  its 
name,  is  the  power  transformed  into  other  energy  forms, 
such  as  heat,  sound,  and  mechanical  energy.  The  reactive 
power,  however,  remains  and  flows  within  the  system.  The 
reactive  power  consists  of  mechanical  reactive  power  related 
to  the  mass  (kinetic  energy),  spring  (potential  strain  en¬ 
ergy),  and  electric  reactive  power  (electric  and  magnetic 
field  energy  of  capacitors  and  inductors). 

The  power  consumption  of  an  induced  strain  actuator  in¬ 
cludes: 

•  power  consumed  by  the  actuator  in  terms  of  heat  due  to 
the  resistive  admittance  of  the  actuator  materials  them¬ 
selves.  The  resistive  admittance  for  a  PZT  actuator 
comes  from  the  mechanical  friction  and  dielectric  loss  of 
PZT  materials. 

•  power  dissipated  in  the  mechanical  structure.  This  power 
is  eventually  dissipated  into  heat  in  the  structure. 
Reflected  in  the  model  is  the  electric  power  consumption 
due  to  the  structural  damping  coefficient. 

•  power  used  to  radiate  sound.  This  power  can  be  repre¬ 
sented  in  the  electric  admittance  in  terms  of  the  resistive 
part  from  the  acoustic  impedance. 

The  power  consumption  of  an  induced  strain  actuator 
driven  by  a  constant  voltage  source  is  a  variable  because  of 
the  variation  of  Re(T)  as  a  function  of  frequency.  In  order  to 
maintain  a  constant  voltage  supply  for  the  PZT  actuator  at 
various  frequencies,  the  power  requirement,  i.e.,  the  mini¬ 
mum  power  rating  of  the  voltage  source,  should  be  no  less 
than  the  following  value  over  the  frequency  of  interest: 

\  nnax(  J  Y\ )  (30) 

which  represents  the  maximum  power  over  the  frequency 
range  that  the  actuators  are  expected  to  operate. 

The  real  admittance  includes  two  parts:  part  one  is  from 
the  damping  of  the  mechanical  systems  and  the  other  part  is 
from  the  internal  loss  of  the  induced  strain  actuators  (dielec¬ 
tric  loss  and  mechanical  loss  for  a  PZT  actuator).  The 
power  consumption  due  to  the  damping  of  the  mechanical 
systems  is  useful  in  driving  the  mechanical  systems,  while 
the  power  due  to  the  internal  loss  of  the  induced  strain  actu¬ 
ators  is  dissipated  in  terms  of  heat  generated  in  the  actua- 
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tors,  an  essential  quantity  in  the  thermal  stress  analysis  of 
the  system.  The  energy  efficiency  of  the  actuator  in  driving 
the  system,  therefore,  should  be  defined  as: 


R  e(K) 


(31) 


where  Ys  is  the  coupled  electro-mechanical  admittance 
resulting  from  the  mechanical  loss  of  the  mechanical 
system,  which  may  be  obtained  approximately  from  Equa¬ 
tion  (26)  by  assuming  zero  dielectric  loss  and  internal 
damping  for  the  PZT  actuators.  This  energy  efficiency  of  the 
actuator  is  similar  to  the  power  factor  (defined  as  the  ratio  of 
the  real  power  to  the  total  power)  in  electrics.  Similarly,  Ya 
is  defined  as  the  coupled  electro-mechanical  admittance  for 
the  PZT  actuator,  which  can  be  calculated  from  Equation 
(26)  by  assuming  zero  structural  damping.  The  heat  dissipa¬ 
tion  of  the  actuator  because  of  its  internal  loss  can  then  be 
expressed  as 


Q  * 


V2  R e(Ya) 
? 


(32) 


POWER  CONSUMPTION  AND  SYSTEM  ENERGY 
TRANSFER  OF  BEAM  STRUCTURES  DRIVEN 
BY  PZT  ACTUATORS 


PZT  Actuator 


Figure  2.  A  simplified  model  for  PZT  actuators  bonded  on  a  beam 
structure. 


tively,  which  are  found  by  differentiating  the  transverse 
deflection  with  respect  to  x. 

The  equivalent  structural  impedance  given  by  Equation 
(33)  needs  to  be  modified  in  order  to  be  used  in  Equations 
(17)  to  (26).  The  interaction  between  the  beam  and  actuator 
previously  discussed  may  be  represented  by  a  simple  system 
of  two  actuators  creating  a  pure-bending  moment  to  drive  a 
rotational  mass-spring-damper  system  having  the  same  rota¬ 
tional  impedance  as  given  by  Equation  (33),  as  shown  in 
Figure  2.  The  two  actuators  have  the  same  length  lA,  width 
wA,  and  thickness  hA,  and  they  are  hB  apart,  where  hB  is  the 
thickness  of  the  beam.  If  the  rotation  of  mass  is  0,  the  axial 
displacement  of  either  of  the  actuators,  .r,  will  be  OhBf 2 
(assuming  small  deformation).  The  dynamic  force  equilib¬ 
rium  and  geometrical  compatibility  together  may  be  ex¬ 
pressed  as; 


In  order  to  determine  the  actuator  power  consumption  and 
system  energy  transfer  of  a  continuous  system,  such  as  a 
beam,  driven  by  PZT  actuators,  the  structural  impedance 
corresponding  to  actuator  loading  must  first  be  calculated. 
The  excitation  force  provided  by  integrated  actuators  can  be 
very  complicated.  For  example,  the  actuation  provided  by  a 
PZT  actuator  bonded  on  a  beam  is  shear  force  and  its  distri¬ 
bution  may  be  expressed  with  a  hyperbolic  tangent  function 
(Lin  and  Rogers,  1992).  Determination  of  the  structural  im¬ 
pedance  corresponding  to  a  distributed  actuator  loading  can 
be  very  difficult.  In  this  article,  the  structural  impedance  of 
beams  corresponding  to  two  types  of  actuator  excitation  will 
be  introduced.  Detailed  discussion  can  be  found  in  Liana  et 
al.  (1993a). 

Consider  a  beam  with  two  PZT  actuators  bonded  on  the 
top  and  bottom.  The  actuators  are  activated  out-of-phase, 
resulting  in  a  pure  bending  excitation.  The  effect  of  the  actu¬ 
ators  can  be  represented  by  a  pair  of  bending  moments,  M. 
If  the  two  ends  of  the  actuators  are  at  £,  and  &f  respectively, 
the  equivalent  rotational  structural  impedance  correspond¬ 
ing  to  the  pair  of  the  pure  bending  moment  of  the  actuators 
is  defined  to  be: 

Z*  =  M/($2  -  Qx)  =  MI(d2  -  Ox)iu  (33) 
where  Qx  and  Q2  are  the  rotation  angles  at  and  respec- 


F  =  [2  ZRl(hB  +  ^)2].v  =  Zx  (34) 

The  equivalent  mechanical  impedance  determined  from 
Equation  (34)  can  be  directly  used  in  Equations  (17)  to  (26) 
to  determine  the  stress,  strain,  force,  displacement,  and 
electric  displacement  (current)  of  the  PZT  actuators,  as  well 
as  the  coupled  electro-mechanical  admittance  of  the  active 
material  systems. 

For  an  actuator  whose  effect  can  be  represented  with  a 
point  loading,  such  as  a  stacked  PZT  actuator  used  in  truss 
structures  and  a  magnetostrictive  actuator  used  as  active 
mount,  the  definition  of  corresponding  structural  impedance 
to  actuator  loading  can  be  expressed  as: 


This  impedance  is  usually  determined  by  calculating  the 
structural  response,  x ,  corresponding*  to  an  arbitrary  force, 
F,  at  the  actuator  location.  Note  that  when  calculating  the 
structural  impedance,  only  the  influence  of  the  actuator 
mass  needs  to  be  included. 

Once  the  structural  impedance  corresponding  to  the  actu¬ 
ator  loading  is  determined,  it  can  be  substituted  into  Equa¬ 
tion  (26)  to  determine  the  coupled  electro-mechanical  ad¬ 
mittance  and  related  to  the  actuator  power  consumption  and 
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Table  1.  Material  properties  of  G1195  PIT 
(from  Piezo  System ,  Inc.) 


d32 

(m/volt) 

Y£ 

1  22 

(N/m2) 

e  «m 

(kg/m3 )  (farads/m)  5  rj 

-166  x  10-’2 

6.3  x  10'° 

7650  1.5  x  10'a  0.012  0.001 

system  energy  transfer  if  the  voltage  applied  to  the  PZT  ac¬ 
tuator  is  known. 


NUMERICAL  EXAMPLES  AND  DISCUSSION 

Consider  a  PZT  of  length  lA  =  5.08  cm  (2  in),  width 
wA  =  2.54  cm  (1  in),  and  thickness  hA  =  0.2  cm  (0.079  in) 
driving  a  one-degree-of-freedom  spring-mass-damper  sys¬ 
tem.  The  material  properties  of  the  PZT  are  listed  in 
Table  1. 

The  natural  frequency  of  the  spring-mass-damper  system 
is  500  Hz.  Mass,  m,  is  assumed  to  be  2  kg  with  a  damping, 
£,  of  0.01.  The  damping  constant,  c ,  is  calculated  using 
c  —  2!~mun  to  be  125.7  N/ms“l. 

Figure  3  shows  the  coupled  electro-mechanical  admit¬ 
tance,  including  the  real,  imaginary,  and  absolute  values  of 
the  actuator-driven  SMD  system.  The  imaginary  admittance 
is  almost  the  same  as  the  absolute  value,  indicating  the 
strong  reactive  nature  of  the  coupled  electro-mechanical 
system.  However,  around  the  resonance  of  the  system  (PZT 
and  spring-mass-damper),  its  resistive  aspect  becomes  as 
significant  as  the  reactive  aspect  of  the  system. 

The  absolute  value  of  the  mechanical  impedance  of  the 
SMD  system,  Z,  and  the  actuator  mechanical  impedance, 
ZAt  are  plotted  in  Figure  4.  The  resonance  of  the  SMD  is  at 


10* 


Frequency,  H; 

Figure  4.  The  mechanical  impedance  of  the  PZT  actuator  and  SMD 
system. 


500  Hz.  as  indicated  by  the  minimum  of  its  impedance 
curve.  The  actuator  impedance  matches  the  SMD  im¬ 
pedance  at  tw'o  frequencies,  but  only  the  one  at  around  580 
Hz  is  a  complex  conjugate  of  the  SMD  impedance.  There¬ 
fore,  the  PZT  actuator  outputs  the  maximum  current,  as 
well  as  power,  at  this  frequency  as  illustrated  in  Figure  3  and 
Equations  (24)  and  (25). 

The  results  shown  in  Figure  5  illustrate  how  the  power 
supplied  to  the  system  is  consumed.  The  real  admittance  is 
divided  into  three  parts.  One  part  (dotted  line)  results  from 
the  mechanical  loss  of  the  PZT  materials.  This  is  calculated 
by  assuming  zero  structural  damping  and  dielectric  loss  for 
the  PZT.  Since  a  loss  factor  of  0.1%  represents  that  0.62% 
(2t  x  0.1%)  of  the  strain  energy  being  transferred  into  the 
thermal  energy,  the  special  pattern  of  the  dotted  line  (mini¬ 
mum  at  500  Hz  and  maximum  at  580  Hz)  can  be  explained 
as  follows.  From  Equations  (19)  and  (20),  the  strain  energy 
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Figure  3.  The  coupled  electro-mechanical  admittance  of  the  PZT 
actuator-driven  spring-mass-damper  system. 
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Figure  5.  The  real  part  of  the  coupled  electro-mechanical  admit¬ 
tance  illustrating  how  the  electrical  power  is  being  consumed. 
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density,  U,  of  the  PZT  actuator  as  a  function  of  frequencv 
can  be  determined  as: 


U  —  — 


\d\iYUE* 


Note  that  cos(kv)/cos(klA)  is  assumed  to  be  unity  in  the 
above  equation  if  the  actuator  length  is  much  smaller  than 
the  wave  length  of  the  PZT  actuator  oscillating  in  the 
^-direction.  At  the  resonance  of  the  SMD  system '(500  Hz 
and  minimum  impedance,  Z),  the  strain  energy  is  mini¬ 
mum,  which  results  in  minimum  mechanical  dissipation  of 
the  PZT  actuator.  When  the  actuator  impedance  and  SMD 
impedance  matches  (580  Hz),  i.e.,  the  denominator  of  the 
strain  energy  density,  ZA  +  Z,  becomes  very  close  to-  zero 
and  the  actuator  stores  the  maximum  amount  of  strain  en¬ 
ergy,  which  inevitably  yields  more  mechanical  loss. 

The  second  part  (dash-dotted  line  in  Figure  5)  results 
from  the  dielectric  loss.  It  is  calculated  by 'assuming  zero 
mechanical  loss  for  the  PZT  and  the  spring-mass-damper 
system.  The  third  part  results  from  the  structural  damping, 
which  has  a  maximum  at  the  resonance  of  the  entire  system.' 
The  solid  line  is  the  entire  real  admittance  as  a  result  of  en¬ 
tire  dissipation  in  the  mechanical  system  and  PZT  actuator 
The  entire  real  admittance  may  also  be  approximately 
calculated  by  summing  the  individual  real  admittance.  ' 
Figure  6  shows  the  actuator  efficiency  according  to  Equa- 
tion  (31).  Piezoelectric  materials  have  an  electro-mechanical 
efficiency  which  indicates  the  energy  transfer  rate  between 
the  stored  strain  and  electrical  energy:  however,  it  is  only  a 
material  index  and  cannot  be  used  to  evaluate  the  effec¬ 
tiveness  of  piezoelectric  actuators  integrated  in  a  mechan¬ 
ical  material  system.  The  actuator  efficiency  defined  bv 
Equation  (31)  indicates  the  amount  of  the  energy  dissipated 
due  to  the  structural  damping,  i.e.,  the  effectiveness  of  the 
actuator  to  excite  the  mechanical  system.  It  is  always  true 
that  the  actuator  becomes  the  most  efficient  when  the  actua¬ 
tor  impedance  matches  the  structural  impedance.  For  a  con¬ 
tinuous  system,  there  will  be  many  peaks  corresponding  to 
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the  natural  vibration  mode  of  the  system.  The  height  of  a 
peak  indicates  the  effectiveness  of  the  actuator  to  excite  that 
mode.  The  actuator  efficiency  defined  in  this  article  can  be 
used  in  the  optimal  design  of  actuator  configuration  (actua¬ 
tor  impedance)  and  location. 

How  is  the  energy  being  exchanged  and  transferred  in  a 
coupled  electro-mechanical  system?  It  is  necessary  to  ana¬ 
lyze  the  reactive  energy  of  the  system.  Figure  7  shows  the 
imaginary  part  of  the  coupled  electro-mechanical  admit¬ 
tance  of  the  system.  The  solid  line  is  the  imaginary  admit- 
mnee  of  a  freely  vibrating  PZT.  which  is  calculated  from 
Equation  (26)  by  assuming  the  mechanical  impedance.  Z,  to 
be  zero.  It  is  almost  a  straight  line  in  the  frequency  range 
plotted,  which  is  purely  capacitive  in  nature.  The  dashed 
line  is  the  imaginary  admittance  of  the  coupled  electro¬ 
mechanical  admittance.  It  is  slightly  smaller  than  that  of  the 
free  PZT  before  500  Hz.  At  500  Hz  (the  resonant  frequency 
of  the  spring-mass-damper  system),  the  PZT  is  vibrating 
reely  because  the  spring-mass-damper  system  has  the 
lowest  structural  impedance  at  this  frequencv.  Therefore 
the  admittance  of  the  PZT  +  mechanical  s'vstem  is  the 
same  as  the  free  PZT  at  500  Hz.  The  imaginary  system  ad¬ 
mittance  then  increases  sharply  and  reaches  its  maximum  at 
the  system  resonant  frequency  (the  resonant  frequency  of 
the  PZT  and  SMD  system,  which  includes  the  stiffening  of 
the  PZT,  or  the  frequency  at  which  the  strucutral  impedance 
becomes  a  complex  conjugate  of  the  actuator  impedance). 
This  sharp  increase  physically  represents  the  increase  of  the 
reactive  mechanical  energy  of  the  system  (kinetic  and  poten¬ 
tial  energy)  at  its  resonance  at  which  the  kinetic  or  potential 
energy  is  the  largest.  When  the  frequency  is  slightly  greater 
than  the  system  resonant  frequency,  the  reactive  power  of 
the  system  is  at  its  minimum  (negative  maximum  since  the 
force  and  velocity  are  out-of-phase)  because  of  the  superpo¬ 
sition  of  the  reactive  admittance  of  the  PZT  as  a  capacitor. 
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The  PZT  may  have  a  deformation  greater  than  its  maxi¬ 
mum  induced  deformation,  or  the  stress  within  the  PZT  can 
be  several  times  larger  than  the  blocking  stress  (Liang  et  al., 
1993a,  1993b).  These  are  associated  with  the  reactive  en¬ 
ergy  of  the  mechanical  system,  which  constantly  changes 
between  kinetic  and  potential  energy,  but  is  stored  in  the 
system.  To  maintain  this  large  amplitude  vibration  around 
the  system  resonant  frequency,  the  external  power  source 
needs  to  input  more  power.  This  is  represented  by  the  in¬ 
creased  power  consumption  (real  admittance),  as  shown  by 
the  dash-dotted  line  in  Figure  7.  The  real  admittance  reaches 
its  maximum  at  the  system  resonant  frequency  where  the 
mechanical  reactive  admittance  is  zero  (zero  crossing  point 
between  the  dashed  and  solid  line  other  than  at  500  Hz). 

How  can  the  reactive  mechanical  energy  be  reflected  by 
the  imaginary  admittance?  To  answer  this  question,  we  shall 
examine  the  second  constitutive  relation  of  PZT  given  by 
Equation  (9).  It  may  be  rewritten  in  the  following  form: 

D3  =  eL(E  +  Er)  (37) 

where  ER  is  referred  to  as  the  reactive  field  generated  across 
the  PZT  actuator  as  a  result  of  the  external  stress  applied  to 
the  PZT,  which  is  given  by: 

d32 

Er  =  —T  (38) 

It  is  because  of  the  reactive  field  that  the  reactive 
mechanical  energy  is  reflected  in  the  coupled  electro¬ 
mechanical  admittance.  This  strongly  suggests  that  both  the 
piezoelectric  and  its  converse  effect  are  coupled  in  the  actua¬ 
tor  application  (as  well  as  sensor  application)  of  piezo¬ 
ceramics. 

The  difference  in  the  solid  and  dashed  lines  in  Figure  7 
represents  the  electric  and  strain  energy  transfer  in  the  PZT 
actuator.  In  most  cases,  the  electrical  energy  of  the  PZT  ac¬ 
tuator  is  convened  into  the  strain  energy  that  interacts  with 
the  SMD  system  (converse  piezoelectric  effect).  However, 
from  500  to  580  Hz,  the  SMD  operates  on  the  PZT  actuator 
and  energy  is  convened  from  strain  energy  into  the  electri¬ 
cal  energy  (the  piezoelectric  effect). 

EXPERIMENTAL  VERIFICATIONS 

Experiments  have  been  conducted  to  verify  the  coupled 
electro-mechanical  model  presented  in  this  article.  A  brief 
introduction  of  the  experiment  and  its  results  is  provided 
here.  Detailed  discussion  of  the  experimental  results  and  the 
theoretical  model  will  be  published  later.  In  this  experi¬ 
ment,  two  PZT  actuators  are  bonded  at  the  end  of  an  alumi¬ 
num  cantilever  beam.  An  HP  4194 A  Impedance/Gain-Phase 
Analyzer  is  used  to  measure  the  coupled  electro-mechanical 
admittance,  as  shown  in  Figure  8.  Theoretical  analysis 


HP  impedance,  gain, 
and  phase  anaiyzer 


Aluminum  beam 

Figure  8.  The  experiment  apparatus,  an  aluminum  cantilever  beam 
with  bonded  PZT  actuators  and  an  HP  Impedance/Gain-Phase  Ana - 
lyzer. 


based  on  the  model  presented  in  this  article  has  also  been 
conducted.  The  experimental  and  theoretical  coupled 
electro-mechanical  admittance  are  shown  in  Figure  9a  and 
9b.  The  experimental  results  (dashed  lines)  agree  with  the 
theoretical  predictions  (solid  lines)  well. 

The  electrical  admittance  of  a  plain  PZT  actuator  (same 
material  as  used  to  excite  the  beam)  was  measured,  which 
provided  the  dielectric  constant  and  dielectric  loss  factor. 
The  dielectric  constant  of  the  PZT  measured  with  the  HP 
analyzer  is  18%  less  than  the  value  suggested  by  the  manu- 
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Figure  9a.  The  real  part  of  the  measured  and  predicted  coupled 
electro-mechanical  admittance. 
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Figure  9b.  The  imaginary  part  of  the  measured  and  predicted  cou- 
pied  electro-mechanical  admittance. 


facturer.  The  mechanical  loss  factor  of  the  PZT  was  esti¬ 
mated  as  0.005.  The  measured  properties  of  the  PZT  have 
been  used  in  the  theoretical  prediction.  Other  material  prop¬ 
erties  of  the  PZT  actuators  used  in  the  analytical  model  are 
the  same  as  those  listed  in  Table  l. 

The  real  part  of  the  coupled  electro-mechanical  admit¬ 
tance  is  shown  in  Figure  9a.  The  total  dissipative  power  can 
be  obtained  from  this  chart  by  multiplying  the  real  admit¬ 
tance  by  the  voltage  squared  over  2.  The  HP  Analyzer  can¬ 
not  distinguish  the  power  consumption  due  to  the  internal 
loss  of  the  actuator  and  the  mechanical  loss  of  the  beam, 
while  the  theoretical  model  may  provide  an  approximation 
of  how  the  energy  is  being  consumed,  as  shown  in  Figure 
10.  The  coupled  admittance  illustrated  by  the  dash-dotted 
line  results  from  the  mechanical  loss  of  the  beam.  The  cou¬ 
pled  admittance  illustrated  by  the  dashed  line  is  due  to  the 
internal  loss  of  the  actuator.  The  solid  line  represents  the 
total  loss  of  the  system,  which  can  also  be  calculated  ap¬ 
proximately  by  summing  the  dashed  and  dash-dotted  line. 


SUMMARY 

This  article  describes  a  coupled  electro-mechanical  ap¬ 
proach  to  analyze  the  energy  transfer  and  consumption  of 
active  systems  using  a  simple  example,  a  PZT  actuator- 
driven  one-degree-of-freedom  spring-mass-damper  system. 
The  theoretical  model  has  also  been  validated  by  experi¬ 
ment.  The  coupled  electro-mechanical  model  can  be  ap¬ 
plied  easily  to  a  continuous  mechanical  system  provided  that 
the  structural  impedance  corresponding  to  the  actuator  load 
is  determined.  The  numerical  examples  and  discussions  il¬ 
lustrate  the  relations  of  the  various  types  of  energy  inside 
the  mechanical  system,  as  well  as  how  power  is  consumed  in 
an  active  material  system.  This  analysis  method  can  be  ex¬ 
tended  to  other  types  of  actuator-driven  systems,  i.e., 
systems  with  integrated  magnetostrictive  and  electrostrictive 
actuators.  This  analysis  will  assist  in  understanding  the 
mechanisms  of  active  material  systems  and  structures  and 
enable  design  of  energy  efficient  smart  material  systems.  In 
summary,  this  article  has 

•  developed  a  coupled  electro-mechanical  analysis  meth¬ 
odology  to  determine  the  actuator  power  consumption 
and  energy  transfer  in  an  active  material  system 

•  demonstrated  the  utility  of  this  method  in  the  power  con¬ 
sumption  and  energy  transfer  analysis  with  a  simple  PZT 
actuator-driven  spring-mass-damper  system 


ACKNOWLEDGEMENT 

The  authors  would  like  to  acknowledge  the  support  of  the 
Office  of  Naval  Research,  Grant  ONR  00014-92-1-1170. 


REFERENCES 


10-”- 


Result  of  the  Total  Loss  of  the  System 
Result  of  the  internal  Loss  of  the  Actuator 


Result  of  the  Mechanical  Loss  of  the  Beam 


200  400  600  800  1000  1200  1400  1600  1800 

Frequency,  Hz 


Figure  10.  Theoretical  prediction  on  how  the  power  is  consumed 
by  the  PZT  actuator-driven  aluminum  cantilever  beam. 


Car! son  and  Gisser.  1981.  Electrical  Engineering.  California:  Addison- 
Wesley. 

Crawley,  E.  F.  and  J.  deLuis.  1989.  “Use  of  Piezoelectric  Actuators  as  Ele¬ 
ments  of  Intelligent  Structures'*,  AlAA  Journal,  25(10). 

Ikeda.  1990.  Fundamentals  of  Piezoelectricity.  New  York:  Oxford  Univer¬ 
sity  Press. 

Ha.  S.  K..  C.  Keilers  and  F.  K.  Chang.  1992.  “Finite  Element  Analysis  of 
Composite  Structures  Containing  Distributed  Piezoelectric  Sensbrs  and 
Actuators**,  AlAA  Journal .  30(3)  :772- 780. 

Liang,  C. ,  F.  P.  Sun  and  C.  A.  Rogers.  1993a  (in  press).  “An  Impedance 
Method  for  Dynamic  Analysis  of  Active  Materia]  Systems’*,  accepted  by 
ASME  Journal  of  Vibration  and  Acoustics,  also  in  Proceedings,  34th 
SDM  Conference,  LaJolla,  CA,  April  19-21,  1993,  pp.  3587-3599. 

Liang.  C..  F.  P.  Sun  and  C.  A.  Rogers.  1993b  (in  press).  “Dynamic  Output 
Characteristics  of  Piezoceramic  Actuators”,  SPlE's  1993  North  American 
Conference  on  Smart  Structures  and  Materials,  Albuquerque,  NM, 
February  1-4,  1993. 

Lin.  M.  A.  and  C.  A.  Rogers.  1992.  “Formulation  of  a  Beam  Structure 
with  Induced  Strain  Actuators  Based  on  an  Approximated  Linear  Shear 
Stress  Field”  Proceedings.  33rd  SDM  Conference,  Dallas.  Texas,  April 
13-15,  1992 .  pp.  896-904. 


C-16 


Optimd  Placement  of  Piezoelectric  Actuators  for  Active  Structural  Acoustic  Control  B 

Lua^J0UmaI  °f  InteIHgent  “  “i  ' 


C-16 


Optimal  Placement  of  Piezoelectric  Actuators 
for  Active  Structural  Acoustic  Control 

Bor-Tsuen  Wang* 

Department  of  Mechanical  Engineering 
National  Pingtung  Polytechnic  Institute 
Pingnmg,  Taiwan  91207,  R.O.C. 

Ricardo  a.  Burdisso  and  Chris  R.  Fuller 
Vibration  and  Acoustics  Laboratories 
Department  of  Mechanical  Engineering 
Virginia  Polytechnic  Institute  and  State  University 
Blacksburg ,  VA  24061 

ABSTRACT :  This  paper  presents  a  general  formulation  of  the  optimization  problem  for  the  place¬ 
ment  and  sizing  of  piezoelectric  actuators  in  adaptive  LMS  control  systems.  The  selection  of  objec¬ 
tive  function,  design  variables  and  physical  constraints  are  separately  discussed.  A  case  study  for  the 
optimal  placement  of  multiple  fixed  size  piezoelectric  actuators  in  sound  radiation  control  is  pre¬ 
sented.  A  solution  strategy  is  proposed  to  calculate  the  applied  voltages  to  piezoelectric  actuators 
with  the  use  of  linear  quadratic  optimal  control  theory  which  is  to  simulate  the  LMS  feedforward 
control  algorithm.  The  location  of  piezoelectric  actuators  is  then  determined  by  minimizing  the  ob¬ 
jective  function,  which  is  defined  as  the  sum  of  the  mean  square  sound  pressure  measured  by  a 
number  of  error  microphones.  The  optimal  location  of  piezoelectric  actuators  for  sound  radiation 
control  is  determined  and  shown  to  be  dependent  on  the  excitation  frequency.  Particularly,  the  opti¬ 
mal  placement  of  multiple  piezoelectric  actuators  for  on-resonance  and  off-resonance  excitation  is 
presented.  The  results  show  that  the  optimally  located  piezoelectric  actuators  perform  far  better 
sound  radiation  control  than  arbitrarily  selected  ones.  This  work  leads  to  a  design  methodology  for  ' 
adaptive  or  intelligent  material  systems  with  highly  integrated  actuators  and  sensors.  The  optimiza¬ 
tion  procedure  also  leads  to  a  reduction  in  the  number  of  control  transducers. 


INTRODUCTION 

PIEZOELECTRIC  actuators  have  been  widely  used  in  struc¬ 
tural  sound  and  vibration  control.  Wang  and  Rogers 
(1991a,  1991b)  presented  the  theoretical  analysis  of  the 
mechanics  of  piezoelectric  actuators,  and  Wang  et  al.  (1991) 
demonstrated  their  potential  as  transducers  in  structural 
sound  control.  However,  the  proper  selection  of  number  and 
location  of  piezoelectric  actuators  is  critical  to  efficiently 
control  structural  sound  radiation.  Therefore,  the  deter¬ 
mination  of  the  optimal  placement  and  number  of  piezoelec¬ 
tric  actuators  in  sound  radiation  control  is  an  important  and 
interesting  issue. 

However,  previous  works  on  optimal  placement  of  actua¬ 
tors  are  mostly  concerned  with  vibration  control  and  partic¬ 
ularly  for  feedback  control  systems  with  the  use  of  tradi¬ 
tional  force  transducers,  such  as  point  force  shakers  (Norris 
and  Skelton,  1989;  Chang  and  Soong,  1980;  Hamidi  and 
Juang,  1981;  Juang  and  Rodriguez,  1979;  Chen  and  Seinfeld, 
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1975).  For  state  feedback  control,  a  state  space  equation  is 
first  constructed  to  represent  the  system  model,  and  a  per¬ 
formance  index,  which  is  a  quadratic  form  in  the  state  and 
control  effort,  can  then  be  defined.  Finally,  the  optimal  loca¬ 
tion  is  to  be  determined  by  minimizing  the  performance  in¬ 
dex.  Only  a  few  literatures  deal  with  the  optimal  location  of 
distributed  actuators,  which  are  widely  used  in  conjunction 
with  so-called  “smart”  structures.  Jia  (1990)  studied  the  opti¬ 
mal  position  of  piezoelectric  actuators  for  beam  vibration 
control  by  adopting  the  independent  modal  space  control 
approach  (IMSC).  Jia  showed  that  the  optimal  location  and 
size  of  piezoelectric  actuators  can  be  found  by  minimizing 
an  objective  function  which  can  be  either  the  structural  re¬ 
sponse,  control  effort,  residual  response,  spillover  effect  or 
combinations  of  all/any  of  these  variables.  However,  Jia’s 
work  is  limited  to  consider  only  one-dimensional  vibration 
control. 

Adaptive  feedforward  control,  on  the  other  hand,  has 
been  adopted  for  structural  sound  radiation  control  in  recent 
years  (Gibbs  and  Fuller,  1992;  Burdisso  and  Fuller,  1992; 
Simpson  et  al.,  1992).  The  control  algorithm  is  flexible 
because  it  is  not  as  crucial  as  feedback  approaches  to  ac- 
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curately  model  the  system  response.  The  adaptive  feedfor¬ 
ward  controller  can  learn  the  system  parameters  by  itself 
and  converge  to  the  optimal  solution  using  various  “train¬ 
ing”  approaches.  However,  little  work  has  been  discussed  on 
the  optimal  placement  of  actuators,  particularly  distributed 
in  nature,  for  feedforward  control.  This  paper  is  thus  con¬ 
cerned  with  the  formulation  of  the  optimization  problem  for 
the  placement  of  piezoelectric  actuators  in  feedforward  con¬ 
trol  systems,  in  particular  for  the  ASAC  technique. 

In  this  paper,  a  general  formulation  for  the  optimal  place¬ 
ment  of  piezoelectric  actuators  in  a  feedforward  control  ap¬ 
proach  is  first  presented  and  then  applied  to  a  typical  sound 
radiation  control  system  using  piezoelectric  actuators  and 
microphone  sensors.  A  baffled,  simply-supported,  rectan¬ 
gular  plate  as  shown  in  Figure  1  is  considered  as  an 
idealized  system.  The  plate  is  harmonically  excited  by  a  pri¬ 
mary  source  (point  force),  and  piezoelectric  actuators  are 
applied  to  control  the  plate  vibration  in  order  to  reduce  the 
associated  sound  radiation  into  a  free  field.  The  objective 
here  is  to  determine  the  optimal  location  of  piezoelectric  ac¬ 
tuators  such  that  the  sound  pressure  measured  from  the  er¬ 
ror  microphones  can  be  most  efficiently  reduced  (i.e.,  with 
the  lowest  actuator  power  and/or  number  of  actuators).  A 
solution  strategy  is  proposed  to  calculate  the  applied  volt¬ 
ages  to  piezoelectric  actuators  with  the  use  of  linear  qua¬ 
dratic  optimal  control  theory  (Wang,  1991).  The  location  of 
the  piezoelectric  actuator(s)  is  then  determined  by  minimiz¬ 
ing  the  objective  function,  which  is  defined  as  the  sum  of  the 
mean  square  sound  pressure  measured  by  a  number  of  error 
microphones.  The  optimal  locations  for  multiple  piezoelec¬ 
tric  actuators,  up  to  three,  were  considered.  The  results 
show  that  the  optimally  placed  actuators  achieve  a  far  better 
reduction  of  sound  radiation  than  actuators  whose  positions 
are  arbitrarily  chosen. 


Figure  1.  The  arrangement  and  coordinates  of  the  baffled  simply - 
supported  plate . 


X 


Figure  2.  Illustration  of  design  variables. 


MATHEMATICAL  FORMULATION 
FOR  OPTIMIZATION  PROBLEM 

Design  Variable 

As  shown  in  Figure  2,  the  optimal  placement  of  the  jth 
piezoelectric  actuator  located  inside  the  boundaries  of  the 
plate  can  contain  five  variables,  x, ,  y,-,  Cxl ,  Cyi  and  Vt .  The 
variables  Cxi  and  Cyi  denote  the  size  of  the  ith  piezoelectric 
actuator,  while  xf  and  y«  denote  the  central  location  of  the 
actuator,  and  V,  is  the  applied  voltage  to  the  piezoelectric  ac¬ 
tuator.  If  the  primary  source  is  known,  and  piezoelectric  ac¬ 
tuators  are  used  as  control  sources,  then  the  total  radiated 
sound  pressure  into  the  free  field  can  be  shown  as  follows: 

Pi  =  Pt(XiJifCxi,CyitVi)  i  =  1,.  .  .,jVe  (1) 

The  complete  derivation  of  pt  is  shown  in  Wang  (1991)  and 
omitted  here.  As  discussed  from  previous  works  (Wang  et 
al.,  1991),  Vi  can  be  calculated  from  the  linear  quadratic  op¬ 
timal  control  theory  (LQOCT).  The  total  radiated  sound 
pressure  can  then  be  written  as  follows: 

Pt  =  Pr  (Xi  ,y, ,  Cxi ,  Cyi ,  Vi  (x,  ,y, ,  Cxt ,  Cyi ) ) 

i  =  1,.  .  .Jf€  (2) 

However,  if  the  size  of  the  piezoelectric  actuators  was  first 
fixed,  then  the  total  radiated  sound  pressure  becomes 

Pt  =  PrC*.  j;,v,(x,  J,))  i  =  1,.  .  .yNc  (3)' 

The  design  variables,  xiy  yt9  C„,  Cyi  and  V{  can  be  prop¬ 
erly  selected  based  upon  the  concern  of  the  size  or  location 
(or  both)  of  the  piezoelectric  actuator  and  the  control  effort 
(i.e.,  the  voltages  or  power  required  for  piezoelectric  actua¬ 
tors). 

Objective  Function 

There  are  various  choices  for  the  objective  function. 
Wang  et  al.  (1991)  chose  the  integral  of  the  square  of  radiated 
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sound  pressure  over  a  hemisphere  of  the  radiating  field  as 
the  cost  function.  However,  such  a  cost  function,  in  prac¬ 
tice,  is  not  useful.  Wang  and  Fuller  (1991)  constructed  a  cost 
function  which  is  the  sum  of  the  mean  square  radiated  sound 
pressures  measured  by  a  limited  number  of  microphones. 
The  consideration  of  the  above  two  types  of  objective  func¬ 
tions  is  of  particular  interest  in  sound  radiation  control. 
Since  the  sound  radiation  is  strongly  coupled  with  the  struc¬ 
tural  vibration,  the  objective  function  may  also  be  chosen  as 
the  sum  of  the  mean  square  plate  acceleration  measured  by 
a  limited  number  of  accelerometers,  or  the  integral  of  the 
square  of  the  plate  acceleration  over  the  vibrating  surface. 
The  possible  candidates  for  the  objective  function  used  in 
sound  radiation  control  can  be  as  follows: 

1 .  Distributed  pressure  sensors 


=  \P'\2ds  =  J  j  \p, | 2  sin  dddd<j> 

2.  Discrete  pressure  sensors 

,<*>,)  i 2 

i»i 

6.  Distributed  accelerometer  sensors 

3>»  =  J  \w,\2dA  =||  |  w,\2dxdy 

4.  Discrete  accelerometer  sensors 


(4) 


(5) 


(6) 


design  variables  within  a  reasonable  range.  These  design 
constraints  are  necessary  for  providing  a  reasonable  result 
by  maintaining  the  rectangular  shape  of  the  piezoelectric  ac¬ 
tuators,  locating  actuators  inside  the  plate  boundaries, 
avoiding  overlapping  between  actuators,  and  operating  actu-' 
ators  within  the  working  voltage  range.  It  is  noted  that  the 
constraint  set  3  below  for  avoiding  overlapping  is  conceptu¬ 
ally  sketched  in  Figure  2.  For  the  rectangular-shaped 
piezoelectric  actuators,  as  shown  in  Figure  2,  the  constraint 
sets  are  listed  as  follows: 

1.  To  maintain  the  piezoelectric  actuator,  a  rectangular 
shape: 


0  <  C„  <  LJ2 
0  <  C„<  L,/2 


(8) 


2.  To  maintain  the  piezoelectric  actuator  inside  of  the  plate: 

Xi  —  CJ2  0 

xt  +  CJ2  <  L, 

(9) 

yi  ~  CJ 2  >  0 

y.-  +  CyJ2  <  L, 

3.  To  avoid  overlapping  between  piezoelectric  actuators: 


Xt*  i  -  ^  >  0 

y<+ 1  -  y,  >  0 


- 

=  L  I  ,y.)  1 2  '  (T) 

where  Nmikt  and  N^e  are  the  number  of  microphones  and  ac¬ 
celerometers,  respectively.  It  is  noted  that  and  are 
measured  by  ideal  distributed  sensors,  which  may  not  be 
practical  in  reality;  however,  and  represent  the  power 
of  sound  radiation  and  energy  density  of  out-of-plane  struc¬ 
tural  vibration,  respectively.  They  can  be  used  as  an  index 
of  control  effectiveness.  For  practical  applications,  and 
are  the  alternative  options.  A  reasonable  number  and 
location  of  sensors  shall  be  selected  to  reflect  the  actual 
system  response,  such  that  an  optimal  solution  can  be  found 
without  losing  the  global  nature  of  the  problem.  In  effect, 
the  discrete  sensors  should  approach  a  form  of  numerical  in¬ 
tegration  of  the  objective  function  associated  with  the  dis¬ 
tributed  sensors  to  be  truly  global. 

Design  Constraints 

The  design  constraints  have  to  be  specified  to  confine  the 


[(*..,  -  x<y  +  (y,*t  -  y,)1]1'1  -  |  [(Cl  +  c\dtn 

+  (CJ,.,  +  CJ, >  0  (10) 

4.  To  specify  the  working  range  of  piezoelectric  actuators: 

\Vt\  £  150  (volt p  -  p)  (11) 

Note  that  the  control  power  to  the  actuators  is  not  an  op¬ 
timization  variable.  "However,  constraint  4  above  ensures 
that  the  piezoelectric  actuator  is  within  a  working  range. 

APPLICATION  TO  OPTIMAL  PLACEMENT 
OF  PIEZOELECTRIC  ACTUATORS 

For  a  simple  application  of  the  previous  theoretical  for¬ 
mulation  to  sound  radiation  control,  the  size  of  the 
piezoelectric  actuators  is  assumed  fixed,  i.e.,  C„  = 
C,t  —  constant.  The  applied  voltage  to  the  ith  piezoelectric 
actuator,  Vlt  can  be  calculated  from  LQOCT  (Wang,  1991). 
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Only  the  optimal  location  of  piezoelectric  actuators  xf  and 
y,-  will  be  determined.  The  objective  function  is  chosen  as 
the  sum  of  the  mean  square  sound  pressure  measured  by  a 
number  of  microphones  in  the  far-field.  Therefore,  the  op¬ 
timization  problem  can  be  written  as: 

Objective  function: 

Nmik. 

%  =  ¥,Cc,,*,K (*,?.))  =  E  IP.,(RjA,*j)I2 

y*l 

/=1,.  .  JV.  (12) 

design  variables: 

ft, 5.0  *  =  *>•  •  (13) 

design  constraints: 

constraint  sets  2,  3  and  4  as  shown  in  Equations  (9-11). 
The  design  variables  are  to  be  determined  by  minimizing 
'the  objective  function  subjected  to  a  set  of  design  con¬ 
straints.  Now,  a  suitable  optimization  algorithm  must  be 
adopted  to  solve  the  optimal  solution. 

OPTIMIZATION  ALGORITHM 

An  IMSL  subroutine  NOONF  (IMSL,  1989)  for  solving  a 
general  nonlinear  programming  problem  using  the  succes¬ 
sive  quadratic  programming  algorithm  and  a  finite 
difference  gradient  technique  was  adopted  to  calculate  the 
optimal  solution.  The  algorithm  requires  a  high  accuracy 
arithmetic  in  estimating  the  gradient.  The  central  finite  dif¬ 
ference  method  was  then  applied  to  approximate  the  gradi¬ 
ent  by  adopting  the  IMSL  CDGRD  subroutine  (IMSL, 
1989). 

SOLUTION  STRATEGY 

To  solve  the  above  optimization  problem,  a  solution  strat¬ 
egy  was  developed.  The  flow  chart  of  solution  strategy  is 
shown  in  Figure  3.  The  procedure  to  solve  the  problem  is  to 
first  set  up  the  initial  guess  of  the  optimal  central  location  of 
the  ith  actuator,  (x,)*,  (y,)*,  where  k  denotes  the  number 
of  iterations.  The  following  steps  are  then  performed: 

1*  Utilize  the  linear  quadratic  optimal  control  theory 
(LQOCT)  (Wang,  1991)  to  obtain  the  applied  voltages, 
(K)k,  to  actuators  at  the  current  location,  (Xi)k%  (y,)*. 

2.  Evaluate  the  objective  function  and  constraints  at  the 
current  location,  (x,)*,  (y,)*. 

3.  Evaluate  the  gradients  of  the  objective  function  and  con¬ 
straints  at  the  current  location,  (x,)*,  (y4)*- 

4.  Employ  an  optimization  algorithm,  NOONF,  to  update 
the  optimal  location,  (x,)^,  (y,)k+1. 


Figure  3.  Flow  chart  of  solution  strategy. 


5.  Stop  the  procedure  if  the  results  pass  the  accuracy  test; 
otherwise,  update  the  current  optimal  location  of  actua¬ 
tors  and  repeat  the  above  steps. 

It  is  noted  that  the  design  variables,  the  central  location  of 
the  piezoelectric  actuators  (x;,y,),  were  normalized  by  the 
plate  length  and  width  (Z*,Z*),  respectively,  such  that  the 
design  variables  will  be  relocated  between  zero  and  one. 
This  normalization  process  will  benefit  the  solution  process 
of  the  optimization  problem. 


LQOCT  FOR  SOLVING  APPLIED 
VOLTAGES  TO  ACTUATORS 

Lester  and  Fuller  (1990)  presented  an  optimization 
algorithm  to  obtain  the  minimum  for  a  linear  quadratic 
function.  Wang  et  al.  (1991)  had  shown  the  use  of  linear 
quadratic  optimal  control  theory  (LQOCT)  to  determine  the 
applied  voltages  to  minimize  the  selected  objective  function, 
which  is  quadratic.  Here,  the  LQOCT  is  adopted  to  solve 
the  voltages  independently.  One  of  the  advantages  is  that  the 
optimal  voltages  can  be  always  determined  whenever  the 
location  of  the  actuators  is  known.  The  other  reason  to  eval¬ 
uate  the  optimal  voltage  separately  is  that  the  order  of  volt¬ 
age  and  the  central  location  of  the  piezoelectric  actuator  is 
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Table  1.  Plate  specification . 

£  =  207  x  10*  (N/m2)  v  =  0.292  Lx  =  0.38  (m) 

pP  =  7870  (kg/mJ)  h  =  1.5875  (mm)  LY  *  0.30  (m) 


not  consistent  mathematically,  even  after  the  normalization 
process.  Hence,  upon  consideration  of  the  numerical  dif¬ 
ficulty  and  the  number  of  design  variables,  it  is  beneficial  to 
obtain  the  optimal  voltages  using  LQOCT  separately  from 
solving  the  optimization  problem. 


ANALYTICAL  RESULTS 

Table  1  shows  the  physical  properties  of  the  simply- 
supported  plate  used  for  the  following  simulations.  The 
structural  disturbance  was  assumed  to  be  a  point  force  with 
magnitude  of  Ft  =  l N  and  located  at  xn  =  0.08  m, 
y/ 1  =  0.08  m. 

Nine  error  microphone  sensors,  whose  locations  are  tabu¬ 
lated  in  Table  2  and  shown  in  Figure  4,  were  used;  there¬ 
fore,  the  objective  function  defined  in  Equation  (12),  which 
is  the  sum  of  mean  square  measured  pressure,  can  be  con¬ 
structed.  This  number  of  microphones  is  clearly  based  on 
the  consideration  of  computing  time  and  a  reasonable  ap¬ 
proximation  to  the  continuous  integral  of  pressure  over  the 
complete  radiation  hemisphere.  Too  few  microphones  will 
not  reveal  the  actual  system  global  radiation  response.  On 
the  other  hand,  too  many  microphones  will  require  exces¬ 
sive  computing  effort  to  solve  the  optimization  problem. 
The  microphones  located  in  the  far-field  are  arranged  five  in 
a  row  across  the  central  line  of  the  plate  in  both  the  x -  and 
directions,  as  shown  in  Figure  4.  The  size  of  the 
piezoelectric  actuators  is  fixed,  Cxi  =  0.06  m  and 
Cyi  =  0.04  m.  The  location  and  applied  voltages  of  the 
piezoelectric  actuators  are  to  be  determined. 


SUB-REGION  SEARCH  METHOD 

The  determination  of  the  optimal  location  of  piezoelectric 
actuators  is  dependent  on  the  excitation  frequency.  A  dif- 


Table  2.  Location  of  error  microphones. 


The  /th 
Microphone 

(R,  e,  <*) 

1 

(1.8,  75°.  180°) 

2 

(1.8,  45°,  180°) 

3 

(1.8,  0°,  0°) 

4 

(1.8,  45°,  0°) 

5 

(1.8,  75°,  0°) 

6 

(1.8,  75°,  90°) 

7 

(1.8,  45°,  90°) 

8 

(1.8,  45°,  270°) 

9 

(1.8,  75°,  270°) 

ferent  excitation  frequency  will  lead  to  a  different  optimal 
location.  For  a  particular  frequency  of  excitation,  all  of  the 
plate  modes  can  be  excited;  however,  only  the  plate  modes 
near  the  excitation  frequency  will  contribute  significantly  to 
the  plate  response  as  well  as  the  sound  radiation.  It  is  clear 
that  if  the  plate  was  excited  near  the  (1,1)  mode,  the  plate  re¬ 
sponse  will  be  shown  as  a  convex  surface.  Similar  charac¬ 
teristics  can  be  found  for  the  objective  function.  If  the  plate 
was  excited  at  87  Hz  near  the  (1,1)  mode,  and  the  central 
location  of  the  piezoelectric  actuator  was  varied  and  moved 
around  the  plate,  then  the  objective  function  and  the  applied 
voltage  could  be  calculated  from  LQOCT  and  plotted,  as 
shown  in  Figure  5.  Because  the  objective  function  is  shown 
as  a  convex  surface,  an  optimal  location  for  the  piezoelectric 
actuator  can  always  be  found  to  guarantee  global  minimum. 
It  is  also  noted  from  Figure  5  that  high  control  voltages  are 
required  for  the  actuator  located  near  the  comer  of  the  plate 
to  achieve  sound  radiation  control.  The  actuator  with  the 
minimum  control  effort  is  located  at  about  the  same  position 
as  the  actuator  with  the  minimum  objective  function. 

As  shown  in  Figure  6,  for  an  excitation  frequency 
/  —  357  Hz  near  the  (3,1)  mode,  the  objective  function  and 
the  applied  voltage  reveal  a  shape  close  to  the  (3,1)  mode 
distribution.  There  is  more  than  one  minimum  for  the  ob¬ 
jective  function;  in  fact,  there  is  one  local  minimum  at  each 
division  separated  by  nodal  lines.  This  characteristic, 
related  to  the  plate  mode  shapes,  is  similar  to  what  has  been 
shown  in  Figure  5.  If  the  actuator  is  located  near  the  nodal 
line  of  the  plate  mode,  then  sound  radiation  control  is  not  ef¬ 
fective —at  least  for  on-resonance  excitation— because  of 
high  control  voltage  and  small  control  authority.  The  above 
discussions  seem  to  be  contrary  to  the  previous  work  by 
Dimitriadis  et  al.  (1991).  They  claimed  that  the  optimum 
boundary  of  the  piezoelectric  actuators  may  be  along  the 
nodal  lines  of  selected  modes  to  be  excited.  In  the  sense  of 
vibration  excitation  and  the  characteristic  of  induced  mo¬ 
ments  by  the  piezoelectric  actuators,  their  statement  may  be 
intuitive.  Jia  (1990)  had  also  shown  that  optimal  location 
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Voltage  Distribution 
f  =  87  (Hz) 


—  specified  according  to  the  nodal  lines  associated  with  the 
plate  mode  shapes. 


Figure  5,  Distribution  of  objective  function  and  control  voltage  for 
f  =  87  Hz. 


and  dimension  of  piezoelectric  actuators  to  effectively  sup¬ 
press  the  single  mode  response  of  beam  vibration  is  to  maxi¬ 
mize  the  length  of  the  piezoelectric  actuator  covering  a 
whole  lobe.  Here,  in  our  work,  in  terms  of  the  attenuation 
of  total  sound  radiation,  the  optimal  location  of  “finite” 
length  of  piezoelectric  actuators  is  determined  upon  a  com¬ 
promise  to  equally  reduce  several  plate  modes  instead  of 
just  one.  Therefore,  the  optimal  location  of  the  actuator  is 
found  to  be  away  from  the  nodal  line. 

Figure  7  shows  plots  similar  to  Figures  5  and  6  except  that 
the  excitation  frequency,  /=  272  Hz,  is  between  the  (2,1) 
and  (3,1)  modes.  One  can  see  that  those  distributions 
become  complex  and  result  from  the  combination  of  several 
plate  modal  responses.  Again,  there  are  multiple  minima; 
this  makes  the  global  minimum  difficult  to  find  using  the  op¬ 
timization  procedure.  However,  according  to  the  charac¬ 
teristics  shown  in  Figures  5  and  6,  a  sub-region  search 
method,  which  comes  from  the  nature  of  the  objective  func¬ 
tion  distribution  similar  to  that  of  the  plate  mode  shapes, 
can  be  proposed.  This  search  technique  involves  subdivid¬ 
ing  the  plate  into  several  cells  based  on  the  nodal  lines  of  the 
plate  mode  shapes,  which  are  set  up  to  be  the  bound  of  the 
locations  for  the  actuators.  In  other  words,  in  addition  to  the 
design  constraints  illustrated  previously,  the  upper  and 
lower  bounds  of  the  locations  for  actuators  can  also  be 


OPTIMAL  LOCATION  OF  ONE  ACTUATOR 
FOR  DIFFERENT  EXCITATION 

As  discussed  previously,  the  optimal  location  of 
piezoelectric  actuators  is  dependent  on  the  excitation  fre¬ 
quency  due  to  the  variation  of  the  modal  transfer  function  in 
frequencies.  The  optimal  location  of  the  actuator  has  been 
of  interest  for  many  concerns.  As  discussed  by  Juang  and 
Rodriguez  (1979),  to  control  a  single  mode  of  beam  vibra¬ 
tion,  there  are  multiple  optimal  locations  for  one  actuator  in 
high-mode  control.  If  several  modes  contribute  to  the  re¬ 
sponse  simultaneously,  and  only  a  few  actuators  are  applied, 
then  the  optimal  location  will  be  much  different  from  that 
for  single  mode  control.  The  feedforward  control  approach 
adopted  here  is  to  minimize  the  objective  function,  which  is 
the  mean  square  of  sound  pressure  measured  by  error 
microphones,  and  thus  to  control  all  of  the  modal  contri¬ 
butions  at  the  same  time.  Therefore,  the  optimal  location 
and  applied  voltage  of  the  actuator  are  solved  under  a  com¬ 
promise  to  eliminate  the  significant  modal  responses;  how¬ 
ever,  this  compromise  will  probably  incur  spillover  to  other 

Voltage  Distribution 
f  =  357  (Hz) 


Objective  Function  Distribution 
f  =  357  (Hz) 
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Figure  6.  Distribution  of  objective  function  and  control  voltage  tor 
f  =  357  Hz. 
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Voltage  Distribution 
f  =  272  (Hz) 


Objective  Function  Distribution 
f  =  272  (Hz) 


higher  modes,  which  do  not  radiate  efficiently  to  the  error 
microphones,  causing  an  increase  in  plate  response. 

When  one  piezoelectric  actuator  is  considered,  the  nor¬ 
malized  optimal  central  location  of  the  piezoelectric  actua¬ 
tor  and  the  applied  voltage  to  the  actuator  can  be  tabulated 


(Table  3),  as  well  as  the  reduction  of  the  objective  function, 
radiated  power  and  pressure  modal  amplitude.  Table  3  is 
shown  for  different  excitation  frequencies  varying  from  87 
Hz  to  357  Hz,  i.e.,  between  the  (1,1)  and  (3,1)  modes.  The 
underlined  values  are  for  on-resonance  excitation,  such  as 
87  Hz  near  the  (1,1)  mode,  190  Hz  near  the  (2,1)  mode,  and 
357  Hz  near  the  (3,1)  mode.  One  can  see  that  the  optimal 
central  location  of  the  actuator  is  located  at  about  one-third 
of  the  plate  length  and  width,  in  the  left-bottom  quadrant  of 
the  plate,  i.e.,  the  same  quadrant  where  the  point  force  dis¬ 
turbance  is  located.  The  results  match  well  those  found  in 
sub-region  search  methods;  therefore,  the  optimization  pro¬ 
cedure  is  suitable  to  search  for  the  optimal  location  of 
piezoelectric  actuators.  As  the  excitation  frequency  in¬ 
creases,  the  optimal  central  location  of  the  actuator  moves 
toward  the  comer  of  the  plate.  This  can  be  understood  by 
realizing  that  when  the  excitation  frequency  increases,  the 
contribution  of  higher  modes  becomes  significant,  and  thus 
the  optimal  location  of  the  actuator  is  placed  w'here  it  can 
couple  into  all  higher  mode  responses.  In  applying  one  ac¬ 
tuator— for  example,  /  =  87  Hz  near  the  resonance  of  the 

(1.1)  mode -the  actuator  attempts  to  control  all  of  the  sig¬ 
nificant  radiating  mode  responses,  including  the  (1,1)  and 

(2.1)  modes,  instead  of  just  the  (1,1)  mode.  Therefore,  the 
optimal  location  is  determined  under  a  compromise  to 
eliminate  the  significant  modes;  however,  as  one  can  see  in 
Table  3,  there  is  spillover  to  higher  modes,  such  as  (3,1), 

(4.1)  and  (5,1).  This  result  indicates  that  the  optimal  location 
of  a  single  actuator  is  such  that  it  eliminates  the  significant 
modal  response  near  the  excitation  frequency;  however,  this 
will  result  in  spillover  to  higher  modes,  which  ultimately 
limits  the  amount  of  attenuation. 

On  the  other  hand,  when  the  excitation  frequency  in¬ 
creases,  for  example,  /  =  357  Hz  near  the  (3,1)  mode  exci¬ 
tation,  the  radiation  from  the  (3,1)  mode  is  controlled,  as 
well  as  the  (1,1)  and  (2,1)  modes,  but  with  less  reduction. 


Table  3.  Results  for  one  actuator  with  different  excitation  frequencies . 


Excitation 


Normalized 
Optimal 
Central 
Location  of 
Actuator 


Optimal 

Voltage 


Reduction  of 
Objective 


Reduction  of 
Radiated 


Reduction  of  Pressure  Modal  Amplitude  (dB) 


/(Hz)  ' 

x/Lr 

F/L, 

V 

ruiHfiiuu 

*,<dB) 

ruwci 

(dB) 

(1.D 

(2,1) 

(3.1) 

(4,1) 

(5.1) 

87 

0.3456 

0.3933 

51.15 

171.22 

101.51 

56:55 

12.61 

-2.47 

-18.94 

-27.62 

100 

0.3442 

0.3919 

49.89 

147.27 

59.61 

30.94 

17.55 

-3.53 

-18.54 

-25.50 

120 

0.3413 

0.3892 

47.73 

134.37 

61.10 

22.34 

15.54 

-1.58 

-18.10 

-27.45 

140 

0.3378 

0.3861 

45.37 

128.43 

53.33 

17.69 

18.36 

-0.88 

-17.63 

-27.31 

165 

0.3324 

0.3813 

42.26 

120.65 

46.96 

13.87 

24.55 

0.16 

-16.77 

-25.24 

190 

0.3255 

0.3757 

39.13 

138.03 

65.11 

11.17 

50.18 

1.47 

-15.74 

-26.82 

220 

0.3150 

0.3679 

35.60 

111.69 

38.47 

8.83 

22.61 

3.45 

-14.52 

-26.32 

245 

0.3043 

0.3609 

33.08 

119.53 

46.54 

7.41 

18.04 

5.60 

-12.66 

-25.83 

270 

0.2920 

0.3541 

31.11 

99.02 

34.11 

6.36 

15.51 

8.46 

-10.76 

-25.13 

300 

0.2765 

0.3477 

29.55 

99.69 

26.84 

5.50 

14.02 

13.44 

-7.94 

-23.99 

330 

0.2631 

0.3456 

28.67 

100.46 

29.91 

4.99 

13.27 

21.63 

-4.74 

-22.68 

357 

0.2548 

0.3416 

53.34 

148.75 

78.26 

4.62 

12.51 

70.28 

-1.22 

-21.23 
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Table  4.  On-resonance  excitation,  f  =  357  (Hz),  near  (3,1)  mode. 


Reduction  of 


Case 

The  /  th 
Actuator 

Optimal  Location 

7,IL, 

Optimal 

Voltage 

V,  (volt) 

Objective 

Function 

m 

One 

Actuator 

(D 

0.2548 

0.3416 

53.34 

148.75 

Two 

(i) 

0.2511 

0.2852 

100.54 

189.06 

Actuators 

(2) 

0.5504 

0.6143 

27.97 

Three 

(1) 

0.2499 

0.2846 

56.65 

192.78 

Actuators 

(2) 

0.5419 

0.6052 

50.61 

(3) 

0.8223 

0.2198 

61.09 

Three 

(1) 

0.167 

0.5 

24.11 

61.60 

Actuators 

(2) 

0.5 

0.833 

25.73 

(Ub) 

(3) 

0.833 

0.167 

10.78 

- 

Reduction  of 
Radiated 
Power 

m 


78.26 

66.70 

66.56 

60.28 


There  is  still  spillover  to  the  higher  modes,  but  there  is  less 
than  at  the  lower  frequency  excitations.  This  is  due  to  the 
fact  that  the  (1,1)  and  (2,1)  modes,  having  high  radiation  ef- 
>  ficiency,  can  contribute  a  larger  amount  of  sound  radiation 
to  the  fer-field,  even  though  the  (3,1)  mode  is  dominant  on 
the  plate  due  to  the  excitation  frequency.  Therefore,  the  opti¬ 
mal  location  is  determined  from  a  result  of  compromise  to 
efficiendy  eliminate  the  most  significant  radiating  modes, 
i.e.,  the  (1,1),  (2,1)  and  (3,1)  modes  in  this  case.  However, 
this  effort  causes  spillover  to  higher  modes,  such  as  (4,1) 
and  (5,1)  modes,  which  have  lower  radiation  efficiency  (Wal¬ 
lace,  1972).  It  is  also  noted  from  Table  3  that  for  on- 
resonance  excitadon,  the  reduction  of  radiated  power  is  gen¬ 
erally  larger,  and  the  control  effort  (voltage)  is  higher  than 
for  those  cases  with  off-resonance  excitation.  This  result  is 
due  to  the  feet  that  modes  on  resonance  always  contribute 
considerably  more  to  the  modal  response  and  thus  require 
more  control  effort. 


OPTIMAL  LOCATION  OF  MULTIPLE  ACTUATORS 
FOR  DIFFERENT  EXCITATION  FREQUENCIES 

On-Resonance  Excitation,  /  =  357  Hz, 

Near  (3,1)  Resonant  Mode 

Table  4  shows  the  optimal  central  location  and  applied 
voltages  of  piezoelectric  actuators,  as  well  as  the  reduction 
of  the  objective  function  and  radiated  power  for  an  excita¬ 
tion  frequency  off  =  357  Hz.  As  one  can  see,  although  the 
reduction  of  objective  function  increases  when  more  actua¬ 
tors  are  applied,  the  amount  of  attenuation  of  radiated  power 
is  not  always  increased.  This  means  that  the  optimization 
algorithm  does  work  to  find  a  better  solution.. However,  the 
minimization  of  the  objective  function,  which  is  the  sum  of 
mean  square  pressures  measured  by  error  microphones, 
will  not  guarantee  the  reduction  of  radiated  power  due  to  the 
spillover  of  sound  pressure  to  locations  other  than  the  posi¬ 
tion  of  error  microphones.  In  terms  of  the  attenuation  of 


radiated  power,  to  properly  locate  one  actuator  in  control¬ 
ling  sound  radiation  is  more  effective  than  to  use  two  or 
three  actuators  when  a  set  of  microphones  are  used  as  error 
sensors,  as  it  reduces  unnecessary  spillover. 

Figure  8  shows  the  radiation  directivity  pattern  for  the  ex¬ 
citation  frequency  /  =  357  Hz.  The  point  force  disturbance 
input  and  piezoelectric  actuator  patches  are  sketched  to 
scale  at  the  top  of  Figure  8.  The  disturbance  response, 
denoted  by  a  solid  line,  indicates  a  monopole-like  response 
but  is  nonuniform,  and  evidently  shows  the  existence  of  the 

(3.1)  mode  and  a  significant  (1,1)  modal  contribution.  The 
optimal  location  of  one  actuator  is  at  the  left-bottom  quad¬ 
rant  of  the  plate,  similar  to  the  primary  source.  The  residual 
pressure  field  is  shown  to  be  a  combination  of  the  (3,1)  and 

(1.1)  modes. 

For  two-actuator  control  as  shown  at  the  top  of  Figure  8, 
the  first  optimally  located  actuator  is  somewhat  near  the  op¬ 
timal  location  for  one-actuator  control,  and  the  second  one 
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reduction  of  objective  function:  0  (dS)  148.8  (dB)  189.1  (d8)  192.8  (dBJ  61  6  (dB) 

reduction  of  radiated  power  0(dB)  78.3  (dB)  66.7  (dB)  66.6  (dB)  60.3  (dB) 


Figure  8.  Radiation  directivity  pattern  tor  f  =  357  Hz. 
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is  located  at  the  upper-right  quadrant  of  the  plate  near  the 
central  line.  As  shown  in  Table  4,  the  reduction  of  objective 
function  is  increased,  but  the  reduction  of  radiated  power  is 
decreased.  A  result  such  as  this  implies  that  more  error 
microphones  need  to  be  used  due  to  spillover  effects  to 
unobserved  radiation  points.  Nevertheless,  the  sound 
pressure  level  along  the  central  line  of  the  plate  in  both  the 
x-  and  ^-direction  is  less  than  that  using  one  actuator,  and  it 
exhibits  a  combination  of  the  (4,1)  and  (1,1)  modes.  It  can  be 
seen  that  there  are  dips  at  6  =  0°,75°for4>  =  0°,  and  75° 
for  <t>  =  180°,  where  the  error  microphones  are  located. 
For  three- actuator  control,  the  optimal  locations  of  the  first 
two  actuators  close  to  those  of  two-actuator  control,  and  the 
third  one  is  located  at  the  bottom-right  quadrant  of  the  plate. 
Again,  the  objective  function  has  been  further  minimized. 
As  shown  in  Figure  8,  the  dips  at  6  =  0°,  75°  for  <p  =  0° 
and  75  for  <j>  =  180°  are  enhanced,  but  the  reduction  of 
radiated  power  has  not  increased. 

An  interesting  feature  can  be  observed  from  the  above 
results,  indicating  that  a  one-by-one  search  method  may  be 
used  to  solve  for  the  location  of  the  successive  actuator.  The 
idea  is  to  first  find  an  optimal  location  for  one-actuator  con¬ 
trol,  and  then  to  find  a  second  optimal  location  for  two- 
actuator  control  with  the  same  location  for  the  first  actuator, 
and  so  on.  With  this  searching  technique,  the  computing 
time  can  be  largely  reduced  since  it  costs  less  to  optimize  a 
reduced-parameter  problem  than  a  full-parameter  problem. 
This  method  was  attempted;  however,  the  results  were  not 
encouraging  since  the  selected  objective  function  cannot  be 
attenuated  further  due  to  numerical  difficulty  (even  though  a 
double  precision  number  was  used  in  the  program)  while  an 
additional  actuator  was  considered.  The  authors  believe  that 
if  the  objective  function  is  reconstructed  as  the  radiated 
power  rather  than  the  mean  square  pressure,  the  one-by-one 
search  method  would  be  appropriate  and  could  reduce  sig¬ 
nificant  computing  effort  for  multiple  actuator  control. 
Also,  it  appears  that  each  actuator  is  optimally  configured 
for  separate  modes,  since  their  locations  stay  the  same. 
Hence,  an  independent  optimization  procedure  for  each 
mode  and  its  associated  radiation  might  be  attempted. 

Also  shown  in  Figure  8  is  an  arbitrary  selection  of  multi- , 
pie  actuators  located  at  one-sixth  of  the  plate  length  or  width 
(denoted  lab  arrangement).  This  arrangement  is  assigned  to 
control  the  low  modal  number  excitation  based  upon  the 
nature  of  the  plate  mode  shapes  and  was  used  in  companion 
experiments  (Clark  and  Fuller,  1992).  The  results  show  that 
optimally  configured  one-,  two-  or  three-actuator  control  is 
superior  to  the  arbitrarily  chosen  actuators  for  the  on- 
resonance  excitation  in  terms  of  both  objective  function  and 
radiated  power. 

Figure  9  shows  the  plate  displacement  distribution  along 
the  x-direction  at  y  =  0  corresponding  to  the  cases  of 
Figure  8.  The  solid  line  depicts  the  disturbance  response 
and  reveals  that  the  (3,1)  mode  is  dominant.  With  control, 
the  plate  displacement  has  been  reduced  globally  and  exhib¬ 
its  a  more  complex  pattern,  and  the  (3,1)  mode  has  been  at-  - 


Figure  9.  Plate  displacement  distribution  for  f  =  357  Hz. 


Noise 

1 -Patch 

2-Patch 

3-  Patch 

Lab 

wductj'oo  of  objective  function: 
m<Juc$on  of  radiated  power 

0  (dB) 

0  (dB) 

104.7  (dB) 

34.7  (dB) 

144.4  (dB) 
21. 8  (d8) 

165.9  (dB) 
24.6  (dB) 

25.4  (dB) 
20.0  (dB) 

Sound  Pressure  Level  (dB) 


Figure  10.  Radiation  directivity  pattern  forf  =  272  Hz. 


Figure  11.  Plate  displacement  distribution  for  f  =  272  Hz. 
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Table  5.  Off-resonance  excitation ,  f  =  272  (Hz),  between  (2,1)  and  (3,1)  modes. 


Case 

The  /th 
Actuator 

Optimal  Location 

x/L,  y,/Lr 

Optimal 

Voltage 

V,  (volt) 

Reduction  of 
Objective 
Function 

*P  m 

Reduction  of 
Radiated 
Power 
(dB) 

One 

Actuator 

(i) 

0.2945 

0.3533 

59.68 

104.73 

34.66 

Two 

(i) 

0.2554 

0.2978 

100.56 

144.38 

21.77 

Actuators 

(2) 

0.6031 

0.6803 

33.17 

Three 

(1) 

0.2387 

0.2762 

94.25 

165.90 

24.55 

Actuators 

(2) 

0.5036 

0.6353 

32: 14 

(3) 

0.7701 

0.4044 

6.70 

Three 

0) 

0.167 

0.5 

39.81 

25.43 

19.95 

Actuators 

(2) 

0.5 

0.833 

98.24 

(Lab) 

(3) 

0.833 

0.167 

122.64 

- 

tenuated  considerably.  Further  comments  on  the  behavior 
are  as  in  the  previous  section. 

Off-Resonance  Excitation,  /  =  272  Hz, 
between  (2,1)  and  (3,1)  Resonant 

Table  5  shows  the  optimal  central  location  and  applied 
voltages  of  piezoelectric  actuators,  as  well  as  the  reduction 
of  objective  function  and  radiated  power  for  an  excitation 
frequency  /  =  272  Hz  between  the  (2,1)  and  (3,1)  modes. 
The  control  effort  (i.e.,  the  control  voltages)  is  not 
necessarily  smaller  than  that  for  on-resonance  excitation, 
unlike  the  previous  observation  for  one-actuator  control.  In 
fact,  either  one  of  the  actuators  may  require  extremely  high 
control  voltages;  however,  others  may  simultaneously  need 
only  a  small  voltage.  The  optimal  location  and  required  con¬ 
trol  voltages  for  multiple  actuators  are  determined  in  such  a 
way  as  to  not  only  suppress  the  disturbance  response,  but 
also  reduce  the  interactive  spillover  effects  due  to  the  actua¬ 
tors  themselves. 

Figures  10  and  11  show  the  radiation  directivity  pattern 
and  the  plate  displacement  distribution,  respectively,  corre¬ 
sponding  to  the  case  in  Table  5  for  the  off-resonance  excita¬ 
tion.  The  optimal  locations  of  the  piezoelectric  actuators, 
sketched  at  the  top  of  Figure  10,  are  very  similar  to  those  of 
the  on-resonance  excitation.  From  Figure  10,  the  primary 
radiated  sound  denoted  by  a  solid  line  shows  a  small  dip  at 
6  =  0°,  indicating  the  strong  response  of  the  (2,1)  mode.  In 
applying  one  actuator,  the  residual  response  shows  a  combi¬ 
nation  of  the  (3,1)  and  (1,1)  modes,  and  there  are  no  dips  at 


any  location  of  the  error  microphones.  In  applying  two  and 
three  actuators,  the  residual  response  reveals  a  more  com¬ 
plex  pattern  similar  to  the  (4,1)  and  (5,1)  modes,  respec¬ 
tively.  Dips  can  now  be  seen  located  at  the  error 
microphone  locations.  It  is  again  shown  that  increased  actu¬ 
ators  can  further  attenuate  the  pressures  at  error 
microphone  position;  however,  the  overall  radiated  power  is 
not  necessarily  reduced  because  of  spillovers  in  sound 
pressure  into  locations  other  than  the  position  of  the  error 
microphones. 

The  plate  displacement  distribution  for  the  case  of  distur¬ 
bance,  as  shown  in  Figure  11,  exhibits  the  (2,1)  mode  char¬ 
acteristic  shape.  With  control,  the  residual  plate  response 
reveals  a  more  complex  pattern  and  is  not  attenuated  glob¬ 
ally,  as  was  seen  in  Figure  11  for  resonance  excitation.  This 
phenomenon  is  referred  to  as  “modal  restructuring”  for  the 
off-resonance  excitation  and  “modal  suppression”  for  the  on- 
resonance  excitation  (Fuller,  Hansen  and  Snyder,.  1991). 


COMPUTING  TIME  ANALYSIS 

In  an  optimization  procedure,  to  find  the  gradient  of  the 
objective  function  is  generally  the  most  difficult  and  the 
most  CPU  time-consuming  task.  Table  6  shows  the  percent¬ 
age  of  CPU  time  consumed  for  each  step  in  the  optimization 
procedure.  It  takes  about  20%  of  CPU  time  for  steps  1  and 
2,  i.e.,  the  evaluation  of  the  objective  function  and  the  ap¬ 
plied  voltages  to  actuators,  and  over  70%  (up  to  90%  for 


One  Actuator 
Two  Actuators 
Three  Actuators 


Table  6.  Typical  example  of  CPU  time  for  optimization. 


Number 

of 

Iteration 


Step  1,2 


Percentage  of 
Main  Program  (%). 

Step  3 


Percentage  of 
Optimization  Program  (%) 


Step  4 


Step  1,2 


10.21 

28.45 

0.0 

04 

26.41 

73.57 

17.52 

65.25 

0.0 

03 

21.17 

78.83 

i  4.79 

57.24 

0.0 

01 

7.72 

92.28 

Step  4 
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three  actuators)  of  CPU  time  for  step  3,  i.e.,  the  evaluation 
of  the  gradients  of  the  objective  function  and  constraints  in 
the  optimization  procedure.  However;  it  takes  only  a  small 
percentage  of  time  for  step  4  in  calculating  the  update  actua¬ 
tor's  location  in  the  optimization  subroutine.  In  order  to  effi¬ 
ciently  solve  the  optimization  problem,  it  is  necessary  to  do 
a  sensitivity  analysis.  For  future  work,  it  could  be  beneficial 
to  apply  an  analytical  or  semi-analytical  method  rather  than 
the  finite  difference  method  to  evaluate  the  gradients  so  that 
CPU  time  can  be  reduced  for  solving  the  optimization  prob¬ 
lem.  Furthermore,  the  acoustic  radiated  power  could  also  be 
considered  as  the  objective  function  to  solve  the  optimal 
location  of  piezoelectric  actuators. 


SUMMARY 

This  paper  has  presented  the  mathematical  formulation 
for  the  optimization  problem  of  the  placement  of  piezoelec¬ 
tric  actuators  in  a  feedforward  control  implementation  of 
ASAC.  The  analysis  is  applied  to  an  example  problem  to  ob¬ 
tain  preliminary  information  on  how  the  optimization  pro¬ 
cedure  performs.  Four  different  forms  of  objective  func¬ 
tions,  which  are  differentiated  by  discrete  or  distributed  and 
by  vibrational  or  pressure  sensor,  are  discussed  for  sound 
radiation  control.  An  objective  function,  which  is  con¬ 
structed  based  on  the  use  of  a  number  of  discrete  pressure 
sensors,  is  applied  to  the  example  of  sound  radiation  con¬ 
trol.  Some  significant  observations  may  be  summarized  as 
follows: 

1.  Different  excitation  frequencies  will  result  in  different 
optimal  locations  of  piezoelectric  actuators. 

2.  The  optimally  located  piezoelectric  actuators  can  pro¬ 
vide  a  large  amount  of  reduction  of  sound  radiated 
power  and  are  observed  to  perform  better  than  arbi¬ 
trarily  chosen  locations.  Properly  locating  one 
piezoelectric  actuator  generally  gives  a  higher  reduction 
of  radiated  acoustic  power  than  using  two  or  three  actua¬ 
tors  for  the  selected  objective  function,  which  is  the  sum 
of  mean  square  sound  pressure  measured  by  a  limited 
number  of  microphones.  This  is  due  to  control  spillover 
resulting  from  driving  down  the  error  signals  at  all  error 
microphones.  An  alternative  would  be  to  limit  the  at¬ 
tainable  attenuation  achieved  at  each  error  microphone 
or  to  use  the  total  radiated  power  as  the  objective 
function. 

3.  A  computing  time  analysis  shows  that  the  evaluation  of 
the  gradients  of  the  objective  function  and  constraints 
consumes  most  of  the  CPU  time.  Sensitivity  analysis, 
which  can  be  used  to  analytically  or  semianalytically 
evaluate  the  gradients,  is  required  for  future  research. 

4.  This  work,  which  lays  out  the  theory  for  optimal  loca¬ 
tion  of  piezoelectric  actuators,  will  be  the  basis  for  the 
design  of  “smart7’  structures  for  ASAC  with  distributed 
actuators  and  sensors. 
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'°n®'  dlin.  aluminum  cylinder  was  configured  with  two  rigid  end  cans  anH  in. 
struc-uraf*3  W'  pi.ezoceramic  3cr— :ors  311(1  simer  microphone  or  polvvinvlidene  fiuond*  fPVDR 

“«»  —  control.  The  input  dS?£ 

^ecnoic  chamber  In  the  first  ser.es  of  tests,  the  iyiinder’was  dnven  w.rt  a  sinaleV  ££  £ '£ 
end  wap.  exciting  the  accordion  mode'  of  the  structure.  Upon  anolving  control  and  asm*  °VDF  J? 

resonamr* "  were  ohsl  °f  =l0balhSOUnd  attenuanon'  approximately  25  dB  on-resonance  aid  15  dB  off- 
Z  "  ?  d  m  acoustlc  neld-  In  both  on-resonance  and  off-resonance  test 

-  control  actuators  were  reouired  to  achieve  the  stated  leve,s  of  sound  artenuannn  rii 

2*  *•  =od«  «*  to  blinder  mod.s  ta  L,ic„„d 

2S LT“  Sir *»  *  «“*  »  “to  JZfgSZ  at 

case  and  the  aCt!ftors  wired  to  control  selected  circumferential  modes  in  the  first  test 

In  rh  the  acmat°rs  were  chosen  in  a  helical  pattern  about  the  cylinder  in  the  second  test 

when  atter  Cas*’  appr0Ximatei>’  10  h3  0I"  Sl°bal  sound  attenuation  was  observed  in  the  acoustic  field 
nen  using ;  micropnone  error  sensors,  while  resuits  obtained  when  implementing  the  »VDF  emr 
sensors  yielded  little  sound  attenuanon  in  controlling  the  cylinder  modes 


INTRODUCTION 

srudies  in  acdve  structural  acoustic  control 
f  lfAQ  h2Ve  been  aPPlied  t0  beams  and  places  con¬ 
figure!  with  piezoelectric  actuators  and  polyvinylidene 

(CIark  “d  FuiIer-  !99l;  I992a-e;  Clark  et 
*  these  studies,  single  ffequencv  control  of 
structure -borne  sound  was  achieved  with  piezoelectric  actu¬ 
ators  surface  mounted  on  the  structure,  and  either 
microphone  or  polyvinylidene  fluoride  (PVDF)  error  sen¬ 
sors  were  implemented  to  generate  the  appropriate  cost 
.n  ,C“°°  “terms  of  ±s  acoustic  response.  A  preliminary 

DiezLl2rrf°na  ^  J°neS  addressed  *e  opcrauon  of 
pi«oeiecmc  actuators  for  active  vibration  control  of  chin, 

cylindrical  shells  (Sond  and  Jones,  1991).  In  a  later  study, 

tml  ^92)  considered  active  vibration  con¬ 

trol  of  both  an  open  ended  cylinder  and  one  configured  with 
en  caps.  Piezoelectric  actuators  and  polyvinylidene 
fluoride  sensors  were  used  to  control  the  vibration  and  thus 


Author  to  whom  correspondence  shouid  be  addressed. 


the  coupled  acoustic  response  of  the  structure  on-resonance 
for  a  single  mode  of  vibration. 

The  thrust  of  the  current  work  is  thus  to  consider  more 
complex  structural  acoustic  response  of  a  cylinder  con¬ 
figured  with  end  caps  due  to  off-resonance  excitation  as  well 
as  using  an  acoustic  based  cost  ftmetion.  In  addition  to  con¬ 
trolling  sound  radiation  resulting  from  the  vibration  re¬ 
sponse  of  traditional  cylinder  modes,  the  acoustic  response 
due  to  the  accordion  modes  of  the  structure  is  considered  in 
the  control  approach.  Specific  goals  of  this  work  are: 

(a)  Choose  appropriate  configuration  of  piezoelectric  actu¬ 
ators  for  control  of  struemre-bome  sound. 

(b)  Determine  appropriate  number  of  control  channels  re¬ 
quired  for  global  sound  actenuation. 

(o)  Replace  microphone  error  sensors  with  structural  sen¬ 
sors  designed  from  polyvinylidene  fluoride. 

Details  of  the  experimental  configuration  are  discussed 
with  emphasis  on  methods  of  exciting  either  the  accordion 
modes  or  the  cylinder  modes  of  the  structure.  In  addition, 
the  resonant  frequencies  of  the  structure  are  estimated  based 
upon  an  approach  previously  outlined  by  Blevins  (1984)  and 
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Table  7.  Theoretical  resonant  frequencies 
of  accordion  modes. 


Mode 

W 

Predicted  Frequency 
(Hz) 

(1) 

981 

(2) 

1804 

(3) 

4225 

(4) 

5857 

structural  and  acoustic  response  ever,  rbr  c 
cation.  Thus  the  dimension  of  me  conrroile 
exercise  the  necessary  numcer  of  decre 
control  the  strucoirai  acoustic  response  o 


resonance  exe:- 
rus:  increase  :o 
or  rreecom  to 
:e  system. 


DETAILS  OF  THE  EXPERIMENT  AVD 
CONFIGURATION" 


order  1  circumferential  mode  is  denoted  the  beam-bending 
mode.  The  combination  of  standing  waves  supported  about 
the  circumference  of  the  cylinder  and  those  supported  along 
the  axis  of  the  cylinder  as  illustrated  in  Figure  *2* result  in  the 
helical  standing  wave  panems  (Fahy,  1985).  A  shell  with 
simply  supported  boundary  conditions  supports  wave- 
numbers  corresponding  to  the  mode  shapes  of  the  structure. 
For  example,  the  structural  wavenumbers  of  a  simply  sup- 
poned  shell  can  be  expressed  as  follows: 

k-  =  Vk*  -i-  ki  (2) 

where 


=  ~  m  =  0,1,2,.  .  .  (3) 

and 


k'  ~  L  n  =  1’2’3*-  •  •  (4) 

For  the  shell  constructed  in  this  experimental  study,  the 
end  caps  were  machined  from  aluminum  and  attached  at  the 
cylinder  with  1/8'  bolts.  The  boundary  conditions  corre¬ 
sponding  to  this  method  of  attachment  are  somewhere  be¬ 
tween  simply  supported  and  clamped.  The  assumed-modes 
method  can  again  be  implemented  in  conjunction  with 
Lagrange’s  equations  to  estimate  the  resonant  frequencies  of 
the  structure.  A  torsional  spring  is  included  in  the  model  of 
the  cylinder  at  the  boundaries  to  account  for  the  resistance 
to  motion  where  the  cylinder  is  attached  to  the  end  caps. 
Details  of  foe  analysis  are  presented  in  Appendix  B  and  ref¬ 
erence  is  given  to  previous  work  by  Blevins  (1984)  as  well  as 
that  of  Sumali  (1992)  in  a  similar  study. 

The  stiffness  of  foe  torsional  spring  was  chosen  such  that 
foe  first  measured  resonant  frequency  of  foe  cylinder 
matched  foe  predicted  resonant  frequency.  The  predicted 
resonant  frequencies  for  foe  cylinder  are  given  in  Table  2 
with  tire  corresponding  mode  shape  numbers.  As  is  ap¬ 
parent  from  the  tabulated  values  of  foe  resonant  frequencies, 
foe  struoure  has  high  modal  density.  The  term  modal  den¬ 
sity  is  used  in  this  case  to  describe  structures  with  resonant 
frequencies  of  modes  separated  by  less  than  10  Hz.  This 

f  Sepant10"  becwesn  res°nant  frequencies  results  in 
significant  contributions  from  more  than  one  mode  to  foe 


The  cylinder  was  configured  for  active  structural  acoustic 
control  of  sound  radiation  resulting  from  cylinder  modes  as 
weil  as  foe  accordion  modes.  Actuator  configurations  as 
well  as  error  sensor  arrangements  are  discussed’as  they  per¬ 
tain  to  each  specific  control  experiment.  The  nitered-x 
adaptive  least  mean  squares  (LMS)  algorithm  was  im¬ 
plemented  on  a  TMS320C30  floating  point  digital  signal 
processing  chip  to  provide  up  to  six  channels  of  controi.  A 
schematic  diagram  of  foe  controller  displaying  three  output 
channels  and  three  input  channels  is  illustrated  in  Figure  3. 
Experiments  were  limited  to  single  frequency  control,  and 
thus  a  two  coefficient  finite  impulse  response  (FIR)  filter 
was  utilized  as  the  adaptive  niter.  The  LMS  algorithm  es¬ 
sentially  adapts  foe  coemcients  of  foe  FIR  fiiters’in  foe  time 
domain  until  the  controi  voltage  to  each  piezoelectric  actua¬ 
tor  is  such  that  foe  sum  of  the  squares  of  foe  chosen  error 
sensors-  is  minimized.  This  solution  has  been  previously 
demonstrated  to  converge  to  the  same  result  obtained  with 
linear  quadratic  optimal  control  (Clark  and  Fuller.  1992c). 
Details  of  foe  control  algorithm  are  omitted  in  the  discus¬ 
sion,  however,  further  explanation  can  be  found  in  a  variety 
of  references  (Widrow  and  Steams.  1985;  Elliot  et  ai„  1987- 
Clark  and  Fuller,  1992e). 

General  Configuration 

All  experiments  were  performed  in  foe  anechoic  chamber 


Table  2.  Theoretical  resonant  frequencies 
of  cylinder  modes . 


Mode 

(m,n) 

Predicted  Frequency 
(Hz) 

(2.1) 

228 

(3.1) 

324 

(3,2) 

415  [ 

(1.1) 

492 

(2.2) 

518 

(41) 

591 

(3.3) 

602 

(4,2) 

616 

(4.3) 

684 

(4.4) 

807 

(3.4) 

854 

(2.3) 

882 

(5.1) 

951 

(0,1) 

961 

(5.2) 

962 
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center  of  the  cylinder  both  before  and  after  arriving  acrive 
structural  acoustic  concroi. 

The  out-of-plane  vibration  response  of  the  cylinder  was 
measured  both  before  and  after  applying  active  structural 
acousu-  control  with  an  Ometron  VPI  scanning  laser 
vibrometer,  with  a  dynamic  range  of  80  dB  and  die  capabil¬ 
ity  or  measuring  velocity  between  0  and  I  mis  (Barker, 
199a).  Jn  performing  the  scan,  a  grid  of  100  points  along  the 
axis  or*  die  cylinder  and  10  points  about  the  circumference 
was  utilized  to  obtain  qualitative  and  quanutative  informa- 
don  about  the  structural  response  before  and  after  applying 
control.  These  measurements  were  made  to  compensate  for 
the  lack  of  detailed  information  concerning  the  measured 
resonant  frequencies  and  mode  shapes  of  the  cylinder.  In 
general,  agreement  between  the  predicted  and  measured 
resonant  frequencies  of  the  cylinder  were  within  5  %  for  the 
nrst  nve  modes  of  the  structure.  However,  the  deviation  in- 
c»wase»  with  increasing  frequency.  Deviation  between  ana- 
Ivncai  and  experimental  results  might  be  a  result  of  the  as¬ 
sumption  made  with  respect  to  the  boundary  conditions  in 
computing^  che  resonant  frequencies.  .Another  possible  ex¬ 
planation  for  the  observed  deviations  might  be  due  to  the 
mass  loading  of  the  cylinder  with  respect  to  the  actuators 
and  sensors,  or  the  discontinuities  in  the  cylinder  resulting 
from  machining  flat  positions  on  the  surface  for  mounting 
the  concroi  actuators.  The  cylinder  was  extruded  from  alu¬ 
minum.  and  thus  variations  in  wall  thickness  and  eccentri¬ 
cities  in  the  circumference  are  factors  that  also  affect  the 
resonant  characteristics  of  the  structure. 

In  all  test  cases  performed,  control  was  achieved  with  ac- 
tuacora  constructed  from  piezoceramic  elements.  The 
specinc  configurations  of  each  of  the  piezoceramic  elements 
for  controlling  the  cylinder  modes  or  accordion  modes  are 
detailed  in  the  following  sections.  The  positions  and  dimen¬ 
sions  or  the  corresponding  PVDF  season  selected  for  each 
specific  control  application  are  detailed  as  well. 


Actuators  and  Sensors  for  Accordion  Modes 

DVAnf!T“  dia§ram  °f  cylinder  configured  with 
PVDF  (Kynar  Piezo  Film  Manual.  1987)  sensors  for  active 
structural  acoustic  control  of  the  accordion  mode  response 
!S  presented  m  Flgure  6-  As  indicated,  die  input  disturbance, 
which  consisted  of  a  shaker  attached  by  a  stinger,  was 

cvhfide-  CM  Center  of  *e  end  “P  external  to  the 
cylmde.  (Measurements  of  sound  radiation  from  the  shaker 

detached  from  the  cylinder  were  40  dB  below  that  of  the  un- 

~  Cylind*r  at  the  Aerophones  and  traversing 
microphone  coordinates.  Thus,  the  overall  contribution  to 

*  nr° °baI  S0und  radiacio°  was  within  the  noise  floor  of  the 
control  system.)  The  PVDF  sensors  were  cut  in  rectangular 
mentsmeasunng0.5mlong  x  25.4  mm  wide  x  28^n 

:  t  Zr  r0rS  Were  pOS1UOned  about  circumference 
of  the  cylinder  in  increments  of  120°  and  were  centered  be- 

fostrateT5  p“d  ZM  °f  ChC  Pie20electnc  dements  as  il¬ 
lustrated  in  Figure  6.  The  accordion  response  of  the  cylinder 
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is  dominated  by  extension  and  contracaon  over  the  length  of 
the  cylinder.  Thus,  the  PVDF  sensors  were  positioned  m  re¬ 
spond  primarily  to  strain  along  this  axis.  Oniv  three  sensors 
were  implemented  since  three  channels  of  control  proved 
sufficient  for  attenuating  the  global  acoustic  resDonse  of  the 
cylinder  when  responding  in  the  accordion  mode.  The  cost 
function  for  the  control  algorithm  was  thus  formed  from  the 
sum  of  the  squares  of  the  electrical  output  of  each  of  the 
PVDF  sensors. 

The  control  actuators  were  arranged  as  illustrated  in  the 
top  portion  of  the  schematic  diagram  of  Figure  7.  The 
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Figure  7.  Schematic  diagram  of  control  actuator  configurations. 
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sines  each  actuator  paar  utilized  was  indexed  by  60°  aionz 
the  axis  of  the  cylinder,  visually  flowing  in  a  helical  pattern 
as  illustrated  in  the  bottom  portion  of  Figure  7.  The"  struc¬ 
tural  response  of  the  cylinder  supports  helical  standing 
waves,  and  thus  an  actuator  configuration  was  chosen  which 
allowed  as  much  flexibility  in  both  the  circumferential  and 
axial  ^  direction  as  possible.  Piezoelectric  elements  were 
wired  cogether  in  pairs  at  each  respective  ring  of  the 
cylinder  and  were  alternated  as  a  function  of  the  axial  posi¬ 
tion  as  is  readily  observed  when  visually  scanning  the  lower 
portion  of  Figure  7  from  right  to  left  (actuators  1-3)  and 
then  from  left  to  nght  (actuators  a-6).  The  piezoelectric  ele¬ 
ments  represented  by  the  white  markers  were  not  utilized  in 
this  particular  configuration. 

The  basic  configurations  for  control  will  be  henceforth 
designated  the  accordion  mode  configuration  and  the 
cylinder  mode  configuration.  The  exception  1S  mat  in  the 
cylinder  mode  configuration,  two  separate  actuator  arrange¬ 
ments  were  considered  -  the  modal  actuators  and  the  helical 
actuators.  The  actuator  configurations  were  selected  to 
reflect  two  possible  schoois  of  thought  in  the  control  of  the 
sound  radiation  from  the  cylinder- the  modal  aDoroach  as 
opposed  to  the  wave  approach.  More  extensive'  research 
must  be  conducted  to  determine  the  optimal  configuration: 
however,  the  two  configurations  selected  serve  the  purpose 
of  this  pilot  study.  All  experimental  results  presented  in  the 

next  section  are  based  upon  the  basic  configurations  dis¬ 
cussed  here.  5 


RESULTS 

Results  from  active  structural  acoustic  control  of  the  ac¬ 
cordion  mode  are  presented  first  with  both  on-resonance 
and  off-resonance  input  disturbances  at  one  of  the  end  caps, 
as  discussed  m  the  previous  section.  Emphasis  is  placed 
upon  results  for  off-resonance  excitation  due  to  the  interac¬ 
tion  of  vanous  structural  modes.  Thus,  in  the  case  of  active 
structural  acoustic  control  of  the  cylinder  modes,  onJy  off- 
resonance  excitation  test  cases  are  presented.  Greaier  de¬ 
mands  are  placed  upon  the  controller  for  off-resonance  exci¬ 
tation  since  the  number  of  degrees  of  freedom  recuired  to 
control  the  system  are  proportional  to  the  number  of  modes 
contributing  to  the  structural  acoustic  response  if  cfae  con- 
troller  is  to  be  effective  over  a  broad  range  of  frequencies. 
On  the  other  hand,  if  the  controller  is  to  be  designed  to  op¬ 
erate  on  a  specific  frequency  of  the  disturbance,  then  the 
umber  of  control  channels  can  be  reduced  by  optimizing 
e  position  of  the  actuator  with  respect  to  the  structure  and 
fu;r^,lab^  of  *e  increases  (Clark  and 

Results  from  Control  of  Accordion  Mode 

The  configuration  of  the  cylinder  for  control  of  the  accor¬ 
dion  mode  was  discussed  in  the  previous  secuon.  The  first 


resonar.:  frequency  of  the  accordion  mcce  was  oose-ve^  at 
an  excitation  frequency  of  953  Hz.  Multiple  :es;  cases  we~ 
conducted  at  various  frequencies  of  excitation:  however  two 
representative  sets  of  results  are  presented  here  for  both  on- 
and  off-resonance  excitation.  In  the  case  of  on-resonance  ex¬ 
citation.  the  end  cap  of  the  cylinder  was  driver,  at  953  Hz 
and  control  was  achieved  implementing  the  6  error 
microphones  and  3  piezoelectric  control  actuators  ~e 
reader  is  reminded  here  chat  'actuator"  means  an  array  of 
hard  wired  individual  piezoelectric  elements  as  described  in 
the  previous  section.  .Ail  6  error  microphones  were  utilized 
to  construct  jhe  cost  function  to  ensure  global  attenuation  in 
the  sound  field.  Results  from  this  test  are  presented  in 
Figure  9.  The  acoustic  response  was  assumed  symmetric, 
<md  thus  measurements  were  obtained  between  6  —  90° 
and  9  =  180°  only.  The  dark  solid  line  represents  the 
acoustic  response  before  controi  as  indicated  in  the  legend, 
and  the  dashed  line  represents  the  controlled  acoustic  re¬ 
sponse  when  implementing  the  microphone  error  sensors 
as  also  indicated  in  the  legend.  Observe  that  the  sound 
pressure  was  attenuated  by  approximately  AO  dB  in  the 
acoustic  field  near  the  end  cap  and  by  at  least  15  dB  in  the 
remainder  of  the  acoustic  field  displayed.  (Acoustic  attenua¬ 
tion  on  the  order  of  15  dB  was  observed  at  vanous  other 
acousuc  field  pomes  out  of  the  plane  of  the  traversing 
microphone.)  Attenuation  at  each  of  the  6  microphone  coor¬ 
dinates  used  as  error  sensors  was  on  the  order  of  40  dB. 

The  dotted  line  dispiaved  in  Figure  9  represents  the  con¬ 
trol  case  when  implementing  the  3  PVDF  error  sensors  m 
the  control  approach  with  the  same  3  control  actuators  The 
response  of  each  respective  PVDF  sensor  was  attenuated  by 
approximately  50  dB  upon  achieving  control,  and  the  acous¬ 
tic  response  of  the  structure  was  minimized  on  che  order  of 
25  dB  at  the  end  cap  and  between  5  dB  and  10  dB  in  the  re¬ 
mainder  of  the  acoustic  field.  The  discrepancy  in  perfor¬ 
mance  of  the  controller  when  implementing  the  PVDF  sen¬ 
sors  as  opposed  to  the  microphone  sensors  is  proposed  to  be 
an  artifact  of  the  interaction  between  the  accordion  mode 
and  the  cylinder  modes  at  the  frequency  of  excitation.  Refer- 
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figure  9.  Control  of  acooraion  mode  on-resonance  (953  Hz). 
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observed  in  the  acoustic  field.  Tne  sensors  were  thus  in¬ 
effective  tor  active  structural  acoustic  control  :n  this  case. 
Lack  or  control  with  the  chosen  PVDF  sensors  is  thought  to 
result  from  the  relatively  high  modal  density  and  the  in¬ 
teraction  berween  modes  with  the  same  circumferential 
modal  indice  but  different  axial  modal  indices.  For  exam- 
pie.  the  vibration  response  of  the  (5,4)  mode,  the  (5.3)  mode 
and  the  (5,1)  mode  can  be  phased  to  minimize  the  response 
of  the  PVDF  sensors  without  actually  attenuating  the  total 
response  of  each  respective  mode  of  vibration. 

Tne  velocity  contour  corresponding  to  the  real  pan  of  the 
uncontrolled  and  controlled  response  with  the  helical  actua¬ 
tors  and  the  microphone  error  sensors  is  presented  in  Figure 
12..  Approximately  one  quarter  of  the  circumference  of  the 
cylinder  was  scanned,  as  indicated  in  Figure  12.  This  is  the 
largest  region  that  couid  be  accurately  scanned  since  the 
laser  vibrometer  measures  only  the  normal  velocity  of  the 
cylinder.  The  measured  response  must  be  corrected  to  ac¬ 
count  for  the  angle  of  incidence  on  the  surmce  of  the 
cylinder  with  respect  to  the  curvature.  The  profile  of  the 
cylinder  is  represented  by  the  dark  line  surrounding  the  con¬ 
tour  plot.  Regions  characterized  by  a  dark  or  light  rectan¬ 
gular  discontinuity  resuit  from  erroneous  measurements  ob¬ 
tained^  when  the  laser  scanned  across  an  electrical  wire  of 
one  of  the  actuators  or  one  of  the  microphone  stands  that 
was  between  the  laser  and  the  structure.  These  data  points 
are  out  of  bounds  with  respect  to  the  scaled  response  of  the 
cylinder,  however,  editing  them  from  the  data  set  was  virtu¬ 
ally  impossible  since  1000  data  points  were  scanned.  The 
characteristic  most  apparent  in  the  plot  is  that  before  con- 
ffol.  lower  order  structural  modes  dominate  che  response. 
However,  upon  applying  control,  the  structural  response 
shifts  to  higher  order  structural  modes,  as  is  evident  upon 
comparing  the  contour  plots  in  Figure  E.  Tne  surfece 
velocity  amplitude  also  increased  by  about  a  fector  of  2 
upon  applying  control  while  the  sound  radiation  decreased. 
This  decrease  is  acoustic  response  results  from  what  has 
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Figure  13.  Con:roi  of  oyiincer  ncces  cff-rescnancs  (746C  Hz) 


previously  been  termed  -modal  restructuring”  (Clark  ana 
Fuller,  1992a.  1992c,  1992a).  The  higher  order  structural 
modes  are  less  emcient  acoustic  radiators  and  thus  even 
with  an  increase  in  che  structural  resDonse.  the  acoustic  re¬ 
sponse  of  the  structure  decreased.  This  important  result  dis¬ 
tinguishes  the  work  presented  in  this  pacer,  which  is  de¬ 
voted  to  active  s  true  rural  acoustic  control  (ASA  C).  from 
previous  research  devoted  to  active  vibration  control  (AVC) 
(Sumali  et  al„  1991;  Somali.  1992)  as  a  method  of  control¬ 
ling  sound  radiation  (Fuller  et  ai. ,  1991).  Tne  plot  presented 
is  representative  of  che  resuits  obtained  with  the  scanning 
laser  vibrometer  in  other  off-resonance  test  cases. 

The  final  test  case  presented  was  obtained  ror  an  excita¬ 
tion  frequency  of  1460  Hz.  Results  from  the  structural 
acoustic  response  are  presented  in  the  directivity  patterns  of 
Figure  12.  The  uncontrolled  response  is  represented  by  the 
solid  line  as  indicated  in  the  legend,  while  the  controlled  re¬ 
sponse  for  the  helical  actuators  and  modal  actuators  in  con¬ 
junction  with  the  microphone  error  sensors  is  represented 
by  the  dashed  line  and  dotted  line,  respectively.  Between  5 
and  10  dB  of  attenuation  in  sound  pressure  was  observed 
when  implementing  the  helical  actuators  in  conjunction 
with  the  microphone  error  sensors.  However,  when  imple¬ 
menting  the  modal  actuators,  the  acoustic  response  was 
observed  to  increase  on  the  order  of  5  dB  in  the  region  near 
the  end  cap  of  the  cylinder.  Due  to  the  high  modal  density 
and  choice  of  off-resonance  excitation  frequency,  the  level  of 
acoustic  attenuation  was  limited  in  both  test  cases.  This 
result  is  representative  of  tests  performed  at  arbitrary  excita¬ 
tion  frequencies  in  this  frequency  range.  As  observed  in  pre¬ 
vious  studies  conducted  with  piezoelectric  actuators  on  a 
simply  supported  plate,  the  structural  acoustic  response  can 
be  further  attenuated  by  increasing  the  number  of  control 
channels  or  by  optimizing  the  positions  of  the  concrol  actua¬ 
tors  to  reduce  the  dimension  of  the  controller  with  similar 
performance  gains  (Clark  and  Fuller,  1992d). 

While  the  response  at  each  of  che  6  PVDF  sensors  was  at¬ 
tenuated  by  approximately  50  dB  upon  applving  control 
wuh  the  helical  actuators,  the  structural  acoustic  response 
or  the  cylinder  actually  increased  as  illustrated  by  the  dash- 
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ML  are  the  point  mass  equivalents  of  the  end  caps  at  position 
0  and  position  L ,  respectively,  and  EA  is  the  product  of  the 
Young’s  modulus  and  the  area  of  the  cylinder  cross-section. 
Expressing  the  system  response  in  modal  coordinates. 


yix.r)  =  Y,  <pm(x)qm(t) 


where  <pm (x)  is  the  assumed  mode  shape  and  qm(t)  are  the 
modal  coordinates.  Lagrange’s  equations  can  be  expressed 
in  terms  of  the  modal  coordinates  as  follows: 


Soiving  the  following  eigenvalue  problem  v;e;as  the  reso¬ 
nar.:  frequencies  of  the  system  and  the  mode  s races  as  a 
function  of  the  assumed  admissible  functions. 

[<]c  =  *l[m]c  (16) 

A  number  of  numerical  routines  are  available  for  solving 
this  problem. 


APPENDIX  B:  ASSUMED  MODES  METHOD 
FOR  CYLINDER  MODES 


d(BT\  dT  dV 


dt\dqmJ  aqm  dqm 


m  =  1,2,.  .  .M  (8) 


Substimting  Equation  (7)  into  Equations  (5)  and  (6)  and 
substituting  the  resulting  expressions  into  Lagrange’s  equa¬ 
tions  yields  the  following  expression: 


*■»  yt 

L ~  =  0  m  —  1,2,.  .  (9) 


?„(r)  =  ft,  cos  (wt  -  4,) 


=  m(x)<bm(x)<p,(x)dx  +  A/o<p,(0)<p,(0) 


+  A 4t<t>m(L)4>n(L) 


-i; 


_  J  d&Jx)  d6n(x)  . 

2,4  — s-* 


The  boundary  conditions  of  the  cylinder  used  in  this  study- 
range  somewhere  between  that  of  ciamped-ciamoed  and 
simply  supported-simply  supposed  at  each  end  of  the 
cylinder.  For  such  boundaries,  the  resistance  to  rotation  at 
the  boundaries  can  be  modeled  with  a  torsionai  spring  to  ao- 
proximate  the  physical  boundary  conditions  realized  upon 
bolting  the  cylinder  to  the  end  caps  with  small  bolts  about 
the  circumference  of  the  cylinder.  A  similar  approach  was 
utilized  to  account  for  discrepancies  between  measured  and 
predicted  resonant  frequencies  for  a  piate  with  approximate 
simply  supported  boundary  conditions  by  the  authors 
(Clark,  1992).  The  following  analysis  is  based  upon  a  pro¬ 
cedure  outlined  by  Blevins  (1984)  and  Gorman  (1975)  and 
was  previously  assembled  by  Sumali  in  his  thesis  (1992).  A 
detailed  schematic  diagram  of  the  approximate  boundary 
conditions  can  be  found  in  Sumaii  (1992).  The  overall  pro¬ 
cedure  for  approximating  the  resonant  frequencies  and  cor¬ 
responding  mode  shapes  of  the  cylinder  are  reviewed  here. 
However,  the  reader  is  referred  to  the  previous  references 
for  greater  detail. 

The  Flugge  shell  theory  can  be  expressed  in  terms  of  the 
following  equations  of  motion: 


ft,  is  a  constant  coefficient,  u  is  the  circular  frequency  and 
4  is  the  phase. 

If  we  choose  the  admissible  functions  to  be  rhar  of  a  struc¬ 
ture  with  free-free  boundary  conditions,  then 


=  cos 


Substituting  Equation  (13 )  into  Equations  (11)  and  (12) 
results  in  the  following  expression  for  the  dements  of  the 
mass  and  stiffness  matrix  : 


~  ~2~  +  Ml(  - I)-(  -  l)«  (14) 


R  dd  R(R  -b  z)  ddz  R  +•  r 


1  du  R  b-  z  dv  !  z  Z 

~  R  +  Zdd  ~  R  dx  ~  dxddlR  +  R  +  z 


=  e„  =  0 

where  u  is  the  displacement  in  the  .r-direction  (i.e.  along  the 
cylinder  length),  v  is  the  displacement  about  the  cir¬ 
cumference  of  the  cylinder  in  the  0-direction,  w  is  the  dis¬ 
placement  in  the  r-direction,  which  is  normal  to  the  surface 
of  the  cylinder,  R  is  the  radius  of  the  cylinder  in  the  mid- 
piane  and  e  is  used  to  designate  strain  with  subscripts  to  in¬ 
dicate  direction.  Greater  detail  of  the  equations  of  motion 
and  coordinate  system  can  be  found  in  Sumaii  (1992), 
Blevins  (1984),  and  Gorman  (1975). 
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This  paper  discusses  new  work  concerned  with  developing  structural  sensors  and  associated 
signal  processing  techniques  that  provide  time  domain  estimates  of  far-field  pressure  or 
structural  wave-number  information.  The  sensor  arrangement  consists  of  multiple 
accelerometers  whose  outputs  are  passed  through  an  array  of  linear  filters.  The  impulse  response 
of  each  filter  is  constructed  from  the  appropriate  Green’s  function  for  the  elemental  source  area 
associated  with  each  sensor.  The  outputs  of  the  filter  array  are  then  summed  in  order  to  predict 
far-field  pressure  or  wave-number  information  somewhat  analogous  to  the  well-known  boundary 
element  technique.  A  major  significance  of  the  approach  is  that  it  provides  time  domain 
information  and  can  thus  be  efficiently  applied  to  active  structural  acoustic  control  approaches. 
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INTRODUCTION 

Structure-borne  sound  is  an  important  problem  in 
many  applications,  and  it  is  of  prime  interest  to  predict 
acoustic  radiation  from  vibrating  structures.  Indeed,  the 
radiation  information  is  often  used  to  develop  appropriate 
control  approaches.  Acoustic  holography1  has  been  suc¬ 
cessfully  applied  to  prediction  of  far-field  radiation  from 
real  structures.  For  example,  the  technique  may  involve 
measurements  of  the  acoustic  pressure  on  a  2-D  plane  lo¬ 
cated  in  the  near  field  using  an  array  of  microphones.  The 
measured  data  are  then  transformed  in  the  frequency  and 
spatial  domains  to  provide  far-field  information  in  a  3-D 
space.  Structural  acoustic  systems  have  also  been  modeled 
using  the  boundary  element  method2.  In  this  approach,  the 
structural  response,  known  at  discrete  locations,  is  used  to 
construct  a  solution  of  the  Helmoltz  integral  by  solving  a 
linear  system.  Both  of  the  above  methods  allow  the  study 
of  the  radiation  behavior  of  complex  structures.  However, 
theuse  of  both  methods  results  in  extensive  computations 
matrix  inversions,  etc.)  on  a  large  amount  of  data. 
Therefore,  “real  time”  prediction  cannot  be  readily 
achieved.  Here,  we  define  “real  time”  to  be  in  the  time 
domain. 

This  paper,  the  first  of  two  companion  papers,  presents 
a  real  time  prediction  technique  using  structural  sensors. 
The  analytical  development  will  emphasize  important  as¬ 
pects  for  application  to  the  active  structural  acoustic  con¬ 
trol  (ASAC)  technique.3-4  In  this  approach,  a  feedforward 
adaptive  controller  minimizes  one  or  several  real  time  error 
signals  representing  acoustic  radiation  information.  Tradi¬ 
tionally,  the  error  signals  are  the  output  of  microphones 
located  in  the  far  field.  However,  the  use  of  microphones  is 
often  impractical  in  real  applications  and  research  is  now 
addressing  the  development  of  structural  sensors  to  replace 
error  microphones.  In  that  respect,  much  attention  has 
been  focused  on  new  sensing  materials  (PVDF  films,  optic 
fibers)  originally  used  in  active  vibration  control.3  When 


applied  to  acoustic  radiation,  the  sensor  should  provide 
information  related  to  the  far-field  pressure  such  that  only 
the  structural  response  contributing  to  radiation  is  ob¬ 
served.  As  a  result,  the  controller  dimension  is  reduced  and 
better  performances  are  achieved.  Clark  and  Fuller4  have 
discussed  the  use  of  PVDF  film  modal  sensors  in  the  feed¬ 
forward  control  approach  applied  to  rectangular  acoustic 
radiators.  By  choosing  the  appropriate  location  and  shape 
of  the  PVDF  film,  only  those  structural  modes  that  effi¬ 
ciently  radiate  to  the  far  field  are  observed.  In  related 
work,  Baumann  et  aL, 5  have  developed  radiation  filters  for 
use  in  state  feedback  approaches  to  map  structural  states  to 
radiation  states  of  the  system  and  demonstrated  their  use 
in  sound  radiation  control  from  impulsively  excited  struc¬ 
tures. 

In  both  of  the  above  works,  the  sensor  output  provides 
global  radiation  information  related  to  the  total  acoustic 
power  radiated  by  the  structure.  The  present  work  is  con¬ 
cerned  with  estimating  far-field  pressure  radiated  in  pre¬ 
scribed  directions.  The  approach  implements  point  struc¬ 
tural  sensors  (i.e.,  accelerometers)  in  parallel  with  an 
array  of  digital  filters  to  obtain  an  error  signal  directly 
related  to  the  far-field  pressure  in  a  prescribed  direction. 
Namely,  the  sensor  output  is  shown  to  be  proportional  to  a 
time-shifted  version  of  the  far-field  radiated  pressure.  The 
present  analysis  is  limited  to  estimation  of  radiation  from 
planar  surfaces  of  finite  extent.  The  relation  between  struc¬ 
tural  response  and  far-field  pressure  becomes  more  com¬ 
plex  m  case  of  nonplanar  geometries  and  will  be  investi¬ 
gated  in  future  work. 

In  the  first  part,  the  theory  underlying  the  technique  is 
presented.  Following  the  ideas  developed  in  boundary  ele¬ 
ment  method,  the  Rayleigh’s  integral  that  gives  the  far- 
field  pressure  radiated  from  a  planar  source,  is  approxi¬ 
mated  by  a  finite  summation  of  filtered  acceleration  signals 
measured  at  a  number  of  points  on  the  structure.  Two 
related  sensing  approaches  are  analytically  outlined.  In  the 
first  configuration,  the  filter  array  is  designed  to  model  the 
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transfer  functions  between  the  acceleration  and  the  radi¬ 
ated  pressure  of  the  elemental  source  area  associated  with 
each  sensor.  Then,  the  same  approach  is  applied  to  evalu¬ 
ate  the  acceleration  wave-number  component  in  a  pre¬ 
scribed  direction.  The  corresponding  discrete  summation 
can  be  referred  to  as  the  spatial  discrete  wave-number 
transform  analogous  to  the  well-known  time  domain  dis¬ 
crete  Fourier  transform.  It  is  shown  that  this  wave-number 
domain  error  information  yields  the  same  control  perfor¬ 
mances  as  the  far-field  pressure  when  used  in  a  feedforward 
control  approach.  The  second  pan  of  the  paper  discusses 
the  practical  implementation  of  the  technique.  Two  design 
methods  are  proposed  for  constructing  the  digital  filters. 
The  first  involves  frequency  domain  design  algorithms  us¬ 
ing  the  analytical  transfer  functions  derived  in  the  first 
part.  The  second  approach  implements  time  domain  opti¬ 
mal  filtering  techniques  that  allow  the  filters  to  be  designed 
from  experimental  data. 

Results  of  computer  simulations  on  the  sensor  design 
and  its  application  to  active  control  of  radiation  from  a 
baffled  planar  radiator  excited  by  broadband  disturbances 
will  be  discussed  in  the  companion  paper  in  order  to  illus¬ 
trate  the  use  of  the  sensing  procedure. 

I.  THEORY 


the  normal  displacement  w(r0,t)  =  IV(r0)eJCJI. 

In  the  case  of  an  infinite  planar  source,  it  can  be  shown 
that  the  surface  pressure  term  vanishes  when  replacing  the 
free-space  Green’s  function  g(r)  by  <?(r)=2g(r),  which 
satisfies  the  Neumann  boundary  condition  dG/drj(r)=0 
for  reS, 

P(r)=2p  ^(r-r0)(V(r0)dS(r0).  (3) 

When  JV(r0)  is  nonzero  over  a  finite  surface  (i.e.,  the 
structure  is  finite  and  located  in  an  infinite  baffle),  analyt¬ 
ical  evaluation  of  the  above  representation  becomes  possi¬ 
ble  only  in  the  far  field.  Removing  the  denominator  of  the 
Green’s  function  from  the  integral  produces  the  Rayleigh’s 
formula  for  planar  radiators6 

*'>-£  £ tf'lr.MTtro)  <|r|>|rol), 

(4) 

where  r=|r|.  This  formuladon  can  be  physically  inter¬ 
preted  as  an  infinite  sum  of  monopoles  with  volume  accel¬ 
eration  fF(r0)dS(r0)  located  on  an  infinite  rigid  planar 
surface  (in  this  case  the  amplitude  of  the  free  point  source 
is  multiplied  by  a  factor  of  2). 


A.  Pressure  sensing  configuration 

Based  on  Rayleigh’s  integral,  an  expression  that  de¬ 
pends  solely  on  the  structural  acceleration  measured  at 
discrete  points  on  the  vibrating  surface  is  derived  for  the 
far-field  pressure  radiated  from  planar  sources. 

1.  Rayleigh’s  integral 

The  Helmoltz  integral  equation  relates  the  pressure 
field  complex  amplitude  P{ r)  at  field  point  r  in  terms  of  the 
surface  pressure  P( r0)  and  its  gradient  defined  over  the 
radiating  surface  S(r0eS).  Assuming  a  harmonic  time  de¬ 
pendence  of  the  form  ejM,  where  to  is  the  angular  frequency 
of  the  source,  the  Helmoltz  integral  can  be  written  as6 

f(r)=/I(,(r»)I(r-'»> 

,  dp  \ 

S{r-TQ)  —  {TQ)\dS  (r«S),  (1) 

where  rj  is  the  outward  normal  unit  vector  and  g(r),  the 
free-space  Green’s  function  defined  in  the  free  field  as 
S,(r)  — (l/4ir|r|  )exp(/Afl|r| );  k^ssta/c  is  the  acoustic 
wave  number,  and  c  is  the  speed  of  sound.  Applying  the 
boundary  condition  prescribed  over  S, 

BP 

^(r0)  =  -pJr(r0)  (roeS),  (2) 

where  p  is  the  fluid  density,  the  pressure  field  is  expressed 
in  terms  of  the  surface  pressure  and  the  fluid  particle  ac¬ 
celeration  over  the  radiating  surface,  the  latter  being  equal 
%,  thC  str^cturaI  normal  acceleration  distribution 
"'lro)  =  —to  W(r0).  In  the  above  notation,  JV(r0)  refers 
to  the  complex  amplitude  of  the  second  time  derivative  of 


2.  Discrete  Rayleigh’s  integral 

In  practice,  the  structural  response  can  only  be  evalu¬ 
ated  at  a  finite  number  of  points  by  means  of  point  trans¬ 
ducers  such  as  accelerometers.  Hence,  it  is  necessary  to 
approximate  the  far-field  pressure,  expressed  in  Eq.  (4) 
with  continuous  coordinates,  by  an  expression  involving  a 
finite  number,  Nd,  of  discrete  coordinates  (r ,s50, 
t=  1,2 The  resulting  approximation  will  be  referred 
to  as  the  discrete  Rayleigh’s  integral.  Following  the  same 
idea  developed  in  the  boundary  element  method,  the  sur¬ 
face  integral  is  approximated  by  a  discrete  summation  over 
the  integrand  evaluated  at  a  finite  number  of  points.  The 
surface  S  is  discretized  in  Nd  surfaces  St{S  =  .S’,  (j  Sz 
U  U  sucb  11121  a  Piecewise  constant  approxima¬ 
tion  for  JF(r0)  can  be  made  over  each  Sit  i.e., 
on  Substituting  JV(r0)  in  Eq.  (4),  the 
radiated  pressure  can  then  be  approximated  by 

P(r)  =2 ^  4  ^(r')  L  t-'*1'-'01  dS,(r0).  (5) 

The  above  expression  defines  the  piston  approximation:  the 
far-field  pressure  is  constructed  by  summing  the  radiated 
pressure  of  Nd  pistons  with  uniform  acceleration  distribu¬ 
tion  W(ti)  and  surface  S,-.  Assuming  exp(  —  y/to|r-r0| )  is 
almost  constant  over  each  elemental  surface  S,-,  a  simpli¬ 
fied  expression  is  obtained  by  removing  the  exponential 
term  from  the  integral  in  Eq.  (5), 

P  Nd 

PiT) “2^,?,  *{Tde-^'-'<\Si.  (6) 

The  far-field  pressure  is  now  approximated  by  the  acoustic 
radiation  of  Nd  monopole  sources  of  volume  acceleration 
IV(r,)S,  located  on  a  rigid  baffle.  Equation  (6)  is  referred 
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to  as  the  monopole  approximation.  Both  approximations 
are  equivalent  in  the  far  field  when  the  acoustic  wavelength 
is  much  larger  than  the  characteristic  dimension  a,  of  the 
elemental  surfaces  S,(  k^p^  1 ),  i.e.,  in  the  far  field,  the 
rigid  piston  can  be  replaced  by  a  monopole  source.  As  the 
radiation  control  will  be  applied  in  the  low-frequency 
range,  the  monopole  approximation  is  used  here. 


3.  Sensing  approach 

Introducing  the  time  dependance,  ii)(r,-,f)  = 
in  Eq.  (6),  the  discrete  far-field  pressure  is  expressed  as  the 
summation  of  the  filtered  acceleration  signals  measured  at 
locations  r,  on  the  structure, 

pAT,t)=Pd(r)e'a'=  I  HMW(T,)e>*  (7) 

1=1 

The  frequency  response  functions  H,(co)  are  written  sub¬ 
stituting  k^=co/c  in  Eq.  (6)  as 

=|^  exp(  (8) 

The  dependence  of  H((co)  on  the  field  point  r  has  been 
omitted  for  brevity.  It  is  seen  from  Eq.  (8)  that  the  fre¬ 
quency  response  functions  to  be  modeled  present  a  con¬ 
stant  magnitude  and  a  linear  phase  with  a  positive  acoustic 
time  delay  T/=  |r— r,|/c  making  the  frequency  response 
functions  causal.  This  important  property  motivates  the 
use  of  finite  impulse  response  filters  in  the  sensor  imple¬ 
mentation. 

Now,  the  sensor  is  described  in  the  discrete  time  do¬ 
main.  The  signals  are  sampled  with  the  sampling  frequency 
Fs.  FIR  filters  are  commonly  represented  in  terms  of  then- 
discrete  impulse  response  {Uh  7=0,1, In  matrix 
form,  the  output  y(n)  of  the  filter  at  time  tn  is  expressed  as 
L 

y{n)  =UrX(n)  =  £  Upc(n-l),  (9) 

/=o 

where  U  is  a  column  vector  containing  the  filter  coeffi¬ 
cients, 

u=[<y0  ux  •••  ul]t  (10) 

and  X(n)  is  a  column  vector  containing  the  filter  input 
sequence, 

*=[x(n)  x(n- 1)  X(n-L)]r.  (11) 

Here,  T  denotes  the  transpose  operator.  Using  the  above 
representation,  the  sensor  output  e(n)  at  time  tn  is  ex¬ 
pressed  as 

Nd  T 

*(«)=!  U'  XTn),  (12) 

/=  1 

where  X  (n)  is  the  ;th  sampled  acceleration  signal  at  time 
t„  and  U'  the  impulse  response  of  the  associated  FIR  filter 
for  the  zth  accelerometer.  The  above  configuration  can  be 
extended  to  a  multiple  output  sensor  involving  a  set  of  filter 
arrays.  The  yth  output  becomes 
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FIG.  1.  Sensing  configuration  applied  to  a  1-D  beam. 

Nd  T 

ej{n)=  2  U}X'(n),  (13) 

is s  1 

where  U j(n)  denotes  the  rth  impulse  response  of  the  yth 
filter  array.  As  an  example,  Fig.  1  presents  the  block  dia¬ 
gram  of  the  sensing  configuration  applied  to  a  baffled  sim¬ 
ply  supported  beam.  In  this  arrangement,  two  filter  arrays 
processing  the  output  of  three  accelerometers  give  the  pres¬ 
sure  at  two  different  locations  in  the  far  field. 

B.  Wave-number  component  sensing  configuration 

The  same  approach  is  now  applied  to  the  evaluation  of 
the  structural  wave-number  component.  This  second  sens¬ 
ing  configuration  is  shown  to  be  equivalent  to  the  first 
method  in  terms  of  radiated  energy  and  thus,  can  be  used 
in  a  feedforward  control  approach.  Moreover,  using  the 
analogy  with  the  time  domain  discrete  Fourier  transform, 
the  wave-number  transform  approach  allows  for  an  inves¬ 
tigation  of  spatial  sampling  and  resultant  aliasing. 

I.  Wave-number  transform  of  a  2-D  rectangular 
radiator 

Using  rectangular  coordinates,  the  spatial  response  of 
a  2-D  planar  source  is  represented  in  the  wave-number 
domain  in  terms  of  its  acceleration  distribution  W(x,y) 
and  the  components  kx  and  ky  of  the  structural  wave  num¬ 
ber  ky  in  the  x  and  y  direction,  respectively, 

W(kx,ky)  =  f  "  f+“  dx  dy. 

—  00  J  —  CO 

(14) 

The  time  dependence  e>M  has  been  omitted  for  brevity.  The 
above  surface  integral  can  be  interpreted  as  the  spatial 
Fourier  transform  of  the  acceleration  distribution  W{xy). 
In  the  case  of  a  finite  rectangular  radiator  with  length  Lx 
and  width  Ly  located  in  an  infinite  rigid  baffle,  Eq.  ( 14) 
simplifies  to 

it  C+Ljft  r+Lft  .. 

W{kxiky)  =  JV(x,y)edik^+kr>’^  dx  dy. 

J-LSl  J-L/l 

(15) 

The  above  wave-number  domain  representation  allows 
the  study  of  the  acoustic  energy  radiated  in  the  far  field 
directly  from  the  structural  response.  As  shown  in  Ref.  7, 
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FIG.  2.  Coordinate  system  of  the  simply  supported  beam. 


the  far-field  radiated  energy  is  due  only  to  the  supersonic 
wave  numbers,  ky,  smaller  than  the  acoustic  wave  number 
^,=aj/c, 


{lcx+kry)m<,kQ. 


(16) 


It  follows  that  a  wave-number  sensor  designed  for  acoustic 
radiation  control  will  be  required  to  observe  only  low  val¬ 
ues  of  wave  numbers.8 

The  relation  between  the  wave-number  information 
and  the  acoustic  radiated  pressure  is  now  outlined.  The 
Pvayleigh’s  integral  is  written  in  the  spherical  coordinates 
( r,d,<f> )  defined  in  Fig.  2  using  the  following  approxima¬ 
tion: 


I  r  —  r0 1  xq  sin  9  cos  <f>—  y0  sin  9  sin  <b. 

Substituting  Eq.  (17)  in  Eq.  (4)  yields 


(17) 


P{r,9,<f>)  = 


pe 


-y'V 


2  irr 


jxj: 


V2 


V* 


x^*0sme(^co5^Smi)<iCoarKo  ( Jg) 

By  comparing  Eqs.  (15)  and  (18),  the  far-field  pressure 
can  now  be  expressed  in  terms  of  structural  information  as 

pe~j V  - 

p(r,e,<t>,t)  W{kx,ky)e>“\  ( 19) 

where  kx  and  ky  are  defined  by 

kx=k0  sin  6  cos  <j>,  ky=kQ  sin  9  sin  <f>.  (20) 

Multiplying  both  sides  of  Eq.  (19)  by  the  complex  conju¬ 
gate  quantities  yields 

|JP(r,0,<5)|2=(p/21rr)2|  fr{kx,ky)\2.  (21) 

From  Eq.  (21),  it  is  seen  that  the  acoustic  energy  radiated 
in  the  direction  defined  by  9  and  <f>  is  determined  solely  by 
the  structural  wave-number  component  corresponding  to 
kx  and  ky  in  Eq.  (20).  These  values  of  kx  and  ky  are  always 
smaller  than  the  acoustic  wave  number  k^=co/ct  they  cor¬ 
respond  to  the  supersonic  structural  wave  numbers  that 
characterize  the  radiating  components  of  the  structural  vi¬ 
bration.  Therefore,  a  sensor  that  evaluates  the  wave- 
number  component  at  prescribed  values  of  kx  and  ky  de- 
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nnea  in  Eq.  (20)  can  effectively  replace  an  error 
microphone  located  in  the  far  field  at  angles  9  and  6.  Such 
a  sensor  will  be  referred  to  as  a  structural  wave-number 
domain  sensor. 


2 .  Discrete  wave-number  transform 


As  done  previously,  the  integral  in  Eq.  ( 15)  is  approx¬ 
imated  using  Nd  rectangular  elements  of  dimension  lx  by 
A y  by  a  finite  summation  in  the  form 

Nx  N, 

W{kx,ky)^AxAy  I  2  JV(x„  )eKV,,«-V.,>, 
«,=  1  1  x  f 

(22) 

where  Ax=LJNx  and  Ay=L/Ny  (Nx  and  Ny  are  the 
number  of  elements  in  the  x  and  the  y  direction,  respec¬ 
tively).  The  collocation  points  (x „  )  are  defined  by 
**,=  - 4/2 + Ax/2  (2/1,-D  and*  yn=-L/2  +  Ay/ 
2(lny  -  1),  where«I=l,2,...^andn7=i,2,...^V>,. 

Introducing  the  time  dependence,  the  discrete  wave- 
number  component  is  expressed  as  the  summation  of  the 
acceleration  signals  w{xn*,yn^,t)  =  W{xnx,yn)ejat  filtered 
by  the  frequency  response  function  H. .  (a), 

wd(kx,ky,t)  =  Wd(kx,ky)eJa‘ 

v*  x, 

=  12  H  {m)W{x  y  )^‘, 

nx=\  ny=\  Xy  x  y 

(23) 

where 


H^(a)=Ax  Ay  exp  ijcor^).  (24) 

The  above  frequency  response  functions  present  a  constant 
time  delay, 


x„x  sin  9  cos  sin  9  sin  <f> 


Recalling  the  time  convention  e*at,  the  frequency  response 
functions  in  Eq.  (24)  can  be  modeled  by  causal,  linear 
phase  FIR  filters  only  if  the  time  delay  defined  in  Eq.  (25) 
is  negative.  Since  rn^  take  both  positive  and  negative  val¬ 
ues,  a  modified  delay  must  be  introduced  in  order  to  make 
the  filters  realizable. 

It  is  next  demonstrated  that  the  above  requirement 
that  results  in  a  time-shifted  error  information  can  be  sat¬ 
isfied  in  feedforward  control  In  this  case,  the  controller  is 
defined  so  as  to  minimize  the  mean  square  value  of  the 
sensor  output,  i.e.,  (Ref.  9).  After  control 

(after  convergence  in  the  case  of  an  adaptive  structure), 
the  error  signal  e(t)  can  be  assumed  to  be  stationary  in  a 
steady-state  disturbance,  Le.,  E{^{t)}-E{el{t-^t)}f 
where  A t  denotes  a  time  delay.  This  important  property 
implies  that  a  time-shifted  version  of  the  actual  error  signal 
will  result  in  the  same  control  performances.  Also,  it  is 
straightforward  to  show  that  the  error  signal  e(t)  is  of 
arbitrary  magnitude:  since  the  optimal  solution  for  the  con¬ 
troller  is  found  by  setting  the  partial  derivatives  of  /  with 
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respect  to  the  compensator  coefficients  to  zero,  any  con¬ 
stant  multiplicative  factor  will  cancel.  Note  that  the  above 
result  does  not  apply  to  model  reference  control;10  in  that 
case,  the  error  signal  is  required  to  match  a  prescribed 
reference  signal  instead  of  being  minimized.  Moreover, 
when  using  several  error  signals,  the  proportionality  con¬ 
stant  should  be  the  same  for  each  sensor  array.  The  above 
results  can  be  verified  by  plotting  the  cost  functions 
J=E{e2(t)}  and  J—E{f{t)}  versus  the  weights  of  the 
compensator  where  e(t)  =ae(r— At)  is  a  proportional 
time-shifted  version  of  the  original  error  signal  (a  constant 
factor).  It  is  seen  that  both  surfaces  have  the  same  mini¬ 
mum  but  different  shapes.  Hence,  a  proportional  time- 
shifted  error  signal  influences  the  convergence  process  of 
the  feedforward  adaptive  controller  but  does  not  alter  the 
optimal  solution. 

The  above  discussion  yields  several  important  results. 
First,  in  order  to  satisfy  the  causality  requirements  of  the 
frequency  responses  in  Eq.  (24),  the  time  delays  rn ^  can 
be  replaced  by  ?v  =  rn^  —  A t,  where  Ar  >  0  is  such  that 
each  modified  time  delay  be  negative.  Second,  the 
equivalence  between  the  pressure  and  wave-number  infor¬ 
mation  can  be  further  analyzed.  Recalling  Eq.  (19),  the 
wave-number  component  evaluated  at  kx  and  ky  given  by 
Eq.  (20)  appears  to  be  proportional  to  the  time-shifted 
acoustic  pressure  p(r,d,6,t-rr/c)  radiated  in  the  direction 
defined  by  8  and  <j>.  It  follows  that  using  the  wave-number 
information  as  an  error  signal  in  a  feedforward  control 
approach  leads  the  same  optimal  solution  as  the  far-field 
pressure  information.  This  gives  a  physical  interpretation 
of  the  wave-number  component  evaluated  in  the  super¬ 
sonic  region  and  confirms  the  validity  of  its  use  as  error 
information. 

3.  Wave-number  spectrum 

The  previous  section  derived  the  transfer  functions 
used  to  evaluate  a  single  wave-number  component 
Wd(kx,k,).  The  approach  is  now  formally  extended  to 
provide  information  over  the  entire  wave-number  spec¬ 
trum. 

As  shown  previously,  only  the  supersonic  wave  num¬ 
bers  are  of  interest  in  radiation  control,  i.e.,  {k?x 
+  £^)1/2<&q.  Physically,  they  relate  to  a  particular  direc¬ 
tion  of  radiation  at  angles  8  and  <f>.  Hence,  a  multiple  out¬ 
put  structural  sensor  is  built  by  choosing  discrete  values  of 
kx ,  ky  and  constructing  for  each  of  them  the  appropriate 
transfer  functions  as  given  in  Eq.  (24).  In  order  to  obtain 
a  constant  time  delay  over  the  frequency  bandwidth  (linear 
phase),  kx  and  ky  must  also  satisfy  Eq.  (20)  where  6  and  <f> 
are  fixed.  In  other  words,  the  structural  wave  numbers 
must  be  proportional  to  the  driving  frequency. 

The  diagram  of  Fig.  3  shows  the  discrete  wave-number 
spectrum  for  a  1-D  structure  (^=0)  at  two  driving  fre¬ 
quencies  a)!  and  The  solid  lines  represent  the  modulus 
of  the  discrete  wave-number  component  defined  in  Eq. 

( 23 ) .  The  dots  represent  the  same  quantity  evaluated  by  a 
multiple  output  sensor  at  three  discrete  values  of  kx  be¬ 
tween  —  kQ  and  k0.  Each  of  these  discrete  values  corre- 
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FIG.  3.  Typical  multiple  output  wave-number  sensor  diagram. 

spond  to  a  fixed  direction  of  radiation  (0,i  =  O)  and  thus, 
are  located  on  lines  of  equation  kx=co/c  sin  8  in  the 
(kxto))  plane.  Therefore,  the  frequency  response  of  the  sen¬ 
sor  output  in  the  direction  8  is  obtained  by  plotting  the 
wave-number  component  corresponding  to  kx  located  on 
this  line. 

As  an  example,  Fig.  4  presents  the  magnitude  and 
phase  of  the  continuous  [Eq.  (15)]  and  discrete  [Eq.  (23)] 
wave-number  components  evaluated  along  the  direction  ( 8 
=  75°,  0)  versus  frequency  for  a  simply  supported 

beam.  The  phase  angle  is  relative  to  the  input  disturbance. 
The  closed-form  expressions  for  the  continuous  and  dis¬ 
crete  wave-number  components  are  derived  in  the  appen¬ 
dix.  The  beam  characteristics  and  natural  frequencies  are 
given  in  Tables  I  and  II,  respectively.  The  model  assumed 
0.15%  damping  in  the  20  modes  included  in  the  beam 
analytical  response  [Eqs.  (Al)  and  (A3):  7^  =  0.0015, 


Frequency  (Hi) 

FIG.  4.  Wave-number  component  corresponding  to  6— IT  for  a  simply 

supported  beam;  (a)  - ,  continuous  representation;  (b) - ,  (c) 

— -  (d) .  discrete  representations  using  three,  four,  and  five  point 

sensors,  respectively. 
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/?=  1,2, ...,20].  The  structure  is  surrounded  by  air  with  den¬ 
sity  p  =  1.27  kg/m3  and  sound  velocity  c=343  m/s.  The 
disturbance  point  force  has  magnitude  F =0.3 5  N  and  is 
located  at  Xq=  —  0. 15X  ^^2.  Three,  four,  and  five  accel¬ 
erometers  are  used  respectively  to  provide  wave-number 
information  over  the  first  five  structural  modes.  As  ex¬ 
pected,  the  overall  error  between  continuous  and  discrete 
representations  decreases  when  the  number  of  accelerom¬ 
eters  is  increased.  In  the  three  cases  [curves  (b),  (c),  and 
(d)],  negligible  error  is  noticed  for  frequencies  up  to  the 
third  mode.  The  error  becomes  significant  above  the  third 
mode  when  a  three  point  sensor  is  used.  However,  four  and 
five  point  sensors  give  good  approximation  up  to  the  fifth 
mode,  the  best  result  being  obtained  with  Nd=  5.  To  sum¬ 
marize,  the  far-field  radiation  of  the  low  order  structural 
modes  of  a  simply  supported  beam  is  roughly  approxi¬ 
mated  by  a  small  number  of  monopole  sources  equally 
spaced  on  the  beam.  Note  that  other  types  and  locations  of 
excitation  would  show  similar  behaviors.  The  next  section 
discusses  how  these  errors  are  related  to  the  discrete  ap¬ 
proximation.  Their  influence  on  the  control  performances 
will  be  addressed  in  the  companion  paper. 


4.  Analogy  of  the  discrete  wave-number  transform 
with  the  time  domain  discrete  Fourier 
trans  form — Sampiin g  aspects 

Analogous  to  the  time  domain  Fourier  transform  and 
its  discrete  representation  (DFT),  the  discretization  mech¬ 
anism  of  the  wave-number  sensing  procedure  is  further 
investigated.  The  case  of  the  simply  supported  beam  used 
previously  is  considered  here  for  simplicity. 

Recalling  Eqs.  (15)  and  (23),  the  continuous  and  dis¬ 
crete  wave-number  components  become,  respectively, 

W{kx)  =  Ly\  W(x)^dx,  (26) 

J  —LjSl 
Nd 

Wd{kx)  =  LyLx  I  W{Xi)eik**>,  (27) 

i«I 


transform.  The  time  variable  is  replaced  by  the  spatial  co¬ 
ordinate  x.  Ax  being  the  sampling  period,  and  the  fre¬ 
quency  variable  by  the  structural  wave  number  or  spatial 
frequency,  kx.  The  beam  response,  fV(x),  can  thus  be  seen 
by  analogy  as  a  time  domain  signal  of  finite  duration  cor¬ 
responding  to  the  length  Lx  and  its  discretized  version, 
/=  l,2,..JVd,  as  a  Nd  sample  sequence  with  sam¬ 
pling  period  corresponding  to  Ax,  where  Ax=Lx/Nd. 

Applying  the  properties  of  the  time  domain  DFT,  a 
fundamental  relation  between  continuous  and  discrete  rep¬ 
resentations  in  the  wave-number  domain  is  expressed  as 

^d(kx)  =  W(kx)*5y(kx),  (28) 

where  *  denotes  the  convolution  product.  The  spectral 
window  5y(kx)  solely  depends  on  the  sensor  arrangement, 
i.e.,  location  and  number  of  point  sensors.  In  the  case  of 
equal  spacing,  it  takes  the  closed  form  given  by  Eq.  (A16) 
of  the  Appendix.  The  representation  in  Eq.  (28)  is  useful 
since  the  influence  of  the  sensor  arrangement  on  the  wave- 
number  component  estimate  is  solely  determined  by 
5y(kx).  As  described  in  the  Appendix,  the  spectral  win¬ 
dow  obtained  in  the  case  of  equally  spaced  point  sensors 
has  large  amplitudes  at  wave  numbers  kx=nKs,  where 
Ks=2tr/Ax  is  the  spatial  sampling  frequency  and  n  is  an 
integer.  It  follows  that  significant  contribution  to  the  dis¬ 
crete  wave-number  component  W d{kx)  comes  from  contin¬ 
uous  wave-number  components  that  are  far  removed  from 
the  wave  numbers  of  interest,  i.e.,  W{kx  -  nKs).  Unless  the 
continuous  wave-number  spectrum  has  zero  amplitude 
above  and  below  the  Nyquist  wave  numbers  ±KJ 2,  these 
aliasing  errors  will  affect  the  accuracy  of  the  wave-number 
component  estimate.  The  beam  wave-number  spectrum  ex¬ 
tends  from  —  ao  to  +  so  since  it  has  finite  dimensions  [Eqs. 
(A8)  and  (A10)].  Therefore  aliasing  occurs  no  matter 
how  large  Ks  is.  However,  it  will  be  greatly  reduced  when 
the  Nyquist  wave  number  is  above  the  main  peak  of  all  the 
modes  present  in  the  bandwidth  of  interest,  i.e., 
AT./2  >p~/ Lx  or  Nd  >  p,  where  p  is  the  index  of  the  highest 
mode  found  in  the  response.  Also,  the  use  of  nonregular 
sampling  is  of  interest.  In  this  case,  the  aliasing  effects  can 
be  reduced  by  designing  some  appropriate  spectral  window 
associated  with  a  particular  sampling  scheme.  Further  in¬ 
vestigation  of  spatial  sampling  and  aliasing  aspects  will  be 
the  topic  of  a  later  paper. 

II.  SENSOR  DESIGN 


where  x, - LJ 2  -|-  Ax/2  (2/ —  1 ),  /=  1 ,2,....Nd .  The  above 

representations  are  analogous  to  the  time  domain  Fourier 


The  previous  section  discussed  prediction  of  sound  ra¬ 
diation  using  analytical  expressions  for  the  frequency  re¬ 
sponse  functions  of  the  radiation  filters.  This  part  addresses 
the  design  of  the  digital  filters  used  to  model  the  frequency 
response  functions  in  the  sensing  procedure.  Since  the  ear¬ 
lier  sections  have  shown  the  equivalence  of  a  Rayleigh’s 
integral  and  a  wave-number-based  approach,  the  following 
derivations  will  only  consider  sensors  based  on  the  wave- 
number  information.  The  transfer  functions  derived  before 
are  first  modified  in  order  to  optimize  the  number  and 
length  of  the  FIR  filters.  Two  filter  design  methods  in  the 
frequency  and  time  domains,  respectively,  are  then  de- 
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scribed.  The  first  design  method  is  model-based;  it  uses  the 
analytical  transfer  functions  in  the  frequency  domain.  The 
second  design  method  allows  the  use  of  time-domain  ex¬ 
perimental  data  measured  on  the  structural  acoustic  sys¬ 
tem. 


A.  Modified  radiation  transfer  functions 

The  choice  of  the  time  delay  At  introduced  in  Sec. 
I  B  2  is  first  discussed.  The  case  of  a  1-D  structure  (A:^=0) 
is  considered  for  simplicity.  The  structure  is  of  finite  width 
and  its  response  is  assumed  to  be  constant  in  thej>  direction 
(see  Fig.  2). 

The  discrete  wave-number  component  corresponding 
to  the  direction  9  is  written  as  the  summation  of  the  struc¬ 
tural  acceleration  measured  at  a  number  of  points 
(xy,7=0)  equally  spaced  and  multiplied  by  the  radiation 
transfer  functions  H^co)  (/=  1,2,...^), 

#4 

Wd{kx)=lHi{co)W{xi).  (29) 

1=1 

Using  a  unit  magnitude  factor  and  a  positive  time  delay  At 
to  ensure  causality  in  Eq.  (24),  the  modified  frequency 
response  functions  for  the  radiation  filters  are  written  as 

Hj{co)— exp  (jafi),  t,=t,-At<0  (/=  1,2,...^). 

(30) 

The  number  of  coefficients  of  the  rth  FIR  filter  should 
be  at  least  greater  than  the  time  delay  r,  divided  by  the 
sampling  period  Ts=\/Fs.  Therefore,  it  is  desirable  to 
make  j  r,|  as  small  as  possible.  An  optimal  value  for  At  is 
Ar=max{T,-}  where  /=  1,2,...,A^.  For  this  particular  value 
of  At,  one  of  the  delays  ?,•  becomes  zero  while  the  others 
are  minimum.  As  a  first  result,  the  number  of  coefficients 
of  the  FIR  filters  is  optimized  since  the  set  of  delays  is 
made  minimum.  Second,  the  transfer  function  correspond¬ 
ing  to  the  largest  t,  becomes  equal  to  unity  (zero  time 
delay ) .  Thus,  the  number  of  filters  used  in  the  sensor  is 
reduced  by  one.  In  other  words,  the  optimal  At  results  in 
a  smaller  computational  effort.  A  rule  of  thumb  to  deter¬ 
mine  the  number  of  coefficients  N,  can  be  expressed  as 

Ni=R(r/Ts)+e,  (31) 

where  R(x)  rounds  up  the  real  x  (next  integer  to  x),  Ts  is 
the  sampling  period,  and  e  is  an  integer  between  0  and  2. 

B.  Frequency  domain  design 

In  the  frequency  domain,  the  filter  coefficients  are  ob¬ 
tained  by  minimizing,  in  the  least-square  sense,  the  error 
between  the  desired  and  the  modeled  frequency  response 
fimctions  over  the  frequency  range  of  interest.  The  desired 
frequency  response  is  generated  from  Eq.  (30).  The  mod¬ 
eled  frequency  response  H?(co)  can  be  found  from  the 
filter  finite  impulse  response  {U‘,,l= 0,1 . jV,— 1}  as  fol¬ 

lows: 

"r- 1 

i=l,2,...,Nd.  (32) 
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FIG.  J.  Analytical  and  modeled  sensor  output:  (a)  - ,  analytical 

discrete  representation;  (b)  — ,  (c) .  modeled  discrete  representa- 

nons  with  6=0  and  6=1,  respectively. 


Most  of  the  existing  frequency  domain  design  algorithms 
allow  the  use  of  a  weighting  function  such  that  the  mini¬ 
mization  be  only  effective  over  the  frequency  range  of  in¬ 
terest.  Minimizing  over  the  entire  frequency  range  [0,F /2] 
would  reduce  the  accuracy  of  the  modeled  frequency  re¬ 
sponse  function.  The  algorithm  implemented  in  the  Matlab 
function  invfreqz  (software  by  Math  Works11)  is  used 
here.12 

To  illustrate  the  design  procedure,  the  discrete  wave- 
number  component  of  the  beam  described  earlier  is  now 
modeled  by  an  array  of  filters.  The  sampling  frequency  is 
Fs=  3000  Hz  and  the  design  frequency  range  extends  from 
0  to  850  Hz  including  the  first  five  bending  modes.  In  this 
example,  A^=4  point  sensors,  i.e.,  four  structural  mea¬ 
surement  points,  are  implemented  to  evaluate  the  wave- 
number  component  corresponding  to  radiation  in  the  di¬ 
rection  6=15  .  Returning  to  Fig.  4,  this  case  corresponds 
to  the  curve  (c).  The  optimal  value  for  At  is  determined 
from  the  time  delays  t,  (z=1,2,3,4)  as  explained  in  the 
previous  section.  This  choice  implies  that  only  three  filters 
need  to  be  designed,  one  transfer  function  being  equal  to 
unity.  Using  the  rule  of  thumb  given  in  Eq.  (31)  with  e=0, 
the  FIR  filters  have  three,  two,  and  one  coefficient (s),  re¬ 
spectively.  A  second  case  uses  <?=  1,  i.e.,  four,  three,  and 
two  coefficients,  respectively,  are  then  determined.  The 
sensor  output  spectrum  is  computed  from  the  modeled  fre¬ 
quency  response  functions  of  Eq.  (32)  and  compared  to 
the  analytical  discrete  wave-number  component.  The  re¬ 
sults  are  presented  in  Fig.  5.  The  case  e=0  (dashed  line) 
gives  a  relatively  good  approximation  at  the  resonant  fre¬ 
quencies  while  some  error  is  noticed  off-resonance.  Very 
small  error  is  obtained  with  e=  1  (dotted  line).  Note  that 
smee  the  delays  r,  are  replaced  by  t,=T|—  At,  the  phase  of 
the  analytical  and  modeled  wave-number  components  in 
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disturbance 


FIG.  6.  Time  domain  sensor  design  applied  to  the  simply  supported 
beam. 


Fig.  5  is  different  from  the  phase  shown  in  Fig.  4  by  a 
linear  phase  factor  exp(  —ja  Ar/c). 

C.  Time  domain  design 

The  time  domain  design  uses  adaptive  filter  theory.9  It 
involves  the  measurements  of  the  time  varying  structural 
response  at  each  location  (jc„xj^)  («t=  l,2,...JVx, 

ny=  1,2, along  with  the  radiated  far-field  pressure  in 
a  prescribed  direction.  The  filter  coefficients  can  be  found 
either  on-line  using  the  time  domain  LMS  algorithm  or 
off-line  by  computing  the  optimum  least-square  solution. 
In  this  method,  the  sensor  includes  the  dynamics  of  the 
real  system  along  with  the  response  of  the  measuring  in¬ 
strumentation.  This  property  is  an  advantage  over  the  first 
design  method,  which  uses  analytical  expressions  and  does 
not  model  the  dynamics  of  the  instrumentation.  However, 
the  time  domain  design  depends  on  the  excitation  charac¬ 
teristics,  i.e.,  the  filter  impulse  responses  represent  the  op¬ 
timal  solution  over  a  given  bandwidth  for  a  particular  type 
and  location  of  excitation.  For  example,  a  sensor  based  on 
a  particular  disturbance  input  force  may  be  inaccurate 
when  the  structure  is  controlled  by  the  pair  of  moments 
induced  by  a  piezoelectric  actuator  at  a  different  location. 
However,  these  variations  can  be  considered  small  enough 
compared  to  the  degree  of  precision  required  for  the  sen¬ 
sor. 

It  has  been  shown  previously  that  the  time-varying 
wave-number  component  is  proportional  to  the  time- 
shifted  pressure  p{T,t-\-r/c).  Thus,  the  desired  sensor  out¬ 
put  e(t)  can  be  expressed  in  function  of  the  measured 
acoustic  pressure  as 

e(t)=p[r,t-Ar+(r/c)],  (33) 

where  Ar>0  accounts  for  causality.  In  addition  to  the  cau¬ 
sality  requirement  in  Eq.  (30),  Ar  is  required  to  satisfy 
(r/c- At)/Ts=A,  where  A  is  an  positive  integer.  The  de¬ 
sired  sensor  output  can  then  be  expressed  in  the  discrete 
time  domain  as  e(n)  =p{n+A).  Figure  6  shows  the  block 
diagram  of  the  time  domain  sensor  design  in  the  case  of  a 
1-D  simply  supported  beam.  It  should  be  noted  that  the 
delay  z~  in  the  sensor  path  makes  the  system  causal  and 
equivalent  to  the  time  shift  z+A  in  the  pressure  path  since 
p(n)=e(n  —  A)=d(n).  The  error  to  be  minimized  is  the 


difference  between  the  measured  pressure  and  the  sensor 
output:  e{n)  =d(n)  —  e{n).  The  acceleration  at  time  r„_A 
measured  at  point  x{  is  denoted  x'(n).  The  error  signal 
e{n)  can  be  expressed  in  matrix  form  by  the  following 
general  formula: 


e(n)  =d(n)  —XT(n)U =d(n)  -  UrX(n) . 


(34) 


The  column  vector  U  contains 
filters  U1  (i=sl,..JVrf), 

f  i!/'}  1 


U= 


{&} 


where  U'= 


{UN*} 


the  iV,  coefficients  of  the 


0*o 


(35) 


The  column  vector  X(n)  is  defined  as 


'  (ff1!*)} 

\ 

X(n)  = 

{*'(«)} 

,  .  x'in—l) 

where  j^(/i)  = 

l^'(/r-iV,-j-l), 

(36) 

Here,  X(n)  and  U  both  contain  elements 

Xk(n)  and  Uk(k=  respectively.  Equation  (34) 

can  be  rewritten  in  closed  form  as 


e{n)=d(n)—  2 

i-i 


i 

1  V/(n-j) 
/*  0 


K 

—d{n)—  2  UkXkin)-  (37) 

*=i 

The  cost  function  to  be  minimized  is  defined  as  the  mean- 
square  value  of  the  error  signal, 


S(Uk)=E{e2(n)} 


—£{d2(n)}  —  lE{d(n)Xr(n)}\J 
+UTE{X(n)Xr(rt)}U.  (38) 

The  above  expression  is  a  quadratic  function  of  the  filter 
coefficients  Uk.  Thus  there  is  only  one  optimal  solution. 
Differentiating  J(Uk)  with  respect  to  Uk  in  Eq.  (38)  pro¬ 
duces 


dJ 

j^{Uk)=lE 


e(n) 


de(n) 

dUu 


=  -2E{e(n)Xk{n)}, 

(39) 


where  Xk(n)  denotes  the  kth  element  of  X(/i).  The  opti¬ 
mum  solution  can  be  obtained  by  substituting  Eq.  (37)  in 
Eq.  (39)  and  setting  the  partial  derivatives  with  respect  to 
Uk  equal  to  0  for  k=  1,2 These  K  linear  equations  are 
rearranged  in  matrix  form  as 


R«U=R£ic.  (40) 

Here,  R**  denotes  the  autocorrelation  matrix  of  the  input 
signals  contained  in  the  vector  X(n)  and  R^,  the  cross- 
correlation  matrix  between  the  input  signals  and  the  de¬ 
sired  output  signal  d(n): 
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£{*,(n)Xr(n)} 

E{X2(n)XT{n)} 


E{XK{n)XT(n)} 


(41) 


E{d(n)Xx{n)} 

E{d{tt)X1{n)} 

E{d{n)XK{n)} 


(42) 


Alternatively,  the  LMS  algorithm9  can  be  used  to 
adapt  the  coefficients  Uk  {k=\,2,...JC)  in  order  to  mini¬ 
mize  the  cost  function  J(Uk)  using  the  steepest  descent 
method. 


Uk{n  +  \)  =  Uk(n)-p.—  {Uk),  (43) 

where  fi  controls  the  stability  and  rate  of  convergence.  The 
time  domain  LMS  algorithm  uses  an  instantaneous  gradi- 
ent  approximation  yielding  the  following  update  equation: 

Uk(n  +  l)  =  Uk(n)  +  2{ie(n)Xk(n) 

(44) 


III.  CONCLUSIONS 

A  new  sensing  technique  using  point  structural  sensors 
has  been  developed  for  the  prediction  of  far- field  pressure 
or  structural  wave-number  information  in  the  case  of  vi¬ 
brating  finite  rectangular  radiators.  The  approach  is  based 
on  the  discretization  of  the  Helmoltz  integral  over  the  ra¬ 
diating  surface.  By  choosing  an  appropriate  Green's  func¬ 
tion,  the  term  related  to  the  surface  pressure  vanishes  and 
the  radiated  pressure  becomes  only  a  function  of  the  radi¬ 
ating  surface  acceleration.  The  practical  implementation 
uses  accelerometers  to  measure  the  structural  response  and 
FIR  filters  to  model  the  transfer  functions  associated  with 
each  elemental  area.  The  summation  of  the  filter  outputs 
gives  a  good  estimate  of  the  far-field  pressure  radiated  in  a 
prescribed  direction  or  its  equivalent  wave-number  expres¬ 
sion.  When  applied  to  feedforward  control  approaches,  the 
filter  array  is  optimized  to  considerably  reduce  the  compu¬ 
tational  load  thus  making  the  technique  easy  to  implement 
on  real  structures. 

As  opposed  to  the  use  of  distributive  sensors  that  filter 
the  efficient  radiating  modes  in  the  spatial  domain  using 
shaped  PVDF  films,  the  present  method  filters  the  struc¬ 
tural  information  in  the  time  domain  using  digital  filters. 
Filters  being  easier  to  design  and  more  selective  than 
PVDF  films,  this  real  time  structural  acoustic  sensor  is 
believed  to  yield  better  control  performances  in  a  pre¬ 
scribed  direction.  In  addition,  unlike  PVDF  films  that  are 
shaped  for  a  single  modal  response,  the  described  sensor 
gives  radiation  information  over  a  broadband  frequency 
range. 

The  present  approach  is  only  valid  for  the  case  of  pla¬ 
nar  radiators.  In  the  case  of  more  complex  geometry,  the 
Rayleigh's  integral  cannot  be  used  and  a  formulation  in¬ 
volving  another  type  of  Green’s  function  needs  to  be  de¬ 
rived  or  the  structural  diffraction  terms  accounted  for. 
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Further  investigation  will  extend  the  technique  to  those 
cases  and  experimentally  demonstrate  its  use  on  real  struc¬ 
tures. 
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APPENDIX 

Analytical  expressions  for  the  beam  response,  its  con¬ 
tinuous  and  discrete  wave-number  transforms  are  derived. 
The  beam  shown  in  Fig.  2  is  simply  supported  with  length 
Lx  and  width  Ly.  An  harmonic  point  force  f(t)  =  Fe is 
applied  at  location  (x=x0,  j>=0).  The  beam  response  is 
assumed  to  have  constant  amplitude  of  motion  in  the  y 
direction  and  the  radiated  acoustic  field  is  investigated  in 
the  x-z  plane  (0=0).  The  surrounding  media  is  air;  it  is 
assumed  to  have  negligible  influence  on  the  in  vacuo  struc¬ 
tural  response. 

1.  Structural  response 

The  beam  out-of-plane  displacement  complex  ampli¬ 
tude  W{x)  can  be  expressed  as  an  infinite  summation  over 
each  modal  response 

W{X)=  2  qp(co)tp(x),  -yOc<^,  (Al) 

p—  1  4  Z 

where  qp{a)  is  the  pth  modal  displacement  and  tf>p(x)  is 
the  /rth  eigenfunction.  Taking  the  origin  of  the  coordinate 
system  at  the  center  of  the  beam,  the  eigenfunctions  cor¬ 
responding  to  the  simply  supported  boundary  condition 
are 


i>p(x)  =  (2/m) 1/2  sm[yp{x-\-  Lx/2)  ],  (A2) 

where  yp=pir/Lx.  The  factor  (2/m) 1/2  results  from  the 
normalization  chosen  for  the  eigenfunctions,  such  that  they 
are  orthonormal  with  respect  to  the  mass  m  of  the  beam. 
The  modal  displacement  qp(a)  is  given  by 

*'(")  ;w,  »,  w 

(A3) 

where  Hp(o )  is  the  pth  modal  frequency  response  func¬ 
tion.  Here,  cop  and  qp  are  the  /rth  natural  frequency  and 
modal  damping  ratio,  respectively.  The  analytical  natural 
frequencies  are  defined  as 

2  4  EI 

(A4) 

where  ps  is  the  beam  density,  S,  the  beam  section,  and  EI 
is  the  Young’s  modulus  bending  inertia  product.  The  ac¬ 
celeration  response  is  obtained  by  taking  the  second  partial 
derivative  with  respect  to  time  of  the  displacement  re¬ 
sponse, 

w{x,t)=W{x)eJa,=  -co1W{x)ejM.  (A5) 
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The  beam  response  is  now  sampled  with  Nd  points  at 
locations  x,«  -  LJ 2  +  Ax/2  (2/- 1),  /=  1,2,...^,  where 
Sx  =  Lx/Nd  is  the  sampling  period.  The  discrete  accelera¬ 
tion  response  can  be  expressed  using  Dirac  distributions  as 


"i 

Wd{x)=  I  W(x)AxS(x-Xi). 

i=i 


(A6) 


This  representation  will  be  useful  when  deriving  an  alter¬ 
native  expression  for  the  discrete  wave-number  transform. 

2.  Wave-number  transform 

Substituting  ky=Q  in  Eq.  (15)  yields  the  following 
single  integral  for  the  one-dimensional  acceleration  wave- 
number  transform: 


r  rL*/2  .. 

W{kx)  =  Ly  W{x)e>k*dx 


(A7) 


Equation  (A7)  can  be  rewritten  in  terms  of  the  modal 
acoustic  influence  functions  as 


*f  30 


W{kx)  =  ~or  X  qP(o>)£p{kx), 
where 


(A8) 


§p(kx)  =  Ly  f  "  jbp(x)e*k** dx.  (AS) 

Here,  ^p(kx)  is  defined  as  the  wave-number  transform  of 
the  pxh  eigenfunction.  Hence,  it  can  also  be  referred  to  as 
the  pth  modal  wave-number  component.  Substituting  Eq. 
(A2)  in  Eq.  (A9)  yields 

tnr\-r(l\'n f  cos(MV2)  ]  2 r, 

§P  X  y\rn)  [-ysin(W2)|(^I^T' 

(A10) 

where  cos{kxLx/2)  is  used  when p  is  odd  and  sin.(kxLx/2) 
when  p  is  even.  As  seen  in  Eq.  (A10),  §p(kx)  is  either 
purely  real  (odd  mode  number)  or  purely  imaginary  (even 
mode  number).  Its  zeros  are  expressed  as 


(2n+l)ypi  for  p  odd,  n  integer, 
and 

2nYp»  for  p  even,  n  integer, 
and  2nz£±p. 


(All) 


3.  Discrete  wave-number  transform 

Let  g(x )}  denote  the  wave-number  transform  op¬ 

erator, 

f  g(x)eJrjk^x  dx.  (A12) 

J  —  00 

Using  the  discrete  representation  in  Eq.  (A6),  the  discrete 
wave-number  transform  is  expressed  as 


wd(kx)=L.pr{ivd(x)} 


IV(x)Ax  X  S(x—x,) 

i=  l 


(AI3) 


An  important  property  of  Fourier  transforms  yields 


&*(kx)  =  Ljr{w(x)}*jr 

=  W(Jcx)*8y(lcx)f 


zV.v 


At  T  S(x-X') , 
i—  l  I 


(A14) 

where  *  denotes  the  convolution  product  and  <5V(£X)  is  a 
spectral  window  given  by 


AC 


SN(kx)  =  Ax  X  eJk*Xi- 


i—  1 


(A15) 


Substituting  x:  in  terms  of  LXJ  Ax,  and  z,  the  above  expres¬ 
sion  can  be  rewritten  as 

8x(kx)=&x  — y^/2)  ,  M6) 

sm(kxAx/2)  *  (A16) 

The  magmtude  of  Sy(kx )  takes  its  maximum  value  at  an 
infinite  set  of  wave  numbers  kx=nKs,  where  AT,=2ir/Ax  is 
the  spatial  sampling  frequency  and  n  is  an  integer.  It  is 
symmetric  and  periodic  with  period  Ks,  i.e., 
-\SiV(kx)\  and  |SV(**)  |  =  \8#(kx+nKs)  {. 
In  brief,  |5<v(^)  |  is  approximately  like  an  infinite  row  of 
sine  functions  spaced  Ks  apart. 
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A  real  time  structural  acoustic  sensor  and  associated  signal  processing  is  developed  and  applied 
to  the  active  control  of  sound  radiated  by  a  simply  supported  beam.  The  sensor  consists  of 
multiple  accelerometers  mounted  on  the  structure.  An  array  of  FIR  filters  processes  the 
measured  structural  information  to  provide  an  estimate  of  the  structural  wave-number 
component  coupled  to  acoustic  radiation  in  a  prescribed  direction.  This  time  domain  signal  is 
used  as  the  error  information  in  a  feedforward  adaptive  control  approach.  The  single  channel 
filtered-X  LMS  algorithm  is  implemented  here.  Computer  simulations  in  the  discrete  time 
domain  demonstrate  the  ability  of  the  sensor  to  replace  the  use  of  error  microphones  in  the  far 
field.  The  described  sensor  represents  a  significant  alternative  to  the  use  of  distributive  structural 
sensors  (for  example  piezoelectric  material)  by  providing  accurate  radiation  information  over  a 
broadband  frequency  range. 
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INTRODUCTION 

Sound  radiated  by  vibrating  structures  is  an  important 
issue  in  numerous  industrial  applications  and  much  re¬ 
search  has  been  conducted  in  the  field  of  noise  control.  In 
this  respect,  active  structural  active  control  (ASAC)  tech¬ 
niques  have  been  successfully  applied  in  situations  where 
passive  methods  are  inefficient,  i.e.,  in  the  low-frequency 
range.  Previously,  Fuller  has  demonstrated  both 
theoretically  and  experimentally2  that  sound  radiated 
from  structures  can  be  controlled  by  applying  vibrating 
point  forces  directly  to  the  structure,  while  the  error  infor¬ 
mation  is  taken  from  microphones  in  the  acoustic  far  field. 
More  recent  work  has  been  devoted  to  the  development  of 
new  actuators  (piezoelectric  ceramics)  and  distributed 
structural  sensors  (PVDF  films)  designed  to  eliminate  the 
use  of  far-field  microphones  and  achieve  global  control.  In 
particular,  Clark  and  Fuller3  have  demonstrated  the  use  of 
PVDF  film  modal  sensors  in  ASAC  approaches  applied  to 
a  simply  supported  plate  under  single  frequency  excitation. 
Also,  Fuller  and  Burdisso4  recently  suggested  the  use  of 
wavenumber  cost  function  in  ASAC. 

In  a  companion  paper,3  the  authors  theoretically  in¬ 
troduced  a  sensing  approach  using  point  structural  sensors 
m  parallel  with  an  array  of  digital  filters.  This  method 
provides  estimates  of  the  structural  wave-number  compo¬ 
nent  (s)  coupled  to  acoustic  radiation  in  prescribed  direc¬ 
tion  (s)  for  finite  planar  radiators.  The  sensor  implements  a 
number  of  accelerometers  equally  spaced  on  the  structure. 
The  accelerometer  outputs  are  passed  through  finite  im¬ 
pulse  response  (FIR)  filters  and  summed  to  provide  far- 
field  radiation  information.  This  time  domain  signal  ran  be 
directly  used  as  the  error  information  in  control  algo¬ 
rithms.  One  of  the  main  advantages  of  the  method  is  that  it 
provides  radiation  information  over  a  broadband  frequency 


range  and  can  thus  be  applied  to  randomly  excited  struc¬ 
tures.  It  will  be  referred  to  as  real  time  structural  acoustic 
sensing. 

The  present  work  illustrates  structural  acoustic  sens¬ 
ing  applied  to  the  active  control  of  acoustic  radiation  from 
a  simply  supported  beam.  The  control  approach  is  the  time 
domain  adaptive  filtered-X  LMS  algorithm  and  a  single 
control  input  is  applied  to  the  structure  in  order  to  mini¬ 
mize  the  far-field  pressure  in  one  direction.  Computer  sim¬ 
ulations  are  performed  in  the  discrete  time  domain  to  dem¬ 
onstrate  the  use  of  the  sensing  procedure. 

Recalling  the  theoretical  developments  of  the  compan¬ 
ion  paper,5  the  sensor  is  described  for  the  particular  case  of 
a  simply  supported  beam  in  the  first  part  of  the  paper.  The 
influence  of  structural  acoustic  sensing  on  the  control  per¬ 
formance  is  first  studied  in  the  frequency  domain.  In  this 
case,  theoretical  transfer  functions  are  used  to  obtain  the 
optimal  control  input.  Therefore,  the  system  does  not  take 
into  account  the  causality  issue  and  neglect  the  errors  in¬ 
troduced  by  the  use  of  digital  filters  that  have  a  discrete 
impulse  response.  To  obtain  more  realistic  results,  time- 
domain  simulations  are  performed  using  discrete  impulse 
responses  for  the  structural  acoustic  system.  In  the  second 
part,  the  filtered-X  version  of  the  Widrow-Hoff  LMS 
algorithm  is  briefly  introduced  and  the  computer  simula¬ 
tion  procedure  is  discussed  along  with  the  design  of  the 
filter  array  for  the  sensor.  Finally,  the  third  part  of  the 
paper  presents  results  from  the  control  simulations  in  the 
case  of  broadband  excitations  encompassing  the  first  four 
bending  modes  of  the  beam. 

I.  SENSOR  DESCRIPTION 

The  sensing  technique  presented  in  the  companion  pa¬ 
per  is  applied  here  to  the  case  of  a  baffled  simply  supported 
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FIG.  1.  Coordinate  system  of  the  simply  supported  beam. 


beam.  With  the  purpose  of  establishing  basic  concepts  and 
notations,  the  equations  governing  the  beam  response  and 
its  acoustic  radiation  in  the  far  field  are  first  recalled  along 
with  the  desired  transfer  functions  to  be  modeled  in  the 
sensor  implementation.  The  sensor  is  then  further  de¬ 
scribed  in  the  frequency  domain  in  terms  of  control  per¬ 
formance;  the  acoustic  radiation  of  the  beam  after  control 
is  presented  for  both  cases  where  continuous  and  estimated 
wavenumber  components  are  used  as  the  error  informa¬ 
tion. 

A.  Simply  supported  beam  system 

Figure  1  shows  an  infinite  baffled  simply  supported 
beam  of  length  Lx  and  width  Ly  excited  by  a  harmonic 
point  force  f*{t)  =FV"'  at  point  a  represents  the 

angular  frequency,  t  is  the  continuous  time,  and  F*  is  the 
disturbance  complex  amplitude.  The  beam  response  is  as¬ 
sumed  to  have  constant  amplitude  of  motion  in  the  y  di¬ 
rection  and  the  radiated  acoustic  field  is  investigated  in  the 
x-z  plane  (<6=0).  The  surrounding  media  is  air  and  is 
assumed  to  have  negligible  influence  on  the  in  vacuo  struc- 
rural  response. 


The  modal  displacement  qp(co)  is  defined  as 


C0~ -CO- -rlj  Tiptop 


(3) 


where  Hp(co)  is  the  pth  modal  frequency  response  func¬ 
tion;  cop  and  T]p  are  the  pth  natural  frequency  and  modal 
damping  ratio,  respectively.  The  analytical  natural  fre- 
quencies  are 


ml=/p(EI/pSs),  (4) 

where  p:  is  the  beam  density,  Ss  the  beam  section  area,  and 
El  the  bending  stiffness. 

The  beam  response  due  to  the  input  disturbance, 
=F<V  ,  is  then  controlled  with  two  piezoelectric 
patches  bonded  symmetrically  to  the  front  and  back  sur¬ 
face  of  die  beam  and  driven  180*  out-of-phase.  The  corre¬ 
sponding  excitation  is  modeled  by  a  line  bending  moment 
pair  with  complex  amplitude  if  located  at  the  end  of  the 
patches.  The  beam  response  due  to  the  control  input  is 
obtained  by  replacing  in  Eq.  (3)  the  point  force  excitation 
term  ibpix^F*  by  a  bending  moment  excitation  term 
mr\f.  The  control  modal  force  component  mp  can  be 
shown  to  be  given  by 


d 

m?=dx  (5) 


xc  is  the  coordinate  of  the  center  of  the  actuator,  and  2c a  is 
the  actuator  length.  From  the  superposition  principle,  the 
controlled  system  response  is  the  sum  of  the  response  due 
to  the  disturbance  input  and  the  response  due  to  the  con¬ 
trol  input.  The  modal  displacement  of  the  controlled  sys¬ 
tem  qcp{co)  becomes 

qcp{co)  =Hp(co)  [jp(xd)Fd+mFMe].  (6) 

Finally,  the  acceleration  distribution  is  the  second  par¬ 
tial  derivative  with  respect  to  time  of  the  displacement 
response,  Le., 


w(x,t)  =  W{x)e>»‘=  -co2W(x)^‘,  -y  cc<y . 

(7) 


1.  Structural  response 

The  beam  out-of-plane  displacement  w(x,t)  can  be 
given  as  a  linear  combination  of  the  modes  as 

*  T  r 

w(x,t)=  I  *>(«)*/*)#/•',  (1) 

p-m\  l  2 

where  qp(o)  is  thepth  modal  displacement  and  4>p{x)  the 
pth  eigenfunction.  Using  the  coordinate  system  shown  in 
Fig.  1,  the  eigenfunctions  for  the  simply  supported  bound¬ 
ary  condition  are  given  by 

%(x)  =  (2/m) 1/2  sin£r,(jc+  LJl)],  (2) 

where  yp=pv/Lx.  The  factor  (2/m) 1/2  results  from  the 
normalization  chosen  for  the  eigenfunctions,  such  that  they 
are  orthonormal  with  respect  to  the  mass  m  of  the  beam. 


2.  Radiation  in  the  acoustic  far  field 

The  far-field  pressure  p(r,9,t)  radiated  by  the  beam  at 
point  {r,9,<f>= 0)  can  be  expressed  in  terms  of  structural 
information  as* 

pe-'V  - 

P(rM ~ —  ^  sin  $)<>',  (8) 

where  Icq=co/ c  is  the  acoustic  wave  number,  c  the  speed  of 
sound  in  the_medium,  and  p  is  its  density.  In  the  above 
expression,  kq  sin  9)  denotes  the  wave-number  trans¬ 
form  of  the  beam  normal  acceleration  distribution  W(x) 
defined  in  Eq.  (7).  It  can  be  wntten  as  the  spatial  Fourier 
transform  of  the  beam  response.  Since  the  model  assumes  a 
constant  response  versus  the  y  direction,  the  structural 
waves  travel  solely  along  the  x  direction  and  the  structural 
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wave  number  in  they  direction  is  zero,  i.e.,  ky-Q.  There¬ 
fore,  the  beam  acceleration  wave-number  transform  sim¬ 
plifies  as 

W(kx)  =  Ly  f  ^  W{x)ejk^xdx.  (9) 


l 


Substituting  Eqs.  (7)  and  (l),Eq.  (9)  can  be  rewritten  as 

90 

W{kx)  =  -or  X  ?p(<a)sV*x),  .  (10) 

P=  l 

where 

£,(**)  ^  r!/p(x)^dx.  (11) 

Here,  £p(kx)  is  defined  as  the  wave-number  transform  of 
the  pth  eigenfunction  and  will  be  referred  to  as  the  pt h 
modal  wave-number  component  A  closed-form  expression 
of  the  above  formulation  can  be  found  in  the  Appendix  of 
the  companion  paper.5 

Note  that  Eq.  (8)  is  only  valid  in  the  far  field.  This 
representation  is  equivalent  to  the  stationary  phase  approx¬ 
imation  discussed  by  Junger  and  Feit8  As  seen  from  Eq. 
(8),  the  radiated  fax-field  pressure  is  solely  a  function  of 
the  wave-number  component  evaluated  at  wave  numbers 
kx  =  kq  sin  9  that  are  smaller  than  the  acoustic  wave  num¬ 
ber  k$  by  definition  of  the  sine  function.  In  other  words, 
only  the  structural  motion  with  supersonic  wave  numbers 
kx<k$  radiates  in  the  far  field.  Moreover,  it  is  straightfor¬ 
ward  to  show  from  Eq.  (8)  that  the  supersonic  wave- 
number  component  u)  (&q  sin  9,r)  is  proportional  to  the 
time-shifted  far-field  pressure  y(rt0,r-fr/c),  i.e.,  it  com¬ 
pletely  describes  the  system  in  terms  of  radiated  energy  in 
the  far  field.  The  sensor  configuration  described  in  the  fol¬ 
lowing  section  is  based  on  the  estimate  of  the  wave-number 
component  corresponding  to  a  prescribed  direction  of  ra¬ 
diation  6  in  the  x-r  plane. 


|  b.  Sensor  configuration 

The  governing  equations  for  the  sensor  are  presented 

f  in  the  case  of  the  above  simply  supported  beam  system. 
The  wave-number  information  is  approximated  by  the 
summation  of  the  structural  acceleration  measured  at  a 


number  of  points  and  multiplied  in  the  frequency  domain 
®by  complex  transfer  functions. 

^  1.  Discrete  wave-number  transform 


(The  structural  acceleration  is  measured  at  locations 
xi—  “  Lx/2-r  Ax/2 (2/—  1),  /=s  1,2,...  by  means  of  Nd 

accelerometers.  The  spacing  of  the  accelerometers  is  given 
by  Ax—  Lx/Nd.  The  structural  wave-number  component 
|n  Eq.  (9)  is  approximated  by  a  discrete  expression  defined 


becomes  more  complicated  at  higher  frequencies  in  terms 
of  spatial  variation.  For  instance,  results  from  the  compan¬ 
ion  paper5  show  that  a  four-point  sensor  {Nd= 4)  gives  a 
fairly  good  approximation  over  the  first  four  bending 
modes  of  a  simply  supported  beam.  Analogous  to  the  con¬ 
tinuous  representation,  Eq.  (12)  is  expressed  in  terms  of 
modal  contributions  as 

Wd(kx)  =  -w1  2  q ,(«)£(*,),  (13) 

where  the  discrete  modal  wave-number  components  are 
given  by 

*4 

${kx)  =  LyLxl  i!>p(x,Wk*  (14) 

i—  1 

Introducing  the  time  dependence  ^  and  the  angular 
frequency  co  —  k^c  in  Eq.  (12)  yields 

&d(kx,t)=  X  Hi(o))w(xi9t)9  (15) 

i*i 

where  the  transfer  functions  H{(o))  to  be  modeled  by  the 
array  of  filters  are  written  as 

Hiico)  =  LyAx  eJtaTi,  /=  l,2,..JVif  (16) 

r;  =  (x/c)sin  9  is  a  time  delay,  characteristic  of  each 
acoustic  path.  The  transfer  functions  in  Eq.  (16)  have  a 
constant  magnitude  and  a  linear  phase  term.  Therefore, 
finite  impulse  response  (FIR)  filters  will  be  used  in  the 
computer  simulations  discussed  in  the  next  part  as  well  as 
in  the  practical  implementation  of  the  technique.  Note  that 
T/  takes  both  positive  and  negative  values.  Recalling  the 
time  convention  only  negative  values  of  rz  ensure  the 
transfer  function  H^co)  to  be  causal. 

2.  Modified  transfer  functions 

In  order  to  obtain  causal  transfer  functions  and  opti¬ 
mize  the  order  of  the  filters,  a  time  delay  Ar  is  introduced 
in  Eq.  (16).  The  modified  transfer  functions  become 

Hi(co)  =  LyAxeJ^t  /=  1,2,...^,  (17) 

where  ?f==rz— At.  The  sensor  output  is  now  e{t)  —e(t 
—  Ar)  =  wd(kxrt  —  At).  It  has  been  shown  in  the  com¬ 
panion  paper5  that  this  modified  error  signal  yields  the 
same  control  performances  as  the  error  signal  without  de¬ 
lay,  e(t)  =  wd{kx,t ),  when  used  in  a  feedforward  control 
approach.  Taking  Ar=max{T,}  ensures  causal  frequency 
response  functions  (t,<0,  /=  1,2,...JV^)  and  makes  one 
transfer  function  equal  to  unity,  i.e.,  the  number  of  filters  • 
to  design  is  now  Nd—  1.  Moreover,  the  modified  delays  r,- 
are  minimized  which  optimizes  the  order  of  the  filters. 
More  details  on  the  above  discussion  can  be  found  in  the 
companion  paper. 


|  Wd( kx)  =  Ly  Ax  X  ( 12) 

Note  that  the  accuracy  of  the  discrete  wave-number  trans¬ 
form  depends  on  both  the  number  of  point  sensors  Nd  and 
■the  frequency  co  due  to  the  fact  that  the  structural  response 
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control,  it  is  of  interest  to  analyze  the  influence  of  these 
variations  on  the  controller  performance.  In  this  section, 
the  radiation  control  of  a  simply  supported  beam  is  ana¬ 
lytically  investigated  in  the  frequency  domain  over  its  first 
four  bending  modes  using  both  types  of  error  information, 
i.e.,  continuous  and  discrete  wave-number  components  cor¬ 
responding  to  radiation  in  a  prescribed  direction. 


TABLE  I.  Beam  characteristics. 

Length 
Width 
Section 
Mass  density 
Bending  stiffness 


0.33  m 
0.04  cn 
0-0002  nr 
3 132  kg/mJ 
5.3290  N-tir 


1 •  Optima I  control  force 

•  ^or  a  channel  feedforward  control  structure,  the 
optimum  complex  amplitude  of  the  control  force  M*  is 
defined  so  as  to  minimize  a  quadratic  cost  function  /(A/*) 
of  the  error  information.  Here,  the  error  information  is  the 
time-varying  wave-number  component  associated  with  the 
direction  of  radiation  9.  Therefore,  the  cost  function  can  be 
expressed  as  the  mean-square  value  of  the  error  signal,  Le„ 


for  the  discrete  representation.  In  the  above  equations, 
G(co)  and  Cr/o>)  define  the  controller  transfer  functions; 
Sp(kx)  and  Pp{kx)  are  the  pth  continuous  and  discrete 
modal  wave-number  components,  respectively.  In  both  dis¬ 
crete  and  continuous  cases,  they  appear  as  the  ratio  of  the 
disturbance  and  control  path  transfer  functions.  Substitut¬ 
ing  the  above  expressions  for  the  control  input  in  Eq.  (6), 
the  far-fieid  pressure  is  then  obtained  using  Eqs.  (8)  and 


J(Aie)  =  15(^3 sin  9,t)  w*(k0sind,t)  (18) 

for  the  continuous  representation  and 

J’d(Mc)  =  sin  9,t—Ar)  id  $(1^  sin  9,t~lr) 

(19) 

for  the  discrete  representation,  where  id  *  denotes  the  com¬ 
plex  conjugate  of  id .  Both  J ( )  and  Jd[Mc)  are  qua¬ 
dratic  functions  of  the  control  complex  amplitude  A/*. 
Therefore,  they  present  only  one  minimum  The  corre¬ 
sponding  optimum  control  force  is  found  by  taking  the 
partial  derivatives  of  the  cost  function  with  respect  to  the 
real  and  imaginary  parts  of  the  control  force.  Setting  these 
two  equations  to  zero  yields 


Me=G{u)Fd= - £ 


,xHp{co)i)p{xd)^{kx) 


1  (® )  mp5  p(kx) 

for  the  continuous  representation  and 


F*  (20) 


Med=Gd{a)Fd= 


^yHp{o>)il>p(xd)£{kx) 
^Hp{m)m^p{kx)  ^  (2I) 


FIG^Z.  Optimal  controller  frequency  response  function  based  on  (a) 
"  ’  continuous  wave-number  component;  (b)  three;  (c) 

five;  and  (d) - ,  seven  point  sensors. 


Recalling  Eq.  (8),  it  is  straightforward  to  show  that 
using  the  far-fieid  pressure  p(r,9.t)  as  error  information 
would  yield  the  same  optimum  control  force  as  the  contin¬ 
uous  wave-number  component  {k^sin  9,t).  Thus  the 
present  analysis  can  be  seen  as  a  comparison  between  the 
use  of  a  discrete  wave-number  sensor  as  described  in  Sec. 
I  B  and  a  microphone  located  in  the  far  field. 

2.  Numerical  results 

Figure  2  presents  the  magnitude  and  phase  of  the  con¬ 
troller  transfer  function  versus  frequency  obtained  for  the 
continuous  [Eq.  (20)]  and  discrete  [Eq.  (21)]  representa¬ 
tions.  The  beam  characteristics  and  its  first  six  natural  fre¬ 
quencies  are  given  in  Tables  I  and  II.  Ten  modes  are  in¬ 
cluded  in  the  modal  series  with  a  constant  damping  ratio 
(^=0.01,  p=l,2,...,10).  The  beam  is  surrounded  by  air 
with  density  1.27  kg/m3  and  sound  velocity  c=343 
m/s.  The  disturbance  force  is  a  bandlimited  white  noise 
between  0  and  650  Hz,  applied  at  xd=QA2Lx/2.  The  pi¬ 
ezoelectric  actuator  has  length  2ca=0. 122/2  and  its  center 
is  located  at  xc=  —  0.71  Z/2.  It  is  assumed  for  brevity  that 
the  actuator  characteristics  yield  a  unity  transfer  function 
between  the  actuator  input  voitage  and  the  resulting  bend¬ 
ing  moment  A/* .  The  same  assumption  applies  to  the  other 
transducer  models,  i.e.,  disturbance  shaker  and  sensor  ac¬ 
celerometers.  The  wave-number  component  to  be  mini.  - 
mized  at  kx=io)  sin  9  is  associated  with  the  direction  of 
radiation  9=4-5' .  The  solid  line  corresponds  to  the  contin¬ 
uous  representation;  the  dashed,  dashdot,  and  dotted  lines 
correspond  to  the  discrete  representation  using  three-,  five-, 
and  seven-point  sensors,  respectively.  As  expected,  the  dis¬ 
crete  representation  becomes  more  accurate  as  the  number 


TABLE  II.  Beam  analytical  natural  frequencies. 


Mode 


Natural  frequency  (Hz) 


31.73 

126.9 

285.6 

507.7 
793.2 

1142 
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FIG.  3.  Far-field  pressure  for  in  the  direction  of  minimization-  (a) 

- ,  uncontrolled  system;  (b)  (c)  and  fd) . controlled 

system  using  three,  five,  and  seven  point  sensors,  respectively. 


of  point  sensors  is  increased.  In  ail  the  cases  presented 
here,  the  error  between  the  discrete  and  continuous  control¬ 
ler  transfer  functions  is  very  small  at  the  resonant  frequen¬ 
cies  due  to  the  fact  that  the  wave-number  component  is 
better  approximated  for  the  simple  modal  shapes  found 
on-resonance.  A  more  detailed  explanation  can  be  found  in 
Sec.  I  B  4  of  the  companion  paper. 

Figure  3  shows  the  influence  of  the  errors  between 
continuous  and  discrete  representations  on  the  controller 
performances.  The  modulus  of  the  far-field  pressure  was 
computed  over  the  frequency  range  0-650  Hz  at  location 
(r=lOLx,  0=45,  i=0)  for  the  controlled  and  uncon¬ 
trolled  system.  The  solid  line  represents  the  pressure  for 
the  uncontrolled  system.  The  three  dashed  lines  represent 
the  pressure  for  the  controlled  system  using  the  discrete 
controller  with  three-  (dash),  five-  (dashdot),  and  seven- 
(dot)  point  sensors.  Note  that  the  continuous  controller 
gives  zero  pressure  over  the  entire  bandwidth  at  this  radi¬ 
ation  angle  and  thus,  the  corresponding  curve  is  not  shown 
here.  The  total  reduction  of  the  sound  pressure  level  aver¬ 
aged  over  the  frequency  range  5-650  Hz  is  expressed  in  dB 
as 


Ajpi=101og 


(22) 


In  the  above  expression,  p{r,9)  and  fir,  6)  are  the  mean- 
square  pressure  values  of  the  uncontrolled  and  controlled 
system  averaged  over  the  bandwidth. 


P  ^r,e '=a  Z7]  p(r,6,a)pm{r,d,a)da. 

(23) 

In  all  of  the  three  cases,  the  controlled  system  presents 
significant  attenuation  over  the  entire  bandwidth.  Accord¬ 
ingly  to  Fig.  2,  the  reduction  is  more  important  on- 
resonance  than  off-resonance  and  better  results  are 
achieved  with  a  larger  number  of  point  sensors.  The  total 
reductions  averaged  over  5-650  Hz  are  13.6,  22.7,  and  28.5 


FIG.  4.  Feedforward  adaptive  controller  using  the  filtcred-X  LMS  algo¬ 
rithm.  6 


dB  using  three,  five,  and  seven  point  sensors,  respectively. 
Hence,  good  results  are  achieved  with  only  a  few  point 
sensors. 

Recalling  Fig.  2,  the  phase  of  the  controller  transfer 
function  is  seen  to  be  positive  above  300  Hz.  In  other 
words,  the  optimal  solution  in  the  frequency  domain  does 
not  ensure  causality  for  the  controller.  Therefore,  the 
above  results  can  not  be  achieved  in  real  situations.  The 
computer  simulations  described  in  the  next  sections  will 
show  more  realistic  results  by  providing  a  time  domain 
optimal  solution  for  the  controller  transfer  function. 


11.  FEEDFORWARD  ADAPTIVE  CONTROL 
IMPLEMENTATION 

The  sensing  technique  is  next  implemented  in  a  feed¬ 
forward  adaptive  control  structure  using  the  filtered-X 
LMS  algorithm.9  The  algorithm  is  first  presented.  Then, 
the  design  of  the  filter  array  is  briefly  outlined.  Finally,  the 
time  domain  simulation  procedure  is  described  for  the’ sin¬ 
gle  channel  controller  applied  to  a  simply  supported  beam. 

A.  Filtered-X  LMS  algorithm 

A  conceptual  schematic  of  the  single  channel  feedfor¬ 
ward  adaptive  controller  using  the  filtered-X  algorithm  is 
shown  in  Fig.  4.  The  plant  represents  the  structural  acous¬ 
tic  system,  i.e.,  the  inputs  are  structural  excitations  (actu¬ 
ators)  and  the  outputs  are  related  to  acoustic  radiation 
(sensors).  For  the  SISO  system  presented  here,  the  plant 
output  e{n)  at  time  tn  is  the  combination  of  the  response  5 

due  to  the  disturbance  input  x(n)  and  the  control  input  l 

u(n).  This  relation  can  be  expressed  in  the  z  domain  as  - 

£’(z)  =  2)(z)  +  F(z)  =  Z)(2)  +  7'ce(z){7(z),  (24)  • 

where  the  upper  case  letters  refer  to  the  z  transform  of  the  I 
associated  sequence  represented  with  lower  case  letters.  ■ 
Here,  T„(z)  denotes  the  z  transform  of  the  transfer  func-  \ 
tion  between  the  control  input  and  the  resulting  sensor  J 
output.  In  a  feedforward  adaptive  structure,  the  control  ‘ 
sequence  u{n)  is  obtained  by  filtering  a  reference  signal  ’ 
that  is  coherent  to  the  disturbance  x(n)  through  an  adap-  ; 
tive  FIR  filter  Qad(z),  also  referred  to  as  compensator, 

U^  =  Qad{z)X{z).  (2S)  ~ 

Taking  the  inverse  z  transform  of  Eq.  (25),  the  control 
input  becomes  in  the  time  domain. 
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FIG.  5.  Sensing  configuration  applied  to  the  radiation  control  of 
supported  beam. 


a  simply 


u(n)=  £  Q<z~'x(n),  (26) 

where  z-/  denotes  a  time  delay  of  /  samples,  Le. 
f-Jfto-**-/),  and  Q,  (/= the  compen¬ 
sator  coefficients.  Substituting  Eq.  (25)  in  (24),  the  error 
signal  becomes 

E{z)  =  D{z)  +  Tce{z)Q(Ui(z)X{z).  (27) 

The  LMS  algorithm  adapts  the  coefficients  Qt  in  order  to 
minimize  the  cost  function  J=E{el{n)},  where  E  denotes 
the  expectation  operator.  Since  this  error  function  is  qua¬ 
dratic  with  respect  to  the  adaptive  filter  coefficients,  only 
one  minimum  exists  and  the  steepest  descent  method  can 
be  used  to  update  the  coefficients, 

1=0,1,...^- lf  (28) 


B.  Filter  array  design 

This  section  outlines  the  design  of  the  FIR  filters  im¬ 
plemented  in  the  sensor.  Practically,  it  involves  the  calcu¬ 
lation  of  discrete  impulse  response  coefficients  such  that 
the  modeled  frequency  response  functions  match  the  de- 
sired  transfer  functions  in  Eq.  (17).  Two  design  methods 
have  been  introduced  in  the  companion  paper.  One  uses 
frequency  domain  design  algorithms  and  the  other  imple¬ 
ments  optimal  filtering  techniques  that  allow  the  filters  to 
be  design  from  experimental  measurements  in  the  discrete 
time  domain.  The  first  design  method  is  discussed  here.  It 
implements  the  Matlab  function  invfreqz  (software  bv 
Math  Works  ).  1 

From  Eq.  (15),  the  sensor  output  sequence  is  ex¬ 
pressed  in  the  z  domain  as 

*(D=  X  U'{z)Xi{z)^X^z),  (30) 

where  X{z)  denotes  the  z  transform  of  the  structural  ac¬ 
celeration  measured  at  location  x,  and  ^  refers  to  the  direct 
path  (unity  transfer  function).  Here,  IT(z)  is  the  z  trans¬ 
form  of  the  finite  impulse  response  for  the  fth  filter  mod¬ 
eling  Ht (a)  in  Eq.  (17), 

Ul(z)  =  U,0+U', [z-1  -(-••■  (3j) 

In  the  above  expression,  C^.O* . ^  are  the  iV,+  l  coef¬ 

ficients  and  N,  the  order  of  the  fth  filter.  The  modeled 

frequency  response  functions  can  be  obtained  from 

lr{z)  as 

H7(a)  =  Wr0-  2  i=  1,2,.. JV„, 

/=»0 

(32) 


M  is  the  convergence  parameter  that  controls  the  stability 
of  the  algorithm.  The  time  domain  LMS  algorithm  uses  an 
instantaneous  gradient  approximation  to  estimate  dJ/dQ, 
at  time  t„ .  Substituting  /  in  the  above  expression  and  re¬ 
moving  the  expectation  operator  yields 

Qi(nJr  1)  —Qi(n)  ~2(ie{n)x{n—l), 

l=0,l,...rNad-l,  (29) 

where  x{n)  is  the  filtered-X  signaL  It  is  defined  in  the  z 
domain  by  X(z)  =  Ta(z)X(z).  The  z-domain  transfer 
function  Tct(z)  represents  an  estimate  of  the  actual  control 
path  Ta(z)  and  can  be  modeled  by  an  infinite  impnlse 

response  (HR)  filter  in  case  of  broadband  disturbance  as 
discussed  in  Ref.  10. 

Figure  5  presents  the  feedforward  adaptive  controller 
ong  with  the  structural  acoustic  sensor  applied  to  a  sim¬ 
ply  supported  beam.  The  sensor  is  composed  of  three  ac¬ 
celerometers  and  two  FIR  filters.  This  configuration  gives 
a  good  estimate  of  the  supersonic  wave-number  component 
associated  with  one  direction  of  radiation  for  frequencies 
up  to  the  third  bending  mode  of  the  beam.  A  shaker  mod¬ 
eled  by  a  point  force  provides  the  disturbance  input  and  a 
single  PZT  piezoelectric  patch  modelled  by  a  pair  of  mo- 
nients  is  used  as  the  control  input. 
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where  Ts  is  the  sampling  period. 


C.  Discrete  time-domain  computer  simulation 

Unlike  simulation  in  the  frequency  domain  that  give 
the  optimal  control  performance  (see  Sec.  I C),  a  discrete 
time  domain  simulation  provides  more  realistic  results  as  it 
implements  the  convergence  process  of  the  LMS  algorithm 
and  ensures  causality  for  the  controller.  This  constraint  is 
a  result  of  the  use  of  physically  realizable  causal  digital 
filters  which  cannot  model  acausal  transfer  functions.  In 
the  frequency  domain,  the  optimal  control  force  is  readily 
obtained  using  the  analytical  structural  and  acoustic  re¬ 
sponses  of  the  beam  as  shown  in  the  first  section.  On  the 
other  hand,  time  domain  control  simulations  require  dis¬ 
crete  transfer  functions  expressed  in  the  z  domain  to  pro¬ 
vide  the  beam  response  in  the  discrete  time  domain;  in 
other  words,  the  transient  as  well  as  steady  state  response 
of  the  beam  is  modelled.  In  order  to  do  this,  the  beam 
response  is  described  over  the  frequency  range  of  interest 

by  using  appropriate  impulse  responses  in  discrete  form  as 
filters. 

Figure  6  shows  a  block  diagram  of  the  simulated  sys¬ 
tem  corresponding  to  the  configuration  of  Fig.  5.  The  dis¬ 
crete  transfer  functions  T'd{z)  and  T'(z)  (/=1,2,...^) 
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FIG.  6.  Simulated  system. 

model  the  path  between  the  disturbance  input  x(/r),  at 
location  xrf,  and  the  beam  acceleration  response,  at  loca¬ 
tions  xif  and  the  path  between  the  control  input  :/(/*),  at 
location  xc,  and  the  same  acceleration  signals.  They  are 
obtained  as  follows. 

Recalling  Eqs.  (l)-(7),  the  analytical  transfer  func¬ 
tions  between  both  disturbance  and  control  inputs  and  the 
beam  acceleration  response  at  x^x,,  #^(xrf,xa,a))  and 
HCf{xCJxatco)y  respectively,  can  be  approximated  over  the 
bandwidth  of  interest  by  the  finite  summations 

Pmix 

Hde{xdzca,a>)  =  X  '!>p{Xd)'!>p(xa)Ha'P{co),  (33) 

p=  i 

Pmu  £ 
p*  1  “ 

-i’piXc-cjyi’pixJH^a)),  (34) 

where  is  the  number  of  modes  included  in  the  repre¬ 
sentation.  Here,  H^p(co)  is  the  acceleration  frequency  re¬ 
sponse  of  the  pth  mode  defined  as 

— op" 

H^Acd)  =-t - - — -- - .  (35) 

Up-^  +  ljTJpCDpa  1  ' 

Using  a  ramp  invariance  approximation,  the  above  second- 
order  modal  contribution  has  the  following  z-domain 
representation,12 


XtSz) 


az2— 2ar+a 


r - 2z  exp ( —  ■nppT,) cos ( copjJTs)  +exp(  -2-qxi.T,)  ’ 

(36) 

where 

sm(o)pjJTs) 

a=~*p4Ts  ”P  <-W,)  (37) 

and  cop4  =  cop  —  Here,  Ts=  \/Fs  denotes  the  discrete 
time  sampling  period.  Note  that  the  above  discrete  transfer 
function  has  poles  inside  the  unit  circle  which  ensures  sta¬ 
bility.  Equation  (36)  can  now  be  substituted  in  Eqs.  (33) 
and  (34)  to  obtain  the  discrete  transfer  functions  for  the 
beam: 


,  d 

Hd„(xcrxa^)  =  X  -j-  {il>p(xe~c) 
p-  i  " 

-i/p{xc-c)}\bp(xa)Hip{:).  (39) 

The  above  expressions  can  be  simplified  into  a  rational 
transfer  function  of  the  form  A(z)/(1  -B(z)),  where  A(z) 
and  B(i)  are  obtained  by  convolving  the  second-order 
polynomials  in  z  of  Eq.  (36).  The  coefficients  of  Td{z), 
T‘e{z)  (/=  l,2,...JSd)  are  then  calculated  substituting  the 
input  force  locations,  i.e.,  xd  and  xc ,  respectively,  and  the 
point  sensor  locations,  i.e.,  xit  /=  1,2,...^,  in  Eqs.  (38) 
and  (39). 

The  estimated  filtered-X  control  path  f„{z)  is  con¬ 
structed  from  the  analytical  transfer  function  between  the 
control  force  and  the  sensor  output, 

&<*{(»)=  X  HeJ.xejii,o)H,{o)+Hei(xejtL  ,o). 

(40) 

In  the  above  expression,  Hce(xcjcha>)  represents  the  trans¬ 
fer  function  between  the  control  input  force  and  the  beam 
acceleration  at  location  x=xt  [Eq.  (34)],  while  H^co)  is 
the  frequency  response  of  the  rth  radiation  filter  [Eq.  ( 17)]. 
The  resulting  transfer  function,  HCf(co),  is  modeled  by  an 
HR  filter  whose  coefficients  are  computed  using  the  Matlab 
function  invfreqz. 

Another  way  to  design  the  HR  filter  modeling  the  con¬ 
trol  path  would  be  to  use  the  beam  and  radiation  filter 
discrete  impulse  responses,  i.e.,  T‘e{z)  and  {/(r),  as  fol¬ 
lows: 

fct(z)=  X  rc(z)£f(2)H-^(z).  (41) 

/» l 

This  method  gives  an  exact  filtered-X  path  since  it  is  based 
on  the  actual  simulated  system  which  has  discrete  sam¬ 
pling.  On  the  other  hand,  the  method  chosen  here,  based 
on  the  analytical  continuous  representation  [Eq.  (40)],  is 
not  exact.  This  is  due  to  differences  between  the  beam 
continuous  and  discrete  representations  (ramp  invariance 
approximation)  as  well  as  between  the  analytical  radiation 
transfer  functions  Hj(co)  and  the  actual  filter  responses. 
However,  when  dealing  with  real  structures  and  broadband 
excitation,  the  filtered-X  path  modeling  also  results  in  er¬ 
rors  due  to  pole  instability.10  Consequently,  the  first  repre¬ 
sentation  appears  to  be  more  realistic. 

At  this  point,  an  important  aspect  of  structural  acous¬ 
tic  sensing  should  be  noted.  As  the  sensor  is  based  on 
wave-number  information,  the  radiation  filters  do  not  in¬ 
clude  the  acoustic  path  time  delay  r/c.  It  follows  that  the 
above  filtered-X  path  has  a  much  smaller  group  delay  [Eq. 
(16)],  i.e.,  smoother  phase,  than  the  transfer  function  ob¬ 
tained  with  a  ^microphone  in  the  far  field.  In  consequence, 
the  order  of  T^iz)  is  greatly  reduced  and  better  accuracy 
is  achieved  for  the  filtered-X  path  which  is  a  critical  factor 
in  terms  of  control  performances.10 
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i  ne  computer  simulation  is  carried  out  by  performing 
the  following  sequence  of  computation  during  each  step 
through  time:  (a)  compute  the  disturbance  input  x(n)  and 
the  control  input  u{n)  applied  to  the  beam;  (b)  compute 
the  sensor  output  e{n );  (c)  compute  the  filtered-X  input 
x(n);  (d)  update  the  adaptive  filter  weights  according  to 
Eq.  (29).  5  0 

111.  SIMULATION  RESULTS 

The  structural  acoustic  sensing  technique  is  illustrated 
through  computer  simulations  on  sound  radiation  control 
for  the  simply  supported  baffled  beam  considered  previ¬ 
ously.  Results  are  provided  for  the  single  channel 
filtered-X  LMS  control  approach  using  a  band  limiti-H 
broadband  disturbance. 

A.  System  characteristics 

The  beam  and  surrounding  medium  have  the  charac¬ 
teristics  presented  in  Sec.  I  C.  The  reference  signal  is  ob¬ 
tained  in  the  discrete  time  by  convolving  at  each  time  step 
a  Gaussian  white  noise  with  the  discrete  impulse  response 
Qip(z)  of  a  low-pass  FIR  filter.  The  filter  cut-oif  frequency 
is  Fc=600  Hz  which  allows  excitation  of  the  first  four 
bending  modes  of  the  beam  (see  Table  II).  The  resulting 
band-limned  broadband  signal  is  used  to  model  the  point 
force  disturbance  at  location  x-xd.  As  presented  earlier, 
tne  control  input  models  the  excitation  of  a  piezoelectric 
actuator  at  location  x—xc.  It  is  obtained  by  filtering  the 
reference  signal  through  an  adaptive  FIR*  compensator 
with  a  25  coefficient  impulse  response  (Nad= 25).  The 

sampling  frequency  is  ^=2000  Hz. 

Two  different  sensing  configurations  are  simulated. 

The  first  uses  Nd=3  accelerometers  and  the  second  uses 
A^=5  accelerometers.  In  both  cases,  the  Nd-  1  radiation 
FIR  filters  have  three  coefficients  and  the  sensor  output  1 
provides  an  estimate  of  the  wavenumber  component  eval-  1 
uated  m  the  direction  (0=45>=O *).  A  15-order  HR  filter  5 
is  used  to  model  the  filtered-X  path.  « 

r 

B.  Sensor  output 

Figure  7  presents  the  structural  acoustic  sensor  output 
e{n)  in  the  discrete  time  domain  before  and  after  controL 
This  case  corresponds  to  the  three  point  sensor.  The  sensor 
output  sequence  before  control  [curve  (a)]  is  simply  ob¬ 
tained  by  running  the  simulation  code  through  a  number  of 
iterations  with  the  weights  of  the  compensator  Q^(z)  be¬ 
ing  set  to  zero.  The  next  step  consists  of  updating  the 
weights  of  the  compensator  until  convergence  has  oc-  '  2 
curred.  The  sensor  output  sequence  [curve  (b)J  after  con¬ 
trol  is  then  obtained  by  freezing  the  weights  of  the  com¬ 
pensator.  The  dominance  of  the  first  mode  of  the  beam 
clearly  appears  on  the  time  history  before  control.  The 
wave-number  component  of  this  mode,  evaluated  in  the 
direction  of  minimization  (supersonic  region)  presents  a 
large  magnitude,  which  explains  its  high  radiation  effi¬ 
ciency.  About  200  000  iterations  were  required  to  reach 
quasistationanty  for  the  mean-square  value  of  the  mini¬ 
mized  error  signal.  A  larger  value  of  the  convergence  pa-  £ol 


200  **  loo - 

Discrrx  Tune  (iterations) 


0  200  «xT“  loo  - - ^00 

Discrete  Time  (iterations) 

*nSOr  °Utput  Qme  >“toiy  before  (a)  and 

after  (b)  control  (jVrf=3). 

rameter  fi  would  result  in  faster  convergence,  but  stability 
aspects  must  be  considered.  The  mean-square  value  of  the 
sensor  output  time  history  before  and  after  control  was 
calculated  over  204  800  points.  A  band  averaged  reduction 
of  13.7  dB  is  achieved.  The  second  case,  i.e.,  Nd=5  point 
sensor,  gives  a  band  averaged  reduction  of  11.5  dB  These 
results  are  now  further  analysed  in  the  frequency  domain. 

The  sensor  output  autospectra,  shown  in  Fig.  8  along 
with  the  autospectrum  of  the  disturbance  input  x{n),  are 
computed  from  the  DFT  of  the  discrete  time  signals  before 
and  after  control  using  50  averages.  As  expected,  the  dis¬ 
turbance  input  (dashed  line)  is  a  white  noise  over  the 
bandwidth  0-fi00  Hz  where  the  filter  cuts  in.  The  sensor 
output  autospectra  before  control  contains  the  first  four 
modes  of  the  modeled  beam.  The  dominance  of  the  first 
mode  noticed  on  the  time  history  before  control  also  ap¬ 
pears  in  the  frequency  domain.  After  control,  the  error 
signal  frequency  content  is  significantly  reduced  over  the 
entire  frequency  range.  Some  spill  over  is  noticed  off- 
resonance  between  the  second  and  third  mode  resonance 
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300  400 
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HG.  8.  Structural  acoustic  sensor  output  before  (a)  and  after  (b)  con- 
trol,  and  disturbance  input  (c)  auto  spectra- 
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point.  The  influence  of  the  number  of  structural  measure¬ 
ments  N4  is  noticeable  above  the  third  mode  resonant  fre¬ 
quency.  The  error  between  the  actual  sensor  output  {dis¬ 
crete  wave-number  component)  and  the  desired  signal 
{continuous  wave-number  component)  is  undoubtedly  re¬ 
duced  using  five  measurement  points  instead  of  three 
points.  As  seen  from  the  two  solid  lines,  the  three-point 
sensor  tends  to  increase  the  estimate  of  the  wave-number 
component  magnitude  before  control.  After  control,  the 
variations  between  the  two  sensor  configurations  also  ap¬ 
pear  before  the  third  mode  resonance  point.  However,  the 
tendency  noticed  before  control,  i.e.,  increase  of  the  mag¬ 
nitude,  is  replaced  by  a  more  complex  behavior.  Globally, 
both  cases  result  in  the  same  frequency  content  after  con¬ 
trol.  It  follows  that  the  three-point  sensor  gives  more  at¬ 
tenuation  of  the  error  signal  than  the  five-point  sensor 
above  the  third  mode  resonant  frequency.  Consequently, 
the  overall  reduction  obtained  for  the  sensor  output  is 
higher  for  the  three-point  sensor  as  found  earlier  from  the 
time  domain  histories.  However,  it  should  be  noted  that 
this  result  only  applies  to  the  sensor  output  which  is  an 
estimate  of  the  radiation  information.  In  other  words,  it  is 
necessary  to  analyze  the  fax-field  radiation  before  and  after 
control  in  order  to  compare  the  performance  of  the  three- 
and  five-point  sensors  in  terms  of  radiation  control. 

C.  Far-fieid  radiation 

The  far-field  pressure  information  before  and  after 
control  is  now  discussed.  The  calculations  use  the  analyt¬ 
ical  expressions  of  Sec.  I  A.  From  the  impulse  response  of 
the  low-pass  filter  Qip{z)  used  to  generate  the  input  band 
limited  disturbance,  the  disturbance  force  complex  ampli¬ 
tude  F^ico)  is  computed  over  the  bandwidth  [Eq.  (32)]. 
Multiplying  F^ico)  by  the  frequency  response  of  the  adap¬ 
tive  filter  after  convergence  gives  the  control  input  force 
over  the  bandwidth  M'ico)  =  Qad(keJaTt)Fd{a)-  Substitut¬ 
ing  the  above  quantities  in  Eqs.  (6),  (10),  (11),  and  (8), 
the  acoustic  pressure  in  the  far  field  is  calculated  for  each 
frequency  of  interest  along  the  half  circle  (r=10£z,  — ir/ 
2<0<  +  -/2,  6=0). 

The  far-fieid  pressure  spectrum  in  the  direction  of  min¬ 
imization  at  0=45*  (Fig.  9)  shows  significant  reduction 
over  the  entire  frequency  range.  More  than  20-dB  reduc¬ 
tion  is  achieved  at  the  four  resonant  frequencies.  The 
curves  before  (solid  line)  and  after  (dashed  and  dotted 
lines)  control  are  relatively  close  from  the  sensor  output 
auto-spectra  shown  in  Fig.  8  in  the  lower  frequency  range. 
Again,  some  spill  over  is  noticed  between  the  second  and 
the  third  mode  resonance  points.  At  higher  frequencies 
(above  the  third  mode  frequency  point),  the  sensor  accu¬ 
racy  deteriorates.  Consequently,  the  sound  reduction  in  the 
far  field  is  smaller  than  the  reduction  noticed  on  the  sensor 
output  The  best  results  are  obtained  with  the  five-point 
sensor  due  to  its  better  accuracy.  This  is  consistent  with  the 
results  from  the  frequency  domain  analysis  shown  in 
Fig.  3. 

The  above  results  are  further  interpreted  by  analysing 
the  compensator  frequency  response  functions,  Le.,  the 
transfer  function  between  the  reference  signal  x{n)  and  the 
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FIG.  9.  Far-fieid  pressure  at  (9=45*.  (a) - ,  before  control; 

(b)  -  — —  and  (c) . .  after  control  with  Nd=s3  and  Nd  =5,  respectively. 


conrrol  input  u(n),  shown  in  Fig.  10.  The  solid  line  rep¬ 
resents  the  optimal  transfer  function  found  from  Eq.  (20). 
As  mentioned  in  Sec.  I  C,  this  response  results  in  zero 
pressure  at  0=45*  over  the  frequency  range.  The  dashed 
and  dotted  lines  represents  the  actual  compensator  fre¬ 
quency  response  functions  using  the  three-  and  five-point 
sensors,  respectively.  They  are  obtained  from  the  coeffi¬ 
cients  of  the  adaptive  filter  after  convergence  using  Eq. 
(32).  In  both  cases,  significant  variations  between  the  op¬ 
timal  [curve  (a)]  and  actual  [curves  (b)  and  (c)]  re¬ 
sponses  are  noticed.  As  expected,  the  frequency  response 
function  of  the  compensator  after  convergence  is  directly 
related  to  the  control  performances.  The  frequencies  at 
which  some  spill-over  was  noticed  in  Fig.  9,  i.e.,  between 
150  and  260  Hz,  correspond  effectively  to  the  largest  vari¬ 
ations  in  Fig.  10.  On  the  other  hand,  the  notch  of  the 
far-fieid  pressure  noticed  around  600  Hz  in  Fig.  9  is  ex¬ 
plained  by  the  coincidence  at  that  frequency  of  the  optimal 


FIG.  10.  Compensator  frequency  response  function;  (a) - ,  optimal 

response;  (b) - and  (c) . .  actual  response  with  jVrf=3  and  jVrf=5, 

respectively. 
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Far>ficid  Angle  (deg; 

FIG.  11.  Total  sound  pressure  level  averaged  over  5-650  Hz  before  and 
after  control  with  iV,=3  and  .V*=5,  respectively. 


and  acrual  frequency  response  functions.  Moreover,  the 
five-point  sensor  (dotted  line)  yields  a  control  transfer 
function  closer  to  the  optimal  solution  than  the  three-point 
sensor  (dashed  line),  especially  above  the  third  resonant 
frequency.  This  results  in  larger  attenuations  ar  the  corre¬ 
sponding  frequencies. 

The  variations  between  the  optimal  and  acrual  re¬ 
sponses  are  now  further  explained.  Recalling  the  discussion 
of  Sec.  I  C,  the  optimal  solution  does  not  ensure  causality. 
For  a  system  to  be  causal,  the  disturbance  path  must 
present  a  longer  time  propagation  delay  than  the  control 
path.  If  the  above  requirement  is  met  over  the  frequency 
range  of  interest,  the  optimal  frequency  response  of  the 
compensator,  defined  as  the  ratio  of  the  disturbance  path 
transfer  function  over  the  control  path  transfer  function 
[see  Eq.  (20)],  has  a  negative  phase  response  at  all  frequen¬ 
cies  of  interest  and  thus,  can  be  modeled  by  a  digital  filter. 
In  the  present  case,  the  system  appears  to  be  acausal  above 
300  Hz,  i.e.,  the  optimal  phase  response  becomes  positive 
above  this  frequency  [see  Fig.  10,  curve  (a)].  Therefore, 
the  controller  compensator  is  unable  to  match  the  optimal 
response  over  the  entire  frequency  range,  even  with  an 
infinite  number  of  coefficients.  Consequently,  the  time  do¬ 
main  simulation  results  in  Fig.  9  present  smaller  attenua¬ 
tion  than  the  corresponding  frequency  domain  results 
shown  in  Fig.  3,  mainly  due  to  the  causality  issue  discussed 
above.  As  seen  from  Fig.  10,  the  phase  response  of  the 
simulated  controller  after  convergence  decreases  between 
120  and  240  Hz  whereas  the  optimal  phase  response  is 
increasing  in  the  same  bandwidth.  As  mentioned  earlier, 
this  phase  shift  results  in  spill-over  in  the  frequency  range 
120-240  Hz.  Above  300  Hz,  the  controller  response  fol¬ 
lows  the  optimal  response  with  a  360*  phase  shift  that  gives 
good  attenuation.  One  way  to  make  the  system  causal  over 
the  complete  frequency  range  is  to  add  a  time  delay  in  the 
disturbance  path.  However  this  solution  is  often  impracti¬ 
cal.  Burdisso  et  aL  have  developed  analytical  formulations 
to  predict  reduction  in  attenuation  as  the  system  becomes 
more  acausal. 13 


Figure  11  presents  the  total  sound  pressure  level  aver¬ 


aged  over  the  frequency  range  5-650  Hz  versus  the  radia¬ 
tion  angle  8 , 

V0>-tOIog^r),  (42) 

where  p{8)  represents  the  mean-square  pressure  value  at 
angle  0  averaged  over  the  bandwidth  [Eq.  (23)].  Global 
control  is  achieved  over  the  entire  frequency  range.  The 
plot  shows  a  reduction  of  1 1  and  1 1.5  dB  in  the  direction  of 
minimization  (0  —  45*)  for  the  three-point  and  five-point 
sensor,  respectively.  This  result  is  consistent  with  the  over¬ 
all  reduction  obtained  from  the  sensor  output  ( 13.7  dB  for 
and  11.5  dB  for  Nd=5).  Again,  note  that  the  five 
point  sensor  output  gives  a  more  accurate  far-field  infor¬ 
mation  than  the  three-point  sensor,  which  yields  greater 
far-field  attenuation. 

IV.  CONCLUSIONS 

A  real  time  structural  acoustic  sensor  has  been  devel¬ 
oped  for  application  to  active  control  of  sound  radiated  by 
rectangular  vibrating  surfaces.  The  case  of  a  simply  sup¬ 
ported  baffled  beam  is  considered  in  this  paper.  The  time 
domain  filtered-X  LMS  algorithm  is  implemented  to 
achieve  control  over  a  broadband  frequency  range.  Com¬ 
puter  simulations  show  the  ability  of  the  technique  to  re¬ 
place  the  use  of  error  microphones  in  the  far  field. 

For  the  low-order  modes  of  the  beam,  only  a  few  point 
sensors  are  needed  to  measure  the  structural  information. 
Moreover,  the  FIR  filters  that  process  the  discretized 
structural  response  to  provide  radiation  information  have  a 
small  number  of  coefficients  due  to  the  constant  magnitude 
and  linear  phase  of  the  free-space  Green's  function  and  the 
stationary  cost  function  used  in  feedforward  control.  The 
resulting  error  signal  is  a  fairly  good  approximation  of  the 
supersonic  wave-number  component  associated  with  a  pre¬ 
scribed  direction  of  radiation.  Moreover,  the  computer 
simulations  show  that  the  errors  introduced  by  structural 
acoustic  sensing  in  the  radiation  information  are  not  criti¬ 
cal  in  feedforward  control  compared  to  other  issues  such  as 
causality  and  control  authority.  Therefore,  the  proposed 
structural  acoustic  sensor  presents  a  important  alternative 
to  the  use  of  distributive  structural  sensors  (PVDF  films) 
in  ASAC  approaches  since  it  provides  broadband  radiation 
information. 
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Abstract.  An  approximate  method  for  modal  analysis  of  a  piezostructure  testbed 
is  used  to  generate  a  dynamic  model  for  closed-loop,  multiple-input-multiple-output 
(mimo)  feedback  controller  design.  An  innovative  pole-residue  system  model  for 
structures  instrumented  with  piezoelectric  sensor  and  actuators  is  developed  which 
is  compatible  with  existing  modal  curve-fitting  algorithms.  This  paper  examines 
the  use  of  the  new  pole-residue  model  in  the  absence  of  truly  collocated  response 
information.  It  is  shown  that  nearly-collocated  measurements  may  be  used 
to  estimate  a  structure’s  modal  parameters;  high-precision  signal  conditioning 
electronics  required  for  exact  drive-point  response  measurements  are  thereby 
avoided.  A  simply-supported  plate  is  used  to  demonstrate  the  approximate 
piezostructure  modal  test  approach.  The  test  model  is  then  used  to  design  up  to  a 
four  input,  sixteen  channel  output  mimo  feedback  control  experiment.  Closed-loop 
results  are  presented  which  show  that  more  than  10  dB  of  suppression  is  achieved 
near  structural  resonances  within  the  control  bandwidth  (10-250  Hz). 


1.  Introduction 

Control  design  for  flexible  structures  relies  on  accurate 
modeling  of  the  system  dynamics  in  the  absence  of 
more  advanced  adaptive  or  robust  design  approaches. 
Typically,  test  models  lead  to  improved  performance 
over  purely  analytical  models  derived  from  closed- 
form  solutions  or  finite-element  calculations.  Numerous 
approaches  are  possible  for  linear,  time-invariant  test 
model  development,  including  modal  analysis,  singular 
value  decomposition  analysis,  parametric  modeling  and 
a  number  of  other  on-line  and  off-line  procedures.  This 
paper  is  concerned  with  the  use  of  modal  analysis  for 
modeling  and  subsequent  vibration  control  of  a  smart 
structure — in  this  case,  a  plate  structure  instrumented 
with  piezoelectric  sensors  and  actuators. 

The  rising  popularity  of  piezoelectric  transducers  for 
active  structural  control  has  resulted  in  a  decreased  role 
for  modal  testing  methods  in  the  modeling  phase  of 
control  system  design.  In  fact,  the  use  of  piezoelectric 
transducers  for  general  system  identification  of  structures 
has  lagged  far  behind  when  control  applications  are 
not  intended.  This  is  particularly  true  for  piezoelectric 
actuator  configurations  which  are  not  amenable  to  force 
measurements  or  collocation  with  piezoelectric  sensors 
since  traditional  modal  analysis  formulations  require 
both  the  force  and  drive-point  response  information 
for  successful  estimation  of  the  structure’s  modal 
parameters.  A  second  impediment  to  modal  testing  of 
piezostructures  is  the  estimation  of  the  electromechanical 
coupling  matrix  in  a  manner  which  is  consistent  with  the 
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estimation  of  the  conventional  modal  parameters  (natural 
frequency,  damping  and  mode  shapes).  In  this  paper,  a 
new  method  for  modal  analysis  of  piezostructures  is  used 
to  perform  preliminary  system  identification  experiments 
leading  to  a  multi-input-multi-output  (MIMO),  feedback 
control  demonstration  of  a  simply-supported  plate.  It  is 
shown  that  this  approach  leads  to  a  plate  test  model  with 
synthesis  capabilities  for  response  analysis  and  control 
system  design. 

System  identification  and  control  of  structures  has 
become  a  vast  technical  discipline.  Large  numbers  of 
reference  documents  describe  the  evolution  of  controlled 
structures;  reports  ranging  from  basic  research  results 
to  highly  sophisticated,  engineering  applications  are 
now  available.  The  most  recent  emphasis  in  structural 
modeling  and  control  research  has  been  in  the  area  of 
smart  structures.  Beginning  with  the  initial  descriptions 
of  coupled  piezoelectric-structure  dynamics  by  Bailey 
and  Hubbard  (1985),  Crawley  and  deLuis  (1987) 
and  others,  the  investigation  of  smart  structures  has 
expanded  to  include  other  active  materials  (Saunders 
et  al  1991),  shaped-material  applications  (Burke  and 
Hubbard  1987,  Clark  and  Fuller  1992),  and  alternative 
dynamic  representations  and  utilizations  of  piezoelectric 
sensors  and  actuators  (Hagood  et  al  1990,  Lee  et  al 
1991).  However,  very  little  research  has  been  reported 
on  practical  experimental  methods  of  performing  system 
identification  on  smart  structures. 

The  element  of  smart  structure  system  identification 
which  requires  unique  treatment  compared  with  system 
identification  of  conventional  structures  is  the  estimation 
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of  electromechanical  dynamic  parameters.  Several 
researchers  have  proposed  theoretical  approaches  to 
this  problem.  Tsou  and  Tseng  (1991)  investigated  a 
finite-element  formulation  for  structural  identification 
using  piezoelectric  actuators  and  sensors.  Zharij  (1991) 
developed  a  modal  theory  of  electromechanical  energy 
conversion  which  establishes  a  relation  between  the 
electromechanical  coupling  factor  of  the  displacement 
field  and  the  partial  (modal)  electromechanical  coupling 
factors  for  particular  vibration  modes.  A  recent  paper  by 
Banks  et  al  (1993)  included  theoretical  and  experimental 
parameter  identification  results  for  smart  structures 
equipped  with  piezoelectrics.  In  that  work,  a  least- 
squares  approach  was  used  to  generate  estimates  of 
the  structure’s  resonance  frequencies,  damping,  and 
electromechanical  coupling.  Unfortunately,  none  of  the 
approaches  presented  to  date  are  compatible  with  broadly 
available  modal  analysis  algorithms. 

Modal  testing  procedures  for  smart  structures  are 
conspicuously  absent  in  the  research  literature.  It  is 
the  authors’  opinion  that  the  problems  mentioned  earlier, 
specifically  the  absence  of  force  measurements  and  drive 
point  response,  have  created  an  obstacle  to  the  use  of 
modal  analysis  for  smart  structures.  Recent  overview 
papers  (Leuridan  1992,  McConnell  and  Rogers  1991) 
on  the  integration  and  implementation  of  modal  analysis 
have  no  references  to  the  impact  or  utilization  of  smart 
structure  technologies.  There  has  been  some  initial 
research  on  the  use  of  piezoelectric  elements  for  dynamic 
measurements  leading  to  modal  analysis.  For  example, 
Hanagud  et  al  (1991)  presented  initial  results  comparing 
the  use  of  piezoelectrics  and  conventional  transducers  for 
frequency  response  function  (FRF)  measurements.  These 
types  of  analyses  and  experiments  are  needed  to  promote 
the  integration  of  smart  structures  in  the  modal  analysis 
community. 

The  design  of  smart  structure  system  identification 
approaches  which  are  compatible  with  existing  modal 
analysis  methods  will  bring  obvious  advantages  includ¬ 
ing  availability  of  algorithms,  test-analysis  correlation 
methods  etc.  A  recent  paper  by  Cole  et  al  (1994)  derived 
a  piezostructure  modal  analysis  approach  which  utilizes 
a  pole-residue  model  and  is  compatible  with  frequency 
domain,  curve-  fit  modal  analysis  algorithms.  It  was 
shown  that  the  residue  terms  of  this  formulation  yield  es¬ 
timates  of  the  electromechanical  coupling  matrix  for  the 
modal  displacements  or  the  physical  displacements  pro¬ 
vided  that  the  modal  matrix  is  also  available.  The  impor¬ 
tant  results  of  the  piezostructure  pole-residue  approach 
will  be  explained  later  in  this  paper.  The  piezostructure 
modal  test  method  strictly  relies  on  simultaneous  sens¬ 
ing  and  actuation  of  piezoelectric  elements;  however, 
it  was  shown  that  nearly  collocated  response  measure¬ 
ments  will  provide  estimates  with  enough  accuracy  for 
certain  applications.  For  this  paper,  a  nearly  collocated 
experimental  approach  will  be  presented. 

In  the  next  section,  a  modal  parametric  model 
is  described  which  can  be  used  in  frequency-domain 
MDOF  curve-fitting  approaches  for  modal  analysis  of 
piezostructures.  A  rational  fraction  algorithm  is 


combined  with  a  pole-residue  expression  to  estimate  the 
modal  parameters  required  to  generate  state-space  model 
parameters  and  modal  filters  for  the  control  experiments 
presented  later.  Then,  a  description  of  the  piezostructure 
plate  testbed  is  provided  and  results  from  the  modal 
testing  experiments  are  presented.  Finally,  a  closed- 
loop  control  experiment  is  described  for  suppression 
of  persistent,  wideband  excitation  over  the  modeled 
system  bandwidth.  Closed-loop  response  of  the  plate 
is  presented  for  the  cases  of  one,  two  and  four  control 
inputs. 


2.  A  piezostructure  pole-residue  model  for 
modal  analysis 


In  this  section,  the  theoretical  development  of  a  pole- 
residue  model  for  the  simply-supported  plate  with 
piezoelectric  sensors  and  actuators  is  presented.  For 
brevity,  it  is  assumed  that  the  reader  is  familiar  with 
the  general  pole-residue  form  and  subsequent  frequency- 
domain,  parameter  estimation  methods.  If  background 
information  is  desired,  the  reader  can  refer  to  technical 
discussions  by  Klosterman  (1971)  or  Han  and  Wicks 
(1989). 

The  piezostructure  modal  parameter  model  devel¬ 
oped  in  this  section  is  valid  for  structures  which  are 
instrumented  with  piezoelectric  sensors  and  actuators 
which  are  not  truly  collocated  and/or  are  of  different  ma¬ 
terials  and  geometries.  In  this  paper,  the  use  of  simulta¬ 
neous  sensing  and  actuation  for  drive-point  response,  as 
previously  discussed  by  Cole  etal  (1994),  will  not  be  ad¬ 
dressed.  To  begin,  we  recall  that  the  usual  starting  point 
for  the  derivation  of  conventional  structure  (i.e.  force 
inputs  and  displacement  outputs)  pole-residue  models  is 
a  linear  system  of  equations  given  by: 

M*  +  Ci  +  Kjc  =  /  (1) 

where  M  is  a  positive  definite,  symmetric  mass  matrix, 
C  a  non-proportional,  viscous  damping  matrix,  K  a 
symmetric  stiffness  matrix,  x  €  Rn  a  vector  of  surface 
displacements  in  physical  coordinates,  and  f  e  Rn 
a  vector  of  structural  forces.  Note  that  in  practice, 
there  will  be  many  zero  elements  of  /.  A  finite¬ 
dimensional,  complex  eigenvalue  problem  results  from 
the  ^-dimensional  model  of  equation  (1).  The  solution 
yields  n  pairs  of  complex  conjugate  eigenvalues 

Pu+n  =  ±  1  -  i  =  1,  2, . . . ,  n  (2) 

where  px  is  the  ith  complex  eigenvalue  of  the  structure. 
The  solution  also  yields  a  corresponding  complex  modal 
matrix  d>  of  eigenvectors  (<t>(  €  Cn )  which  occur  in 
complex  conjugate  pairs. 

For  an  applied  force  at  a  spatial  position  l  and  a 
response  measurement  at  spatial  position  k ,  the  FRF 
equation  in  physical  coordinates  is 


f*  _  f 

fi  “f  U.  (j  -  Pi  a-  (s  -  p") . 


1=1 


(•r  -  Pi) 


(s  ~  p‘) 


(3) 
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where  *  refers  to  the  complex  conjugate.  Here,  the 
residue  has  been  defined  as  AkA  =  <&*;/<£>/,  a,.  The 
pole-residue  form  in  equation  (3)  underlies  a  number 
of  modal  analysis  methods  for  structural,  input-output 
measurements.  Iterative  estimates  of  the  system  poles. 
Pi ,  provide  the  structure’s  resonant  frequencies  and 
damping  values.  The  structural  mode  shapes  are 
calculated  from  the  residue  terms  AkJ ,  beginning  with 
the  drive-point  residue  (i.e.  k  —  l)  which  yields  the 

scaled  eigenvector  =  i/a^.  This  quantity  is 

then  used  to  generate  the  full  modal  matrix  for  locations 

/  =  1.2 . p  and  modes  i  =  1,2 When  a 

truly  collocated  drive  point  is  not  available,  the  residue 
cannot  be  used  to  generate  exactly  the  experimental 
mode  shapes.  Next,  we  will  examine  the  effect  of  using 
nearly-collocated  piezoelectric  sensors  and  actuators  on 
the  modal  model  given  by  equation  (3). 

The  equations  of  motion  for  piezoelectric  structural 
systems  include  electromechanical  relationships  which 
enter  through  the  actuator  and  sensor  terms  in  the 
following  second-order  MDOF  system  equation 


As  mentioned  previously,  the  sensor  equation 
defines  the  type  of  piezoelectric  output  that  is  selected 
by  the  system  designer  via  the  appropriate  signal 
conditioning.  For  this  paper,  the  sensor  equation 
describes  the  interaction  between  the  structural  response 
.t,  piezoelectric  voltage  u,,  the  piezoelectric  EMC  matrix, 
and  the  piezoelectric  capacitance  matrix  Cp.  By 
constraining  the  patch  charge  to  zero  with  an  open 
circuit  (ideally),  the  voltage  output  configuration  of  the 
piezoelectric  sensors  is  then 


Mi'  4-  Cx  -f  Kx  =  ©u  u 

v,  =  -C'1©^. 

Noting  that  only  the  forcing  terms  are  different  for 
equation  (1)  and  the  actuator  equation,  we  can  substitute 
0fu/  for  //  in  equation  (3)  so  that  the  receptance 
becomes 


x 


di(s  -  p^ 


+ 


v,. 


(5) 


actuator  equation  Mi  +  Ci  +  ICc  =  @av 
sensor  equation  ©fTx  —  Cpu,  =  q 


Now  the  sensor  equation  can  be  used  to  determine 
an  input-output  relationship  from  the  Ith  piezoelectric 
actuator  to  the  ith  piezoelectric  sensor. 


as  described  in  Hagood  eta l  (1990).  Here  the  traditional 
force  vector,  f,  is  replaced  by  ®av  where  ©a  is 
an  electromechanical  coupling  (EMC)  matrix  associated 
with  the  vector  of  actuator  voltages  v.  The  sensor 
equation  indicates  that  the  piezoelectric  element  charge 
output  vector  q  depends  on  an  electrical  term  Cptv 
and  an  electromechanical  term  ©$Tx  where  Cp  is  the 
piezoelectrics’  diagonal  capacitance  matrix  and  ©s  is 
an  EMC  matrix  associated  with  the  sensor  elements. 
The  sensor  equation  defines  the  selection  of  appropriate 
sensor  circuitry,  which  is  chosen  as  first-order,  non- 
inverting  amplifiers  for  measurements  of  the  open-circuit 
patch  voltage  vs  in  the  experiments  presented  in  this 
paper. 

The  EMC  matrix  ©a,(s)  describes  the  interaction 
between  electrical  effects,  such  as  voltage  and  charge, 
and  mechanical  effects,  such  as  force  and  displacement. 
The  matrix  values  are  calculated  from  the  volume 
integral 

®  =  f  VjLyLv%  (4) 

Jv, 

where  the  integration  is  over  the  piezoelectric  patch 
volume  Vp,  'i>r  (3x„)  is  the  basis  of  the  structure’s 
generalized  coordinates  x,  Lu  (6x3)  is  the  differential 
operator  relating  displacement  and  strain,  Lv(ix 0  is  the 
voltage  gradient  operator,  and  ^(lx(n)  are  the  voltage 
modes.  The  piezoelectric  constant  <?[6x3)  is  a  function  of 
the  piezoelectric  properties  relating  voltage  and  stress. 
The  EMC  matrices  ©“  and  @J  have  two  different 
interpretations:  (i)  transformation  between  volts  and 
force  (with  units  of  N  V-1)  and  (ii)  transformation 
between  displacement  and  charge  (with  units  of  C  m"1) 
respectively. 


v‘  p  hi  a^-pi)  <(* - pd 

(6) 

We  can  further  simplify  the  above  expression  by  defining 

©o  =  *[©,•  (7) 

The  k,  ith  element  of  the  pole-residue  modal  model 
(vs/v)  for  sheet  piezoelectric  transducers  can  then  be 
written  as 


VsJk 

vt 


3S  -C”1 


1  =  1 


Ms -Pi)  '  a?{s-pr) 


+ 


yik 


=  -  c~l 

s 


E 

;=  i 


A, 


k.l 


+ 


A; 


k.l  . 


(s  -  p^  ( s  -  pi) 


(8) 


where  Af'(  =  ©^/a,.  In  this  representation  ©  is  now 

©  =  <t>T©  =  f  <t>Ty LrueJ Lv%  (9) 

Jv, 


=  f  ijLWL.% 

Jvn 


(10) 


where  are  the  structure’s  natural  (orthogonal)  mode 

shapes  and  ©  is  the  EMC  matrix  in  the  natural  mode 
basis. 

It  is  apparent  from  equation  (8)  that  dynamic 
modeling  of  a  coupled  structure  piezoelectric  system 
requires  knowledge  of  the  system  eigenvalues  px  and  the 
EMC  matrices  Qa  and  @J.  A  comparison  of  the  residues 
from  equations  (3)  and  (8)  shows  that  the  distinction 
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between  the  pole-residue  models  for  piezostructures 
and  conventional  structures  is  the  modified  residue 
term.  The  traditional  residue  expression  A f'f  = 
<J>*, /<!>// <7,  is  a  spatial  function  whose  numerical  values 
are  determined  by  the  sensor/actuator  locations  and  the 
boundary  conditions  of  the  structure.  The  residue  for 
the  piezostructure  Au  =  G^G^/a,  exhibits  the  same 
functional  dependencies,  in  addition  to  a  functional 
dependence  on  the  material  properties  and  piezoelectric 
geometries  described  by  equation  f  10).  This  additional 
dependence  on  piezostructure  parameters  is  manifested 
by  new  zeros  for  the  piezostructure  FRFs,  even  when 
the  sensor  and  actuator  locations  are  identical  for  both 
traditional  and  piezostructure  measurements. 

The  development  of  the  pole-residue  model  of 
equation  (8)  has  important  implications  in  regards 
to  modal  testing  of  piezostructures.  First,  existing 
curve-fit  software  can  now  be  used  to  estimate  the 
system  poles  and  residues.  Extraction  of  the  residues, 
however,  does  not  generate  estimates  of  the  system 
mode  shapes.  Instead,  the  modal  electromechanical 
coupling  (MEMC)  matrix  can  be  estimated.  The 
procedure  to  calculate  the  individual  elements  of  the 
MEMC  is  identical  to  the  procedure  used  for  conventional 
modal  matrix  calculations.  The  drive-point  residue 
must  be  known,  as  discussed  previously,  for  those 
calculations  to  proceed.  For  piezostructures  with  patch 
elements,  true  drive  point  measurements  must  be  made 
using  sophisticated  circuitry  which  allows  simultaneous 
sensing  and  actuation  of  the  piezoelectric  element.  When 
a  true  drive-point  measurement  is  not  available,  a  nearly 
collocated  element  may  provide  adequate  results  for 
lower  frequency  modes.  Next,  a  nearly  collocated  modal 
test  experiment  is  described.  Test  results  are  then  used 
to  design  a  MIMO  feedback  control  experiment. 


3.  Modal  test  of  a  simply-supported  plate 
using  piezoelectric  materials 

A  simply-supported  plate  was  used  as  a  testbed 
experiment  to  investigate  an  approximate  piezostructure 
modal  testing  method.  The  approximation  refers  to 
the  use  of  nearly  collocated  drive-point  measurements 
instead  of  truly  collocated  actuators  and  sensors.  A 
description  of  the  modal  test  experiment  and  the  modal 
analysis  results  are  presented  next. 

3.1.  Description  of  the  experiment 

A  steel  plate  of  dimensions  600  x  500  x  2.9  mm  was 
constrained  in  a  steel  housing  to  approximate  simply- 
supported  boundary  conditions.  The  details  of  the  plate 
construction  follow  the  drawings  provided  by  Saunders 
et  al  (1993)  and  a  schematic  of  the  testbed  in  shown 
in  figure  1.  The  (0,0)  coordinate  reference  is  taken  at 
the  top  left  comer  of  the  plate  (front  view).  Sensor  and 
actuator  numbers  shown  on  figure  l  refer  to  the  numbers 
in  tables  1  and  2  respectively.  The  sensor  and  actuator 
measurements  shown  in  the  tables  refer  to  the  center 


Figure  1.  Simply-supported  plate  testbed  sensor  and 
actuator  placement 


Table  1.  Sensor  locations  (mm). 


/ 

*0 

/o 

1 

133.35 

64.77 

2 

133.35 

214.78 

3 

133.35 

316.23 

4 

133.35 

413.00 

5 

253.20 

64.77 

6 

253.20 

214.78 

7 

253.20 

316.23 

8 

253.20 

413.00 

9 

373.06 

64.77 

10 

373.06 

214.78 

11 

373.06 

316.23 

12 

373.06 

413.00 

13 

485.70 

64.77 

14 

485.70 

214.78 

15 

485.70 

316.23 

16 

485.70 

413.00 

Table  2.  Actuator  locations 

(mm). 

/ 

*0 

yo 

1 

299.40 

254.40 

2 

149.20 

254.40 

3 

149.20 

374.60 

4 

498.50 

374.60 

5 

165.10 

155.60 

of  the  patch  elements.  Notice  in  the  figure  that  sixteen 
discrete  PVDF  sensors  were  arranged  on  the  plate  at  the 
locations  described  by  table  1.  The  sensor  dimensions 
were  25.40  x  27.94  mm  with  a  thickness  dimension  of 
28  /xm.  The  sensitive  axis  of  the  ceramic  sensors  and 
actuators  were  along  the  x  direction.  Note  that  the  sensor 
dimensions  are  small  compared  with  the  wavelengths  of 
the  first  five  plate  modes.  Five  PZT  patch  actuators  were 
bonded  to  the  plate  using  the  locations  shown  in  table  2. 
The  actuator  dimensions  were  30.48  x  25.40  mm  with  a 
thickness  of  254  ^m. 
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The  signal  conditioning  and  data  acquisition  hard¬ 
ware  components  for  the  modal  testing  and  active  control 
experiments  were  designed  and  custom-built  at  Virginia 
Tech’s  Smart  Structures  Laboratory.  A  sixteen-channel, 
variable-gain,  filter-amplifier  for  the  PVDF  sensors  was 
constructed  using  JFET  op-amps  (Burr  Brown  OPA  602). 
Bench  testing  of  the  sensor  amplifier  unit  was  completed 
to  fine-tune  the  filter  settings,  ensuring  that  the  low  fre¬ 
quency  cut-off  was  sufficiently  below  the  bandwidth  of 
interest  for  the  testing,  5-^00  Hz.  For  PZT  actuation,  in¬ 
expensive  power  amplifiers  were  designed  using  power 
op-amps  and  audio  transformers.  This  configuration  was 
bench-tested  in  situ  to  determine  the  effective  actuator 
dynamics  required  for  the  state  space  modeling. 

The  data  acquisition  and  controller  hardware  were 
custom-built.  Transputer-based  components  designed  by 
Inmos.  The  data  acquisition  hardware,  TDACS  II, 
was  custom-built  at  the  Smart  Structures  Laboratory. 
The  system  consists  of  sixteen  12-bit  input  channels 
capable  of  simultaneous  sample-hold  and  sixteen  12- 
bit  DACs  with  a  dynamic  range  of  ±10  V,  controlled 
by  a  25  MHz  T800  and  a  20  MHz  T220  processor. 
For  control  computations,  a  B008  motherboard  with 
parallel  processing  capabilities  is  installed  in  a  host 
80386  computer.  The  motherboard  is  equipped  with 
25  MHz  T800  and  30  MHz  T800  VLSI  processors. 
The  T220  processor  has  a  16-bit,  fixed-point  processor 
and  16-bit  external  memory  interface.  The  T800  is  a 
floating-point,  32-bit  processor  with  a  32-bit  memory 
interface  and  four  links  to  other  transputers.  For 
this  experiment,  a  single  T800  processor  was  used  to 
implement  the  control  law  calculations.  A  custom-built 
signal  analyzer,  TFAS12,  was  generated  to  acquire  the 
plate  dynamic  measurements.  The  TFAS12  analyzer 
software  provides  simultaneous  sampling  of  twelve  input 
channels  and  subsequent  calculations  of  HI  transfer 
functions,  autospectra,  and  coherence  values.  The 
controller  design  for  the  experiments  in  this  paper  used 
a  single  T800  processor  for  the  computations  and  the 
TDACS  II  hardware  for  the  closed-loop  i/o. 

Modal  testing  of  the  simply-supported  plate  was 
performed  to  estimate  the  modal  parameters  necessary 
for  a  state-space  description  of  the  plate  using  modal 
coordinates.  HI  frequency  response  functions  (FRFs) 
were  generated  for  all  sixteen  PVDF  locations.  One 
additional  nearly-collocated  response  measurement  was 
acquired  by  placing  a  PVDF  sensor  adjacent  to  PZT 
actuator  #5.  The  nearly-collocated  sensor  will  be 
referred  to  as  sensor  #17.  Actuator  #5  was  used  to 
excite  the  plate  for  the  FRF  measurements.  A  continuous 
random  signal  was  chosen  for  the  data  acquisition.  A 
large  number  of  averages  (200)  were  acquired  for  each 
FRF  measurement.  The  analysis  range  of  the  data  was 
0-400  Hz.  This  range  was  chosen  because  the  desired 
bandwidth  for  the  closed-loop  control  experiments  was 
0-250  Hz.  The  control  bandwidth  was  selected  for 
control  of  the  first  five  plate  modes.  The  results  of  the 
FRF  measurements  and  analysis  are  discussed  in  the  next 
section. 


(«). 


(*) 


Figure  2.  Curve  fit  and  experimental  frfs  for  sensor  #1. 
(a)  magnitude,  (b)  phase. 


3.2.  Modal  test  and  analysis  results 

The  HI  FRF  matrix  corresponding  to  actuator  #5  was 
used  to  estimate  the  poles  and  residues  of  the  plate 
structure.  Representative  transfer-point  FRFs  from 
sensor  locations  #1  and  #13  are  shown  in  figures 
1  and  2.  The  nearly-collocated  drive-point  response 
measurement,  from  sensor  #17,  is  shown  in  figure 
3.  The  FRFs  indicate  the  moderately  light  damping 
and  separation  of  the  first  five  structural  modes  which 
are  indicated  on  the  figures,  making  pole  estimation  a 
relatively  easy  task.  (A  testbed  system  mode  at  89  Hz 
was  evident  for  certain  FRF  measurements,  including 
sensor  #13.  For  the  control  results  presented  in  the  next 
section,  the  system  mode  was  an  unmodeled  mode  as 
discussed  by  Saunders  et  al  1993.)  Two  curves  are 
shown  for  each  figure,  the  measured  and  the  curve- 
fit  quantities.  The  curve-fit  quantities  shown  were 
synthesized  from  the  generated  test  model.  A  brief 
discussion  of  the  parameter  estimation  which  lead  to  the 
curve-fit  synthesis  follows. 

A  frequency-domain,  modal  curve-  fit  algorithm  de¬ 
veloped  at  Virginia  Tech  was  used  for  the  piezostruc¬ 
ture  modal  parameter  estimation.  The  MODHAN  code, 
created  by  Han  and  Wicks  (1989),  is  a  rational  frac¬ 
tions  approach  which  employs  orthogonal  polynomial 
basis  functions  in  a  least-squares  minimization  method 
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(a) 


(*) 


Figure  3.  Curve  fit  and  experimental  frfs  for  sensor  #13. 
(a)  magnitude,  ( b )  phase. 


Table  3.  Estimated  pole  parameters. 


r  r  (  d2vj/r  g-vp  \ 

Ok -Ski  I  f e3],k-j-^  ±e32.*-— r  j  dydLr  (11) 

where  e3\  and  e32  are  properties  of  the  piezoelectric,  S  is 
the  area  moment  of  inertia,  and  vp  are  the  mode  shapes 
of  the  simply-supported  plate.  The  field-stress  constant 
e  is  different  for  PZT  and  PVDF  materials.  The  area 
moment  of  inertia  S  changes  with  different  thicknesses 
of  the  PZT  actuators  and  PVDF  sensors  used  in  the 
experiment.  Finally,  the  mounting  locations  affect  the 
integrand  through  changes  in  the  mode-shape  quantities 
vl/. 

For  the  experiment,  several  assumptions  were  made. 
First,  it  was  assumed  that  e3]  and  e32  were  the  same.  This 
allowed  removal  of  the  quantity  from  the  integration. 
(Their  values  actually  differ  by  a  factor  of  two,  so  an 
average  quantity  was  used.)  Second,  since  PVDF  sensor 
#17  was  placed  very  close  to  the  driving  patch  it  was 
assumed  that  the  evaluation  of  the  integral  remained 
the  same  for  actuator  and  sensor.  These  assumptions 
allowed  the  product  e3]S  to  be  factored  out  of  the 
residuals.  Measurements  of  the  diagonal  Cp  matrix 
were  then  made  using  a  capacitance  meter  allowing  the 
eigenvectors  to  be  estimated.  The  quantity  e3]S  was 
then  multiplied  back  in  to  yield  estimates  for  ©.  Curve 
fits  of  the  FRFs  using  the  modal  parameter  estimations 
are  compared  to  the  measured  data  in  figures  2-4.  The 
low-frequency  magnitude  and  phase  estimates  are  wrong 
because  of  the  filtering  characteristics  introduced  by 
the  sensor  amplifier  unit.  Essentially,  the  amplifier 
introduced  a  real  pole  to  the  system  dynamics  which 
was  difficult  to  model  using  the  pole-residue  approach 
described  earlier.  A  compensation  method  for  this 
problem  is  currently  being  examined. 


Mode 

Frequency  (Hz) 

c 

1 

47.7±0.3 

0.77±0.10 

2 

86.9±1 .3 

2.00±0.90 

3 

109.4±0.1 

0.39±0.03 

4 

131 .5±0.2 

0.34±0.04 

5 

192.7±0.1 

0.26±0.00 

6 

206.4±0.2 

0.31  ±0.04 

for  pole-residue  estimation.  The  modal  analysis  of  the 
FRF  matrix  resulted  in  the  frequency  and  damping  es¬ 
timates  shown  in  table  3.  Frequency  and  damping  es¬ 
timates  for  each  individual  FRF  were  fairly  consistent, 
agreeing  within  the  shown  standard  deviations. 

An  approximation  of  the  EMC  values  was  obtained 
using  the  residue  quantities  defined  by  equation  (8). 
The  source  of  the  approximation  is  discussed  next. 
Referring  back  to  equation  (8),  recall  that  different 
MEMC  values  were  required  for  sensor  versus  actuator 
elements.  Differences  between  the  two  values  may  be 
caused  by  different  materials  for  the  sensor  and  actuator 
piezoelectric  materials,  differences  in  the  area  moments 
of  inertia,  and  differences  in  the  mounting  locations. 
This  is  evident  in  a  more  explicit  expression  of  ©*  for 
the  &th  piezo  element: 


4.  MIMO  feedback  control  experiments 

A  state-space,  LQG  controller  was  designed  using  the  test 
model  created  from  the  piezostructure  modal  test  results. 
Active  vibration  control  experiments  were  performed  to 
suppress  the  effects  of  a  wideband  disturbance  on  the 
five  lowest  plate  modes.  A  brief  review  of  the  control 
law  and  the  test  results  are  presented  below. 

4.1.  Description  of  the  experimental  MIMO 
controller 

A  state-space  model  in  modal  coordinates  was  developed 
from  the  modal  test  results  described  in  the  previous 
section.  The  dynamic  model  was  then  used  in  initial 
MIMO  control  experiments  to  demonstrate  the  potential 
for  closed-loop  performance.  A  linear  quadratic 
Gaussian  (LQG)  controller,  which  combines  linear 
quadratic  regulator  feedback  control  with  an  optimal 
stochastic  estimator  (Kalman  filter),  was  used  for  the 
experiments.  This  feedback  controller  minimizes  a 
quadratic  cost  functional  which  weighs  system  states 
against  controller  effort  (Stengel  1986).  A  brief 
description  of  the  control  law  is  shown  next. 
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Figure  4.  Curve  fit  and  experimental  frfs  for  sensor  #17. 
(a)  magnitude,  (b)  phase. 


A  sampled-data  model  of  the  plate  dynamics  was 
assumed: 

state  propagation:  xk  =  +  r«*_i<t>(IX(Ir1,x, 

measured  output:  yk  =  CxkCpxn 
general  output:  yk  =  CxkCNxn 

(12) 

where  the  control  signal  corresponded  to  state  feedback 

uk  =  -Kxk  Kqxn.  (13) 

Second-order  actuator  dynamics  were  combined  with 
N  modal  positions  and  velocities  to  form  the  state 
vector  x.  Thus,  the  system  order  n  depends  on  the 
number  of  inputs  q  used  in  each  experiment,  resulting 
in  n  =  2 (N  4-  q).  Recall  that  the  model  was  truncated 
at  five  modes  for  this  experiment.  The  state  matrix  <1> 
is  a  series  of  second-order  dynamics  for  each  mode  and 
each  actuator.  The  input  matrix  T  is  derived  from  the 
modal  matrix  and  the  output  matrix  C  =  [I N  0]. 

When  direct  measurements  of  the  modal  positions 
and  velocities  are  not  available,  as  is  seldom  the  case, 
an  estimator  structure  can  be  used  to  create  the  control 
signals  (Willems  1980).  For  the  control  experiments,  a 
predictor-corrector  format  of  the  Kalman  filter  equations 
were  modified  for  computational  efficiency  as  described 
previously  by  Cole  et  al  (1994).  Beginning  with  the 
predictor-corrector  equations: 


xk  —  4>x^_|  +  r  uk_  i 
Yk  =  Mfv* 

Yk  =  C.i~  (141 

*k  —  *k  +  L(yk  -  yk) 
wk  =  Kxk 

the  control  wk  becomes  a  function  of  the  estimated  states 
x.  The  operation  of  the  modal  filters  Mf  is  required 
to  convert  the  measured  outputs  to  modal  coordinates. 
Mf  was  created  using  a  pseudo-inverse  of  the  MEMC 
quantities  from  the  modal  analysis  discussed  above.  As 
discussed  by  Shelley  (1991),  calculation  of  modal  filters 
from  modal  test  data  is  a  potential  source  of  uncertainty 
in  real-time  modal  filtering.  No  attempt  was  made 
to  isolate  the  effects  of  modal  filtering  on  the  results 
presented  in  this  paper.  Finally,  the  two  gain  matrices 
K  and  L  were  calculated  using  MATLAB’s  DLQR 
and  DLQE  functions,  respectively.  The  quadratic  cost 
function  used  to  generate  the  control  law  was 

Q  =  [/*/yO]T[/*/.vO]  (15) 


where  p  =  5  x  10"8  was  selected  for  all  cases  presented. 

The  implementation  of  the  digital  LQG  controller  was 
improved  by  rearranging  terms  and  performing  a  change 
of  variables  zk  =  xk  —  Lyk  to  condense  equation  (14) 
into 

Zk  =  (<J>  -  LCtyzk-i  +  (<t>  -  LC<t>)Lyk.\ 

+  (r-  Lcr>t_, 

wk  =  Kzk  +  KLyk.  (17) 

Next,  the  results  of  the  closed-loop  experiments  are 
presented. 

4.2.  Closed-loop  experimental  results 

Three  full-order  LQG  control  experiments  were  imple¬ 
mented  on  the  simply-supported  plate  testbed:  one  SIMO 
and  two  MIMO  (2  and  4  inputs)  experiments.  The 
PVDF  sensors  were  conditioned  to  measure  physical  po¬ 
sitions  and  the  five  PZT  actuators  were  configured  to 
excite  bending  modes  within  the  plate.  PZT  actuator  #5 
was  used  to  provide  a  broadband,  persistent  disturbance 
input.  The  condensed  observer  equations  discussed 
above  resulted  in  faster  sampling  rates  than  in  predictor- 
corrector  implementations  as  discussed  by  Cole  et  al 
(1994)  and  Saunders  et  al  (1993):  ^  2700  Hz  versus 
^  2000  Hz  using  the  TDACS  II  i/o  and  Transputer  con¬ 
trol  board. 

The  frequency  response  functions  for  the  three 
closed-loop  experiments  is  compared  to  the  open-loop 
response  in  figure  5.  The  sample  frequencies  and 
performance  metrics  for  the  three  controllers  are  listed 
in  table  4.  Each  controller  added  damping  to  the  five 
modes  within  the  controller  bandwidth  (25-250  Hz)  with 
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frequency  (Hz) 

Figure  5.  Closed-loop  frequency  response  for  mimo 
controllers. 


Table  4.  Controller  sample  rates  and  performance  ratios. 


Inputs 

Oper. 

U  (Hz) 

n(2S.250]/noL 

n(25.17S]/n0L 

1 

193 

2698 

0.362 

0.443 

2 

222 

2273 

0.243 

0.213 

4 

280 

1650 

0.543 

0.191 

marginal  spillover  to  unmodeled  modes  both  in  and 
outside  of  the  controller  bandwidth.  As  a  metric  of 
performance  we  define 


r(^h 

rw*j  =  2/  ir„(»i2dw  (18) 

J  QJa 

which  relates  to  the  vibrational  energy  of  the  structure 
over  the  frequency  bandwidth  wa  <  \w\  <  oob.  Here  Txy 
is  the  frequency  response  function  between  disturbance 
x  and  response  y.  The  performance  metrics,  normalized 
by  the  open-loop  response  over  the  same  bandwidth,  are 
also  listed  in  table  4. 

The  loss  in  performance  of  the  4-input  controller  at 
the  fourth  mode  natural  frequency,  206  Hz,  is  believed 
to  result  from  poor  actuator  placement.  The  4th  mode 
of  the  simply-supported  plate  is  a  (2,  2)  mode  and 
two  of  the  actuators  lie  on  a  nodal  line  of  this  mode. 
It  is  expected  that  improved  actuator  placement  could 
improve  the  performance  of  all  of  the  controllers. 


5.  Conclusions 

An  approximate  method  for  modal  testing  of  a 
piezostructure  was  demonstrated  using  a  simply- 
supported  plate  structure.  A  new  pole-residue  expression 
was  developed  to  cast  the  system  identification 
problem  for  piezoelectric  structural  measurements  in 
a  modal  analysis  framework.  It  was  shown  that 
simultaneous  sensing  and  actuation  of  the  piezoelectric 
sheet  transducers  is  strictly  required  for  a  successful 
application  of  the  proposed  approach.  Although  the 
technology  exists  for  the  simultaneous  measurement 


approach,  the  associated  difficulties  warrant  asking  the 
question  whether  the  nearly-collocated,  approximate 
modal  analysis  approach  used  in  this  paper  can  generate 
test  models  which  provide  the  desired  closed-loop 
behavior. 

The  approximate  modal  test  results  for  the  simply- 
supported  plate  generated  test  models  which  synthesized 
the  structural  response  with  sufficient  accuracy  to  allow 
substantial  reductions  in  vibration  response  under  the 
action  of  one,  two  or  four  control  actuators.  For 
this  experiment,  three  dominant  sources  of  control 
performance  degradation  were  identified.  First,  the 
approximation  techniques  used  to  estimate  the  EMC 
matrix  quantities  may  be  partly  responsible  for  decreased 
closed-loop  performance.  Second,  the  modal  filtering 
process  may  also  contribute  to  decreased  performance. 
Third,  the  unmodeled  modes  in  the  control  bandwidth 
contribute  to  less-than-optimal  performance  of  the 
closed-loop  system.  Future  work  is  planned  to  isolate 
the  effects  of  the  different  mechanisms  of  uncertainty. 

Finally,  the  use  of  existing  modal  analysis  algorithms 
for  piezostructure  parameter  identification  has  enormous 
potential  to  advance  significantly  smart  structure 
technology.  The  modal  analysis  community  is  perhaps 
the  largest  constituency  of  scientists  who  are  interested 
in  structural  modeling.  Development  of  analysis  tools 
which  are  compatible  with  the  knowledge-base  and 
methodologies  of  the  modal  analysts  will  encourage 
their  participation  in  the  emerging  field  of  adaptive  and 
intelligent  structures. 
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Experiments  on  Active  Control  of 
Plate  Vibration  Using  Piezoelectric 
Actuators  and  Polyvinylidene 
Fluoride  (PVDF)  Modal  Sensors 


rnnHnftl^enl  WQS  Performed  to  investigate  the  implementation  of  shaped  PVDF 
th?n,hrntmS  Tb  °  supported  octangular  plate  to  control  specific  modes  of 
,t  fT,  Theplat*  T  excited  ^  *  steady-state  harmonic  point. force  while 
the  control  was  achieved  by  two  independent  piezoelectric  actuators  bonded  to  the 
surface  of  the  plate.  A  two-channel  adaptive  controller  based  on  the  multi  invut 
multi-output  fdtered  X  IMS  algorithm  was  used  to  provide  feed  fZwfrd  control 
Two  P  VDF  modal  sensors  were  shaped  such  that  the  (3,1)  mode  was  the  dominant 

fhZfn  m°f  0bse,rved  by  the  sensors.  With  this  configuration,  the  amplitude  of 
the  (3, 1 )  mode  can  be  minimized  regardless  of  excitation  frequency.  A  comparative 

that  Tor  Phnfrmed  bJ  Zn§  !W°  accelerometers  as  error  sensors.  Results  indicate 
hat  for  both  on  and  off -resonance  excitations,  the  shaped  PVDF  modal  sensors 

ZaZaZodes0,nl'err0r  ®  “^meters  for  controlling  specific 


1  Introduction 

Distributed  sensors  and  actuators  constructed  from  piezo- 
elearic  materials  such  as  polyvinylidene  fluoride  (PVDF)  and 
PZT  have  been  the  focus  of  much  research  in  the  last  decade. 
Bailey  and  Hubbard  (1985)  introduced  a  method  for  control- 
mg  vibrational  modes  of  a  cantilever  beam  with  a  spatially 
dutnbuted  actuator  manufactured  from  PVDF.  A  later  study 
by  Miller  and  Hubbard  (1987)  provided  the  foundation  for 
is  ributed  sensing  with  PVDF  on  a  one-dimensional  structure 

nZZfT  (Jml'  aS  We“  35  Lee’  ch*an§>  and  Sullivan 
(1989),  developed  models  for  two-dimensional  plate  structures 
ror  distributed  sensing.  A  detailed  overview  of  the  diverse 
applications  of  piezoelectricity  was  made  by  Collins,  Miller 

noon0"  F,0t°T (1990)'  A  recent  stucJy  by  Burke  and  Hubbard 
(1991)  outlined  a  method  of  designing  “weighted”  actuators 
and  sensors  for  vibration  control  of  thin  plates.  While  the 
design  procedure  is  relatively  simple,  achieving  the  practical 
esign  is  more  involved  since  the  polarization  profile  (i.e. 
sensitivity  as  a  function  of  spatial  coordinates)  must  be  varied 
iW  hTw  °^W°  d‘mensions  for  a  plate  structure.  This 

(1991h^Qb^nioo^f  Sed  t0  S°me  degree  by  Clark  and  Fuller 
U ,  ’  lyy2a’  1992b)  m  previous  studies  implementing  rectan¬ 
gular  error  sensors  constructed  from  PVDF  for  active  struc¬ 
tural  acoustic  control.  However,  a  modal  sensor  for  two- 
dimensional  structures  has  not  yet  been  achieved  in  practice. 


Z°o7!nZd^  th'  TeCu"iCal  Committ«  Vibration  and  Sound  for  pub- 

W2-  relised^ ’  ^ovztics.  Manuscript  received  July 

’  revtsed  June  1993.  Associate  Technical  Editor:  L.  A.  Bergman. 


Thus,  the  thrust  of  the  present  work  is  to  suggest  an  alter¬ 
native  method  of  designing  an  “approximate”  modal  sensor 
for  two-dimensional  structures.  In  practice,  this  is  achieved  by 
designing  two  modal  sensors,  one  for  each  respective  dimension 
of  the  structure,  positioned  such  that  the  response  of  the  desired 
mode  is  dominant.  In  the  case  to  be  studied,  one  sensor  is 
designed  to  measure  the  (3,*)  modes  (here  denotes  all 
positive  integer  values)  of  a  simply  supported  plate  in  the  x- 
direction,  and  the  other  sensor  is  constructed  so  as  to  measure 
the  (*  ,1)  modes  of  the  plate  in  the  v-direction.  The  combined 
etfort  of  these  sensors  is  to  dominantly  measure  the  (3,1)  mode 
of  the  plate  as  an  approximation  of  a  2-D  sensor.  Hence,  the 
response  of  the  two-dimensional  structure  must  be  separable 
in  orthogonal  coordinates.  This  work  draws  concepts  from 
both  the  strip  rectangular  PVDF  sensor  designs  suggested  by 
Clark  and  Fuller  (1991,  1992a,  1992b)  and  the  design  approach 
outlined  by  Burke  and  Hubbard  (1991). 

To  evaluate  the  shaped  PVDF  sensor  design,  tests  were  con¬ 
ducted  on  a  simply  supported  plate  driven  harmonically  with 
a  sha^eJ*  The  vibration  of  the  plate  was  then  attenuated  using 
a  feed-forward  control  approach  in  conjunction  with  piezo¬ 
ceramic  actuators  and  PVDF  sensors.  Accelerometer  error  sen¬ 
sors  were  implemented  as  an  alternative  to  the  shaped  PVDF 
error  sensors  to  provide  a  basis  for  comparison  between  point 
sensors  and  distributed  sensors,  respectively.  The  results  in¬ 
dicate  that  the  accelerometer  error  sensors  did  not  achieve  the 
same  level  of  modal  control  as  the  shaped  PVDF  modal  sensors 

at  the  mode  of  interest,  particularly  at  off-resonant  frequen¬ 
cies. 
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Fig.  1  Experimental  setup 


2  Experimental  Setup 

The  experimental  setup  is  shown  in  Fig.  1.  The  test  plate 
measures  380x300x1.96  mm  and  was  configured  to  have 
simply  supported  boundary  conditions.  The  implementation 
of  the  simply  supported  boundary  was  well-explained  in  pre¬ 
vious  papers  (Hansen  et  al.,  1989;  Clark,  1992a).  This  setup 
has  been  tested  several  times  at  the  Vibration  and  Acoustic 
Laboratory  of  Virginia  Tech  and  the  simply  supported  bound¬ 
ary  condition  has  been  proven  satisfactory  (Clark,  1992a).  For 
comparison,  the  first  1 1  measured  resonant  frequencies  of  the 
plate  are  compared  to  the  first  11  predicted  resonant  frequen¬ 
cies  in  Table  1,  demonstrating  accuracy  to  within  1.3  percent. 

The  disturbance  input  to  the  plate  was  provided  by  a  shaker 
connected  to  the  plate  with  a  stinger.  The  plate  response  was 
measured  with  two  accelerometers,  one  positioned  at  a  fixed 
reference  point  and  the  other  was  positioned  at  13  independent 
coordinates  on  the  plate  to  measure  the  transfer  function  be¬ 
tween  it  and  the  reference  under  steady-state  conditions.  The 
results  were  recorded,  and  then  a  modal  decomposition  (Han¬ 
sen  et  al.,  1989)  was  performed  to  recover  the  independent 
modal  amplitudes.  The  effect  of  mass  loading  resulting  from 
the  two  measurement  accelerometers  (B  &  K  type  4374)  was 
neglected  in  the  post-processing  of  the  structural  response  since 
the  mass  of  each  accelerometer  was  0.65  grams.  The  output 
of  these  accelerometers  was  processed  with  aB&K  2032  dual¬ 
channel  spectrum  analyzer,  and  the  response  was  measured 
sequentially  at  the  13  independent  coordinates  on  the  structure. 

The  control  actuators  were  implemented  with  two  sets  of 
piezoelectric  actuators  as  illustrated  in  Fig.  2.  The  mathemat¬ 
ical  model  of  the  actuator  was  previously  derived  by  Dimi- 
triadis,  et  al.,  (1989).  Each  actuator  consists  of  two 
piezoceramic  elements  of  dimension  38x31x0.19  mm  bonded 
symmetrically  to  the  front  and  rear  of  the  plate  with  M-bond 
200  adhesive.  These  two  elements  were  wired  out-of-phase  such 
that  while  one  symmetrically  located  element  induced  exten¬ 
sion,  the  other  induced  contraction,  and  the  two  elements 
combine  to  produce  pure  bending  about  the  neutral  axis  of 


Fig.  3  Block  diagram  of  adaptive  LMS  controller 


the  plate.  Because  the  piezoelectric  actuators  required  high- 
voltage  excitation,  the  voltage  amplification  was  provided  by 
a  transformer  connected  to  the  output  of  a  control-signal  power 
amplifier  to  increased  the  voltage  by  17:1  for  each  of  the  PZT 
actuators. 

Control  was  achieved  with  a  two-channel  adaptive  controller 
based  on  the  multiple-error,  filtered  X  LMS  algorithm  imple¬ 
mented  on  a  TMS320C25  DSP  resident  in  an  AT  computer. 
The  control  schematic  is  illustrated  in  Fig.  3.  A  more  detailed 
description  of  the  control  algorithm  can  be  found  in  a  reference 
by  Elliott,  et  al.,  (1987).  The  harmonic  disturbance  signal  input 
to  the  shaker  was  also  fed  into  the  LMS  adaptive  controller 
as  the  reference  signal. 

As  shown  in  Fig.  2,  one  PVDF  sensor  was  shaped  to  sense 
the  family  of  (3,  * )  (where  ‘  *  ’  means  a  family  of  modes  and 
is  an  arbitrary,  positive  integer)  modes  of  vibration  and  the 
other  to  sense  the  family  of  (*  ,1)  modes  of  vibration  (Lee  and 
Moon,  1990).  As  discussed  in  Section  1,  the  combination  of 
these  two  sensors  provides  a  modal  filter  for  minimizing  the 


Nomenclature 


a 


e$i 

e°n 

e°36 


FP0(x,y) 


hp 

hs 

j 

Lx 


center  coordinate  in  y-direction  of  PVDF  sen¬ 
sor 

width  of  PVDF  sensor  in  y-direction 
stress  per  charge  constant  in  x-direction 
stress  per  charge  constant  in  y-direction 
stress  per  charge  constant  (cross-axis) 

shape  and  polarization  profile  as  a  function  of 
area 

thickness  of  structure 
thickness  of  PVDF  sensor 
complex  number 
length  of  the  plate  in  x-direction 


Lv  = 
M  = 
N  = 
m  - 
n  = 
Q  = 


Ss  = 


w  = 


x>y  = 

w  = 


length  of  the  plate  in  y-direction 
number  of  modes  for  x-direction 
number  of  modes  for  y-direction 
modal  index  for  x-direction 
modal  index  for  y-direction 
sensor  response  in  units  of  charge 
UD  modal  sensor  weights 
2-D  modal  sensor  weights 
modal  amplitudes 
response  of  structure 
coordinates  of  plate 
driving  frequency 
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modes  (i.e.,  for  example,  the  (3,  *)  modes  for*-direction  sen¬ 
sors  or  ( *  ,3)  modes  for  v-direction  sensors)  can  be  constructed. 
If  these  sensors  are  conveniently  placed  on  nodal  lines  of  the 
structure,  other  modes  contributing  to  the  sensor  response 
within  the  desired  family  of  modes  can  be  eliminated  or  reduced 
in  influence  on  the  sensor  output  charge. 

3.3  Design  Sensitivity.  In  many  of  the  references  listed 
in  the  Introduction,  the  studies  are  primarily  theoretical  in¬ 
vestigations.  For  those  studies  involved  with  experimental  im¬ 
plementation  of  the  modal  sensors,  explanations  for  response 
characteristics  deviating  from  that  predicted  are  offered  based 
on  the  inability  to  accurately  “etch”  the  metalization  or  cut 
the  desired  shaped  sensor.  Based  on  experimental  results  con¬ 
ducted  in  this  study,  the  deviation  between  predicted  and  meas¬ 
ured  PVDF  modal  sensor  response  appears  to  be  due  largely 
to  the  inaccuracy  in  placement  of  the  PVDF  sensor  on  the 
structure.  As  demonstrated  by  Clark  and  Burke  (1993),  asmall 
error  in  positioning  the  PVDF  sensor  on  the  surface  of  the 
structure  can  result  in  significant  response  of  the  sensor  near 
resonance  of  modes  which  were  supposed  to  be  orthogonal  to 
the  spatially  distributed  sensor.  However,  for  off-resonance 
response,  the  frequency-response  function  of  the  sensor  with 
respect  to  the  disturbance  remains  relatively  unchanged  (Clark 
and  Burke,  1993). 

4  Results 

Experiments  were  performed  implementing  the  shaped  PVDF 
modal  sensors  and  accelerometers  in  active  control  of  plate 
vibration.  Both  on-  and  off-resonance  excitations  were  tested 
to  compare  the  modal  suppression  resulting  from  the  control 
of  the  PVDF  sensors  to  that  of  control  with  the  accelerometer 
error  sensors.  A  two-channel  controller  was  used  for  both  error 
sensor  implementations,  whereby  the  cost  function  was  simply 
the  sum  of  the  error  signals  squared.  The  controlled  response 
for  all  results  was  compared  with  the  uncontrolled  response. 

4. 1  Sensor  Sensitivity  Test.  Prior  to  conducting  tests  with 
the  shaped  PVDF  modal  sensors,  each  sensor  should  be  in¬ 
dividually  tested.  To  evaluate  the  sensors,  a  test  was  performed 
measuring  the  frequency  response  between  a  force  transducer, 
mounted  between  the  stinger  of  the  shaker  and  the  plate,  and 
the  output  of  each  of  the  PVDF  modal  sensors,  using  a  random 
input  disturbance. 

For  the  (3,*)  sensor,  the  response  is  greatest  at  a  driving 
frequency  corresponding  to  the  resonant  frequency  of  the  (3  1) 
mode  as  illustrated  in  Fig.  4.  The  next  dominant  peak  is  ob¬ 
served  at  an  excitation  frequency  corresponding  to  resonance 
of  the  (3,3)  mode.  The  sensor  response  is  predicted,  based  on 
the  theory  outlined  in  the  previous  section,  and  as  can  be  seen, 
some  deviation  is  noted.  In  fact,  this  deviation  was  shown  to 
be  a  function  of  placement  error  in  positioning  the  sensor  on 
the  structure  (Clark  and  Hubbard,  1993).  As  a  result,  some 
unwanted  modes  are  observed,  resulting  in  performance  deg- 
radation  of  the  modal  sensor. 

The  predicted  and  measured  frequency-response  functions 
for  the  (*  ,1)  modal  sensor  are  presented  in  Fig.  5.  The  dom¬ 
inant  response  is  noted  at  the  (1,1)  mode,  which  was  desired. 
This  is  achieved  by  selectively  positioning  the  sensor  on  the 
structure  such  that  the  response  of  other  (* ,1)  modes  are 
diminished.  As  illustrated,  the  correlation  between  theory  and 
experiment  is  excellent.  Again,  some  minor  deviations  occur 
as  a  result  of  inaccuracy  in  positioning  the  PVDF  sensor  on 
the  structure. 

Such  deviations  in  response  can  be  included  in  an  analytical 
model  and  are  addressed  in  another  publication  (Clark  and 
Burke,  1993).  The  performance  of  the  sensor  needs  to  be  care¬ 
fully  examined  before  any  experiment,  using  the  sensor,  is 
performed.  In  this  test,  both  sensors  were  periodically  eval¬ 
uated  to  confirm  the  desired  performance  characteristics. 


Fig.  4  (3,*)  modal-sensor  frequency  response 


/-  348  Hz,  (3,1)  Mode  Resonance.  The  first  test  was 
conducted  on-resonance  at  an  excitation  frequency  of  348  Hz, 
corresponding  to  the  resonant  frequency  of  the  (3,1)  mode  of 
t  e  plate.  It  should  be  noted  that  this  resonant  frequency  was 
determined  by  fine  tuning  the  driving  frequency  before  con¬ 
ducting  each  experiment.  A  modal  decomposition  was  per¬ 
formed  to  determine  the  contribution  of  each  open-loop 
structural  mode  to  the  response  of  the  simply  supported  plate. 
A  procedure  for  determining  the  modal  distribution,  based  on 
an  array  of  accelerometers,  was  previously  outlined  by  Hansen 
et  al.,  (1989)  and  the  reader  has  referred  to  this  reference  for 
greater  detail.  As  indicated  in  Fig.  6,  the  amplitude  of  the  (3,1) 
mode  dominated  the  response  of  the  system  before  applying 
control.  Significant  response  of  the  (2,2)  mode  also  was  ob¬ 
served  at  this  driving  frequency;  however,  this  was  expected 
since  the  resonant  frequency  of  this  mode  was  measured  at 
3  0  Hz  as  indicated  in  Table  1.  The  contributions  of  all  other 
mod«  were  negligible  compared  with  these  two  modes.  With 
the  shaped  PVDF  sensors,  the  amplitude  of  (3,1)  mode  was 
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Table  1  Resonant  Frequencies  of  the  Plate 


Mode 

Theoretical  fn  (Hz) 

Measured  fn  (Hz) 

(i.D 

87.8 

88 

(2,1) 

189.0 

186 

(1,2) 

250.1 

250 

(2,2) 

351.3 

346 

(3,1) 

357.6 

350 

(3,2) 

519.9 

509 

(1,3) 

520.6 

520 

(4,1) 

593.6 

580 

(2,3) 

621. S 

610 

(4,2) 

755.9 

736 

(3,3) 

790.4 

767 

reduced  by  27  dB,  resulting  in  2.3  dB  of  spillover  into  the  (2,2) 
mode.  The  spillover  results  from  the  implementation  of  the 
shaped  PVDF  error  sensors  since  each  sensor  was  designed  to 
respond  to  the  (3,1)  mode  and  not  the  (2,2)  mode.  Hence,  the 
resulting  cost  function  of  the  LMS  algorithm  does  not  constrain 
the  response  of  the  (2,2)  mode  as  a  result  of  the  chosen  sensor 
design.  The  amplitudes  of  the  majority  of  the  other  modes 
also  were  reduced. 

When  the  error  sensors  were  replaced  by  accelerometers,  the 
(3,1)  mode  was  reduced  by  8.2  dB  (i.e.,  18.8  dB  less  than  that 
observed  with  the  PVDF  modal  sensors).  The  spillover  into 
all  other  modes  was  relatively  large  compared  with  the  result 
achieved  with  the  PVDF  sensors.  The  reason  for  the  degraded 
performance  is,  of  course,  that  accelerometers  are  point  sensors 
and  as  such  will  observe  ail  wave  number  or  modal  responses. 
The  controller  tends  to  achieve  minimization  in  these  off-res¬ 
onance  cases  by  adjusting  the  phases  and  amplitudes  of  the 
uncontrolled  modes  so  that  they  “cancel”  at  the  error  points. 
Often  this  leads  to  significant  control  spillover  away  from  the 
point  sensor  such  that  the  global  properties  of  the  plate  (i.e., 
modes)  may  be  poorly  attenuated  or  even  increased.  This  ex¬ 
ample  serves  to  demonstrate  that  the  shaped  PVDF  modal 
sensors  have  better  performance  than  the  accelerometer  sensors 
for  on-resonance  excitation.  The  results  obtained  with  either 
of  the  two  types  of  error  sensors  illustrate  that  the  dominant 
(3,1)  mode  was  significantly  reduced  upon  applying  control, 
and  modal  suppression  is  observed  at  this  mode. 

4.3  /=  320  Hz,  Off-Resonance.  The  second  test  was  per¬ 
formed  at  an  off-resonance  excitation  frequency  of  320  Hz. 
Results  from  the  modal  decomposition  of  the  uncontrolled  and 
controlled  structural  response  are  depicted  in  Fig.  7.  This  ex¬ 
citation  frequency  is  between  the  resonant  frequencies  corre¬ 
sponding  to  the  (1,2)  and  (2,2)  modes  and  was  chosen  to 
examine  the  performance  of  the  PVDF  sensor  off-resonance 
below  the  resonant  frequency  of  the  (3,1)  mode,  which  the 
PVDF  sensors  were  designed  to  observe  best.  Without  control, 
the  plate  vibration  was  dominated  by  a  number  of  modes 
instead  of  one  or  two  modes  as  in  the  previous  on-resonance 
test  case.  When  PVDF  sensors  were  implemented,  the  (3,1) 
mode  was  significantly  reduced  by  6.6  dB,  the  (1,1)  mode 
decreased  slightly  by  0.17  dB,  and  the  (2,2)  mode  decreased 
by  approximately  8.7  dB,  while  some  spillover  was  observed 
at  other  modes.  Because  the  PVDF  modal  sensors  were  de¬ 
signed  primarily  to  reduce  the  structural  response  of  the  (3,1) 
mode,  it  is  not  surprising  that  they  did  so  at  the  expense  of 
some  increase  in  other  modes.  However,  the  point  to  be  em¬ 
phasized  is  that  the  response  of  the  (3,1)  mode  was  reduced 
even  in  the  off-resonance  test  case,  demonstrating  that  shaped 
PVDF  modal  sensors  perform  well  in  off-resonant  applications 
by  directly  observing  the  mode  to  be  controlled. 

When  accelerometer  error  sensors  were  implemented  in  the 
cost  function  of  the  control  approach,  the  (3,1)  mode  was 
reduced  by  only  3.2  dB.  Hence,  the  PVDF  modal  sensors 
resulted  in  a  3.4  dB  improvement  in  reduction  of  the  response 


(1,1)  (2.1)  (12)  (2.2)  (3.1)  32)  (1.3)  (4.1)  (2.3)  (42)  (3.3)  (5.1)  (1.4) 

Modes 


|  No  Contra  £7]  With  PVDF  Modal  Sansors  Q  With  Acc»i«rom«tar  Sansors 

Fig.  7  Response  at  320  Hz  (off-resonance) 


Mode 


|  JB  C°ntro*  jl^]  With  PVQF  Modal  Sanaora  f~H  With  Acca from » tar  Sansors 

Fig.  8  Response  at  375  Hz  (off-resonance) 

of  the  (3,1)  mode.  This  illustrates  that  the  distributed  PVDF 
sensors  are  superior  to  point  accelerometer  error  sensors  for 
controlling  a  specific  structural  mode  such  as  the  (3,1)  plate 
mode  in  both  off-resonance  and  on-resonance  test  cases  in  the 
absence  of  processing  the  output  of  the  accelerometers  with 
some  modal  filter. 

4.4  /=  375  Hz,  Off-Resonance.  To  further  investigate  the 
behavior  of  the  PVDF  modal  sensors,  another  off-resonance 
excitation  frequency  was  chosen  at  375  Hz,  between  resonant 
frequencies  of  the  (3,1)  mode  and  (3,2)  mode.  Results  from 
the  modal  decomposition  are  presented  in  Fig.  8  and  significant 
control  (18  dB)  over  the  (3,1)  mode  is  achieved  when  imple¬ 
menting  the  PVDF  modal  sensors.  While  accelerometers  also 
perform  well  at  this  frequency,  their  performance  did  not  match 
that  of  the  PVDF  sensors  since  a  reduction  of  only  8.0  dB  was 
observed.  At  the  (3,1)  mode,  the  residual  controlled  amplitude 
is  achieved  when  implementing  the  accelerometer  errors  sensors 
is  more  than  double  that  achieved  when  implementing  the 
PVDF  sensors. 

4.5  /=400  Hz,  Off-Resonance.  The  final  test  was  con¬ 
ducted  to  determine  how  the  PVDF  error  sensors  perform 
under  conditions  when  the  (3,1)  mode  response  is  small  com¬ 
pared  with  the  response  of  other  modes.  When  the  plate  was 
driven  at  400  Hz  (off-resonance  excitation  frequency),  the  (3,1) 
mode  was  not  dominant  and  a  variety  of  structural  modes 
contribute  to  the  response  of  the  plate  as  indicated  in  Fig.  9. 
In  this  case,  upon  applying  control  while  implementing  the 
PVDF  sensors,  the  modal  amplitude  of  the  (3,1)  mode  was 
reduced  by  approximately  12  dB  and  that  of  the  (1,1)  mode 
was  reduced  by  2.6  dB.  This  result  is  not  surprising  since  the 
PVDF  modal  sensors  do  not  respond  exclusively  to  the  (3,1) 
mode.  For  more  complex  situations,  where  the  modal  response 
functions  are  nonorthogonal,  it  is  suggested  that  a  new  set  of 
orthogonal  basis  functions  be  constructed  using,  for  example, 
the  Gram-Schmidt  technique  (Morse,  1953).  Then  the  sensor 
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Fig.  9  Response  at  400  Hz  (off-resonance) 

can  be  shaped  to  observe  these  new  orthogonal  basis  functions. 
Upon  comparing  the  controlled  response  when  implementing 
the  PVDF  error  sensors  to  that  when  implementing  the  ac¬ 
celerometer  error  sensors,  one  observes  that  the  response  of 
the  (3,1)  mode  actually  increased  upon  achieving  control  as 
discussed  previously.  Hence,  the  PVDF  modal  sensors  were 
clearly  superior  in  exercising  control  of  the  desired  structural 
mode. 

5  Conclusions 

The  emphasis  of  this  work  was  to  develop  an  approximate 
method  of  practically  achieving  a  2-D  modal  sensor  for  plate- 
type  structures.  The  study  presents  an  alternative  of  designing 
two  one-dimensional  modal  sensors  to  measure  certain  two- 
dimensional  structural  modes.  For  a  simply  supported  plate, 
the  structural  response  is  separable  in  two  dimensions;  thus, 
it  is  convenient  to  implement  such  a  design.  It  is  noted  that 
either  of  the  one-dimensional  sensors  measured  a  family  of 
modes  in  the  a-  or  ^-direction,  and  their  combined  effort  meas¬ 
ured  dominantly  the  (3,1)  mode  of  the  plate  as  designed. 

Vibration  control  experiments  were  performed  on  a  simply 
supported  rectangular  plate  utilizing  the  feed-forward  filtered 
X  version  of  the  adaptive  LMS  algorithm  to  achieve  control. 
Based  on  the  test  results,  for  on-  and  off-resonant  excitations, 
the  PVDF  modal  sensors  consistently  proved  superior  to  ac¬ 
celerometers  in  selectively  filtering  the  desired  (3,1)  mode.  Note 
that  the  filtered-x  LMS  algorithm  is  a  time-domain  control 
algorithm  and  shaped  PVDF  sensors  are  eminently  suitable  as 
they  provide  analog,  time-domain  Filtering  of  modes.  Usual 
modal  (or  wave  number)  filtering  occurs  in  the  frequency  do¬ 
main  (for  example,  the  modal  decomposition  method  em¬ 
ployed  in  this  paper).  A  comparison  between  the  PVDF  and 
accelerometer  sensors  indicates  that  the  shaped  PVDF  distrib¬ 
uted  sensors  have  undeniable  advantages  over  the  acceler¬ 
ometer  error  sensors  for  time-domain  vibration  control  ap¬ 
plications.  This  is  because  distributed  sensors  are  capable  of 
spatial  modal  Filtering,  and  accelerometers  are  incapable  of 
performing  the  same  task  in  the  absence  of  post-processing. 

The  results  indicate  that  approximate  2-D  PVDF  modal  sen¬ 
sors  perform  well  for  active  vibration-control  applications  and 
should  be  investigated  in  active  structural-acoustic-control  ap¬ 
plications  in  the  future. 
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This  paper  presents  a  dynamic  model  for  the  response  of  a  circular  ring  excited  by  piezoelectric 
transducer  (PZT)  actuators  bonded  on  the  ring  surface.  The  dynamic  response  is  determined  based 
on  the  dynamic  interaction  between  the  PZT  actuators  and  the  structure  using  an  impedance 
approach.  Compared  with  the  conventional  static  approach,  in  which  a  statically  determined 
“equivalent  force”  of  the  actuator  is  used  as  the  forcing  function  in  the  dynamic  analysis,  the 
impedance  approach  cannot  only  capture  the  physics  of  the  actuator/structure  interaction,  but  also 
accurately  predict  the  structural  dynamic  response.  Experiments  have  also  been  conducted  to  verify 
the  theoretical  model.  The  predicted  dynamic  response  using  the  impedance  approach  agrees  very 
well  with  the  experimental  results.  Comparison  of  the  conventional  static  approach  and  the 
impedance  model  has  also  been  presented. 

PACS  numbers:  43.40.Vn 


INTRODUCTION 

Piezoceramics  have  often  been  used  as  actuators  for  ac¬ 
tive  structural  vibration  and  acoustic  control.  The  structural 
behavior  (for  beams  and  plates)  under  the  excitation  of  pi¬ 
ezoceramic  actuators  was  modeled  by  Crawley  and  de  Luis 
(1987)  and  Dimitriadis  et  al  (1989).  Most  dynamic  analyses 
of  adaptive  structures  with  integrated  actuators  have  been 
based  on  a  static  approach,  namely,  using  a  statically  deter¬ 
mined  transmitting  force  as  the  forcing  function  in  the  dy¬ 
namic  analysis. 

Liang  et  al.  (1993)  have  developed  an  impedance  mod¬ 
eling  methodology  for  the  dynamic  analysis  of  adaptive  ma¬ 
terial  systems.  Unlike  the  conventional  static  approach,  the 
impedance  approach  determines  the  actuator  transmitting 
force  based  on  actuator  and  structural  impedance,  rather  than 
on  the  static  actuator  and  structural  stiffness.  The  transmit¬ 
ting  force  depends  on  the  global  structural  dynamics,  includ¬ 
ing  boundary  conditions,  structural  damping,  stiffness,  and 
mass.  The  dynamic  response  determined  with  the  static  ap¬ 
proach  is  a  scaled  frequency  response  function  (ratio  of  re¬ 
sponse  to  excitation  force),  not  the  true  response  under  a 
variable  force  excitation. 

This  paper  will  apply  the  general  impedance  methodol¬ 
ogy  to  a  circular  ring.  Experimental  results  will  be  presented 
to  validate  the  theoretical  model.  Comparison  between  the 
impedance  approach  and  the  static  approach  will  also  be  con¬ 
ducted. 

I.  SYSTEM  DYNAMIC  MODELING 

Consider  a  ring  or  a  cylinder  for  which  the  axial  travel¬ 
ing  wave  is  not  considered.  Two  PZT  actuators  are  bonded 
on  the  top  and  bottom  of  the  ring  surface  to  create  a  pure 
bending  moment,  as  shown  in  Fig.  1.  The  ring  is  assumed  to 
be  “thin”  so  that  the  linear  Love-Kirchhoff  theory  (Leissa, 


1973;  Soedel.  1981)  can  be  used.  The  actuator  is  also  as¬ 
sumed  to  be  “very  thin"  so  that  the  stress  across  the  actuator 
thickness  remains  constant  in  order  to  use  the  impedance 
model.  To  simplify  the  derivation,  the  width  of  the  ring  is 
assumed  to  be  unity. 

Surface  bonded  PZT  actuators  (ideally  bonded)  interact 
with  their  substrate  in  the  form  of  shear  force.  However, 
most  of  the  shear  force  is  concentrated  at  the  end  of  actuators 
within  two  to  three  actuator  thickness  distance  (Lin  and  Rog¬ 
ers,  1993).  For  most  cases,  the  interaction  of  integrated  in¬ 
duced  strain  actuator  (embedded  or  bonded)  and  its  substrate 
can  be  modeled  as  a  concentrated  force  at  the  end  of  the 
actuator.  The  interaction  of  a  pair  of  surface  bonded  PZT 
actuators  activated  out-of-phase  may  then  be  modeled  as  a 
pair  of  moments,  as  shown  in  Fig.  1.  The  two  concentrated 
bending  moments  on  the  two  ends  of  the  actuator  can  be 
expressed  with  the  Dirac  function  as 

A/  righ  l=F(h  +  s)S[d-0p)  (1) 

and 

A/ |ef,  =  - F{h  +  s)S{  0  +  6p),  i2» 

where  F  is  the  force  exerted  on  the  structure  by  a  PZT  ac¬ 
tuator  at  its  edge,  and  s  and  h  are  the  actuator  and  ring 
thicknesses,  respectively.  Here,  0  is  the  angular  coordinate 
of  the  actuator  edge,  as  shown  in  Fig.  1.  Note  that  F  is  the 
dynamic  transmitting  force  and  is  presently  unknown.  The 
transmitting  force  F.  acting  on  the  ring,  also  satisfies  the 
following  relation: 


V  0=  f)f>  ’ 

where  Z  is  the  mechanical  impedance  of  the  ring  at  the  ac¬ 
tuator  edge  (ring/actuator  interface)  corresponding  to  a  force, 
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FIG.  I.  One-dimensional  circular  ring  with  bonded  PZT  actuators  activated 
out-of-phase. 

F,  in  the  circumferential  direction,  ye=$p  is  the  circumferen¬ 
tial  displacement  at  the  force  location,  and  a  dot  indicates  a 
function  of  time  derivative. 

One  PZT  actuator  (top  or  bottom)  and  its  interaction 
with  the  ring  may  be  represented  by  a  generic  system  as 
shown  in  Fig.  2.  The  curvature  effect  has  not  been  consid¬ 
ered  in  the  dynamic  modeling  of  the  piezoelectric  actuators. 
It  is,  therefore,  necessary  to  assume  that  the  patch’s  dimen¬ 
sion  be  kept  small  relative  to  the  cylinder  radius  so  that  the 
error  due  to  the  curvature  effect  can  be  neglected.  The  mo¬ 
tion  of  the  piezoelectric  will  be  considered  along  the  dv 
direction  (or  in  the  global  y  direction). 

As  an  electrical  field  is  applied  in  the  actuator  thickness 
direction,  the  actuator  expands  and  contracts  in  the  y  direc¬ 
tion  (dyi  effect).  The  one-dimensional  constitutive  equation 
for  the  actuator  can  be  written  as 

S2  =  S22T2  +  di2E,  (4) 

where  S2  is  the  strain,  T2  the  stress,  E  the  electric  field,  dn 
the  piezoelectric  coefficient,  and  if2  the  complex  compliance 
at  a  constant  electrical  field. 

The  equation  of  motion  of  the  actuator  vibrating  in  the  y 
direction  may  be  expressed  as  follows: 

d2v  -  E  1  d2v 

ppJiT=Y22R1Je1'  (5) 

where  v  is  the  displacement  in  the  y  direction,  pp  is  the 
density  of  the  PZT  actuator,  Y\2  is  the  complex  modulus  of 
the  PZT  at  a  constant  electrical  field  and  R  is  the  radius  of 
the  ring.  The  thickness  of  the  ring  and  the  PZT  actuator  is 


FIG.  2.  A  generic  representation  of  the  dynamic  interaction  of  a  surface 
bonded  PZT  actuator. 


much  smaller  than  the  radius  and  is  ignored  in  the  above 
equation. 

Assuming  a  harmonic  excitation  and  solving  Eq.  (5)  by 
separating  the  displacement  into  time  and  spatial  domain 
yields: 

v-vel0Jt  =  [A  sin (kR0)  +  B  cos (kR0)]eiw\  (6) 

where  the  wave  number  k  is  given  by 

k2  =  co2(Pp/YE22),  (7) 

where  oj  is  the  excitation  frequency. 

The  boundary  condition  of  the  PZT  actuator  is  illus¬ 
trated  in  Fig.  2.  The  interaction  between  actuator  and  sub¬ 
structure  is  taken  into  account  by  the  equilibrium  and  com¬ 
patibility  equations  which  are  written  in  terms  of  the  point 
impedance  of  the  substructure: 

Ti\e=eps=  ~  i°)Z\ft=0^v\ff=0p  (8) 

and 

Ti\e=-eps- (9) 

The  above  equations  describe  the  complex  boundary  condi¬ 
tions  for  the  PZT  actuator,  which  is  given  by  transmitting 
force  =  host  structural  impedance  x  driving  point  velocity. 

The  two  boundary  conditions  [Eqs.  (8)  and  (9)],  together 
with  the  constitutive  equation  of  the  PZT,  provide  the  neces¬ 
sary  conditions  to  determine  4  and  B.  Substituting  Eqs.  (8) 
and  (9)  into  Eq.  (4),  yields: 


1  dv 
R  dO 


1  -  epv\ff= -$ 

Y\2  5 


and 


(10) 


p  r  del 


1  Z  I  6=^  I  0=0  IW 

- L - iL__  +d  E 

YE„  s 


where  variables  with  a  bar  indicate  spatial  components  ex¬ 
cept  for  y\2.  Substituting  Eq.  (6)  into  Eqs.  (10)  and  (11),  a 
linear  equation  system  in  the  unknowns  A  and  B  is  obtained. 
Considering  the  symmetry  of  the  ring  (impedance  at  -  9 p 
and  6p  are  the  same  and  is  denoted  as  Z  in  the  subsequent 
analysis),  B  can  be  determined  as  zero  and  A  is  given  by 


k  cos  kR0p-\-  (Zi(jjlY21s)s\n  kR6p 

The  short-circuit  actuator  mechanical  impedance  (Liang 
et  al ,  1993)  for  a  ring  configuration  may  be  derived  as 


7  =_i: _ — _  T  /i 

p  R0piw  tan (kR0p)  { 

and  the  coefficient  A  can  be  simplified  as 

\  — _ Zp  (I, 

{Z  +  Zp)k  cos (kR6p)  ' 

The  strain  and  stress  within  the  actuator  can  be  solved  as 
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£g  djiE 

(Z  +  Zp)cos(kR  0p 


cos  (kR0) 


f 2 = ( (z+ I0kR  ep)  cos(kR  e)  -  '  (16) 

The  transmitting  force  between  the  actuator  and  host  ring  at 


0p  can  be  determined  as 


F\a-B=T2 1 


Z  d32£  K|25 
Z  +  Zn 


It  is  clear  that  the  transmitting  force  resulting  from  the  acti¬ 
vation  of  the  PZT  actuator  is  governed  by  the  mechanical 
impedance  of  the  host  structure  and  the  actuator.  The  induced 
moment  of  the  actuator  can  then  be  determined  from  Eqs. 
(1),  (2),  and  (17). 


II.  DETERMINATION  OF  STRUCTURAL  IMPEDANCE 

Equation  (17)  indicates  that  activation  of  a  PZT 
actuator-results  in  a  frequency-dependent  excitation  to  the 
host  structure.  The  transmitting  force  depends  on  the  struc¬ 
tural  impedance.  This  section  describes  the  derivation  of 
structural  impedance  of  the  host  ring  corresponding  to  the 
loading  of  PZT  actuator  excitation.  The  impedance  calcula¬ 
tion  will  be  performed  only  at  position  0  because  of  the 
symmetry  of  the  ring  structure.  The  equation  of  motion  for 
the  ring  can  be  written  in  matrix  form  (Soedel,  1981)  as 


D  d 2 

K 

d2 

D  d}  K  d 

d02 

-R*~dl?  +R1d0 

D  d 3 

K 

d 

D  di  K 

¥  dl? 

R 1 

Jo 

-R*  dlp-R2 

Rz 

1  dM: 
R1  ~dl 


12(1  -m2) 


V 

Here,  Yr  is  the  complex  Young’s  modulus  of  the  ring,  pr  the 
density  of  the  ring,  and  /x  the  Poisson’s  ratio.  The  in-plane 
displacement  v  and  the  transverse  displacement  w  may  be 
expressed  as 

v(t ,0)=2  V„(t)<f>„(0)  (21) 

n  =  1 


w>(f,0)=2  wn(t)il>n{6).  (2 

n  =  1 

For  a  one-dimensional  ring,  the  eigenfunctions  a 
<t>,,(0)=sin(n0)  and  ip„(0)=cos(n0).  Substituting  Eqs.  (2 
and  (22)  into  Eq.  (18)  yields: 


D 

2  K  2 

~R ? 

n  ~wn 

D 

3  K 

~R* 

n  ~¥n 

1 

right  sin(i 

1 

ttR2 

M right  n  sim 

~R?n 


,  Vn 

'PM  H'.. 


To  determine  structural  impedance,  the  transmitting  force  < 
the  moment  acting  at  0p  is  assumed  to  have  a  known  mas 
nitude.  Assuming  a  harmonic  excitation,  the  excitation  me 
ment  may  be  expressed  as  M,ightelu".  The  modal  amplitude 
w„(0  and  become 

w„(t)=Wneiu'  (2. 


v„(t)  =  V„eial.  (2‘ 

Substituting  Eqs.  (24)  and  (25)  into  Eq.  (23)  yields  a  line; 
system  of  equations,  from  which  the  modal  coefficients,  V 
and  W„ ,  can  be  determined  from  the  following  equation: 

(  D  .  K  .  _  D  K  \ 


-^4  n2~£l  n2  +  prho)2 


~R*n  ~¥n 
D  4  K 

4  «  ~-p  +prh(D~ 


3/ right  sin (n0) 
ttR 1 

M righ,  sin (n0) 
i tR2 


The  point  impedance  of  the  ring  can  now  be  determined  one 
the  driving  point  velocity  is  determined.  The  driving  poii 
(surface  of  the  ring)  velocity  includes  the  inplane  displace 
ment  and  the  transverse  bending,  and  may  be  expressed  as 

(y/r+^fl  «W„)sin(rt<9).  (21 

The  driving  point  structural  impedance  from  Eq.  (3)  can  the 
be  substituted  into  Eqs.  (15)  and  (16)  to  determine  the  stres 
and  strain  within  the  PZT  actuator.  The  induced  moment  c 
the  actuators  can  be  determined  from  Eqs.  (1),  (2),  and  (17 
When  calculating  the  structural  impedance,  an  arbitrar 
force  (frequency  independent)  F  may  be  used,  which  yields 
structural  response,  w(0,(o)  and  v(0,(o).  If  a  unit  force  is  use 
in  the  calculation,  the  structural  responses  are  actually  th 
frequency  response  functions  of  the  ring.  If  the  frequenc 
response  functions  are  denoted  as 
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PZT  Actuators 


FIG.  3.  Dimensions  and  sensor  locations  of  the  circular  ring  used  in  the 
theoretical  and  experimental  investigation. 


oc 

(28) 

n  —  t 

and 

00 

VAn-  (29) 

«  =  1 

The  true  structural  response  under  a  frequency-dependent  ac¬ 
tuator  excitation  can  then  be  obtained  by  multiplying  the 
transmitting  force  (or  moment)  with  the  above  frequency  re¬ 
sponse  functions  [Eqs.  (28)  and  (29)]. 


III.  THEORETICAL  AND  EXPERIMENTAL  RESULTS 

Both  experimental  and  theoretical  analyses  have  been 
conducted  to  demonstrate  the  accuracy  and  utility  of  the  im¬ 
pedance  modeling  technique.  The  results  from  the  static  ap¬ 
proach  have  also  been  presented  to  illustrate  the  difference 
between  the  two  approaches. 

Figure  3  shows  the  aluminum  ring  with  bonded  PZT 
actuators  used  in  the  experiments  and  the  theoretical  analy- 


TABLE  I.  Material  properties  and  dimension  of  the  PZT  actuators  and  alu¬ 
minum  ring. 


Aluminum 

ring 

PZT 

actuator 

Young’s  modulus.  Pa 

eoxio’ 

63X109 

Density,  kg/m3 

2647 

7600 

Loss  factor 

0.005 

0.01 

Piezo.  Coef.,  m/v 

N/A 

-166X10"12 

Radius  (length),  cm 

12.48 

2.54 

Width,  cm 

2.54 

2 

Thickness,  mm 

3 

0.23 

FIG.  4.  Experimental  setup  in  the  measurement  of  the  ring  velocity  re¬ 
sponse.  The  ring  is  hung  with  a  fishing  line. 


sis.  The  material  properties  and  dimensions  of  the  PZT  ac¬ 
tuator  and  the  aluminum  ring  are  listed  in  Table  I. 

The  velocity  responses  of  point  #1,  #2,  #3,  and  #4,  as 
shown  in  Fig.  3,  are  calculated  using  the  impedance  and 
static  approaches.  The  ring  was  hung  with  a  fishing  line  in 
the  experiment.  A  laser  Doppler  measurement  system  was 
utilized  to  measure  the  velocity  response  of  the  ring  with 
bonded  PZT  actuators.  A  schematic  illustration  of  the  experi¬ 
mental  setup  is  depicted  in  Fig.  4.  The  measured  and  pre¬ 
dicted  responses  of  point  #2  and  #4  are  shown  in  Figs.  5  and 
6,  respectively. 

IV.  DISCUSSION 

The  predicted  and  measured  dynamic  responses  of  point 
#2  are  shown  in  Fig.  5.  The  static  approach  provides  reason¬ 
ably  accurate  results  given  by  the  dash-dotted  line.  The 
dashed  line  from  the  impedance  model  agrees  well  with  the 
experimental  results  (solid  line). 

Figure  6  shows  the  measured  and  predicted  responses  at 
point  #4.  The  experiment  results  indicate  some  activities 
around  the  second  and  fourth  resonant  frequencies,  which  are 


FIG.  5.  Measured  and  predicted  velocity  and  phase  response  at  sensor  lo¬ 
cation  #2. 
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FIG.  6.  Measured  and  predicted  velocity  and  phase  response  at  sensor  lo¬ 
cation  #4. 

captured  by  the  impedance  model.  The  static  model,  in  this 
case,  does  not  even  predict  the  response  profile  around  these 
two  resonant  frequencies  correctly.  This  is  because  the  static 
approach  does  not  include  actuator  stiffening  and  mass  load¬ 
ing  effects.  Point  #4  is  the  nodal  line  for  the  second  and 
fourth  mode  of  the  ring  itself  (without  PZT  actuators).  How¬ 
ever.  once  the  PZT  actuators  are  bonded  to  the  ring,  point  #4 
is  no  longer  the  nodal  line  for  the  new  mechanical  system 
(ring  and  actuators)  because  of  the  actuator  mass  loading  and 
stiffening.  The  response  predicted  by  the  static  approach  is 
the  frequency  response  function  of  the  ring  itself,  while  the 
experimental  measurement  is  the  response  of  the  ring  and 
PZT  In  this  example,  the  bonding  of  the  actuators  may  cre¬ 
ate  as  much  as  45%  stiffening  within  the  ring  section  where 
the  actuators  are  bonded. 

The  results  in  Fig.  6  may  be  further  explained  from  the 
perspective  of  impedance  matching  and  frequency-dependent 
actuator  excitation.  Figure  7  shows  the  structural  and  actua¬ 
tor  impedance,  as  well  as  the  stress  at  the  edge  of  the  actua¬ 
tor  (the  transmitting  force  per  actuator  cross-sectional  area). 
This  figure  demonstrates  that  the  physical  essence  of  the  dy- 


FIG.  7.  Structural  (solid  line)  and  actuator  (dashed  line)  mechanical  imped¬ 
ance,  as  well  as  the  transmitting  force  (per  actuator  cross-sectional  area). 
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tuators,  such  as  PZT  in  this  case,  lies  in  the  match  of  struc 
tural  and  actuator  impedance.  At  the  resonance  of  the  rint 
(valleys  of  the  structural  impedance  curve),  the  actuatoi 
transmitting  force  is  at  its  minimum.  The  actuator  force  out 
put  reaches  a  maximum  when  the  actuator  impedance 
matches  the  structural  impedance  (complex  conjugate).  Be 
cause  the  actuators  in  this  case  always  stiffen  the  ring,  the 
force  output  of  the  actuator  demonstrates  a  repeated  valley- 
peak  pattern  around  each  resonant  frequency  of  the  ring.  It  is 
very  clear  from  this  result  that  the  actuator  excitation  is  fre¬ 
quency  dependent,  which  results  in  the  same  valley-peak  pat¬ 
tern  around  the  second  and  fourth  resonant  frequencies  foi 
the  velocity  response  of  the  ring. 

The  static  approach,  compared  to  the  impedance  meth¬ 
od,  is  simple  and  can  sometimes  provide  acceptable  dynamic 
response  prediction  (Clark  and  Fuller.  1991)  if  the  actuator 
impedance  is  much  smaller  than  the  structural  impedance. 
The  results  shown  in  Fig.  6  also  indicate  the  variation  ol 
mode  shapes  of  the  ring  because  of  the  mass  loading  and 
stiffening  from  the  actuators.  The  impedance  model  dis¬ 
cussed  in  this  paper  is  more  accurate  because  it  considers 
the  stiffening  and  circumferential  mass  loading  effect  (radial 
direction  mass  loading  effect  was  not  considered)  in  the 
analysis.  In  general,  the  static  model  may  provide  a  satis¬ 
factory  dynamic  prediction  provided  that  the  actuator  is 
much  smaller  than  the  host  structure.  However,  the  imped¬ 
ance  model  can  not  only  provide  more  accurate  results  but 
also  reflect  the  physical  essence  of  the  actuator/structure  in¬ 
teraction. 


V.  CONCLUSION 

The  impedance  modeling  technique  developed  by  Liang 
et  ciL  (1993)  has  been  utilized  to  study  the  dynamic  response 
of  circular  ring  structures.  Experiments  have  been  conducted 
to  validate  the  impedance  model.  Both  experimental  and 
theoretical  results  indicate  that  the  impedance  modeling  tech¬ 
nique  cannot  only  reflect  the  physical  essence  of  the  dynamic 
interaction  between  the  integrated  induced  strain  actuators 
and  the  host  structures,  but  may  also  more  accurately  predict 
dynamic  response  than  the  conventional  static  approach. 
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The  dynamic  interaction  between  induced  strain  piezoelectric  (PZT)  actuators  and  their  host 
structures  is  often  ignored  in  the  modeling  of  intelligent  structures.  A  more  realistic  investigation  of 
intelligent  material  systems  must  account  for  the  dynamic  behaviors  of  integrated  actuator/substrate 
systems.  In  this  paper,  a  generic  method  for  the  dynamic  modeling  of  distributed  PZT 
actuator-driven  thin  cylindrical  shells  has  been  developed  using  a  mechanical  impedance  approach. 

The  impedance  characteristics  of  a  cylinder  corresponding  to  the  excitation  of  a  pair  of  pure  bending 
moments  have  been  developed,  from  which  the  dynamic  output  moments  (or  forces)  of  PZT 
actuators  can  be  accurately  predicted.  Direct  comparisons  have  been  made  between  a  conventional 
static  modeling  approach  and  the  impedance  method  in  order  to  identify  the  critical  differences 
between  these  modeling  methods  for  thin  cylindrical  structures.  The  case  studies  demonstrate  that 
the  mechanical  impedance  matching  between  PZT  actuators  and  host  structures  has  an  impact  on  the 
output  performance  of  the  actuators.  The  dynamic  essence  of  integrated  PZT/substrate  systems  has 
thus  been  revealed. 

PACS  numbers:  43.40. Vn,  43.40. Ey,  43.38.Fx 


INTRODUCTION 

The  use  of  piezoelectric  materials  (PZT)  as  actuators 
and  sensors  in  intelligent  structures  has  drawn  much  atten¬ 
tion  in  the  active  controls  community.  An  accurate  math¬ 
ematical  description  of  integrated  PZT/substrate  systems  is 
indispensable  in  the  development  of  practical  applications  of 
PZT  materials  in  active  vibration  control  and  active  struc¬ 
tural  acoustic  control.  One  investigation  devoted  to  the  mod¬ 
eling  of  actively  controlled  cylinders  was  based  on  the  lay¬ 
ered  shell  theory  (Tzou,  1989);  in  this  study,  a  completely 
distinct  layer  of  the  piezoelectric  material  was  used  to  make 
up  a  composite  cylinder.  A  more  convenient  and  feasible 
configuration  of  PZT  actuators  in  adaptive  structures  is  the 
use  of  segmented  piezoelectric  patches  bonded  on  or  embed¬ 
ded  in  host  structures.  For  the  modeling  of  these  PZT  actua¬ 
tors  locally  coupled  with  shell  structures,  static  approaches 
have  been  used  to  estimate  the  induced  loading.  Sonti  and 
Jones  (1991)  investigated  the  performance  of  the  controlled 
cylinder  using  the  piezoactuator  control  patch  and  a  point 
force  for  both  on-  and  off-resonance  cases.  The  output  per¬ 
formance  of  the  PZT  actuator,  however,  was  not  specifically 
studied.  The  assumption  was  made  in  the  modeling  that  the 
dimension  of  the  PZT  patch  in  the  circumferential  direction 
is  kept  small  relative  to  the  cylinder  radius.  The  curvature 
effects  could  then  be  neglected.  The  static  models  developed 
from  thin  plate  theory  (Crawley  and  Lazarus,  1991;  Dimitria- 
dis  et  at,  1989;  Wang  and  Rogers,  1991)  could  then  be  used 
in  smart  shell  structures.  Lester  and  Lefebvre  (1991)  applied 
the  same  assumption  in  their  study  and  researched  both  out- 
of-plane  and  in-plane  piezoelectric  actuation  for  controlling 
sound  radiation  and  transmission  related  to  vibrating  cylin¬ 
ders.  It  is  typically  assumed  in  the  static  models  that  the 
added  mass  and  stiffness  of  PZT  actuators  are  insignificant. 


The  dynamic  interaction  between  the  PZT  actuator  and  the 
host  structure  is  ignored.  Thus,  the  input  impedance  of  the 
actuators  and  the  mechanical  impedance  of  the  host  struc¬ 
tures  are  not  included  in  the  modeling.  The  static  analysis 
usually  leads  to  the  conclusion  that  the  amplitude  of  the  ex¬ 
citation  force  of  the  PZT  actuator  is  independent  of  host 
structural  dynamics  and  frequency. 

A  more  realistic  investigation  must  account  for  the  dy¬ 
namic  properties  of  the  actuators,  the  actuators  have  their 
own  mechanical  impedance.  When  an  active  force  provided 
by  the  PZT  actuator  is  applied  to  a  host  structure,  the  PZT 
itself  is  driven  by  the  force.  Therefore,  the  mechanical  reso¬ 
nance  of  an  integrated  PZT/substrate  system  is  the  combina¬ 
tion  of  the  dynamic  behavior  of  the  PZT  actuator  and  that  of 
the  actuated  structure.  Hagood  et  al  (1990)  proposed  a  dy¬ 
namic  model  based  on  Rayleigh-Ritz  energy  formulation. 
The  parasite  mass  and  stiffness  of  the  integrated  PZT  patch 
was  included  in  the  governing  equation  of  the  system.  The 
actively  controlled  cantilevered  beam  was  tested  and  favor¬ 
able  results  were  obtained.  As  the  active  control  force  needs 
to  be  calculated,  the  blocking  force  was  used.  Liang  et  al 
(1993)  used  impedance  analysis  in  modeling  of  a  PZT 
actuator-driven  one-degree-of-freedom  spring-mass-damping 
system.  The  frequency-dependent  output  performance  of  the 
PZT  actuator  was  predicted.  Rossi  et  al  (1993)  then  applied 
the  impedance  approach  to  model  PZT  actuator-driven  circu¬ 
lar  rings  and  performed  the  experiments  for  validating  the 
theoretical  model.  Nevertheless,  the  previous  studies  related 
to  the  dynamic  modeling  for  shell  structures  have  so  far  been 
limited  to  the  one-dimensional  systems.  For  general  two- 
dimensional  shell  structures,  the  mechanical  impedance  cou¬ 
pling  in  different  coordinate  directions  occurs.  An  extensive 
investigation  is  thus  highly  required. 

The  current  work  is  focused  on  analysis  of  two- 
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dimensional  thin  cylindrical  shells  excited  by  a  pair  of  PZT 
actuators  in  a  pure  bending  mode.  A  generic  method  for  the 
impedance  modeling  of  integrated  PZT/sheil  systems  will  be 
presented.  The  numerical  case  studies  and  comparisons 
based  upon  a  simply  supported  cylinder  will  be  performed  to 
demonstrate  the  significant  difference  between  a  conven¬ 
tional  static  modeling  approach  and  the  impedance  method. 
The  results  will  show  that  the  excitation  force  of  the  induced 
strain  actuators  depends  on  the  mechanical  impedance 
matching  between  the  PZT  actuators  and  the  cylinder.  The 
physics  of  the  dynamic  interaction  between  induced  strain 
actuators  and  host  structures  will  be  revealed. 

I.  IMPEDANCE  MODEL  OF  INTEGRATED  PZT/ SHELL 
SYSTEMS 

A  physical  model  of  a  thin  cylindrical  shell  excited  by 
PZT  actuators  is  shown  in  Fig.  1.  The  PZT  patches  are  as¬ 
sumed  to  be  perfectly  bonded  on  the  internal  and  external 
surfaces  of  the  cylinder  so  that  a  pure  bending  moment  ex¬ 
citation  can  be  locally  created.  Figure  2  displays  the  corre¬ 
sponding  impedance  model.  The  dynamic  behavior  of  the 
cylinder  in  the  x  and  B  direction  is  represented  by  the  direct 
impedance  Zxx  and  Zee  as  well  as  the  cross  impedance  Zxd 
and  Zdx)  respectively.  Under  the  actuation  of  the  moments, 
Mx  and  M B,  the  angular  velocity  response  of  the  cylinder  at 
the  edge  of  the  bonded  PZT  patches  may  be  described  by 


FIG.  2.  A  physical  model  of  a  PZT  actuator  integrated  with  a  thin  shell 
structure  represented  by  mechanical  impedance. 


FIG.  3.  The  angular  deformation  of  a  cylinder  in  the  .r  direction,  actuated  by 
a  pair  of  moments. 


/  dw\ 
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where  V/3  is  the  total  angular  deformation  of  the  cylinder;  R 
is  the  radius  of  the  cylinder.  The  minus  sign  indicates  that  the 
structural  reactions  are  equal  and  opposite  to  the  output 
forces  of  the  PZT  actuator.  Here,  Hxx  and  H ee  are  the  direct 
admittance,  Hx0  and  H 8x  are  the  cross  admittance  of  the 
cylinder  and  responsible  for  the  coupling  of  the  input  mo¬ 
ments  in  the  x  and  6  directions.  The  moment  admittance  is 
defined  as 


=  (l,k=x,y). 


(2) 


Figure  3  shows  the  geometric  deformation  of  the  cylinder  in 
the  x  direction  under  the  actuation  of  Mx .  The  similar  defor¬ 
mation  occurs  in  the  0  direction.  Considering  the  relationship 
between  the  translational  displacement  and  the  angular  de¬ 
formation  of  the  cylinder,  the  in-plane  displacement,  u  and 
v ,  can  be  expressed  by 


u  = 


h  +  hp 
2 

h  +  hr 


( dw 
1  dx 

'  '  x 

1  dw 
y  R  BO 


dw 

dx 


0=9, 


dw 

FdO 


9=9, 


(3a) 


(3b) 


where  h  and  hp  are  the  thicknesses  of  the  cylinder  and  the 
PZT  actuator,  respectively.  The  corresponding  in-plane  ve¬ 
locity,  u  and  i),  are  then  given  by 


u  = 


h  +  hp 
2 

h+hr 


v  —  - 


dw 
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Using  the  relation  of  the  in-plane  force  and  the  out-of-plane 
moment:  Mx{ti)  =  (h  +  hp)Fx{(i)  and  substituting  Eq.  (4)  into 
Eq.  (1)  results  in 

/  Fx\  _  2  I  HXx 

IfJ  {h  +  hp)1  \.Hxu  ffj  Ui 


(!i  +  h 

j  zxx 

ZXH 

W«\ 

Z  Ox 

Z  OH 

/ \  v  j 

where  the  structural  impedance  Zlk  (l,k-x,y)  can  be  de¬ 
rived  from  classic  shell  theory  and  will  be  developed  later:  it 
and  v  need  to  be  solved  so  that  the  output  force  can  be 
quantitatively  predicted. 

When  an  external  electric  field  is  applied  to  PZT  patches 
along  the  polarization  direction  (3).  the  equation  of  motion 
of  :he  PZT  actuator  shown  in  Fig.  2  may  be  expressed  by 

dlu  S2u 

Pp  Hr  =^pu  ~jip  '  (6a) 

d2V  r  d2V 

Pp^T=  VP22  '  (6b) 

where  the  subscript  p  refers  to  the  parameters  of  the  PZT 
actuator,  and  11  and  22  denote  the  coordinates  of  PZT  ma¬ 
terials:  p  is  the  mass  density  and  YE  is  the  Young’s  modulus. 
Tiie  solution  of  Eq.  (6)  is  described  by 

u~[A  sin(^i jjc) +  5  cos (kpUx)]e^wt,  (7a) 

v  =  [C  sin {kp22R9)+D  cos(kpl2R0)]eju>t,  (7b) 

where  A,  B,  C,  and  D  are  unknowns  and  can  be  determined 
by  the  boundary  conditions;  j  symbolizes  the  imaginary  part 
of  a  complex  number;  u)  is  the  input  angular  frequency.  Con¬ 
sidering  the  isotropy  of  the  PZT  material  in  the  1  and  2 
directions  yields  the  wave  number: 

1  ~k~p22~  Q)2(pp/Yp).  (8) 

Applying  the  displacement  boundary  conditions,  wx=o=0 
and  U0=()=O  to  Eqs.  (7),  leads  to  B=D  =  Q.  The  unknowns, 
A  and  C,  can  be  determined  from  the  constitutive  equation  of 
the  PZT  actuator  at  x  =  lp  and  0=  6p : 


c{l~~TL*T 

'  «  Zpxx  Zp> 

r  I  i  —Hi  7™ 
'*  «  ZZ~  Vp  ZZ 


''\cr\d33r' 

where  C,  =  kp  cos(kplp) 


r  (  Z»x 
C«  a  - - i • 


C,,\  l-t >„a 


where  C,=kpcos(kplp)  and  Ce=kpcos(kpRep)\ 
a~lp/(R0p)  is  the  ratio  of  the  length  to  the  width  of  the  PZT 
patch;  Zpxx  and  Zp06  are  the  input  impedances  of  the  PZT 
actuator  in  the  a*  and  0  directions,  defined  as 

,lla) 


'‘‘"'tan  (tf 

with  the  static  extension  stiffnesses  of  the  actuator  in  the  x 
and  0  directions,  Kpx  =  YE  pR6phpUp  and 
Kp&=YEplphp/(RQp).  Solving  for  A  and  C  from  Eq.  (10) 
and  substituting  it  into  Eqs.  (7),  the  displacement  and  veloc¬ 
ity  responses  of  the  PZT  actuator  are  obtained.  The  dynamic 
force  output  of  the  PZT  actuator  can  then  be  determined 
from  Eq.  (5): 

F  X-F  xejoit=  -jcoiASiZ^  +  CSeZ^e^',  (12a) 

Fe=Fee^‘=  -MAStta+CSeZeeW*",  (12b) 

where  Si=$in(kplp)  and  Se=sin(kpR0p).  Accordingly,  the 
amplitude  of  the  line  moments  per  unit  length  created  by  the 
pair  of  PZT  patches,  Mx^  (in  N  m/m),  can  be  determined 
as 


Fx{h  +  hp)  '  (o(h+hp)(AS {Zxx  +  C S^LX 6 


F0(h  +  hp)  m  a ^h  +  hpHASfite+CSffZM) 


The  distributed  line  moments  are  thus  expressed  by 


where  lp ,  dp ,  and  d3U2)  are  the  length,  the  angle,  and  the 
piezoelectric  constant  of  the  PZT  actuator,  respectively.  Note 
that  the  Poisson’s  ratio  of  the  PZT  material,  vp  is  introduced 
so  that  the  mechanical  coupling  of  the  in-plane  motion  in 
different  directions  (x ,0)  of  the  PZT  actuator  can  be  included 
in  the  modeling.  Substituting  Eqs.  (5)  and  (7)  into  Eq.  (9) 
and  taking  the  algebraic  operation  to  rearrange  A  and  C 
yield: 


Mx=Mx[S(x~xx)-8(x-x2)][h(d-0x) 

-h(0-62)]ei~  (14a) 

M9=\id[8(0-0y)-S(d-62)][h(  x-xx) 

-h(x-x2)]ei~t,  (14b) 

where  3(x)  and  3(0)  are  the  Dirac  delta  functions;  h(x)  and 
h(0)  are  the  Heaviside  functions;  xl9  x2,  &\,  and  02  are  the 
location  coordinate  of  the  edge  of  PZT  patches  on  the  cylin¬ 
der,  as  illustrated  in  Fig.  1. 

Since  the  coefficients  A  and  C,  as  well  as  the  mechani¬ 
cal  impedance  of  the  cylinder  in  Eqs.  (13),  are  functions  of 
the  frequency,  the  moment  outputs  of  the  PZT  actuator  are 
frequency  dependent.  If  the  cross  impedance  Zx$  and  ZBx  in 
Eq.  (10)  is  assumed  to  be  zero  and  the  Poisson’s  effect  of  the 
PZT  material  is  ignored,  a  decoupled  analysis  is  then  ob- 
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tained  for  one-dimensional  rings.  The  formulation  for  the 
force  output  of  the  PZT  actuator  expressed  in  Eq.  (12)  is 
reduced  to 

F°=~zh;YrSrdi2E'  (15) 

where  Z  is  the  mechanical  impedance  of  the  ring,  Zp  is  the 
input  impedance  of  the  PZT  actuator,  and  Sp  is  the  cross 
section  area  of  the  PZT  actuator.  Equation  (15)  is  same  as  the 
formulation  that  was  derived  from  the  circular  rings  by  Rossi 
et  al  (1993).  The  two-dimensional  impedance  analysis, 
therefore,  is  applicable  to  one-dimensional  structures. 

Thus  far,  the  dynamic  forces  and  moments  of  the  PZT  actua¬ 
tor  have  been  obtained  based  upon  the  impedance  character¬ 
istics  of  the  PZT  and  the  cylinder.  The  input  impedance  of 
the  PZT  actuator  is  given  by  Eq.  (11).  The  mechanical  im¬ 
pedance  of  the  cylinder  is  determined  by  the  inverse  admit¬ 
tance  matrix  in  Eq.  (5),  which  depends  on  the  location  of  the 
actuators,  the  structural  configuration,  the  boundary  condi¬ 
tion,  and  the  physical  properties.  The  next  section  will  ad¬ 
dress  the  calculation  of  the  admittance  of  the  cylinder  actu¬ 
ated  by  line  moments. 

II.  ADMITTANCE  CALCULATION  OF  A  CYLINDER 

The  general  solution  of  the  response  of  a  thin  shell  ex¬ 
cited  by  line  moments  can  be  determined  by  solving  the 
following  Love  equations  (Soedel,  1981): 

1  dMn 

Lu{u,v,w)-\u-phu=-qu-—-jQ-,  (16a) 

1  dM.n 

Lu(u,v,w)-'Kv-phv  =  -qu---^- ,  (16b) 

1  /  dMx  dMe\ 

LJu,v,w)-\w-ehw=-q.-j 

(16c) 


TABLE  I.  Material  properties  of  the  PZT  (Piezo  Systems,  Inc.,  1987)  and 
aluminum. 


YE  (N/nr) 

P 

</-,!  (m/V) 

(x  10"’) 

(kg/m3) 

V 

(xi6‘10) 

n 

PZT 

6.3 

7650 

0.3 

-1.66 

0.005 

Aluminum 

6.9 

2700 

0.33 

N/A 

0.005 

^wi^rnn)  p/t COmnW mri  >  (18) 

where  o)mn  is  the  natural  frequency  of  the  cylinder.  Substi¬ 
tuting  Eqs.  (17)  and  (18)  into  Eq.  (16c)  and  assuming  <7^  =0 
results  in 


2  2  (php  mn  +\p 

mn  +  Ph(^mnP  mn  )Wmn(x,d) 

m  =  1  n  =  0 


1  /  dMx  dMA 
R  1  dx  R  ddj 


(19) 


For  a  simply  supported  cylinder,  the  eigenfunction  Wmn(x,  d) 
can  be  described  by 

W(x,d)  =  s\n{rmrll)x  cos  n(6-if>),  (20) 

where  il/  is  the  relative  angular  location  of  the  input  moment 
with  respect  to  the  coordinate  system  and  l  is  the  length  of 
the  cylinder.  Substituting  Eq.  (20)  into  Eq.  (19)  and  using  the 
usual  modal  expansion  technique  yields: 

Pmn  +  2imnpmn  +  oj2mnpmn  =  Fmnei<0‘,  (21) 

where  the  equivalent  forcing  function,  Fmn ,  is  of  the  form 


i  n  n 

phNmn  Jo  Jo 


Wmn(x,0) 


X 


R 


dMx  dM  q 
~~dx  +R  3  0 


dx  dd. 


(22) 


where  qi(i  =  u,v,w)  is  the  pressure  applied  along  the  x ,  y , 
and  z  directions  normal  to  the  surface  of  the  shell,  respec¬ 
tively.  The  twisting  moment  Mn  is  applied  about  the  normal 
(z)  direction.  \  is  an  equivalent  viscous  damping  factor.  The 
operator  ( i  —  u,vyw )  can  be  evaluated  from  an  eigenvalue 
analysis.  Since  the  transverse  modes  in  a  very  shallow  shell 
are  the  dominant  modes,  it  is  assumed  that  the  inertial  effects 
in  the  in-plane  directions  are  neglected  and  the  loading  is 
applied  normally  to  the  surface  of  the  shells  (Soedel,  1981; 
Leissa,  1973).  In  the  current  case,  the  ratio  of  the  thickness  to 
the  radius  of  the  cylinder  is  assumed  to  be  1/100  and  the 
theory  for  thin  shells  is  thus  applied.  Only  Eq.  (16c)  is  con¬ 
sidered  in  the  modeling.  The  modal  expansion  series  solution 
of  Eq.  (16c)  is  expressed  by 

OO  oc 

w=2  2  PmnWmn(x,9),  (17) 

m  -  I  n~  0 

where  m  and  n  refer  to  the  axial  and  circumferential  mode 
numbers;  pmn  is  the  modal  participation  factor;  Wmn(x19)  is 
the  eigenfunction.  The  operator  Lw  is  evaluated  from  the 
eigenvalue  analysis: 


fl  f2ir  -  rmrx  _ 

Nmn=  sin~  — 7 —  cos2  n(9~(f/)R  dx  d 9 

JO  Jo  l 

JRIit/2  („*  0), 

[Rlir  («  =  0). 

In  the  case  of  tp=0,  Eq.  (22)  becomes 

Cx  I R  777«  .  In  -  \ 

Fmn  1  =  phNZ  1  Tn  +  9  j 

X  (sin  n  9X  -  sin  n  92 ),  (24) 

where  Cx=cos(rmrxl/l)-cos(m7Tx2/l)-  In  the  case  of 
0=  tt/2/2  , 


Cx  \  Rm  77  _  In 
Fmn2  =  ^hNZ  [  ~hT  Mx  +  R^M<> 

X(cos  ai 07-cos  n9\). 


In  particular,  when  ^=0  and  n  =0,  the  effective  force 
function  is  reduced  to 
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e-»'‘%7-'e  B6) 

Xhe  solution  of  the  governing  equation  (21)  is  expressed  by 

_ 1  m/tc  n~}\ 

to',,  V  (  1  -  (  ~  y 2  r  +  4  ( w  a»m„ )  - 


with  the  phase  shift. 


<£m/r  =  tan 


1  -  (Wwmn)2  ’ 


where  is  the  modal  damping  coefficient.  The  transverse 
displacement  response  of  the  cylinder  is  thus  obtained: 


^(*,0,;)=  2  2 


(Fmni  cos  nd+Fm„ 2  sin  n&)sin(imr/l)xeil-u“  <bm") 

^mn  V[  ^  ~  ((*>/(£>,„„)  ]  ^£m„( 


Substituting  Eq.  (29)  into  Eq.  (1)  and  recalling  the  definition 
of  the  admittance  in  Eq.  (2),  the  direct  admittance  at  the 
middle  point  of  the  edge  of  the  PZT  actuator  can  be  deter¬ 
mined  as 


x  x  /  _.2/->2 


P  m  —  1  /!=  I  ’ 


m'Clx  sin[/j(<92-  d{)!2] 


Xej(ir/2-<f>mn) 


4a>  V  V  l 


n2CxSx[  1  -  cos  n(  9{  -  02)] 


J(iri2 


where  S,=sin[/nTr(jt, +;c2)/(2/)]  and  Am„  is  given  by 
Amn  =  wm«V(  1  -  ( <o/o)mn)2)2  +  4^„(  Wo>mrt)2, .  (32) 

Similarly,  the  cross  admittances  are  obtained  by 


4co  v  V  /wCA[l~cosn(fli~02)1 

X6  p/l^2/2  m  —  t  „  =  i  '  Amn 


ai(Tta-<t>mn) 


oc  ao  /  . 


4  co  ^ 

p/nr/?2//  "  , 

r  r  m=  1  /!=  I 


/iC;sin[n(02-  )/2] ' 

Am„  ; 


Xe;'(ir/2 


TABLE  II.  The  geometric  size  of  the  PZT  actuator  and  the  cylinder  (unit: 
mm). 


Length 

Radius 

Angle 

/ 

R 

(degree) 

Thickness 

PZT 

80 

200 

6 

0.2,  0.5,  1.0 

Cylinder 

700 

200 

360 

2.0 

III.  NUMERICAL  EXAMPLES  AND  DISCUSSION 

The  simply  supported  thin  cylinder  used  in  the  case 
study  is  made  of  aluminum  and  its  geometric  configuration  is 
shown  in  Fig.  1.  The  material  properties  of  aluminum  and 
PZT  (G1195)  are  listed  in  Table  I  and  their  geometric  param¬ 
eters  are  given  in  Table  II.  In  the  case  study,  two  geometric 
parameters,  the  thickness  of  the  PZT  ( kp—0.2 ,  0.5,  1.0  mm) 
and  the  location  of  the  PZT  on  the  cylinder  (^  =  310,  100 
mm)  are  examined.  The  purpose  is  to  identify  the  effect  of 
the  input  impedance  of  the  PZT  and  the  structural  impedance 
on  the  moment  outputs  of  the  PZT  actuator  and  to  determine 
how  they  influence  the  response  of  the  cylinder. 

For  comparison  of  modeling  approaches,  the  static  line 
moment  calculation  is  based  upon  a  flat  PZT  patch,  because 
the  dimension  of  the  PZT  patch  in  circumferential  direction 
is  kept  small  relative  to  the  cylinder  radius,  thus  the  curva¬ 
ture  effects  can  be  neglected  (Sonti  and  Jones,  1991;  Lester 
and  Lefebvre,  1991).  This  is  a  reasonable  approximation 
from  the  experimental  point  of  view.  In  the  current  numerical 
examples,  the  circumferential  size  of  the  PZT  patch  is  much 
smaller  than  that  of  the  cylinder,  (R9p)/R  =  1/10,  hence  flat 
PZT  patches  are  used  in  the  static  calculations.  There  are 


Frequency  (Hz) 


FIG.  4.  The  admittance  characteristics  of  the  simply  supported  cylinder 
(/ip=0.5  mm). 
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FIG.  5.  The  direct  impedance  of  the  cylinder  and  the  PZT  actuator.  /t,=0.2 
mm. 

several  formulas  for  the  actuation  of  PZT  patches  on  two- 
dimensional  structures  (Dimitriadis  et  ai ,  1989;  Wang  and 
Rogers,  1991;  Crawley  and  Lazarus,  1991).  One  formula  de¬ 
veloped  from  the  laminated  plate  theory  (Wang  and  Rogers, 
1991)  is  used  here. 

Figure  4  shows  the  variation  of  the  amplitude  of  the 
force  admittance  with  frequency.  The  peaks  of  the  curves 
correspond  to  the  resonant  frequencies  of  the  original  cylin¬ 
der.  When  the  PZT  actuator  is  much  thinner  than  the  cylinder 
{hp—02  mm  and  hp!h  =  1/10),  the  input  impedance  levels  of 
PZT  are  much  lower  than  those  of  the  cylinder,  as  shown  in 
Fig.  5.  The  corresponding  amplitude  of  the  dynamic  mo¬ 
ments  is  nearly  constant  over  the  whole  frequency  band,  as 
illustrated  in  Figs.  6  and  7  (hp— 0.2  mm).  This  result  is  ex¬ 
pected  because  relatively  small  PZT  patches  “planted”  in  the 
substrate  do  not  significantly  stiffen  the  cylinder.  On  the 
other  hand,  the  host  structural  dynamics  do  not  yet  apply  a 
strong  influence  on  the  actuator  moment  outputs.  In  this  case, 
the  dynamic  interaction  between  the  PZT  actuator  and  the 
cylinder  may  be  ignored.  The  active  moments  given  by  the 


FIG.  6.  The  moment  outputs  of  the  PZT  actuator  in  the  circumferential 
direction. 


FIG.  7.  The  moment  outputs  of  the  PZT  actuator  in  the  axial  direction. 


static  model  agrees  with  that  predicted  by  the  impedance 
model. 

With  increases  in  the  thickness  of  the  PZT  actuator  up  to 
hp~  1-0  mm  (hplh~0. 5),  the  input  impedance  of  the  PZT 
actuator  matches  with  the  structural  impedance  of  the  cylin¬ 
der  in  the  circumferential  direction,  which  is  displayed  in 
Fig.  8.  The  moment  outputs  of  the  PZT  actuator  is  greatly 
strengthened  at  these  matching  points.  Figure  6  demonstrates 
that  the  amplitude  of  the  dynamic  moments,  M  01  is  several 
times  higher  than  the  constant  moments  predicted  by  the 
static  approach  at  some  resonance  frequencies  of  the  system. 
The  thicker  the  PZT  patches,  the  greater  the  increment  of  the 
amplitude  of  the  moments.  It  should  be  noted  that  although 
the  axial  impedance  Zxx  in  Fig.  8  is  not  matched  by  the  input 
impedance  Zp9e ,  the  axial  moment  output  Mx  also  goes  up, 
as  shown  in  Fig.  7,  because  of  the  coupling  effect  due  to  the 
cross  impedance  and  the  Poisson’s  ratio.  In  addition,  Figs.  5 
and  8  show  that  for  the  cylinder,  the  mechanical  impedance 
in  the  axial  direction  is  different  from  that  in  the  circumfer¬ 
ential  direction.  This  implies  that  the  different  actuation  is 


FIG.  8.  The  direct  impedance  of  the  cylinder  and  the  PZT  actuator,  6^  =  1.0 
mm. 
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FIG.  9.  The  effect  of  the  location  of  the  actuator  on  the  circumferential 
impedance  and  the  moment  output  {hp  =  l.O  mm). 

generated  in  the  axial  direction  and  in  the  circumferential 
direction,  i.e.,  Mx e,  as  illustrated  in  Figs.  6  and  7. 

The  influence  of  the  location  of  the  PZT  actuator  on  the 
host  structure  on  its  dynamic  output  is  examined  in  Fig.  9. 
When  the  location  of  the  excitation  points  changes,  the  me¬ 
chanical  impedance  of  the  cylinder  varies;  accordingly,  the 
moment  output  of  the  PZT  actuator  changes.  Since  the  fre¬ 
quencies  corresponding  with  the  peaks  of  the  moments  are 
the  resonant  frequencies  of  the  entire  PZT/shell  system,  the 
variation  of  the  peaks  due  to  the  location  change  of  the  ac¬ 
tuator  reflects  the  dynamic  performance  shifts  of  the  original 
cylinder.  When  the  PZT  actuator  is  placed  on  the  different 
locations  on  the  host  cylinder,  it  applies  the  different  stiffen¬ 
ing  effect  on  the  system.  Hence,  the  location  of  the  PZT 
actuator  is  a  critical  factor  affecting  the  excitation  of  the 
actuator  on  vibrational  modes  of  the  system.  If  the  center  of 
the  PZT  patch  is  intended  to  be  placed  on  the  nodal  line  of  a 
certain  mode  of  a  host  structure,  this  mode  can’t  be  excited. 
This  issue  will  be  further  addressed  in  the  following  discus¬ 
sion  of  the  dynamic  response  of  the  integrated  system. 

For  the  convenience  of  comparing  different  modeling 
approaches,  a  scaled  displacement  is  defined  by 

W'nonnal=»v/^l.(2)^  (35) 

so  that  the  effect  of  the  electric  parameters  of  PZT  actuators 
in  the  modeling  can  be  eliminated.  The  displacement  re¬ 
sponse  of  the  cylinder  is  picked  up  at  x=300  mm  and 
0=90°.  As  the  thickness  of  the  PZT  actuator  increases,  the 
natural  frequencies  of  the  integrated  PZT/cylinder  system 
move  up,  which  is  accurately  predicted  in  the  impedance 
model.  Figure  10  displays  the  differences  in  the  displacement 
responses  of  the  cylinder  predicted  by  the  static  model  and 
by  the  impedance  model,  respectively.  The  resonant  frequen¬ 
cies  of  the  integrated  system  are  shifted  to  a  higher  value 
compared  with  that  of  the  original  cylinder.  The  correspond¬ 
ing  amplitude  of  the  response  decreases.  It  can  be  explained 
that  thicker  PZT  patches  bonded  on  the  surface  of  the  cylin¬ 
der  stiffen  the  cylinder,  which  leads  to  the  variations  in  the 
performance  of  the  original  structure.  The  intensity  of  these 
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frequency  (Hz) 

FIG.  10.  A  comparison  of  the  displacement  response  of  the  cylinder  pre¬ 
dicted  by  the  static  model  and  the  impedance  model,  respectively  t-v =310 
mm  and  #=90°). 

changes  depends  on  the  extent  of  the  impedance  matching 
between  the  PZT  and  the  cylinder.  When  the  response  hap¬ 
pens  to  be  picked  up  at  the  nodal  line  of  the  4th  mode  of  the 
original  cylinder  (x=310  mm  and  0=15°),  a  significant  dif¬ 
ference  is  observed  between  the  different  modeling  ap¬ 
proaches.  The  static  model  apparently  misses  this  mode,  as 
shown  in  Fig.  11.  The  developed  impedance  model,  however, 
picks  up  this  mode.  In  fact,  the  dynamic  performance  of  the 
original  cylinder  has  already  been  shifted  by  the  added  PZT 
actuator  and  the  sensor  location  (jc =310  mm  and  0=15°)  is 
not  the  real  nodal  line  of  the  4th  mode  of  the  integrated 
system.  The  frequency  response  function  of  the  entire  struc¬ 
ture  thus  reflects  this  4th  mode. 

IV.  SUMMARY 

A  theory  development  using  impedance  modeling 
method  for  the  actuation  of  two-dimensional  structures  has 
been  performed.  The  impedance  method  reveals  physics  of 


FIG.  11.  A  comparison  of  the  displacement  response  of  the  cylinder  pre¬ 
dicted  by  the  static  model  and  the  impedance  model,  respectively  U=310 
mm  and  &=  15°,  hp=i.O  mm). 
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the  dynamic  interaction  between  the  actuators  and  host  struc¬ 
tures,  therefore,  it  gives  more  accurate  prediction  of  the  out¬ 
put  moments  of  induced  strain  actuators  than  the  conven¬ 
tional  static  approach. 

The  output  moments  (or  forces)  of  induced  strain  actua¬ 
tors  are  strongly  related  to  the  input  impedance  of  the  actua¬ 
tors  and  the  mechanical  impedance  of  the  host  structure,  and 
they  are  frequency  dependent. 

When  the  actuator  input  impedance  levels  approach  or 
match  with  the  host  structural  impedance  levels,  the  dynamic 
performance  of  the  original  shell  structure  is  altered  because 
of  the  stiffening  effect  of  the  integrated  PZT  actuators.  The 
intensity  of  the  stiffening  effect  varies  with  the  location  and 
the  thickness  of  the  PZT  actuators. 
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The  traditional  design  approach  of  feedforward  control  systems  involves  the  selection  of  number 
and  location  of  the  actuators  and  sensors  based  on  some  physical  understanding  of  the  system.  This 
empirical  methodology  yields  satisfactory  results  for  simple  structures  and  sinusoidal  inputs. 
However,  such  a  heuristic  approach  can  easily  result  in  an  inefficient  control  system  with  an 
unnecessarily  large  number  of  control  channels  for  complex  structures  and  more  realistic 
disturbances.  In  this  work  an  efficient  formulation  is  presented  for  the  design  of  actuators  and 
sensors  for  structurally  radiated  sound  reduction.  The  technique  is  based  on  the  modification  of  the 
eigenstructure  such  that  the  system  responds  with  the  weakest  set  of  modal  radiators.  The  technique 
is  applicable  to  both  narrow-band  and  broadband  excitations.  The  formulation  is  demonstrated  for 
controlling  the  odd-odd  modes  of  a  simply  supported  plate  driven  by  a  point  force  located  at  the 
center  of  the  plate.  The  radiation  due  to  the  first  three  odd— odd  modes  is  reduced  with  a  single-input, 
single-output  (SISO)  controller.  The  control  actuator  and  error  sensor  are  implemented  with 
piezoelectric  (PZT)  ceramics  and  polyvinvlidene  fluoride  (PVDF)  films,  respectively.  It  is  shown 
that  the  design  approach  yields  excellent  global  sound  reduction. 

PACS  numbers:  43.40.Vn 


INTRODUCTION 

Sound  radiated  by  vibrating  structures  is  a  persistent 
problem  in  numerous  industrial  applications,  and  it  has  long 
been  a  subject  of  research  interest  in  the  acoustic  community. 
The  common  practice  of  using  passive  techniques  often  re¬ 
sults  in  heavy  systems  that  are  inefficient  at  low  frequencies. 
In  recent  years,  considerable  effort  has  been  devoted  to  ac¬ 
tive  control  techniques  to  reduce  low-frequency  structurally 
radiated  sound.  The  understanding  of  the  physics  of  the  prob¬ 
lem  has  yielded  efficient  control  strategies.  One  such  ap¬ 
proach  has  been  proposed  by  Fuller1  in  which  the  control 
inputs  are  applied  directly  to  the  vibrating  structure  while 
minimizing  radiated  sound  or  related  variable.  This  tech¬ 
nique,  known  as  active  structural  acoustic  control  (ASAC), 
has  been  implemented  using  both  feedback  and  feedforward 
control  approaches.2-6  The  control  approach  to  be  imple¬ 
mented  mostly  depends  on  the  nature  of  the  disturbance  in¬ 
put,  i.e.,  steady-state  sinusoid,  random,  or  transient.  For  ap¬ 
plications  in  which  the  noise  field  is  due  to  persistent  inputs, 
the  potential  of  the  ASAC  technique  in  conjunction  with 
adaptive  feedforward  control  approaches  has  been  clearly 
demonstrated.4-6 

The  design  of  feedforward  control  systems  involves  the 
selection  of  the  type,  number,  location,  and  size  of  the  actua¬ 
tors  and  of  the  error  sensors  whose  outputs  are  sought  to  be 
minimized.  The  traditional  design  approach  in  feedforward 
control  is  to  select  actuators  and  sensors  based  on  some 
physical  understanding  of  the  behavior  of  the  uncontrolled 
system.  In  general,  this  empirical  methodology  yields  satis¬ 
factory  results  for  ASAC  when  the  error  transducers  are  mi¬ 
crophones  placed  in  the  acoustic  field  that  directly  observe 
the  quantity  to  be  minimized  and  when  the  excitation  is  a 


single  sinusoid.  However,  this  heuristic  approach  can  easily 
result  in  an  inefficient  control  system  with  an  unnecessary 
large  number  of  control  channels  even  in  simple  systems  and 
is  exacerbated  when  structural  sensors  are  used.  Wang  et  al. 
investigated  the  optimum  location  of  actuators  to  minimize 
radiation  from  panels  with  microphones  used  as  error  trans 
ducers.  It  is  demonstrated  in  this  work  that  for  single 
frequency  excitation,  both  on  and  off  resonance,  the  opti 
mally  located  actuators  achieved  a  far  better  global  reduction 
of  sound  than  actuators  whose  position  are  chosen  only  upor 
some  physical  considerations. 

As  a  result  of  rapid  advances  in  specialized  actuator  and 
sensor  materials,  today  research  thrust  is  toward  developing 
smart  or  adaptive  systems  with  actuators  and  sensors  being 
an  integral  part  of  the  structure.8  The  typical  transducer  to  be 
embedded  in  a  structure  will  be  distributed  in  nature.  In  par¬ 
ticular,  induced  strain  piezoelectric  (PZT)  ceramics910  and 
shape  memory  alloys11  as  actuators,  and  polyvinylidene  fluo¬ 
ride  (PVDF)  films12,13  and  fiber  optics14  as  sensors  have 
shown  potential  for  ASAC  applications.  The  design  of  con¬ 
trol  systems  of  structures  with  integrated  transducers  will  be 
even  more  critical  since  these  error  sensors  will  not  directly 
measure  acoustic  pressure  which  is  the  quantity  to  be  re¬ 
duced  and  not  all  structural  motion  is  well  coupled  to  the 
radiation  field.  Clark  et  aLiS  extended  the  work  of  Wang7  to 
optimize  the  location  of  piezoelectric  actuators  and  both  the 
location  and  size  of  PVDF  strain  sensors  on  a  simply  sup¬ 
ported  plate  excited  harmonically.  Analytical  and  experimen¬ 
tal  results  showed  that  a  simple  single  optimally  located  PZT 
actuator/P VDF  sensor  pair  rivaled  the  sound  reduction 
achieved  with  three  arbitrarily  located  PZT  actuators  and 
three  error  microphones. 

These  formal  optimization  approaches7’15  clearly  dem- 


1582  J- Acoust.  Soc.  Am.  96  (3),  September  1994  0001-4966/94/96(3)/1 582/1 0/S6.00  ©  1994  Acoustical  Society  of  America  1582' 


k  onstrate  that  optimally  located  actuators  and  sensors  can 
■  have  a  profound  impact  on  the  performance  of  the  active 
S'*  control  system.  Even  more  important  is  the  fact  that  signifi- 
K*  cant  levels  of  attenuation  can  be  obtained  with  far  less  num- 
K  bers  of  properly  located  transducers,  thus  reducing  the  di- 
mensionality  and  complexity  of  the  controller.  Unfortunately, 
Ef*  these  direct  optimization  techniques  require  the  evaluation  of 
kI  the  radiated  pressure  at  each  step  of  the  minimization  pro- 
p;  cess.  The  acoustic  prediction  that  will  certainly  be  carried  out 
fy  numerically  for  real  structures  is  a  computationally  intensive 
p  analysis.  Thus,  these  design  optimization  techniques  cannot 
K.  be  realistically  implemented  to  complex  structures  and  dis- 
fc  turbances  in  the  present  form  because  of  computational  time 
j|  aspects. 

p  In  this  paper,  a  new  efficient  design  formulation  for 
y  feedforward  ASAC  systems  is  proposed.  The  actuators  and 
sensors  are  designed  such  that  the  controlled  structure  will 
respond  with  a  set  of  poor  radiating  modes.  To  this  end,  the 
formulation  takes  advantage  of  recent  work  that  demon¬ 
strated  that  an  active  feedforward-controlled  structure  will 
respond  with  a  new  set  of  eigenproperties  whether  vibration 
or  radiation  is  being  attenuated.16*17  It  was  demonstrated  that 
for  radiation  control  the  controlled  eigenfunctions  were  all 
nonvolumetric  or  inefficient  (weak)  radiators.17'18  The  con¬ 
trolled  resonant  frequencies  and  associated  eigenfunctions 
are  a  funcrion  of  the  selected  control  actuators  and  error  sen¬ 
sors  and  are  independent  of  the  disturbance  input.  Thus,  the 
design  approach  is  based  on  finding  the  actuators  and  sensors 
configuration  such  that  the  controlled  structure  will  respond 
with  the  weakest  set  of  modal  radiators.  These  weak  radia¬ 
tors  are  defined  here  as  the  eigenfunctions  with  the  lowest 
radiation  efficiency  and  are  obtained  by  solving  an  eigen¬ 
value  problem.  The  formulation  is  valid  for  both  narrow- 
band  and  broadband  excitation  inputs.  The  design  formula¬ 
tion  is  demonstrated  on  a  simple  supported  plate  excited  with 
white  noise. 


I.  SYSTEM  RESPONSE 

The  structure  is  assumed  linear  and  subjected  to  a  sta¬ 
tionary  disturbance  input.  Thus  the  analysis  is  carried  out  in 
the  frequency  domain  by  simply  taking  the  Fourier  transform 
of  any  time-dependent  variable.  For  the  sake  of  clarity,  the 
formulation  will  be  presented  for  a  planar  radiator  and  a 
single-input,  single-output  (SISO)  control  system.  However, 
there  is  no  loss  of  generality  in  the  design  methodology  pro¬ 
posed  here.  A  typical  SISO  feedforward-control  arrangement 
is  shown  in  Fig.  1.  In  feedforward  control  the  undesirable 
response  of  a  system  due  to  the  “primary”  disturbance  input 
is  reduced  by  applying  a  “secondary”  control  input.  The 
control  input  is  obtained  by  feeding  a  reference  signal  into 
the  compensator,  G(oj).  The  compensator  is  designed  such 
that  the  output  from  an  error  sensor  is  minimized.  In 
feedforward-control  approaches,  the  reference  signal  should 
be  “coherent”  to  the  disturbance  input  signal,  and  it  is  as¬ 
sumed  here  that  it  is  directly  obtained  by  tapping  the  distur¬ 
bance  input. 
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A.  Structural  response 

The  structural  response  w(.r,y,o>)  can  be  expressed  as  a 
linear  combination  of  the  modes  as 

i v 

w(x,y, a>)=2  qn(a))<t>n(x,y),  (1) 


where  qn((o)  is  the  nth  generalized  modal  coordinate, 
is  the  nth  eigenfunction,  and  N  is  the  number  of 
modes  included  in  the  response.  The  modal  displacement  can 
be  written  as16 


qn(<*>)-[fnF(<*>)  +  UnU(u)]H  „(<!>),  (2) 

where  f„  is  the  nth  modal  disturbance  force,  F(co)  is  the 
Fourier  transform  of  the  disturbance  input,  un  is  the  nth  unit 
modal  control  force,  U(uj)  is  the  Fourier  transform  of  the 
control  input,  and  H(cj)  is  the  nth  modal  frequency  response 
function,  given  as 


I 


0>-n-<02+j2(n<»n<0  ’ 


(3) 


where  ion  and  are  the  nth  natural  frequency  and  modal 
damping  ratio,  respectively,  and  j  is  the  imaginary  number. 
Equation  (2)  assumes  that  the  modes  have  been  normalized 
with  respect  to  the  mass  distribution. 

The  optimum  frequency  content  of  the  control  input 
stems  from  minimizing  a  cost  function,  which  is  the  mean- 
square  value  of  a  structural  response  monitored  by  an  error 
sensor.  Since  the  goal  of  this  work  is  to  design  what  is 
termed  as  adaptive  structural  systems,  actuators  and  sensors 
contained  within  the  structure  will  be  the  only  transducers 
considered  in  this  study.  Then,  the  Fourier  transform  of  the 
error  sensor  output  can  also  be  represented  as  the  sum  of  the 
linear  contribution  of  each  mode  as  follows:7 


*(*>)=  2 
n  =  1 


(4) 


where  is  the  nth  modal  error  component  which  is  a  func¬ 
tion  of  the  characteristics  of  the  error  transducer,  i.e.,  discrete 
or  distributed. 

The  modal  error  components  £„  and  the  unit  modal  con¬ 
trol  forces  un  are  a  measure  of  the  relative  observability  and 
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wuuuoiwomcy  oi  uie  mooes  oy  me  error  sensor  and  control 
actuator,  respectively.  By  minimizing  the  cost  function  with 
respect  to  the  control  input,  it  can  be  shown  that  the  spec¬ 
trum  content  of  the  control  input  is  given  by16,19  f 

TU.A-rt  ,.\C1  \  nH n(  <*>) 

where  G(w)  is  the  compensator  that  relates  the  control  input 
U(<j)  to  the  disturbance  input  F(w).  For  a  nonminimum 
phase  control  system  the  optimum  compensator  G(w)  is  not 
implementable  for  broadband  disturbances.  For  single  and 
multiple  frequency  disturbances,  the  optimum  compensator 
is  .always  realizable.  As  discussed  later,  the  design  approach 
presented  here  will  yield  a  control-error  path  that  is  mini¬ 
mum  phase  and  thus  the  design  formulation  is  applicable  to 
any  type  of  input.  The  controlled  response  can  now  be  com¬ 
puted  by  solving  Eq.  (5)  for  the  control  input  U(<v )  and 
replacing  it  into  Eq.  (2)  and  this  into  Eq.  (1).  The  uncon¬ 
trolled  response  can  be  computed  by  simply  setting  U(<o)  to 
zero  in  Eq.  (2).  In  this  SISO  control  configuration,  the  error 
output  is  theoretically  driven  to  zero  by  the  control  input  at 
all  frequencies. 


B.  Acoustic  response 

The  far-field  pressure  radiated  by  a  harmonically  vibrat¬ 
ing  planar  structure  can  be  computed  from  the  structural  re¬ 
sponse  by  using  the  Raleigh  integral20  as  follows: 


-  ,  ‘wPo  f 
r,w)  =  - — 

27 r  JA 


where,  as  shown  in  Fig.  1,  F=(r,0,cp)  is  the  polar  coordinate 
of  the  observation  point  in  the  acoustic  field;  rs  =  (xs,y  ), 
where  xs  and  y,  are  the  coordinates  of  the  elemental  surface 
<£4  having  normal  velocity  v(x5,ys);  A  is  the  area  of  the 
radiator;  R  is  the  magnitude  of  the  distance  from  the  elemen¬ 
tary  source  and  the  observation  point;  p0  is  the  fluid  density; 
and  k  is  the  acoustic  wave  number  given  as  k-w/c,  where  c 
is  the  speed  of  sound  in  the  medium.  Here,  it  is  assumed  that 
the  acoustic  medium  is  air  and  thus  no  feedback  of  the  fluid 
motion  into  the  structure  takes  place. 

Again  the  radiated  pressure  can  be  expressed  as  a  linear 
contribution  of  the  modes  as 

/7(r,w)=X  q„(u)p„(r,w),  (7) 

n=  1 

where 

,  iwPo  f  e  ~'kR 

Pn(r,u>)~—  J^a><t>n(xs,ys)  -j-dA  (8) 

is  the  radiated  pressure  distribution  given  by  the  nth  mode 
with  surface  velocity  iu<j>n(x,y).  The  controlled  acoustic 
sound  field  can  be  computed  by  replacing  Eq.  (2)  into  (7) 

It  should  be  noted  that  typically  the  computation  of  the 
radiated  Pressure  for  a  complex  structure  will  be  performed 
numerically  by  finite/boundary  element  codes.21  This  analy¬ 
sis  ,s  a  computationally  intensive  process,  and  therefore  any 

1584  J.  Acoust  Soc.  Am..  Vol.  96.  No.  3,  September  1994 


contro**er  design  approach  should  minimize  the 
number  of  acoustic  evaluations.  The  following  work  is  di¬ 
rected  toward  achieving  this  goal. 

II.  CONTROLLED  SYSTEM  E1GENPROPERTIES 

The  previous  analysis  provides  the  tools  to  compute  the 
controlled  structural  and  acoustic  responses.  However,  it 
does  not  give  any  insight  into  the  control  mechanisms.  Since 
the  design  approach  proposed  here  is  founded  on  the  under 
standing  of  these  mechanisms,  the  main  aspects  of  the  dy 
namic  behavior  of  feedforward-controlled  structures  will  be 
described  in  the  sequel,  while  a  full  detailed  description  can 
be  found  in  Ref.  16.  The  traditional  view  of  feedforward 
controlled  systems  is  of  “active  cancellation”  where  the 
modes  of  the  structure  excited  by  the  “primary”  disturbance 
input  are  canceled  by  the  “secondary”  control  input  of  ap 
propnate  magnitude  and  phase  driving  the  same  structural 
modes.  This  view  arises  from  the  fact  that  the  system  re 
sponse  can  be  interpreted  as  the  superposition  of  the  distur 
bance  and  control  responses  as  suggested  by  Eq.  (2).  How¬ 
ever,  recent  work  has  shown  that  the  feedforward-controlled 
system  responds  effectively  with  a  new  set  of  eigenfunctions 
and  eigenvalues  to  the  disturbance  input.16 

The  eigenproperties  of  the  feedforward  controlled  sys¬ 
tem  are  governed  by  the  characteristics  of  the  controller 
G(w)  in  Eq.  (5).  Because  of  the  constraint  imposed  on  the 
structure  by  driving  the  error  signal  to  zero  at  all  frequencies, 
it  can  be  shown  that  the  controller  reduces  the  dynamic  de¬ 
grees  of  freedom  of  the  system  by  1,  and  thus  the  controlled 
system  has  (jV-1)  new  eigenvalues  and  associated  eigen¬ 
functions.  The  undamped  controlled  system  eigenvalues.  kh 
are  computed  such  that  the  following  equation  is  satisfied: 

N  N 

2  £nun  IT  —  0,  /=  1 1 ,  (9'l 


where  Am-(wm)2  js  the  mth  uncontrolled  system  eigen¬ 
value.  This  implies  that  if  the  structure  is  excited  at  a  fre- 
1/2near  the  control  system  pole  frequency, 
/2ir,  the  controlled  structural  response  will  be 
very  large  (or  unbounded  for  an  undamped  system,  f„  =  0). 
This  behavior  takes  place  even  though  the  error  senso"r  out- 
put  vanished  at  all  frequencies. 

The  controlled  system  eigenfunction  <f>,{x,y)  associated 
to  the  eigenvalue  k,  is  easily  computed  once  the  controlled 
system  eigenvalue  has  been  determined.  They  can  be  ob¬ 
tained  as  a  linear  combination  of  the  uncontrolled  modes. 
That  is, 

<A/(*,y)=2  ^I„4>n{x,y)  (!0) 

n  *1 

and  the  expansion  coefficients  are 

F  in^C/uJik,-^),  n  =  (ii) 

where  C,  is  a  constant  that  is  included  since  the  controlled 
mode  shapes  are  arbitrary  to  a  constant  multiplier,  and  it  can 
be  computed  such  that  [(r„)2  +  (r/2)2+.-.  +  (rw)2]  =  l. 
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[The  eigenproperties  of  the  controlled  system  given  by 
Eqs.  (9)— (11)  are  a  function  of  the  control  input,  through  the 
unit  modal  control  forces  un ,  and  of  the  error  variable, 
through  the  modal  error  components  £„  .  An  important  aspect 
of  the  eigenproperties  are  that  they  are  independent  of  the 
.  disturbance  input.  This  implies  that  once  the  control  actuator 
l  and  error  sensor  are  selected  the  eigenstructure  of  the  con- 
*  trolled  system  is  completely  determined  independently  of  the 
^  nature  of  the  disturbance  input  including  frequency  content, 
£  location  and  distribution. 

L 

l  111.  DESIGN  APPROACH 

:  The  main  goal  in  ASAC  is  for  the  control  system  to 

£  render  a  controlled  response  that  poorly  couples  with  the 
r  acoustic  medium,  thus  resulting  in  minimum  radiated  sound 
.  power.  This  objective  can  be  accomplished  if  two  conditions 
are  met. 

(i)  The  resonant  frequencies  of  the  controlled  structure 
must  lay  away  from  the  dominant  part  of  the  disturbance 
input  spectrum.  In  other  words,  the  controlled  system  reso¬ 
nances  should  be  detuned  from  the  excitation  input. 

(ii)  More  important,  the  controlled  or  residual  structural 
response  should  be  a  linear  contribution  of  weak  radiating 
modes. 

As  mentioned  in  the  previous  section,  the  controlled  sys¬ 
tem  has  new  resonant  frequencies  and  associated  eigenfunc¬ 
tions  that  are  only  a  function  of  the  selected  actuator  and 
sensor.  Thus,  this  concept  can  be  merged  with  the  above 
conditions  to  yield  an  efficient  design  approach.  The  design 
formulation  proposed  here  can  be  stated  as  to  find  the  opti¬ 
mum  actuator  and  sensor  configuration  that  yields  a  con¬ 
trolled  structure  with  eigenproperties  that  satisfied  the  above 
two  conditions. 

The  first  step  in  the  proposed  design  formulation  is  to 
find  the  desired  set  of  controlled  system  eigenfunctions  with 
which  the  controlled  structure  should  respond.  The  sought 
eigenfunctions  should  be  weak  modal  radiator  and  this  can 
be  mathematically  formulated  by  requiring  the  desired  eigen¬ 
functions  to  have  the  lowest  radiation  efficiency  possible. 
Since  the  controlled  eigenfunctions  are  given  as  a  linear 
combination  of  the  uncontrolled  eigenfunctions,  this  implies 
a  search  for  the  desired  expansion  coefficients  (T!n)d  in  or¬ 
der  to  achieve  this  objective. 

To  compute  the  radiation  efficiency,  the  ratio  of  the  ra¬ 
diated  power  to  the  average  mean  square  velocity  of  the  ra¬ 
diating  surface  is  required.  The  radiated  pressure  due  to  the 
/th  controlled  eigenfunction  driven  harmonically  at  fre¬ 
quency  a)  can  be  computed  using  the  modal  surface  velocity 
distribution  v(x,y)  =  i<D<j>t(x,y)  substituted  into  the  Rayleigh 
integral,20  Eq.  (6).  Considering  Eq.  (10),  the  controlled 
modal  pressure  distribution  is  given  in  terms  of  the  unknown 
desired  coefficients,  ( T {n)d ,  and  of  the  uncontrolled  modal 
pressure  distribution,  pn(r,a))t  as 

N 

p,(r,u>)='2/  (r ln)dpn{r,0i).  (12) 

/!=  1 

The  radiated  sound  power  at  frequency  <d  due  to  the  /th 
controlled  mode  over  the  region  D  in  the  acoustic  field  is 
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computed  by  integrating  the  acoustic  time  average  intensity 
as 


D 


and  replacing  Eq.  (12)  into  (13)  gives 

N  N 

n,(V>=2  2  (r;j,(r/m),nnm(o,) 

rt=  1  m  -  I 


(13) 


={r/}dr[n(^)]{r/},1  (i-n 

where  the  elements  of  matrix  [flM]  are 


D 


the  desired  expansion  vector  is  {I'/}i/={(r/,)</,...,(rw)<,}r, 
and  the  superscript  T  denotes  the  vector  transpose. 

Matrix  [IIM]  is  symmetric  and  positive  definite  be¬ 
cause  the  radiated  power  is  always  positive  for  a  nontrivial 
vector  {r,}j.  The  term  n„n(a>)  represents  the  radiated 
power  by  the  nth  uncontrolled  eigenfunction,  while  the  term 
n,(m(a>)  represents  the  radiated  power  due  to  the  acoustic 
coupling  between  the  nth  and  mth  uncontrolled  eigenfunc¬ 
tions.  If  the  cross  term  II„m(a>)  vanishes,  the  modes  are  said 
to  be  acoustically  uncoupled.  The  important  implication  is 
that  the  radiation  due  to  the  nth  mode  can  not  be  used  to 
destructively  interfere  with  the  radiation  due  to  the  mth  mode 
such  that  the  average  radiated  power  over  the  region  D  is 
reduced. 

The  average  mean-square  velocity  for  the  controlled 
mode  oscillating  at  frequency  <d  can  be  easily  computed  as 

I v/(o>)|2  =  —  j  j  <t>j{xs,ys)dA.  (16) 

4 


Again,  it  is  straightforward  to  show  that  the  average  mean- 
square  velocity  becomes 

hMlHr,}JWa>)]{r,},(  (1?) 

where  matrix  [  V(o>)]  is  also  symmetric  and  positive  definite, 
and  its  elements  are 

Vnm{u)  =  2X  f  j  ^n(xs,ys)<f>m(xs,ys)dA.  (18) 

A 


Finally  the  radiation  efficiency  of  the  /th  controlled  eigen¬ 
function  is  defined  as22 

1  n,(*)  _  i  {r,}r[n(a.)]{r,} 

'  Ap0c  h(a,)|2  APoc  {r,}'m*,)]{r,}  • 

(19) 

The  desired  expansion  coefficients  (T ln)d  that  yield  the 
lowest  radiation  efficiency  for  the  controlled  modes  are  ob¬ 
tained  by  minimizing  S,(w)  in  Eq.  (19)  with  respect  to  the 
coefficients  (T,,,)*  with  the  constraint  ({T/}lf)7'{r/}rf=  1 . 
This  constrained  minimization  problem  can  be  efficiently 
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soivea  oy  recognizing  mat  the  stationary  values  of  St(u>)  can 
be  obtained  by  solving  the  eigenvalue  problem 

{[n(oJ)]-5,[vr(w)>ipoC}{r/}</={o}, 

(20) 

Because  of  the  symmetry  and  positive-definite  proper¬ 
ties  of  the  matrices,  the  N  eigenvalues  5,  are  all  real  and 
positive  and  they  are  ordered  such  that  5,<5-<  •  •  -<SN  . 
The  eigenvalue  5,  represents  the  radiation  resistance  at  fre¬ 
quency  co  of  the  /th  desired  controlled  eigenfunction  that  is 
given  as  a  linear  combination  of  the  uncontrolled  modes  by 
the  coefficients  of  the  eigenvector  {T,}, .  Because  the  SISO 
control  system  considered  here  has  (N- 1)  eigenfunctions, 
the  optimum  set  of  controlled  eigenfunctions  is  that  with  the 
(N-l)  lowest  radiation  efficiency.  Thus  the  desired  expan¬ 
sion  coefficients  (T,„)d  are  the  first  (jV-1)  eigenvectors  in 
Eq.  (20).  These  eigenfunctions  form  a  set  of  independent 
basis  functions  for  the  controlled  system. 

The  desired  eigenfunctions  found  above  are  optimum  in 
the  sense  that  they  have  the  lowest  radiation  efficiency  at  the 
single  frequency  o».  For  broadband  excitation,  the  controlled 
eigenfunctions  should  have  low  radiation  efficiency  in  the 
frequency  range  of  the  excitation  input.  This  can  be  accom¬ 
plished  by  solving  for  the  minimum  of  the  weighted  radia¬ 
tion  efficiency: 

v-,'- J- 

Apoc  •  w) 


where  5,  is  a  weighting  constant,  and  matrices  [Il(w,)]  and 
[v(*i)]  are  computed  at  L  frequencies  <u,-.  The  eigenprob- 
lem  of  Eq.  (21)  will  then  yield  a  set  of  optimum  eigenfunc¬ 
tions  that  have  low  radiation  efficiency,  in  some  weighted 
sense,  at  the  L  frequencies  to, .  Then,  the  computation  of  the 
uncontrolled  modes  radiated  pressure  is  required  at  L  fre¬ 
quencies.  This  analysis,  in  particular  if  numerical  techniques 
are  used,  is  a  computational  intensive  process  and  care 
should  be  exercised  in  selecting  both  the  number  and  values 
of  the  frequencies  to, .  Sensitivity  analysis  of  the  acoustic 
pressure  with  respect  to  the  frequency  should  be  useful 
here.  ,2 

It  should  be  mentioned  that  Cunefare25  developed  a 
similar  eigenvalue  formulation  for  obtaining  the  optimum 
velocity  distribution  on  a  finite  beam  that  minimizes  the  ra¬ 
diation  efficiency  of  the  beam  response  at  a  single  frequency. 
It  was  suggested  in  this  work  that  the  optimum  velocity  re¬ 
sponse  could  be  used  as  the  objective  function  for  the  design 
of  active  control  systems.  Though  similar  in  concept,  the 
proposed  formulation  differs  markedly  from  Cunefare’s  work 
in  a  fundamental  aspect.  Here  the  formulation  searches  for 
controlled  eigenfunctions  that  are  weak  radiators  and  that  are 
independent  of  the  frequency. 

A.  Optimum  modal  parameters 

The  expansion  coefficients  T ln  are  a  function  of  the  unit 
modal  control  forces  u„,  the  uncontrolled  eigenvalues  /x 
and  the  controlled  eigenvalues  X,,  as  depicted  by  Eq  (11)’ 
Thus  the  unit  modal  control  forces  and  the  controlled  eigen¬ 
values  can  now  be  determined  so  they  yield  the  desired  ex- 
panston  coefficients  found  from  the  solution  of  the  above 
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^cigenproblem.  However,  the  number  of  expansion  coeffi¬ 
cients  to  match  is  NX  (N-l)  while  there  are  2(N-  1)  de¬ 
sign  variables,  i.e.,  ( N —  1)  relative  modal  control  forces  and 
(N—  1)  controlled  eigenvalues.  Therefore,  the  desired  expan¬ 
sion  coefficients  can  be  achieved  only  in  some  least-square 
sense.  The  controlled  eigenvalues  and  modal  control 
forces  un  can  then  be  obtained  by  solving  the  following 
least-square  constrained  minimization  problem: 

Minimize 

*-i  *  1 2 

^(a„A/)=2  2  (r in)d-c,- — — j  (22) 

/=  1  n  -  I 

such  that 

N 

2  un~  (^-/)lower^(^/)  ^(^/)upper  •  (23) 

n  —  1 


1  he  equality  constraint  represents  the  normalization  of 
the  modal  control  forces  since  the  relative  controllability  of 
the  modes  is  the  only  relevant  information.  The  upper  and 
lower  limits  of  the  inequality  constraints  on  the  values  for 
the  controlled  system  eigenvalues  X,  are  selected  based  on 
the  characteristic  of  the  spectrum  content  of  the  disturbance 
input.  For  example,  if  the  disturbance  input  consists  of  mul¬ 
tiple  sinusoids,  the  controlled  eigenvalues  are  selected  such 
that  they  are  not  coincident  with  any  of  the  excitation  sinu¬ 
soids.  It  is  also  important  to  remark  that  the  controlled  eigen¬ 
values  X,  are  restricted  to  have  real  positive  values.  The~im- 
plication  of  this  constraint  is  that  the  optimum  compensator 
G(co)  is  physically  realizable.  The  solution  of  the  minimiza¬ 
tion  problem  can  be  carried  out  efficiently  by  a  number  of 
optimization  routines  and  yields  the  unit  modal  control 
forces  un  and  the  controlled  eigenvalues  X/ . 

Recent  work17  has  shown  that,  given  un  and  X/(  the 
error  modal  components  can  be  computed  from  the  char¬ 
acteristic  equation  of  the  controlled  system  in  Eq.  (9).  Re¬ 
placing  the  optimum  controlled  eigenvalues  X,  and  unit 
modal  control  forces  un  found  from  the  solution  of  the  above 
optimization  problem  into  Eq.  (9)  gives*7 


^11 

A\  2 

A\N 

^21 

A  22 

A  2  N 

(*-1)1 

A(N- 1)2  •’ 

A{n-\  )n. 

N 

with 

A  ln~  Un  11 

m  =  1 


The  homogeneous  linear  system  of  equations  is  such 
that  the  only  relevant  information  is  the  relative  observability 
of  the  uncontrolled  modes  by  the  error  sensor.  Thus  assum¬ 
ing  the  Mh  mode  is  observable,  then  by  setting  to  1,  the 
modal  error  components  can  be  obtained  by  solving  the  re¬ 
duced  linear  system  of  equations 
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^21  ^  22  '**  ^  2(/V  - 1 ) 

^(/V-d2  *“  ^(/v- ins-  n, 

f  ^l/V  ) 


l  ^(,V-  1  )N  J 

The  optimal  modal  error  %n  and  control  un  components 
define  completely  the  control  system  configuration  in  the 
modal  domain.  The  design  of  the  control  system  in  the  modal 
domain  as  carried  out  in  this  formulation  offers  a  number  of 
advantages.  The  performance  of  the  controller  can  be  inves¬ 
tigated  with  the  modal  parameters  alone  before  the  transduc¬ 
ers  are  selected.  Control  issues  such  as  number  of  control 
channels  for  a  required  reduction  can  be  addressed  effec¬ 
tively.  This  approach  also  allows  for  the  investigation  of  dif¬ 
ferent  kinds  of  actuators  and  sensors  with  minimum  addi¬ 
tional  computational  effort. 

This  modal  information  needs  to  be  transformed  into 
physical  transducers  that  can  then  be  implemented  on  the 
structure.  The  type  of  actuator  and  sensor,  i.e.,  discrete  or 
distributed,  to  be  implemented  is  an  application-dependent 
problem  and  beyond  the  main  focus  of  the  proposed  design 
approach.  For  the  sake  of  completeness,  the  implementation 
of  physical  strain-induced  transducers  is,  however,  illustrated 
in  the  numerical  section. 


IV.  NUMERICAL  EXAMPLE 

The  applicability  of  the  design  formulation  presented 
here  is  demonstrated  for  an  uniform  simple  supported  plate. 
This  structure  was  selected  because  analytical  solution  of 
both  the  structural  response  and  the  radiated  sound  field  are 
available.  The  plate  is  assumed  made  of  steel  with  density 
p5  =  7833  N-s2/m\  Young’s  modulus  £,  =  2.0xl0n  N/m, 
Poison’s  ratio  i/=0 .3,  thickness  A  =  0.002  m,  and  dimen¬ 
sions  Lx- 0.38  m  and  Ly  =  0.3  m.  The  spectrum  of  the  dis¬ 
turbance  excitation  is  assumed  to  be  white  noise  in  the 
[0-800]  frequency  band.  To  compute  the  response  of  the 
system,  it  is  assumed  a  modal  damping  ratio  of  1.0%  in  all 
modes  (£rt  =  0.01),  and  the  number  of  modes  included  in  the 
analysis  is  AT=8.  Since  the  proposed  design  is  based  on  the 
modal  representation  of  the  system’s  response,  the  nth  natu¬ 
ral  frequency  an  eigenfunction  of  the  plate  is 

(on=-jDpIp3h(y2x  +  y2y),  (2g) 

<t>n(x,y)=K  sin(yp:)sin(7y>»), 

where  yx=7r nxILx,  yy=irny/Ly,  D  p= Eh2/ 12(1  —  v2)  is 
the  flexural  rigidity,  (nx,ny)  are  the  modal  indices  tradition¬ 
ally  used  for  rectangular  panels  that  are  associated  to  the  n 
index  used  in  the  theoretical  analysis,  n  — ►  (nx,/ty),  and 
/:=(4/iJiyApJ)1/2. 

The  plate  is  assumed  baffled  to  eliminate  the  acoustic 
interaction  between  the  back  and  front  radiation  and  facili¬ 
tate  the  analytical  predictions.  The  radiated  far-field  pressure 
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tne  Kayieign  integral  in  eq.  i&).  Assuming  me  ooservanon 
point  to  be  in  the  far  field  ikLx>  [  and  kLv>  1),  Eq.  (8)  has 
a  closed-form  solution  given  by22 


p„(r.u)  = 


-a rp^„LyK  e~ikr 

2  7 rJrtxnv  r 


( -  i)n'e~,ka-  1 

K - 

[ainxir)--  1 


/  ( —  1  1  \ 

X|  (0/ny 1  / 


where 


a  =  kLx  sin  9  cos  <p,  /3=kLv  sin  9  sin  cp.  (28) 

The  uncontrolled  modal  far-fieid  pressure  distribution  in 
Eq.  (27)  can  now  be  used  to  compute  the  auto-  and  cross- 
modal  radiation  power  terms  in  Eq.  (15).  The  aim  in  this 
control  example  is  to  attenuate  the  total  radiated  power.  Thus 
the  integration  of  the  local  intensity  is  carried  out  over  one 
half  hemisphere,  which  for  convenience  is  computed  numeri¬ 
cally. 

The  modes  of  a  simply  supported  plate  can  be  collected 
in  four  groups  which  are  the  odd-odd,  even-odd,  odd-even, 
and  even-even  modes.  Solving  Eq.  (15)  shows  that  the 
cross-radiation  power  terms  between  modes  from  different 
groups  vanish.  This  implies  that  the  modes  in  a  group  are 
acoustically  uncoupled  from  the  modes  of  the  other  groups. 
Conversely,  the  only  acoustic  coupling  takes  place  between 
modes  of  the  same  group.  For  example,  the  (1,1),  (3,1),  and 
(1,3)  odd-odd  modes  have  nonzero  off-diagonal  elements. 
This  implies  attenuation  of  sound  produced  by  these  modes 
can  be  achieved  by  these  modes  interacting  with  each  other. 
In  other  words  the  cross-radiated  power  would  balance  the 
direct  radiated  power.  This  is  the  essence  of  ASAC  where 
sound  attenuation  can  be  achieved  by  restructuring  the 
acoustically  efficient  modes  rather  than  controlling  each  one 
of  them.  On  the  other  hand,  the  (1,2)  and  (3,2)  odd-even 
modes  are  not  acoustically  coupled  with  the  odd-odd  modes. 
Thus  the  radiation  over  a  half-hemisphere  due  to  these 
modes  cannot  be  canceled  by  the  odd-odd  modes.  It  is  evi¬ 
dent  that  for  the  simply  supported  plate  problem  the  odd- 
odd,  even-odd,  odd-even,  and  even-even  modes  should  be 
controlled  independently.  Thus,  a  control  system  design 
should  start  by  careful  identification  of  not  only  the  strongly 
radiating  modes  but  also  of  the  acoustic  coupling. 

The  applicability  of  the  design  formulation  is  demon¬ 
strated  for  controlling  the  radiation  due  to  the  (1,1),  (3,1), 
and  (1,3)  modes  with  a  SISO  controller.  To  this  end,  it  is 
assumed  that  these  are  the  only  modes  excited  by  both  the 
disturbance  and  control  inputs  and  observed  by  the  error  sen¬ 
sor.  This  can  be  expressed  mathematically  by  setting  the 
modal  parameters  fn,un,  and  to  zero  for  all  modes  except 
the  odd-odd  ones. 

A.  Desired  controlled  eigenfunctions 

The  first  step  is  the  design  process  is  to  find  the  desired 
controlled  system  eigenfunctions.  The  single  frequency  of 
300  Hz  was  selected  to  compute  the  matrices  [II(ou)]  and 
[V(cu)]  to  form  the  eigenvalue  problem  of  Eq.  (20).  The 
solution  of  the  eigenvalue  problem  yielded  three  eigenvalues 
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“  A“u,'lliun  c-ncicncy  ana  expansion  coefficiems  of  desired 
functions. 


eigen-  TABLE  III.  Controlled  system  eigenproperties. 


Radiation  efficiency,  SfX  10“3 

: 

Resonant  frequency  /,=  (X,),/2/2  7r  (Hz) 

0.239 

Desired  coefficiems, 

1.13 

(«,•«,) 

/t  =  399 

Expansion  coefficients  r,„ 

r,. 

/;=  700 

r2„ 

(1.1) 

(3.1) 

(1.3) 

“0.367 

0.361 

0.857 

0.128 

-0.893 

0.431 

(U) 

(3,1) 

(U> 

0.224 

“0.877 

0.424 

“0.314 

0.371 

0.874 

and  associated  eigenvectors.  Since  the  SISO  controller  re¬ 
duces  the  number  of  dynamic  degrees  of  freedom  by  1  the 
desired  expansion  coefficients  {Tln)d  are  the  first  two  eigen¬ 
vectors.  The  radiation  efficiency  at  300  Hz,  eigenvalues  S, 
and  associated  expansion  eigenvectors  {T,},  of  the  desired 
controlled  eigenfunctions  are  given  in  Table  I. 

B.  Optimum  modal  parameters 

The  optimum  modal  parameters,  i.e.,  modal  control  and 
error  components,  can  now  be  computed.  The  next  step  is  to 
find  the  unit  modal  control  forces  un  and  controlled  eigen- 
values  that  yield  the  desired  expansion  coefficients  of 
Table  I  This  is  achieved  by  solving  the  minimization  prob¬ 
lem  in  Eqs.  (22)  and  (23)  where  the  controlled  eigenvalues 
K>  are  not  constrained  as  in  Eq.  (23)  because  the  spectrum  of 
the  excitation  input  is  white  noise.  The  minimization  process 

out  by  usinS  the  optimization  IMSL  routine 
OUNLSF  (nonlinear  least  squares  problems),  which  yielded 
the  optimum  unit  modal  control  forces  u„  shown  in  Table  II 
and  two  controlled  resonant  frequencies  at  399  and  700  Hz 
as  shown  in  Table  III.  These  values  yielded  the  expansion 
coefficients  shown  in  columns  2  and  3  of  Table  III.  These 
coefficients  are  almost  identical  to  the  desired  coefficients 
obtained  from  the  solution  of  the  eigenvalue  problem  in  Eq. 
(20)  and  presented  in  Table  I.  The  modal  control  forces  and 
controlled  eigenvalues  can  now  be  used  in  the  linear  system 
of  equations  m  Eq.  (26)  to  solve  for  the  modal  error  compo¬ 
nents  £„ ;  they  are  given  in  Table  III. 

The  resulting  modal  parameters  listed  in  Table  II  define 
completely  the  control  system.  The  controller  has  modified 
the  eigenstructure  of  the  system  in  such  a  way  that  the  con¬ 
trolled  structure  will  respond  with  two  weak  radiating 
modes  To  illustrate  this  fact,  the  radiation  efficiency  for  the 
three  odd-odd  uncontrolled  eigenfunctions  and  the  two  new 
controlled  eigenfunctions  was  computed  and  they  are  plotted 
in  Fig.  2.  This  figure  shows  clearly  that  the  controlled  modes 
have  substantially  lower  radiation  efficiency  than  the  uncon¬ 
trolled  modes.  It  is  also  very  interesting  to  note  that,  by 

TABLE  II.  Modal  control  and  error  components. 

Mode  Modal  parameters 

(», .",) 


(1,1) 

(3,1) 

(1.3) 


-0.534 

0.479 

0.697 


0.924 

0.329 

0.192 


numerical  integration,  the  controlled  eigenfunctions  are  non- 
volumetnc.  Since  the  response  is  a  linear  expansion  of  the 
modes,  this  implies  that  the  net  volume  displaced  by  the 
controlled  plate  is  zero  at  all  frequencies.  This  same  phenom¬ 
enon  was  observed  by  the  authors18  in  studying  the  dvnamic 
behavior  of  feedforward-controlled  systems  using  micro¬ 
phones  in  the  far  field  as  error  sensors. 

The  sensitivity  of  the  controlled  eigenfunctions  to  the 
selected  frequency  used  in  Eq.  (20)  is  an  important  issue 
Solving  the  eigenproblem  in  Eq.  (20)  for  different  values  of 
the  frequency  within  the  excitation  band  showed  that  the 
desired  expansion  coefficients  did  not  vary  substantially. 
Even  though  this  is  not  a  general  conclusion,  this  suggests 
that  m  the  proposed  design  approach  the  solution  of  the 
modal  acoustic  field  could  be  efficiently  carried  out  at  a 
small  number  of  frequencies.  Since  this  analysis  is  the  most 
computational  intensive  process,  the  proposed  design  ap¬ 
proach  has  clear  computational  benefits  over  direct  optimi¬ 
zation  methods  for  complex  structures  and  excitations. 

C.  Control  system  performance 

The  control  system  is  completely  defined  in  the  modal 
domain  in  terms  of  the  optimal  modal  parameters  in  Table  II. 
The  performance  of  the  controlled  structure  can  be  investi¬ 
gated  with  these  modal  parameters  alone  before  physical 
transducers  are  devised.  The  effectiveness  of  the  control  sys¬ 
tem  was  evaluated  for  a  disturbance  input  consisting  of  a 


100 

Frequency  (Hz) 


1000 


°f  “°"ed  <“>  -  controlled  ( - , 
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Frequency  (Hz) 


FIG.  3.  Acceleration  response  at  disturbance  force  location  before  { — )  and 
after  ( - )  control. 

point  force  located  at  *=0.5 Lx  and  y  =  0. 5Ly .  To  illustrate 
the  dynamic  behavior  of  the  plate  before  and  after  control, 
the  acceleration  response  of  the  plate  at  the  disturbance  lo¬ 
cation  was  computed.  The  amplitude  is  shown  in  Fig.  3  as  a 
function  of  the  frequency.  The  dashed  line  is  the  uncontrolled 
response  and  shows  resonant  peaks  at  the  frequencies  given 
in  Eq.  (27).  On  the  other  hand,  when  the  control  input  is 
applied,  the  response  shows  resonance  behavior  at  the  two 
controlled  resonant  frequencies  given  in  Table  III.  The  vibra¬ 
tion  levels  of  the  controlled  structure  are  slightly  lower  than 
the  uncontrolled  system,  i.e.,  amplitude  of  the  second  con¬ 
trolled  mode  is  the  same  as  the  (1,1)  uncontrolled  mode. 
Similarly,  the  before-  and  after-control  far  field  pressure  at 
r  =  (0°,0°,4.5Z,*)  was  also  computed.  The  sound  pressure 
level  in  decibels  (dB  re:  20  /tPa)  is  shown  in  Fig.  4  as  a 
function  of  the  frequency.  This  figure  shows  that  the  sound 
levels  produced  by  the  controlled  structure  are  well  below 
the  level  generated  by  the  uncontrolled  one.  This  is  due  to 
the  low  radiation  efficiency  of  the  controlled  modes  that  re- 


Frequency  (Hz) 


HO.  4.  Far-field  pressure  at  f=(4.5L,  ,0°,0“):  uncontrolled  ( — )  and  con- 
trolled  ( - ). 
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SPl  (dB  Ref.  0.00002  Pa) 

FIG.  5.  Radiation  directivity  on  the  x-z  plane  at  352  Hz:  uncontrolled  j _ ) 

and  controlled  ( - ). 

suits  in  a  weak  coupling  of  the  controlled  response  with  the 
acoustic  medium.  This  phenomenon  takes  place  in  spite  of 
the  vibration  levels  being  comparable  to  the  uncontrolled 
response  levels. 

The  radiation  directivity  in  the  horizontal  .t-z  planes  was 
then  computed  at  selected  frequencies  and  they  are  shown  in 
Figs.  5  and  6.  In  all  figures,  the  dashed  and  continuous  lines 
represent  the  uncontrolled  and  controlled  sound  radiated 
pressure  at  a  distance  of  4.51* .  Figure  5  shows  the  far-field 
radiation  at  352  Hz,  corresponding  to  the  resonance  of  the 
uncontrolled  (3,1)  mode,  which  shows  excellent  global  re¬ 
duction.  Similar  behavior  was  observed  for  each  of  the  un¬ 
controlled  resonant  frequencies.  More  interesting  is  to  inves¬ 
tigate  the  radiated  sound  at  the  controlled  system  resonance 
frequencies.  Figure  6  shows  the  far-field  radiation  at  399  Hz, 
which  is  the  second  resonance  of  the  controlled  system.  In¬ 
spection  of  this  plot  demonstrates  that  even  though  the  re¬ 
sponse  of  the  plate  is  very  large  (because  of  the  resonance) 
the  radiation  is  not  increased  significantly.  Again  this  is  be¬ 
cause  the  controlled  mode  has  very  low  radiation  efficiency. 

To  evaluate  the  overall  performance  of  the  control  con¬ 
figuration,  the  sound  pressure  spectrum  was  integrated  over 
the  bandwidth  from  0  to  800  Hz.  The  integrated  spectrum  is 
used  to  plot  the  overall  radiation  directivity  in  the  x-z  plane. 
Total  radiation  directivities  before  and  after  control  were 
computed  for  the  x-z  planes  and  are  shown  in  Fig.  7,  respec¬ 
tively.  These  plots  show  that  an  average  global  sound  pres¬ 
sure  level  reduction  of  15  dB  is  obtained  over  the  whole 
spectnim,  thus  attesting  to  the  effectiveness  of  the  design 
approach  presented  here. 

The  process  of  designing  a  structural  actuator  and  sensor 


SPL  (dB  Ref.  0.00002  Pa) 

FIG.  6.  Radiation  directivity  on  the  x-z  plane  at  399  Hz:  uncontrolled  ( — ) 
and  controlled  ( - - — ). 
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FIG.  7..  Total  radiation  directivity  on  the  x-z  and  planes:  uncontrolled  ( _ ) 

and  controlled  ( - ). 

that  yield  the  optimum  modal  parameter  is  not  a  kev  aspect 
of  formulation  presented  here.  However,  for  the  sake  of  com¬ 
pleteness  and  as  well  as  clarity  in  the  presentation,  the  design 
of  the  strain-induced  actuator  and  sensor  is  presented  in  the 
Appendix. 

V.  CONCLUSIONS 

A  formulation  has  been  presented  for  the  design  of  adap¬ 
tive  structures  for  ASAC  applications.  The  methodology 
makes  use  of  the  fundamental  concept  that  sound  radiation 
can  be  effectively  reduced  by  changing  the  overall  radiation 
efficiency  of  the  structure.  The  formulation  aiso  takes  advan¬ 
tage  of  the  fact  that  the  feedforward-control  system  changes 
the  dynamic  properties  of  the  structure.  The  understanding 
and  merging  of  these  two  phenomena  lead  to  an  efficient 
method  for  the  design  of  actuators  and  sensors.  The  method 
is  based  on  the  premise  that  the  optimum  actuator  and  sensor 
will  change  the  eigenstructure  of  the  system  such  that  the 
controlled  response  consists  of  a  modal  series  of  weak  radia¬ 
tors.  The  control  configuration  is  first  defined  in  the  modal 
domain  by  computing  the  optimum  control  and  error  modal 
parameters.  Using  this  information,  the  physical  actuator  and 
sensor  can  be  then  constructed.  This  particular  separation 
between  the  modal  and  physical  domain  offers  the  advantage 
that  different  transducers  and  configurations  can  be  investi¬ 
gated  with  minimum  computational  effort.  The  design  ap¬ 
proach  was  illustrated  for  controlling  the  odd-odd  modes  on 
a  simply  supported  plate  problem  driven  by  a  point  force.  A 
SISO  controller  was  designed  and  the  results  show  excellent 
reduction  over  the  whole  spectrum. 


FIG.  Al.  Optimum  (a)  PZT  control  actuator  and  (b)  PVDF  film  error  sensor. 


location,  etc.,  to  the  modal  control  and  error  components  are 
required.  Assuming  the  control  input  consists  of  M  fixed-size 
PZT  patches  driven  by  the  same  control  signal  either  in-  or 
out-of-phase.  Then,  the  mh  modal  control  force  can  be 
shown  to  be  given  by26 

_  yx  4*  y  “ 

un  =  2j  Pi  ~  ~  '■  {cos[y;r(j:0-rjD;r)]-cos[yx(j:c,-JD_[)]} 
i=i  7xJy 

X  {cost  7y(  yci+Py)]-  cost  V&cl-Py)]},  (Al) 

where  P,=  ±  1  indicates  the  relative  phase  between  the  PZT 
patches,  (xc,yci)  are  the  unknown  center  coordinates,  and 
2-Px  =  0-lLx  and  2py=0. 1  Lr  are  the  fixed  dimensions  of  the 
patch.  The  design  variables  are  the  relative  phase  and  coor¬ 
dinates  of  the  patches  and  are  obtained  by  minimizing  the 
cost  function 
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APPENDIX:  STRAIN-INDUCED  ACTUATOR  AND 
SENSOR  DESIGN 

For  the  sake  of  completeness,  in  this  appendix  a  proce¬ 
dure  to  design  an  structural  actuator  and  sensor  that  yield  the 
desired  modal  parameters  is  briefly  presented.  The  actuator 
and  error  sensor  are  implemented  with  multiple  piezoelectric 
PZT  patches  and  a  single  PVDF  film,  respectively.  Mechani¬ 
cal  models  that  relate  the  transducer  parameters,  i.e.,  size, 
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N 

P(Pitxci  |(un)opi~  un\~i  (A2) 

n=  1 

where  the  optimum  modal  control  forces  (u„)op,  are  the  val¬ 
ues  in  Table  II  for  the  odd-odd  modes  and  zero  for  all  the 
others.  The  optimization  process  in  Eq.  (30)  is  continuous  in 
the  variables  (xcl  ,yCI)  and  discrete  in  the  phase  indicator  P, 
and  number  of  patches  M.  The  solution  of  this  optimization, 
carried  out  using  IMSL  routine  DUNLSF,  is  straightforward 
and  leads  to  the  control  configuration  shown  in  Fig.  Al(a). 
The  control  input  for  the  SISO  controller  consists  of  four 
patches  driven  in  phase  by  the  control  signal  U(w). 

The  error  sensor  was  implemented  with  a  single  PVDF 
film  patch.  If  needed  multiple  patches,  whose  electric  output 
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^  are  summed  to  ootain  the  error  signal,  can  be  considered. 
*  The  Aith  error  modal  component  can  be  shown  to  be  given 


r31  7^  +e3:  fy™(rs:)-cos(rs2)] 

x  [  cos(  yvy , )  -  cos(  yyy  2 )  ] ,  (A3) 

where  (*j  ,yj)  and  (.t:,y:)  are  the  lower  left  and  upper  right 
corner  unknown  coordinates,  and  e2:  and  e22  are  charge  per 
unit  area  in  the  x  and  y  directions,  respectively.  The  coordi¬ 
nates  that  determine  the  size  and  location  of  the  PVDF  film 
are  obtained  by  minimizing 


iy \ 2)  2  1  ( ft ) opt  £/ri~> 


where  the  optimal  modal  error  components  (f„)op!  are  again 
obtained  from  Table  II  for  the  odd-odd  modes  and  zero  for 
all  the  other  modes.  The  PVDF  film  error  sensor  is  shown  in 
Fig.  Al(b). 
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Numerical  methods  are  used  to  investigate  active  structural-acoustic  control,  a  noise  control 
technique  in  which  oscillating  force  inputs  are  applied  directly  on  a  flexible  structure  to  control  its 
acoustic  behavior.  The  goal  is  to  control  acoustic  radiation  from  a  thin-walled  shell  submerged  in  a 
dense  fluid  and  subjected  to  a  persistent,  pure-tone  disturbance.  For  generality  the  fully  coupled 
responses  are  found  numerically,  in  this  case  using  the  computer  program  that  combines 
finite-element  and  boundary-element  techniques.  A  feedforward  control  approach  uses  linear 
quadratic  optimal  control  theory  to  minimize  the  total  radiated  power.  Results  are  given  for  a 
thin-walled  spherical  shell,  and  are  compared  to  analytical  results.  The  numerical  solution  is  shown 
to  be  suitably  accurate  in  predicting  the  radiated  power,  the  control  forces,  and  the  residual 
responses  as  compared  to  the  analytical  solution.  A  relatively  small  number  of  control  forces  can 
achieve  global  reductions  in  acoustic  radiation  at  low  frequencies  (Jfc0a<1.7).  A  single  point-force 
actuator  reduces  the  radiated  power  due  to  a  point-force  excitation  by  up  to  20  dB  at  resonance 
frequencies;  between  resonance  frequencies,  more  actuators  are  required  because  of  modal  spillover. 

With  multiple  control  forces,  radiation  can  be  reduced  bv  6-20  dB  over  the  frequency  range 
0<jfc0a<1.7.  '  5 

PACS  numbers:  43.40.Vn,  43.40.Rj 


INTRODUCTION 

The  concept  of  active  structural-acoustic  control 
(ASAC)  involves  controlling  the  acoustic  response  of  a 
fluid-structure  system  by  applying  oscillating  force  inputs 
directly  to  the  structure.  Recent  theoretical  and  experimental 
studies  have  used  ASAC  to  control  radiation  from  one-  and 
two-dimensional  structures  including  beams,  plates,  and  sub¬ 
merged  plates;  similar  techniques  were  used  to  control  noise 
transmitted  through  flat  plates  or  into  infinite  cylindrical 
shells.  ~  The  concept  is  similar  to  active  vibration  control 
since  the  actuators  are  vibrational  inputs  applied  directly  on  a 
flexible  structure,  but  the  goal  of  reducing  acoustic  response 
often  differs  from  the  goal  of  reducing  a  purely  structural 
response.  ASAC  also  differs  from  active  noise  cancellation 
(ANC),  since  ASAC  applies  vibrational  inputs  to  the  struc¬ 
ture  itself  rather  than  exciting  the  acoustic  medium  with 
loudspeakers.7  For  structure-bome  noise,  ASAC  can  often 
produce  widespread  far-field  reductions  with  a  relatively  few 
actuators  as  compared  to  ANC.  Also,  because  vibrational  in¬ 
puts  tend  to  be  more  compact  than  loudspeakers,  ASAC  can 
be  used  in  certain  situations  where  ANC  is  impractical. 

Submerged  shells  and  other  fluid-loaded  structures  are 
of  significant  practical  interest,  but  they  also  represent  a  fun¬ 
damental  departure  from  existing  work.  Most  nonexperimen- 
tal  studies  of  ASAC  have  used  analytical  approaches  to  ob¬ 
tain  the  required  structural-acoustic  quantities.  However,  for 
a  general,  three-dimensional,  fluid-loaded  shell  no  such  ana¬ 
lytical  expressions  exist.  In  the  present  research,  dynamic 


responses  are  obtained  using  the  computer  program 
Nashua.8  NASHUA  uses  the  finite-element  method  to  com¬ 
pute  structural  quantities,  and  a  boundary-element  formula- 
tion  to  solve  for  the  fully  coupled  structural-acoustic  re¬ 
sponse.  A  similar  study  is  given  by  Moio  and  Bernhard,9  who 
used  the  indirect  boundary -element  method  to  formulate  ac¬ 
tive  noise  cancellation  systems  for  both  interior  and  exterior 
noise  fields.  Another  related  study  is  by  Cunefare  and 
Koopman,10  which  uses  a  boundary-element  approach  to  ex¬ 
amine  three-dimensional  exterior  problems.  The  main  differ¬ 
ences  from  the  present  work  are  that  the  system  includes  an 
elastic  structure  with  full  fluid-structure  coupling,  and  the 
control  actuators  are  vibrational  inputs  rather  than  acoustic 
sources. 

There  are  two  significant  benefits  to  using  an  approach 
based  on  finite  elements/boundary  elements.  First,  altering 
model  geometries  involves  minimal  effort  because  the 
boundary -element  formulation  does  not  require  discretization 
of  the  ambient  fluid.  Second,  the  approach  can  treat  nearly 
any  structure  amenable  to  finite-element  modeling,  making  it 
an  excellent  companion  for  theoretical  and  experimental 
studies  of  submerged  shells. 

The  present  report  is  an  extension  to  Ref.  11,  which 
outlines  some  preliminary  results  obtained  by  applying  these 
techniques  to  a  thin,  spherical  shell  with  fluid  loading.  A 
more  comprehensive  set  of  results  is  given,  with  more  em¬ 
phasis  on  showing  agreement  between  numerical  and  ana¬ 
lytical  results.  The  aim  is  to  gain  confidence  in  the  use  of 
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FIG.  1.  Coordinate  systems  for  denning  (a)  sensor  locations  in  the  far  field, 
and  ' b*  force  Locations  on  the  shell.  Control  forces  are  restricted  to  lie  within 
the  <3= 0  half-plane,  thus  force  locations  may  be  defined  by  a  single  angular 
coordinate  a. 


numerical  techniques  for  more  complex  situations. 

The  following  work  analyzes  steady-state,  single- 
frequency  forcing  functions.  The  control  algorithm  used  is  a 
feedforward  method  which  requires  a  priori  knowledge  of 
the  frequency  content  and  location  of  the  disturbance  force. 
After  specifying  the  number  and  locations  of  the  control  ac¬ 
tuators,  linear  quadratic  optimal  control  theory  is  used  to 
solve  for  the  complex  control  forces  that  minimis  a  qua¬ 
dratic  cost  function. 


I.  THEORETICAL  BACKGROUND 

This  section  describes  the  analytical  and  numerical  mod¬ 
els  of  the  structure-fluid  system  and  the  feedforward  control 
approach  used  to  find  control  forces  and  phases. 

A.  Analytical  and  numerical  modeling  of  spherical 
shell 

Figure  1(a)  defines  the  coordinate  systems  used  for  the 
thin-walled  spherical  shell.  The  global  z  axis  is  defined  as  the 
axis  along  which  the  disturbance  force  acts.  Far-field  loca¬ 
tions  are  defined  in  global  spherical  coordinates  {R,6,4>), 
where  R  is  the  radial  distance,  9  the  latitudinal  angle  mea¬ 
sured  from  the  global  z  axis,  and  <j>  the  longitudinal  angle 
measured  from  the  x-z  plane.  The  structure  is  completely 
submerged  in  a  dense  fluid,  with  material  properties  chosen 
to  resemble  a  steel  shell  in  water.  The  ratio  of  shell  thickness 
to  radius  is  Q.01,  and  the  shell  radius  is  a  =  1  m.  Frequencies 
up  to  kyd  — 1.7  are  examined,  where  kq  is  the  acoustic  wave 
number;  this  frequency  range  includes  the  resonance  fre¬ 
quencies  of  several  low-order  modes. 


To  simplify  the  problem,  a  restricted  set  of  forcing  func¬ 
tions  is  considered  for  disturbance  and  control  forces.  The 
forces  are  concentrated  loads  (point  forces)  normal  to  the 
shell  surface,  and  are  applied  only  in  the  d>= 0  plane  as 
shown  in  Fig.  1(b).  Force  locations  are  specified  by  a  single 
angle  a.  The  disturbance  is  always  a  single  point-force  ao- 
plied  to  ar=0.  The  total  far-field  response  is  therefore  either 
axisymmetric  (if  a  single  control  force  is  applied  at  9=7r).  or 
symmetric  about  the  d>= 0  plane  (if  a  control  forces  is  ap¬ 
plied  off  the  z  axis,  i 

Multiforce  responses  can  be  found  by  combining  the 
axisymmetric  responses  due  to  each  of  the  individual  forces 
using  superposition,  even  if  their  combined  response  is  not 
axisymmetric.  Given  the  restrictions  on  force  locations  de¬ 
scribed  above,  the  coordinate  transformation  used  to  find  ra¬ 
diation  and  shell  vibration  due  to  any  individual  force  is  a 
simple  rotation  whose  effective  rotation  angle  can  be  found 
from  the  following  relation: 

cos  #eff=(cos*  9- sin2  9  sin2  <f>)m 

f  .I  sin  9  sin  6  i ' 

X cos  ar-l-  tan - |  .  m 

[  I  cos  9  I  [1J 

The  analytical  model  for  a  thin-walled,  fluid-loaded, 
spherical  shell  with  a  radially  directed,  persistent,  point  force 
is  due  to  Junger  and  Feit.*  The  model  includes  membrane 
stresses  but  ignores  bending  stresses,  and  is  therefore  limited 
to  low  frequencies.  The  far-field  pressure  due  to  a  force  bt 
applied  on  along  the  z  axis  is 


P(R,9,bi)='2  b.r.WP^cos  9),  (2) 

n  =*0 


where  P„  is  the  Legendre  polynomial  of  order  n ,  and 


/  pc  j  [zjzL )* 

TiraT  \kaR]  ( Zn+zn)h'{kaa  > ' 


(3) 


The  symbols  p  and  c  represent  the  fluid  density  and  acoustic 
velocity,  and  A  is  the  spherical  Hankel  function.  The  modal 
acoustic  impedance  is 


zn~jpc 


h'n{ka)  ’ 


(4) 


and  the  modal  structural  impedance  is 


h 

Zn=-j-P,Cp 


Cl*  —  Cl(rt~  +  n  —  l  —  v) 


(5) 


where  and  fljy'  are  the  two  in  vacuo  natural  frequencies 
associated  with  the  roots  of 


n4-(l+3v-i-X'I)ft2  +  (\»-2)(l-^;.  (6) 

For  numerical  modeling,  the  computer  program  NASHUA 
is  used  to  compute  both  structural  responses  and  far-field 
acoustic  responses.  NASHUA  uses  the  finite-element  program 
NAS  TRAN  to  compute  mass,  damping,  and  stiffness  matrices 
for  the  structure.  These  are  used  with  a  discretized  form  of 
the  Helmholtz  surface  integral  equation  to  obtain  the  re¬ 
sponse  of  the  fully  coupled  response  of  the  fluid-structure 
system.  Such  techniques  are  well  known  and  are  not  detailed 
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here:  the  interested  reader  is  referred  to  Ref.  8. 

While  NASHUA  is  capable  of  fully  three-dimensional 
modeling,  only  axisymmetric  models  are  used  here  to  sim¬ 
plify  analysis  and  reduce  computing  costs.  The  finite-element 
portion  of  the  NASHUA  model  uses  axisymmetric  cone  ele¬ 
ments  that  include  both  bending  and  membrane  stresses.  The 
structural  mesh  contains  129  grid  circles.  Since  NASTRAN 
does  not  allow  grid  circles  with  zero  radius,  the  poles  at  0=0 
and  0=7r  are  actually  “pinholes”  or  grid  circles  of  radius 
0.001a.  To  approximate  a  point  force,  a  ring  force  is  applied 
on  one  of  the  small-radius  grid  circles.  This  approximation 
casts  some  doubt  on  the  validity  of  the  model  at  high  fre¬ 
quencies.  However,  as  described  below,  the  agreement  be¬ 
tween  analytical  and  numerical  results  is  sufficient  for  the 
problem  at  hand. 

B.  Feedforward  control  approach 

The  control  approach  taken  here  is  a  single-frequency, 
steady-state,  feedforward  approach  based  on  linear  quadratic 
optimal  control  theory. 2j’9  Consider  a  spherical  shell  sub¬ 
jected  to  a  total  of  Nd  coherent,  persistent,  time-harmonic 
disturbance  forces.  The  disturbance  response  Pd,  also 
known  as  the  primary  response ,  is  defined  as  the  far-field 
pressure  due  to  these  disturbances  forces.  Here  the  distur¬ 
bance  response  is  axisymmetric  to  make  the  development 
more  clear,  but  any  type  of  disturbance  could  be  used.  Sup¬ 
pose  the  ith  disturbance  force  has  strength  sit  and  would 
cause  far-field  pressure  distribution  A  £(0)  if  acting  alone.  As¬ 
suming  linearity,  the  disturbance  response  can  be  written  as  a 
linear  sum  of  the  individual  disturbance  responses: 

PA0)  =  2  Ai(d)si.  (7) 

Suppose  a  total  of  N  control  forces  are  now  applied  to 
control  the  disturbance  response,  where  the  ith  control  force 
has  strength  bi .  The  control  response  P,  also  known  as  the 
secondary  response,  is  defined  as  the  far-field  pressure  due  to 
only  the  control  forces.  Furthermore,  suppose  that  both  the 
control  response  and  the  disturbance  response  must  be  sym¬ 
metric  about  the  same  axis  so  that  their  sum  is  axisymmetric. 
Thus  the  control  response  P(0)  is  a  linear  sum  of  the  indi¬ 
vidual  control  responses  X£(0): 

v 

P(0)  =  2  XAS)b,.  (8) 

J*L 


dratic  minimization,  i.e.,  seek  a  set  of  control  forces  bi  to 
minimize  Since  the  total  radiated  power  is 


n  = 


*  7 tR‘  sin  0 
\  pc 


\p(e)\2dd, 


(lcn 


a  cost  function  equal  to  the  total  radiated  power  can  be  found 
by  setting 

w(  9)  =  (7rP2/ pc)sin  9.  (ID 

The  set  of  control  forces  that  minimizes  \Z  is  the  set  of 
control  forces  for  which  0ll/0b£  vanishes  for  each  of  the  N 
control  forces  6{-.  This  requirement  produces  an  NxN  sys¬ 
tem  of  complex-valued,  simultaneous  equations,  the  so- 
called  normal  equations ,  which  have  as  their  solution  the 
control  forces  b£.  The  coefficients  of  the  normal  equations 
can  be  generated  in  either  of  two  ways,  depending  on 
whether  P c{8)  and  P(9)  are  given  as  continuous  functions  of 
0  or  as  discretized  functions  defined  only  at  discrete  values 
of  0.  With  continuous  expressions  for  the  variables,  the  inte¬ 
gration  in  Eq.  (6)  can  be  performed  in  closed  form.  On  the 
other  hand,  if  the  variables  are  defined  only  at  discrete  loca¬ 
tions,  it  is  necessary  to  generate  discrete  (analytical  or  nu¬ 
merical)  transfer  functions  and  integrate  Eq.  (6)  numerically. 
These  two  methods  are  outlined  below. 

Note  that  each  of  the  variables  At  and  Xt  from  Eqs.  (4) 
and  (5)  is  merely  a  transfer  function  between  a  unit  force 
somewhere  on  the  structure  and  the  far-field  pressure  distri¬ 
bution.  In  the  present  context  these  transfer  functions  are 
found  using  either  NASHUA  or  an  analytical  solution.  How. 
ever,  for  purposes  of  simulation  they  could  be  obtained  from 
any  source  such  as  experimental  data  or  other  numerical  so¬ 
lutions.  Note  also  that  Eq.  (6)  contains  a  line  integral  for  a 
one -dimensional  system  but  could  be  extended  to  an  integral 
over  an  area  or  through  a  volume. 


1.  Obtaining  the  normai  equations  from  continuous 
variabies 

When  an  analytical  solution  is  available,  the  problem 
can  be  formulated  in  terms  of  continuous  functions  of  far- 
field  location  0.  It  is  possible  to  integrate  Eq.  (6)  in  closed 
form,  evaluate  the  coefficients  of  the  normai  equations,  and 
solve  for  the  required  control  forces.  Suppose  the  control 
forces  and  disturbance  forces  are  written  in  vector  form  so 
that 


The  total  response  is  the  sum  of  the  disturbance  response 
plus  the  control  response. 

Now  define  a  quadratic  cost  function  ^  as  a  weighted 
integral  of  squared  magnitude  of  the  total  response  over  the 
entire  far  field  which,  because  of  symmetry,  is  a  single  inte¬ 
gral: 

X*=  j*”(9)\PA9)+P(0)\2  dd,  (9) 

where  w(x )  is  a  weighting  function  that  can  be  chosen  to 
give  physical  significance  to  x1  if  desired.  The  feedforward 
control  problem  can  be  restated  as  an  unconstrained  qua- 


£={i>!  b,  -  bN}T 

and  (12) 

5  =  {s!  $2  •••  Sy}7". 

Now  write  the  disturbance  response  as  P„(9)=:AS  and  the 
control  response  as  P{  9)  =XB,  where  A  and  AT  are  row  vec¬ 
tors  containing  the  continuous  variables  ,4,(0)  and  X^ff)  from 
Eqs.  (4)  and  (5),  respectively.  For  instance,  the  form  of  A-  is 

X={Xx{9)  X2(6)  •••  X„(9)},  (13) 

and  likewise  for  A.  After  some  algebra,  the  cost  function 
from  Eq.  (6)  becomes 
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*—  BHXHXBw(  9)d9 


-2  Re  SHXHABw(9,dd 
Jo 


+  ShAhASwi 


where  the  superscript  H  denotes  the  Hermitian  transpose. 
Using  the  orthogonality  of  the  Legendre  polynomials  in  Eq. 
(2),  Eq.  (14)  reduces  to 

Xl=BHCB- 2  R e(SHDB)+SHES,  (15) 

where  a  typical  element  of  the  matrix  C  is 
vR2  ~  2 

C-r—  2  r:(R)Tn(R)  —  Pn(at)P„(aj), 


and  elements  of  D  and  £  are  similar  in  form.  By  differenti¬ 
ating  the  cost  function  with  respect  to  each  of  the  control 
forces  fj  and  setting  all  the  differentials  to  zero,  it  is  possible 
to  show  that  the  vector  of  control  forces  5jp[  which  mini¬ 
mizes  the  cost  function  is  the  solution  to  the  normal  equation 

CB0pi~S^D.  (17) 


C=XHWX, 

D=A"WX,  (19) 

e=ahwa , 

and  the  normal  equations  are  identical  to  Eq.  U3). 

If  the  total  response  is  axisymmetric.  then  X  and  A  con¬ 
tain  acoustic  pressures  at  far-field  locations  < 0 

m  =  l,2,...,Mg  (all  at  a  constant  value  of  ok  The  row  vec¬ 
tors  X  and  B  become  matrices  of  column  dimension  M For 
example, 

'  XM  X2(91)  ■■■  XffiB^  ' 

X{(  6  A)  X2(92)  •••  Xy{9A 


[-^i(  )  Xiidy}  •••  Xff(  )  J 

The  entries  in  the  diagonal  weighting  matrix  W  are 
weighting  coefficients  proportional  to  the  areas  associated 
with  each  of  the  far-field  locations.  If  the  far-field  locations 
are  evenly  spaced  at  intervals  of  2A0,  then 


-(l-cosA0),  t'=l  or  i=Mj 

(2 

■  [cos(  9i -  A  d)  - cos(  di + A  9) ],  1  <i<Ma. 


2.  Obtaining  the  normal  equations  from  discrete 
variables 

Now  suppose  that  the  transfer  functions  are  defined  only 
at  discrete  locations  rm  ,  m  =  1,2 . M,  where  rm  is  a  loca¬ 

tion  vector  denoting  a  location  in  the  far  field.  (This  will 
always  be  the  case  with  the  numerical  solution,  and  the  ana¬ 
lytical  solution  can  also  be  used  to  generate  values  at  discrete 
locations.)  The  form  of  X  is 

■*i(ri)  X2(rO  •••  Inin)' 

Xi(r2)  X2(r2)  Xy(r->) 

:  :  j  (18) 

.^i(*V)  Xz(r\ f)  Xy(rM)m 

and  likewise  for  A.  Summing  contributions  to  the  cost  func¬ 

tion  at  each  far-field  location  6m  essentially  performs  a  nu¬ 
merical  integration  of  Eq.  (6);  thus  it  is  possible  to  evaluate 
the  coefficients  of  the  normal  equations  and  solve  for  the 
required  control  forces.  For  the  numerically  computed  cost 
function  to  closely  approximate  the  radiated  power,  two  con¬ 
ditions  must  be  satisfied.  First,  there  must  be  enough  far-field 
locations  to  adequately  characterize  the  response.  Second, 
the  weighting  function  w{d)  must  be  discretized  to  account 
for  the  contributions  of  each  location.  This  is  accomplished 
by  defining  a  diagonal  matrix  W  in  which  each  entry  on  the 
diagonal  represents  a  different  far-field  location.  Using  the 
notation  of  the  previous  section,  the  C,  Z),  and  E  matrices 
become 


If  the  total  response  exhibits  a  plane  of  symmetry,  then 
die  variables  must  be  partitioned  to  contain  far-field  pres¬ 
sures  at  dm ,  m=  for  each  of  the  longitudinal  lo¬ 

cations  (f>it  i=l,2,...,A/^.  Thus  the  row  vectors  X  and  A 
become  matrices  whose  column  dimension  is  the  product  of 
M  #  and  M ^ .  The  entries  in  the  weighting  matrix  W  must  be 
similarly  partitioned,  and  scaled  proportional  to  the  areas  as¬ 
sociated  with  each  of  the  far-field  locations.  If  the  far-field 
locations  are  evenly  spaced  at  intervals  of  2A<9  in  the  latitu¬ 
dinal  direction  and  A  <t>  in  the  longitudinal  direction,  then  the 
entries  in  W  are  the  same  as  in  Eq.  (15)  but  divided  by  the 
number  of  intervals  in  the  0  direction. 


II.  RESULTS  AND  DISCUSSION 

The  objectives  of  this  section  are  (1)  to  show  agreement 
between  the  analytical  and  numerical  results,  and  (2)  to  dis¬ 
cuss  results  of  efforts  to  control  radiation  from  a  point-force 
disturbance. 

The  material  properties  and  geometric  specifications 
used  for  both  the  analytical  and  numerical  models  are  sum¬ 
marized  below.  The  model  represents  an  undamped  steel 
shell  submerged  in  water.  The  shell  material  has  Young's 
modulus  of  1.85 X1011  Pa,  Poisson's  ratio  of  0.3,  and  density 
of  7670  kg/m3.  The  shell  radius  a  is  1.0  m,  and  the  wall 
thickness  is  0.01  m.  The  density  and  acoustic  velocity  of  the 
surrounding  fluid  are  1000  kg/m3  and  1460  m/s,  respectively. 
All  far-field  quantities  are  normalized  to  a  distance  of  1.0  m. 
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FIG.  2.  Comparison  of  radiated  power  computed  with  amivtical  and  nu¬ 
merical  (NASHUA)  solutions.  Frequency  regime  Q<fc0a<l.7  contains  three 
peaks;  agreement  is  good  between  analytical  and  numerical  results.  Some 
frequency  shifting  occurs  at  higher  frequencies. 


A.  Analytical  and  numerical  predictions  of  disturbance 
response 

Figure  2  compares  the  radiated  power  spectra  obtained 
using  the  analytical  and  numerical  models.  The  response 
contains  sharp  peaks  at  k0a  =  1.14,  1.44,  1.64,  and  1.8,  the 
nature  of  which  are  detailed  below.  The  two  methods  agree 
well  in  terms  of  magnitudes  and  overall  trends,  as  could  be 
expected  for  this  simple  structure.  At  frequencies  above 
k0a>  1.7,  the  peaks  in  the  numerical  model  are  shifted  to 
slightly  lower  frequencies.  Reasons  for  this  shift  could  in¬ 
clude  both  modeling  simplifications  in  the  analytical  solution 
and  discretization  approximations  in  the  numerical  model. 
For  the  purposes  of  this  study,  the  region  below  k0a  =  1.7 
contains  sufficient  features  that  higher  frequencies  need  not 
be  treated  here. 

One  difference  between  the  analytical  and  numerical  so¬ 
lutions  appears  in  Fig.  3,  which  shows  the  distribution  of 
surface  velocity  at  a  frequency  of  k0a  =  1.14  due  to  a  point- 
force  disturbance  without  control.  Tee  two  solutions  agree 
well  except  near  9=0°,  the  location  at  which  the  force  is 
applied.  The  numerical  solution,  which  accounts  for  bending 
as  well  as  membrane  stresses,  displays  large  local  deforma¬ 
tions  near  the  drive-point  location;  the  analytical  solution, 
which  truncates  high-order  terms  and  does  not  account  for 
bending  stresses,  does  not  exhibit  local  deformations.  Fortu¬ 
nately,  such  short-wavelength  disturbances  do  not  propagate 
efficiently  to  the  far  field  and  can  be  ignored  without  affect¬ 
ing  controller  performance.  When  analytical  and  numerical 
velocity  distributions  are  compared  to  check  solution  accu¬ 
racy,  one  must  expect  such  differences  to  occur  near  drive 
points. 


0°  20°  40“  60“  SO’  100“  120“  140“  160“  180’ 

Angular  location  alon^t  shell 


FIG.  3.  Sample  surface  velocity  distributions  from  analytical  and  numerical 
solutions  (kQa- 1.14).  Large  local  deformations  near  drive  point  occur  in 
numerical  solution  but  not  analytical  solution. 
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FIG.  4.  Effect  of  far-field  discretization  on  accuracy  of  radiated  power  cal¬ 
culations.  Solid  line  represents  continuous  variables;  other  lines  represent 
discretized  variables  with  various  mesh  sizes,  (a)  Shows  entire  frequency 
range;  (b)  enlarges  upper  frequencies  to  show  detaiL  At  these  low  frequen¬ 
cies*  10°  far- field  interval  is  sufficient  fo  capture  dynamic  response. 

The  solution  accuracy  also  depends  on  the  far-field  in¬ 
terval  Aff  used  to  compute  radiated  power,  so  it  is  necessary 
to  verify  that  the  choice  of  A  0  is  sufficiently  small  to  char¬ 
acterize  the  far-field  behavior.  (Recall  that  far-field  locations 
are  separated  by  an  angle  2Aft)  Since  the  analytical  solution 
can  use  either  continuous  or  discrete  variables,  the  radiated 
power  found  using  continuous  variables  can  be  compared  to 
that  found  using  discrete  variables  with  different  values  of 
Aft  A  small  value  of  Ad  should  provide  the  same  radiated 
power  found  using  continuous  variables,  and  the  agreement 
should  deteriorate  as  Ad  increases.  Figure  4(a)  and  (b)  com¬ 
pare  the  radiated  power  spectra  for  continuous  variables  to 
that  found  using  far-field  intervals  of  A0=2.5°,  5°,  and  15°. 
Figure  4(a)  shows  the  frequency  range  0<kQa<  1.9,  and  Fig. 
4(b)  shows  an  enlarged  view  of  the  frequency  range 
1.6<£0a<1.9.  With  A0=2.5O  and  5°,  the  agreement  with  the 
continuous  solution  is  excellent  at  all  frequencies.  Even  with 
A  0=15°  the  solution  is  adequate  through  kQa  =  1.7.  Results 
in  this  paper  use  a  far-field  interval  of  Aft=5°  to  decrease 
computation  times. 

Figure  5  shows  the  shapes  of  the  first  few  vibrational 
modes,  denoted  by  the  number  n  of  nodal  circles  present. 
The  curves  shown  are  surface  velocity  distributions  obtained 
using  only  the  nth  term  from  the  summation  in  Eq.  (2),  and 
are  normalized  to  unit  maxima.  The  n  =0  mode  is  a  “breath¬ 
ing”  mode,  i.e.,  a  uniform  radial  expansion  contraction.  The 
rt  =  l  mode  is  a  rigid-body  translation,  n  =2  is  the  first  axial 
mode,  and  so  forth.  Each  of  the  modes  has  an  axis  of  sym¬ 
metry  corresponding  to  a  diameter  of  the  sphere  (except  for 
n=0  which  displays  spherical  symmetry).  For  n>0  the 
modes  are  degenerate  because  there  are  infinitely  many  axes 
about  which  different  modes  occur.  For  example,  the  n=2 
mode  that  is  symmetric  about  the  or— 0°  diameter  is  different 
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FIG.  7.  Radiated  power  spectrum  before  and  after  applying  a  single  controi 
force  at  a=  180°.  Reductions  of  up  to  20  dB  are  seen  at  resonance  frequen¬ 
cies  and  at  very  low  frequencies.  Between  resonances,  little  or  no  attenua¬ 
tion  is  seen. 


FIG.  5.  Mode  shapes  of  first  few  vibrational  modes  of  the  spherical  shell, 
denoted  by  the  number  n  of  nodal  circles  present. 

from  the  n=  2  mode  that  is  symmetric  about  the  a— 45°  di¬ 
ameter  (although  they  occur  at  the  same  frequency).  On  the 
other  hand,  the  n-2  mode  that  is  symmetric  about  the  a=0° 
diameter  is  identical  to  the  n=  2  mode  that  is  symmetric 
about  the  a=180°  diameter.  This  distinction  is  important  to 
the  discussion  given  in  the  next  section,  because  modes  that 
are  excited  by  a  point  force  at  a=0°  are  identical  to  those 
that  are  excited  by  a  point  force  at  a=180°. 

Figure  6  shows  the  contributions  of  individual  modes  to 
the  radiated  power  for  a  single  point-force  excitation.  The 
modes  are  orthogonal  and  are  not  coupled  by  the  presence  of 
the  fluid,  so  there  are  no  cross  terms  in  the  radiated  power. 
Because  of  high  radiation  damping,  the  rc=0  mode  does  not 
display  a  separate  peak  in  this  frequency  range,  although  it 
does  contribute  at  all  frequencies.  The  n  =  1  mode  dominates 
the  radiated  power  at  very  low  frequencies,  which  can  be 
considered  the  “resonant  frequency”  of  the  rigid-body  mode. 
The  n  =2,  3,  and  4  modes  each  dominate  the  response  at  the 
frequencies  k0a- 1.14,  1.44,  and  1.64,  respectively.  These 
modal  contributions  are  used  below  to  help  explain  control¬ 
ler  performance  in  terms  of  modal  spillover. 

B.  ASAC  using  a  single  point  force 

To  see  whether  a  single  control  force  can  produce  sig¬ 
nificant  global  attenuation,  i.e.,  attenuation  throughout  the 
entire  radiated  field  rather  than  in  a  localized  area,  examine 
how  the  presence  of  the  control  force  affects  the  total  radi¬ 
ated  power.  Figure  7  shows  the  radiated  power  spectra  due  to 
a  unit-magnitude  disturbance  force  at  a=0°,  before  and  after 
adding  a  single  control  force  at  a=180°  (numerical  solu- 
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FIG.  6.  Modal  contributions  to  radiated  power  spectrum.  The  n  -0  mode 
does  not  cause  a  separate  peak  in  the  response  because  of  high  radiation 
damping. 


tion).  The  control  force  reduces  the  radiated  power  by  up  to 
20  dB  at  resonance  frequencies  and  at  very  low  frequencies: 
between  resonances  the  reductions  are  smaller.  There  exist 
several  frequencies  at  which  there  is  no  attenuation,  a  phe¬ 
nomenon  that  is  explored  later  in  this  section. 

Figure  8(a)  compares  the  analytical  and  numerical  solu¬ 
tions  for  the  residual  radiated  power,  that  is.  the  radiated 
power  after  the  control  force  has  been  added.  The  agreement 
between  the  two  solutions  is  excellent,  with  discrepancies  of 
less  than  0.5  dB  at  frequencies  below  £0j  =  1.4.  At  higher 
frequencies  the  levels  agree  quite  well,  but  exhibit  a  slight 
frequency  shift  consistent  with  the  frequency  shift  seen  in 
Fig.  2  for  the  uncontrolled  case. 

Figure  8(b)  compares  the  analytical  and  numerical  solu¬ 
tions  for  the  control  force  as  a  function  of  frequency.  Tne 
force  varies  between  + 1  and  -1  for  a  unit  disturbance  force; 
the  largest  control  forces  are  required  at  resonance  frequen¬ 
cies.  Between  resonances,  the  control  force  drops  to  zero  at 
frequencies  for  which  there  is  no  reduction  in  radiated 
power.  The  numerical  and  analytical  results  agree  very 
closely  in  levels,  although  they  exhibit  the  same  frequency 
shift  seen  in  Figs.  2  and  8(a). 
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FIG.  8.  Comparison  of  numerical  and  analytical  solutions  for  (a)  radiated 
power  residual  vs  frequency,  and  (b)  control  force.  Levels  agree  well  be¬ 
tween  numerical  and  analytical  solutions;  slight  frequency  shift  is  observed 
at  higher  frequencies.  For  disturbance  force  of  unit  magmmrV  control  force 
varies  between  +1  and  —1  with  extrema  occurring  at  resonance  frequencies. 
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System  dynamics  can  be  illustrated  by  examining  the 
modal  components  of  the  radiated  power.  Recall  that  the  dis¬ 
turbance  and  control  forces  are  arranged  with  a  spatial  sepa¬ 
ration  of  180°,  i.e..  they  act  along  the  same  diameter  but  at 
opposite  poles  of  the  shell.  Referring  to  the  earlier  discussion 
of  degenerate  modes,  if  equal  forces  were  applied  at  the  dis¬ 
turbance  and  control  locations,  they  would  excite  the  same 
modes  with  the  same  relative  magnitudes.  There  would,  of 
course,  be  phase  differences  as  a  result  of  the  spatial  separa¬ 
tion  between  the  two  forces.  Contributions  to  even-numbered 
modes  would  be  in  phase  with  each  other,  while  contribu¬ 
tions  to  odd-numbered  modes  would  be  180°  out  of  phase. 
Two  consequences  must  be  considered  in  evaluating  control 
performance.  First,  since  all  the  disturbance  modes  are  either 
in  phase  or  out  of  phase  with  modes  excited  by  the  distur¬ 
bance,  the  control  force  will  always  be  purely  real  for  a  real 
disturbance  force.  Second,  if  the  control  force  equals  the  dis¬ 
turbance  force,  some  modal  contributions  from  the  distur¬ 
bance  force  would  be  doubled  in  strength  by  the  control 
force  (even-numbered  modes)  while  others  would  be  can¬ 
celled  (odd-numbered  modes).  If  the  control  force  attempted 
to  eliminate  the  dominant  mode,  response  in  other  modes 
could  be  increased  by  this  “modal  spillover.” 

The  column  charts  in  Fig.  9(a)-(c)  show  the  modal  con¬ 
tributions  to  radiated  power  for  £0a  =1.14,  0.94,  and  1.32, 
respectively,  before  and  after  adding  the  control  force.  In  Fig. 
9ia),  the  disturbance  response  is  clearly  dominated  by  the 
n=2  mode.  The  control  force,  which  is  out  of  phase  with  the 
disturbance,  eliminates  the  contributions  of  the  n=2  mode 
and,  by  coincidence,  the  n  —  0  mode.  The  response  is  reduced 
everywhere  both  in  the  far  field  and  on  the  structure  itself, 
behavior  that  is  often  termed  “modal  suppression”  because 
the  dominant  radiating  mode  is  cancelled.7  However,  the 
contributions  from  the  n  —  1  and  n—3  modes  increase  bv  6 
dB.  The  overall  is  thus  limited  because  of  spillover  into 
modes  that  happen  to  be  in  phase  with  the  control  force. 

In  Fig.  9(b),  the  frequency  is  such  that  the  disturbance 
response  contains  equal  radiated  power  contributions  from 
the  n= 1  and  n—2  modes.  If  the  control  force  attempts  to 
cancel  the  n  — 1  mode,  there  is  enough  spillover  into  the  n—2 
mode  that  no  net  reduction  in  radiated  power  takes  place. 
Similarly,  the  control  force  cannot  achieve  net  improvements 
by  attempting  to  cancel  the  n  —2  mode.  Any  nonzero  control 
force  only  increases  the  total  radiated  power,  so  the  optimum 
solution  is  to  set  the  control  force  to  zero.  Similar  situations 
exist  at  every  frequency  for  which  there  is  no  reduction  in 
radiated  power  (Fig.  7)  and,  correspondingly,  every  fre¬ 
quency  for  which  the  control  force  magnitude  is  zero  (Fie 
8(b)],  L  5' 

In  Fig.  9(c)  both  the  n—2  and  /i=3  modes  contribute, 
but  the  larger  contribution  comes  from  the  n  =2  mode.  The 
control  force  partially  cancels  the  n=2  mode,  but  not  beyond 
the  balancing  point  at  which  spillover  into  uncontrolled 
modes  would  increase  the  radiated  power.  The  net  decrease 
m  radiated  power  is  3  dB.  Interestingly,  although  the  radiated 
power  is  reduced,  the  vibration  levels  on  the  shell  actually 
increase  slightly.  Figure  10  shows  the  numerically  computed 
surface  velocity  distribution  before  and  after  applying  the 
control  force.  As  in  Fig.  3,  the  solution  exhibits  relatively 
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FIG.  9.  Modal  components  of  radiated  power  before  and  after  applying 
control  for  (a)  £0a  =  1.14,  (b)  *oa=0.94,  (c)  and  ^0u  =  1.32.  (a)  Exhibits 
modal  suppression;  the  n  =0  and  n=2  modes  are  reduced  by  40  dB  or  more, 
bui  the  n  =  1  and  n  =3  modes  are  boosted  6  dB  by  modal  spillover.  In  (b)  no 
reduction  is  possible  with  one  control  force.  In  (c)  energy*  is  transferred  from 
n  =  2  mode  to  the  less-efficient  n~2  mode. 

large  local  deformations  near  the  drive  points  at  0°  and  180°. 
Away  from  these  regions,  the  surface  velocity  is  actually 
higher  after  the  control  is  applied  even  though  the  radiated 
power  has  decreased.  This  is  similar  to  “modal  restructur¬ 
ing,  in  which  the  modal  contributions  are  relatively  un- 


FIG.  10.  Surface  velocity  magnitude  before  and  after  applying  control  force, 
^°a  — 1.32.  Energy  is  shifted  from  n  =3  mode  to  less-ef5cient  n  —  3  mode  to 
decrease  radiated  power,  but  vibration  levels  actually  increase. 
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FIG.  11.  Comparison  of  residual  response  found  with  analytical  vs  numeri¬ 
cal  methods  at  k0a  =  1.14  (first  resonance  frequency).  Solid  line  represents 
analytical  results;  the  broken  line  represents  numerical  results,  (a)  Shows 
far-fieid  pressure  directivity;  (b)  shows  surface  velocity  distribution.  Far- 
fieid  solutions  agree  extremely  well.  Local  deformations  near  drive  points  in 
numerical  solution  do  not  propagate  to  far  field,  and  thus  do  not  affect 
control  behavior. 


FIG.  12.  Comparison  of  residual  response  found  with  analytical  vs  numeri¬ 
cal  methods  at  k$a  =  1.32,  Solid  line  represents  analytical  results;  the  broken 
line  represents  numerical  results,  (a)  Shows  far-field  pressure  directivity;  (b> 
shows  surface  velocity  distribution.  Far-field  solutions  agree  extremely  well. 
Local  deformations  near  drive  points  in  numerical  solution  do  not  propagate 
to  far  field,  and  thus  do  not  affect  control  behavior. 


changed  in  magnitude  but  their  phases  are  rearranged  to  re¬ 
duce  radiation  efficiency.7  In  this  case,  however,  energy  is 
merely  shifted  from  a  mode  that  radiates  efficiently  into  an¬ 
other  mode  with  lower  radiation  efficiency.  Modal  restructur¬ 
ing  cannot  take  place  because  the  modes,  being  orthogonal 
radiators,  cannot  influence  one  another. 

Numerical  accuracy  is  reflected  in  part  by  the  agreement 
between  analytical  and  numerical  methods  in  predicting  the 
residual  response,  i.e.,  the  response  after  the  control  force  is 
applied.  Because  the  controlled  radiation  levels  are  small, 
predicting  residuals  is  often  the  most  stringent  test  for  nu¬ 
merical  accuracy,  particularly  when  the  residual  structural 
vibration  may  still  be  large.  Figure  11(a)  and  (b)  show  the 
residual  far-fieid  pressure  directivity  and  surface  velocity 
distribution  at  k0a  =  1.14,  the  same  frequency  examined  in 
Fig.  9(a).  Figure  12(a)  and  (b)  show  similar  plots  for 
k0a  =  1.32,  the  same  frequency  examined  in  Fig.  9(c).  In  all 
cases,  the  numerical  solution  reproduces  the  analytical  re¬ 
sults  to  a  satisfactory  degree,  with  reasonable  agreement  on 
the  general  character  of  the  residual  if  not  on  absolute  levels. 
As  seen  in  Fig.  3,  the  numerically  computed  surface  veloci¬ 
ties  near  the  drive  points  exhibit  significant  local  deforma¬ 
tions  that  do  not  appear  in  the  analytical  solutions.  However, 
these  local  surface  deformations  to  not  lead  to  acoustic 
propagation  to  the  far  field,  as  evidenced  by  the  close  agree¬ 
ment  between  numerically  and  analytically  computed  far- 
field  pressure  residuals.  Overall,  the  small  response  levels 
encountered  in  predicting  residuals  to  not  appear  to  ad¬ 
versely  affect  the  accuracy  of  the  numerical  approach. 

C.  ASAC  using  multiple  forces 

The  results  of  the  previous  section  imply  that  off- 
resonance  frequencies  require  multiple  control  forces,  since 


multiple  modes  contribute  to  the  radiation.  This  inference  is 
supported  by  Fig.  13,  which  shows  numerical  predictions  of 
the  system  performance  with  multiple  aciuarcrs.  The  solid 
line  represents  the  disturbance  response;  the  other  lines  rep¬ 
resent  the  controlled  response  with  one,  two,  four,  and  seven 
control  forces.  Each  configuration  has  one  control  force  at 
a=180°.  The  configurations  with  two,  four,  and  seven  forces 
also  have  control  forces  evenly  spaced  at  intervals  of  90°, 
35°,  and  25°  respectively.  Controller  performance  increases 
markedly  as  more  control  forces  are  added.  This  is  especially 
true  at  off-resonance  frequencies  where  multiple  modes  are 
present  and  thus  multiple  forces  are  required  to  control  the 
radiation.  Four  control  forces  can  achieve  roughly  10  dB 
attenuation  at  kQa  =0.94,  where  a  single  actuator  achieves  no 
attenuation.  Increasing  the  number  of  control  forces  to  seven 
gives  attenuations  of  6  dB  or  more  throughout  the  entire 
frequency  range. 

It  should  be  noted  here  that  no  attempt  has  been  made  to 
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FIG.  13.  Radiated  power  spectrum  with  multiple  control  forces.  Solid  tine 
represents  response  with  no  control.  Other  tines  represent  response  with  one, 
two,  four,  and  seven  control  forces.  Increasing  number  of  control  forces 
improves  performance,  especially  between  resonances  where  multiple 
modes  contribute  to  the  response. 


2824  J.  Acoust  Soc.  Am.,  Vol.  96,  No.  5.  Pt  1 ,  November  1994  C.  E.  fluckman  and  C.  R.  Fuller  Active  control  of  spherical  shell  2824 


optimize  the  locations  of  the  control  forces.  Similar  reduc¬ 
tions  could  likely  be  obtained  with  a  smaller  number  of  op¬ 
timally  placed  control  forces.  The  number  of  control  forces 
needed  could  be  as  low  as  one  control  force  per  contributing 
mode,  if  control  force  locations  were  optimized  so  that  each 
force  could  control  a  separate  mode  with  no  spillover  into 
other  modes. 

III.  SUMMARY 

The  primary  research  goal  is  to  develop  a  computer  pro¬ 
gram  for  investigating  active  structural-acoustic  control 
(ASAC)  of  three-dimensional,  fluid-loaded  structures,  and 
check  its  performance  by  investigating  an  example  structure. 
For  generality,  a  numerical  approach  is  used  to  calculate 
srrucrural-acoustic  dynamic  responses.  The  feedforward  con¬ 
trol  approach  used  is  based  on  minimizing  the  radiated 
power  at  a  single  frequency.  The  example  structure  chosen  is 
a  thin-walled,  fluid-loaded,  spherical  shell,  and  numerical  re¬ 
sults  are  compared  to  an  analytical  solution. 

The  analytical  and  numerical  models  for  the  spherical 
shell  agree  well  both  in  response  characterizations  and  in 
solutions  to  the  active  control  problem.  Numerical  and  ana¬ 
lytical  solutions  for  the  uncontrolled  response  display  excel¬ 
lent  agreement  below  £0a  =  1.4,  with  some  freauency  shift¬ 
ing  in  the  region  1.4<£0a<1.7.  Predictions  of  controller 
performance,  including  control  forces  and  reductions  of  ra¬ 
diated  power,  agree  well  but  are  subject  to  the  same  fre¬ 
quency  shift.  Short-wavelength  structural  responses  that  ap¬ 
pear  in  the  numerical  solution  but  not  the  analytical  solution 
do  not  affect  the  far-field  behavior,  and  therefore  do  not  af¬ 
fect  the  controller  performance.  Numerical  predictions  of  re¬ 
sidual  responses  agree  with  analytical  predictions  to  the 
same  extent  that  uncontrolled  predictions  agree.  In  general, 
the  results  give  confidence  that  the  methods  described  could 
be  used  to  examine  other,  more  complicated  structures  for 
which  no  analytical  models  exist. 

For  the  spherical  shell,  ASAC  is  an  efficient  method  for 
controlling  radiated  noise  at  low  frequencies  (0<kQa <1.7). 
At  resonance  frequencies,  radiation  due  to  a  point-force  dis¬ 
turbance  can  be  reduced  by  up  to  20  dB  using  only  one 
acruator.  The  mechanism  for  reducing  radiated  power  on- 
resonance  is  modal  suppression,  in  which  the  dominant  re¬ 
sponse  mode  is  completely  suppressed.  Between  resonances, 
multiple  actuators  are  required  to  obtain  large  reductions. 


The  main  mechanism  for  reducing  radiated  power  off- 
resonance  is  that  energy  is  transferred  to  less-efficient 
modes,  which  can  actually  increase  vibration  levels.  Increas¬ 
ing  the  number  of  control  forces  improves  controller  perfor¬ 
mance.  With  seven  control  forces,  attenuations  of  at  least  6 
dB  can  be  obtained  over  the  entire  frequency  ran^e 
0<ioa<1.7. 
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ABSTRACT 

This  paper  presents  four  types  of  cost  functions,  which  art 
based  on  the  use  of  distributed  or  discrete  pressure  and  accel- 
eration  sensors  for  structural  sound  radiation  control  in  con- 
junction  with  the  use  of  the  LMS  control  algorithm.  In  order  to 
study  the  influence  of  cost  functions,  a  system  consists  of  baf- 

tiS\?Ply-ST°Td  plate  radiatin*  into  a  half  space  is  ana- 
fmc  yhCl0nS‘deref‘  ^  dlsturbance  inPu‘  ^  a  harmonic  point 
force,  While  control  is  applied  by  piezoelectric  actuators  bonded 

micronb  tUre'JThecerr0r  Se"SOrS  are  either  accelerometers, 
microphones  or  distributed  sensors.  To  compare  the  control 

effectiveness  and  mechanism  of  these  cost  functions,  excitation 
on-resonance  and  off-resonance  was  considered.  Both  the  ra- 
diation  directivity  pattern  and  plate  displacement  distribution 

dilteHb  d  •  “  the  aVerage  raciiation  efficiency  and  ra¬ 

diated  power  Additionally,  plate  wavenumber  analysis  is  also 
discussed^  This  work  shows  that  distributed  sensors  generally 
perform  better  than  discrete  sensors,  and  pressure  sensors  are 
shown  to  have  considerable  advantages  over  acceleration  sen- 
sors  m  structural  sound  radiation  control. 


INTRODUCTION 

Active  noise  control  has  been  increasingly  used 
and  shown  to  be  effective  in  attenuating  low- 
frequency  sound.  The  LMS  adaptive  feedforward  con- 
r°  approach  haj3  also  been  successfully  applied  to 
active  structural-acoustic  control  (AS AC)  (Burgess 
1981;  Elliott  et  al.,  1987;  Erikson  et  al.,  1987).  To 
construct  a  LMS  adaptive  controller,  a  quadratic  cost 
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function  is  generally  formulated  as  the  error  crite¬ 
rion.  Quadratic  optimization  theory  is  then  applied 
to  minimize  the  cost  function  so  as  to  adjust  control 
signals  to  actuators  in  order  to  attenuate  the  struc¬ 
tural  sound  radiation  due  to  a  noise  input.  The  total 
radiated  power  is  usually  chosen  as  the  cost  function 
for  theorehcai  formulations  (Fuller,  1988;  Dimitriadis 
and  Fuller,  1989;  Wang  et  al.,  1990).  Although  this 
type  of  cost  function  indicates  the  highest  possible  at¬ 
tenuation,  the  total  radiated  power  is  not  measurable 
m  practice.  Fuller  et  al.  (1989)  proposed  the  use  of 
discrete  microphones  in  the  radiation  far-field  as  well 
as  accelerometers  mounted  on  the  vibrating  structure 
surfaces  to  serve  as  error  sensors.  They  experimen¬ 
tally  demonstrated  the  performance  of  both  types  of 
error  sensors  for  active  control  of  sound  transmission 
through  an  elastic  plate  by  applying  vibrational  forces 
directly  to  the  structure.  Error  microphones  in  the  ra¬ 
diated  field  which  provide  acoustic  information  were 
shown  to  be  generally  advantageous  over  error  ac¬ 
celerometers  on  the  plate. 

This  paper  presents  four  types  of  cost  functions 
which  are  based  on  the  use  of  distributed  or  discrete 
pressure  and  acceleration  sensors,  for  ASAC  in  con¬ 
junction  with  the  use  of  the  LMS  adaptive  control  al¬ 
gorithm.  In  order  to  study  the  influence  of  cost  func¬ 
tions,  a  system  consisting  of  baffled  simply-supported 
plate  radiating  into  a  half  space  is  analytically  con¬ 
sidered.  The  disturbance  input  is  a  harmonic  point 
orce,  while  control  is  applied  by  piezoelectric  actua¬ 
tors  bonded  to  the  structure.  The  error  sensors  are  ei- 
t  er  accelerometers,  microphones  or  distributed  sen¬ 
sors.  To  compare  the  control  effectiveness  and  mech¬ 
anism  inherent  in  these  cost  functions,  excitation  on- 
resonance  and  off-resonance  was  considered.  Both  the 
radiation  directivity  pattern  and  plate  displacement 
distribution  were  obtained  as  well  as  the  average  ra¬ 
diation  efficiency  and  radiated  power.  Additionally 
plate  wavenumber  analysis  is  also  discussed.  This 
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Fig.l.  Arrangement  and  coordinates  of  the  system. 


work  shows  that  distributed  sensors  generally  per¬ 
form  better  than  discrete  sensors,  and  pressure  sen¬ 
sors  are  shown  to  have  considerable  advantages  over 
acceleration  sensors  in  ASAC. 


THEORETICAL  ANALYSIS 

Plate  Vibration  for  Noise  and  Control  Inputs 

Figure  1  shows  the  arrangement  and  coordinates 
of  the  system.  Point  forces  considered  as  noise  sources 
were  used  to  excite  the  plate,  and  piezoelectric  ac¬ 
tuators  considered  as  control  sources  were  applied  to 
control  the  plate  sound  radiation.  Under  the  assump¬ 
tion  of  harmonic  excitation,  the  displacement  of  the 
simply-supported  plate  can  be  written  as: 

V,  t)  =  e^  jr  jr  Wmn  sin  (  ^A sin  (  , 

m-ln=l  /  \LV  / 

(1) 

where  Wmn  =  Pmn/ PPh(iJmn  -  u/2),  umn  are  natural 
frequencies,  pp  is  the  plate  density,  h  the  plate  thick¬ 
ness,  and  Pmn  the  modal  force  which  depends  on  the 
exact  description  of  the  applied  external  load.  The 
expressions  of  modal  forces  corresponding  to  point 
force  and  piezoceramic  actuator  inputs  are  given  in 
Wang  (1991). 


Sound  Radiation 

The  radiated  sound  pressure  can  be  evaluated 
from  the  Rayleigh  integral  which  relates  the  plate 
velocity  to  the  transmitted  pressure.  An  approxi¬ 
mate  closed-form  solution  for  this  integral  can  be  ob¬ 
tained  in  the  far-field  (Junger  and  Feit,  1986;  Rous- 
sos,  1985).  For  Ns  noise  sources  (point  forces)  or  Ne 
piezoelectric  actuators,  the  sound  pressure  radiated 
to  a  point,  p(i2,0,0),  in  the  far-field  for  light  fluid 
loading  can  be  derived  as  follow: 

Noise  sources: 

(2) 

j  =  1  m=  1  n=l 

Control  sources: 

Pc(R,0,*)  =  Kjr  f)  f 'Warnin'  (3) 

J=1  m=l  n=  1 

where  the  constant  K  and  the  quantities  7m  and 
In  can  be  found  in  Roussos  (1985)  as  functions  of 
(72,0,0).  When  the  noise  sources  and  the  piezo¬ 
electric  actuators  act  simultaneously,  the  total  sound 
pressure  field  can  be  viewed  as  a  superposition  of 
the  above  given  sound  pressures  for  steady-state  har¬ 
monic  excitation  (i.e.,  pt  =  pn  -f  pc). 

Cost  Function 

The  possible  candidates  of  the  cost  function  used 
in  sound  radiation  control  corresponding  to  different 
types  of  sensors  can  be  as  follows: 

Distributed  pressure  sensors: 


$P  =  /  \pt\2R2  sin  Odd d(p}  (4) 


Discrete  pressure  sensors: 

*P=  £  (5) 

1=1 
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Table  1.  Natural  frequency  of  simply  supported 
plate  (Hz). 


m\n 

1 

2 

3 

4 

5 

1 

87.71 

249.81 

519.98 

898.22 

h384.53 

2 

188.74 

350.85 

621.02 

999.25 

1485.56 

3 

357. 13 

519.23 

789.40 

1167.64 

1653.95 

4 

592.88 

754.98 

1025.15 

1403.39 

1889.69 

5 

895.98 

1058.08 

1328.25 

1706.48 

2192.79 

f  (Hz) 


Fig.2.  Radiation  efficiency  vs.  frequency. 


Vi  —  0.130m,  y2  —  0.170m.  When  a  single  er¬ 
ror  sensor  was  used,  a  microphone  at  {R,9,<j>)  = 
(1.8m,0°,0°)  in  the  far-field  or  an  accelerometer  at 
(xiV)  =  (0.19m, 0.15m)  on  the  plate  is  considered. 

Radiation  Efficiency  of  the  (m,  n)  Mode 

Figure  2  shows  the  (m,  n)  mode  radiation  ef¬ 
ficiency  for  the  plate  under  consideration  plotted 
against  the  excitation  frequency.  The  (1,1),  (3,1) 
and  (3,3)  modes,  (the  odd-odd  modes),  have  higher 
radiation  efficiencies  than  the  (2,1),  (2,3),  (the  odd- 
even  and  even-odd  modes),  and  the  (2, 2)  modes,  (the 
even-even  mode).  This  indicates  that  the  odd-odd 
modes  are  the  effective  radiating  modes  with  strongly 
acoustic  coupling  between  sound  radiation  and  me¬ 
chanical  vibration,  and  the  even-even  modes,  sub¬ 
jected  to  radiation  cancellation,  have  smaller  radia¬ 
tion  efficiencies.  When  the  excitation  frequency  is 
greater  than  the  modal  critical  frequency,  the  radi¬ 


Noise  _fp . $w  _fw_ 


100  75  50  25  o  25  50  75  100 

Sound  Pressure  Level  (dB) 


Fig.3.  Radiation  directivity  pattern,  /  =  357 Hz. 


ation  efficiencies  approach  asymptotically  to  unity. 
The  surprising  observation  from  Fig.2  is  that  the 

(2. 1)  mode  radiation  efficiency  is  greater  than  the 

(3. 1)  mode  radiation  efficiency  between  300 Hz  and 
1000tfz  which  is  within  our  study  range  (357 Hz  for 
the  (3,1)  resonance  mode).  The  (2,1)  mode,  previ¬ 
ously  thought  to  be  a  less  effective  radiator,  actually 
has  significant  contribution. 

On-Resonance  Excitation 

Figure  3  shows  the  radiation  directivity  of  the 
noise  with  a  excitation  frequency  of  ZZIHz  near  the 

(3,1)  mode  resonance  point.  The  system  arrange¬ 
ment  is  sketched  on  the  top  of  Fig.3.  The  noise  radi¬ 
ation  directivity,  denoted  by  a  solid  line,  can  be  seen 
to  be  fairly  constant  with  radiation  angle.  This  be¬ 
havior  is  due  to  the  relatively  long  wavelength  of  the 
acoustic  radiation  relative  to  plate  size,  leading  to  the 
higher  order  plate  (3, 1)  mode  giving  a  radiating  field 
which  is  volumetric  or  monopole  like. 

If  the  distributed  pressure  sensors  over  a  hemi¬ 
sphere  of  radiating  field  are  used,  the  corresponding 
cost  function  ($p)  can  be  constructed  as  defined  in 
Eq.(4).  The  sound  pressure  level  can  be  thus  reduced 
globally  over  the  radiating  field  as  it  is  observed  at 
all  angles.  The  residual  radiation  directivity  exhibits 
a  combination  of  the  (1, 1)  and  (2, 1)  mode  responses. 
If  a  discrete  pressure  sensor  (the  corresponding  cost 
function,  $p,  defined  in  Eq.(5))  is  used  and  located 
at  (R,9,<j>)  =  (1.8m,  0°,  0°),  the  residual  radiation  di¬ 
rectivity  reveals  a  dipole  response,  because  the  sound 
pressure  at  the  location  of  the  error  microphone  is  re¬ 
duced  to  zero.  Similarly,  a  distributed  or  discrete  ac¬ 
celeration  sensor,  located  at  (x,y)  =  (0.19m,  0.15m), 
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Table  3.  Summary  of  off-resonance  excitation  case. 
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AT- 6.54  ATp  =26.88 


Fig. 5.  Wavenumber  spectra  of  plate  velocity,  /  = 
357tfz. 


that  the  oscillations  in  the  spectral  distributions  at 
low  wavenumbers  has  been  smoothed.  This  indi¬ 
cates  that  the  residual  plate-baffle  response  is  dom¬ 
inated  by  high  wavenumber  components  or  short 
wavelength,  higher  modal  order  motion.  Thus  two 
control  mechanisms  are  observed.  The  first,  termed 
“modal  suppression”  (Fuller  et  al.,  1991),  implies  that 
the  plate  response  falls  globally  and  corresponds  to  a 
fall  in  wavenumber  components  across  the  complete 
spectrum.  The  second,  termed  “modal  restructuring” 
(Fuller  et  al.,  1991),  implies  that  the  plate  residual  re¬ 
sponse  becomes  more  complex  (higher  modal  order) 
with  a  lower  radiation  efficiency.  Conversely  “modal 
restructuring”  corresponds  to  a  decrease  in  the  su¬ 
personic  wavenumber  components  while  the  subsonic 
components  remain  unchanged  or  even  increase.  Such 


Off- resonance  excitation,  f  =  272  Hz 


cost 

function 

form 


control  average  reduction  reduction 
voltages  radiation  of  cost  of  radiated 
V(volts)  efficiency  function(dB)  power  (dB) 


Disturbance  0.01275 


6.3449 

0.00885 

0.82 

0.82 

16.573 

0.04977 

1.03 

-4.88 

4.7574 

0.00938 

152.85 

0.77 

7 

w 

17.572 

0.05296 

153.63 

-5.16 

Noise 

*p 

+w 

tw 

Fig.6.  Radiation  directivity  pattern,  /  =  212Hz. 
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Fig.7.  Plate  displacement  distribution,  /  =  272 Hz. 
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Fig. 9.  Radiated  power  vs.  frequency. 

discussed  previously,  above  this  line  the  wavenum¬ 
ber  components  recognized  as  subsonic  waves  do  not 
contribute  to  the  sound  radiation;  however,  super¬ 
sonic  waves,  i.e.,  wavenumber  components  below  the 
acoustic  wavenumber,  do  radiate  to  the  far-field.  In 
the  case  of  using  pressure  sensors,  the  supersonic  com¬ 
ponents  have  been  reduced  while  the  subsonic  compo¬ 
nents  were  increased.  This  results  in  a  small  amount 
of  radiated  power  reduction  as  shown  in  Table  3, 
and  the  phenomenon  is  termed  “modal  restructur¬ 
es”*  i.e.,  the  plate  vibration  pattern  becomes  close 
to  the  (3, 1)  mode,  as  seen  in  Fig. 7.  In  other  words, 
the  significant  radiation  modes  have  been  changed 
to  less  efficient  mode  radiators  due  to  the  change  of 
plate  vibration  pattern,  and  this  change,  thus,  leads 
to  a  reduction  or  radiated  power.  In  particular,  the 
wavenumber  spectrum  equals  to  zero  at  kx  =  kv  =  0 
(where  kx  =  /ccos0sin0  and  /cy  =  *sin0sin0),  with 
the  discrete  pressure  sensor  located  at  (1.8m,  0°,  0°). 
When  the  pressure  is  minimized  in  the  far-field  at  a 
particular  angle,  the  corresponding  wavenumber  com¬ 
ponent  to  that  angle  is  suppressed.  In  the  case  of 
using  acceleration  sensors,  the  subsonic  components 
have  been  reduced  while  the  supersonic  components 
were  increased.  The  increase  at  kx  =  kv  =  0  es¬ 
pecially  indicates  spillover  of  control  energy  into  the 

(1,1)  mode.  This  explains  why  the  residual  radiation 
directivity  reveals  a  monopole  response  in  the  case  of 
using  acceleration  sensors  as  shown  in  Fig.  6.  Figure 
8(b)  shows  the  similar  plot  along  the  Ky  axis.  The 
disturbance  denoted  by  a  solid  line  reveals  an  =  1 
dominant  mode  pattern,  i.e.,  the  (3, 1)  mode.  Again, 
the  analysis  of  wavenumber  spectra  also  demonstrates 
that  pressure  sensors  perform  better  than  accelera¬ 
tion  sensors.  In  effect,  the  distributed  far-field  pres¬ 
sure  sensor  acts  as  distributed  structural-wavenumber 
sensor.  They  observe  every  radiating  point  on  the 


plate  and  also  every  supersonic  wavenumber  compo¬ 
nent  while  not  observing  the  subsonic  components. 

Cost  Function  Performance  Versus  Frequency 

Figure  9  shows  the  radiated  power  for  the  noise 
with  and  without  control  plotted  against  the  excita¬ 
tion  frequency  for  different  forms  of  cost  functions 
corresponding  to  the  previous  case.  The  solid  line 
denotes  the  noise  and  reveals  several  peaks,  such  as 
at  87,  190,  357,  520  and  620 Hz}  which  are  near  the 
natural  frequencies  of  the  simply-supported  plate.  In 
the  case  of  using  pressure  sensors,  both  discrete  and 
distributed  sensors  have  about  the  same  residual  ra¬ 
diated  power,  and  a  large  amount  of  power  reduction 
is  achieved  below  180 Hz  near  the  (2,1)  mode.  For 
higher  frequency  excitation,  since  more  high  modal 
responses  contribute  to  the  sound  radiation,  only  a 
slight  reduction  can  be  achieved  for  using  just  one 
actuator.  Additionally,  there  is  no  improvement  at 
excitation  of  the  even  modes,  such  as  the  (2, 1),  (2, 2), 

(4,1)  and  (4,2)  modes,  because  of  the  central  loca¬ 
tion  of  the  piezoelectric  actuator.  Of  course,  attenu¬ 
ation  could  be  achieved  with  multiple,  appropriately 
located  actuators  as  shown  previously  (Wane  et  al 
1990). 

In  the  case  of  using  acceleration  sensors,  the  ra¬ 
diated  power  has  been  attenuated  at  low  frequency 
range,  but  the  reduction  is  not  as  much  as  that  using 
pressure  sensors.  The  distributed  acceleration  sensor, 
located  over  the  plate,  generally  performs  better  than 
the  discrete  acceleration  sensor,  located  at  the  center 
of  the  plate.  For  the  discrete  acceleration  sensor,  the 
radiated  power  increases  between  105  and  190 Hz,  i.e., 
between  the  (1,1)  and  (2,1)  modes,  while  the  radi¬ 
ated  power  decreases  for  other  selection  of  sensors. 
This  is  because  the  accelerometer  cannot  effectively 
observe  the  plate  response  at  the  central  location  in 
this  range  of  excitation  frequency,  where  the  (2, 1) 
mode  dominates  the  plate  response.  The  residual 
radiated  power  in  the  case  of  using  distributed  ac¬ 
celeration  sensors  is  close  to  that  of  using  pressure 
sensors  between  110  and  190 Hz,  but  is  higher  at  fre¬ 
quencies  below  110 Hz.  This  can  be  explained  by  the 
observation  that  controlling  the  (1,1)  plate  modal  re¬ 
sponse  is  not  effective  in  the  reduction  of  sound  ra¬ 
diation  within  this  range.  However,  controlling  the 

(2, 1)  plate  modal  response  is  effective  since  the  (2, 1) 
mode  is  the  dominant  radiator  to  radiated  field  in  this 
frequency  band. 

Figure  10  shows  the  average  radiation  efficiency 
plotted  against  the  frequency  corresponding  to  the 
cases  of  Fig. 9.  The  average  radiation  efficiency  gen¬ 
erally  agrees  with  the  radiated  power  because  of  the 
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Based  on  the  thin-shell  Donnell  theory,  a  model  to  represent  the  action  of  discrete  induced  strain 
actuator  patches  symmetrically  bonded  to  the  surface  of  a  circular  cylindrical  shell  has  been 
developed.  The  model  provides  estimates  of  the  bending  curvatures  due  to  the  out-of-phase 
actuation  and  the  in-plane  strains  due  to  the  in-phase  actuation  of  the  bonded  actuator  patches.  The 
magnitudes  of  the  induced  curvature  and  the  in-plane  strain  are  found  to  be  identical  to  t  ose  o 
plates-  however,  due  to  the  strain-displacement  relations  in  cylindrical  coordinates,  the  in-plane  an 
out-of-plane  displacements  are  coupled.  Expressions  for  the  equivalent  forces  and  moments  that 
represent  the  action  of  the  actuator  patches  have  been  developed.  Due  to  the  curvature  of  the  shel . 
the  representation  of  the  in-phase  actuation  with  an  equivalent  in-plane  line  force  applied  along  the 
edge  of  the  actuator  results  in  the  application  of  erroneous  rigid-body  transverse  forces.  To  avoid 
these  rigid  body  forces,  a  method  to  represent  the  in-phase  actuation  with  a  system  of 
self-equilibrating  forces  is  proposed.  The  action  of  the  actuator  is  then  represented  by  an  equivalent 
in-plane  force  and  a  transverse  distributed  pressure  applied  in  the  region  of  the  actuator  patch.  Finite 
element  verification  of  the  proposed  model  is  presented.  The  displacements  due  to  the  actual 
actuator  actuation  are  compared  with  the  proposed  model,  and  very  good  agreement  is  found. 

PACS  numbers:  43.40.Ey,  43.40.Tm 


INTRODUCTION 

In  recent  years  there  has  been  a  great  surge  of  interest  in 
research  on  shape,  vibration,  and  acoustic  control  of  struc¬ 
tures  with  induced  strain  actuators  like  piezoelectric  materi¬ 
als  and  shape  memory  alloys.  What  distinguishes  induced 
strain  actuators  from  conventional  hydraulic  and  electrical 
actuators,  and  makes  them  especially  attractive  for  smart 
structures,  is  their  ability  to  change  their  dimensions  and 
properties  without  utilizing  any  moving  parts.  These  actuator 
materials  contract  and  expand  just  like  the  muscles  in  the 
human  body.  When  integrated  into  a  structure  (either  through 
embedding  or  through  surface -bonding),  they  apply  localized 
strains  and  directly  influence  the  extensional  and  bending 
responses  of  the  structural  elements.  Because  of  the  absence 
of  mechanical  parts  they  can  be  easily  integrated  into  the 
base  structure.  Integration  within  the  structure  ensures  an 
overall  force  equilibrium  between  the  forcing  actuator  and 
the  deforming  structure,  thus  precluding  any  rigid  body 
forces  and  torques. 

Induced  strain  actuators,  like  piezoelectric  materials 
when  bonded  to  the  surface  of  a  structure,  generate  a  set  of 
forces  which  are  concentrated  close  to  the  edges  of  the  ac¬ 
tuator.  Therefore,  their  action  is  often  represented  by  line 
moments  or  forces  applied  along  the  periphery  of  the  actua¬ 
tor.  This  representation  simplifies  analysis  because  the  struc¬ 
ture  does  not  have  to  be  discretized  (to  represent  the  nonuni¬ 
form  structural  properties  in  the  regions  of  the  patches)  and 
global  structural  equations  can  be  solved  with  the  actuator 
forces  appearing  as  discretely  applied  external  forces.  This 
analysis  method,  although  approximate  (approximate  be¬ 
cause  the  actuator  mass  and  stiffness  are  not  represented  and 
actuator  forces  derived  from  static  and  stress-free  boundary 
conditions  are  used),  gives  reasonably  accurate  results  for 


small  and  thin  patches  of  actuators.  Also,  for  the  case  of 
straight  structural  members  like  beams  and  plates,  it  does  not 
pose  any  problems  such  as  the  equivalent  actuator  forces 
producing  rigid-body  motion.  For  shell-type  structures,  how¬ 
ever,  due  to  their  curvature,  this  simple  representation  is  not 
appropriate  for  the  case  of  in-phase  actuation.  In-phase  ac¬ 
tuation  refers  to  the  case  when  the  two  actuators  bonded  to 
the  top  and  bottom  surface  of  the  shell  are  activated  to  pro¬ 
duce  strains  in  the  same  direction.  Because  the  circumferen¬ 
tial  forces  used  to  represent  the  action  of  the  actuator  are  not 
colinear  they  produce  rigid-body  transverse  forces  on  the 
shell.  Thus  certain  special  modifications  must  be  made  to 
such  a  representation  scheme  to  accommodate  the  special 
characteristics  of  the  shell  structures.  The  modification  pro¬ 
posed  and  verified  in  this  paper  is  the  application  of  a  uni¬ 
form  transverse  pressure  across  the  footprint  of  the  actuator. 

To  date,  a  number  of  models  to  represent  the  action  of 
actuators  on  beams  and  plates  have  been  proposed.  For 
shells,  the  only  models  that  have  been  developed  are  based 
on  layered  shell  theory,  i.e.,  the  analytical  model  assumes 
that  the  induced  strain  actuator  material  comprises  a  total, 
distinct  layer  of  the  shell.6,7  In  the  work  that  has  been  re¬ 
ported  on  vibration  and  acoustic  control  of  shells  using  pi¬ 
ezoelectric  actuators,  plate  models  are  often  adapted  to 
shells.8,9  At  first  sight,  this  adaptation  seems  perfectly  rea¬ 
sonable  because  the  shell  is  thin  and  rih  is  large.  This  does, 
however,  pose  a  problem  for  the  representation  of  in-phase 
actuation  forces  because  the  actuator  forces  are  no  longer 
colinear  as  in  the  case  of  beams  and  plates,  and  as  stated 
earlier,  this  results  in  a  rigid-body  force  being  applied  to  the 
shell  (see  Fig.  1).  If  this  is  not  recognized,  then  the  action  of 
in-phase  actuation  of  even  a  small  actuator  patch  will  result 
in  an  erroneous  response  and  can  lead  to  a  totally  wrong 
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FIG.  1.  Nonequilibrium  of  discrete  tangential  forces  in  shell  structures. 

solution.  In  a  recent  model  for  curved  piezoelectric  actuators, 
Sonti  and  Jones10  also  recognized  this  fact  and  showed  the 
necessity  of  including  a  uniform  transverse  pressure,  in  ad¬ 
dition  to  the  axial  and  tangential  forces,  to  correctly  repre¬ 
sent  the  action  of  in-phase  actuation. 

A  model  has  been  developed  to  compute  the  equivalent 
forces  and  moments  applied  by  a  pair  of  symmetrically 
bonded  actuator  pairs,  and  is  described  here.  This  is  followed 
by  a  discussion  of  the  special  considerations  for  shell-type 
structures.  The  development  of  the  model  is  similar  to  the 
work  of  Crawley  and  Lazarus1  for  plates,  and  relies  on  clas¬ 
sical  lamination  theory  (CLT). 

I.  MODEL  FORMULATION 

A  model  describing  the  interaction  between  surface- 
bonded  actuators  and  a  circular  cylindrical  shell  has  been 
developed  based  on  Donnell’s  theory.  For  completeness  a 
short  derivation  of  the  accompanying  equations  of  motion  is 
also  presented.  Consider  a  thin  circular  cylindrical  shell,  as 
shown  in  Fig.  2.  We  start  with  the  following  Donnell’s  as¬ 
sumptions  (l+z/J?=l,  r-*R)  for  the  kinematics  of  defor¬ 
mation: 


FIG.  2.  Thin  circular  cylindrical  shell  coordinate  system. 


w(x,d,z)  =  w°{x,6). 

In  the  above,  z  is  the  local  thickness  coordinate,  measured 
from  the  middle  surface  of  the  shell.  The  superscript  zero 
denotes  displacements  of  the  cylindrical  panel’s  middle  sur¬ 
face.  The  pertinent  strain-displacement  relations  in  cylindri¬ 
cal  coordinates  are  as  follows: 

du  o  *U°  _  d2w° 


dv  w 


dv°  wc 
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The  resultant  force-strain  relations  for  a  layered  composite 
laminate  are  given  by11 

f  Vl  \A  Biff0!  f  JV*  1 


B  D  « 


[i QWdz , 


{M  A}  = j  [0]{A}z  dz  (9) 

are  the  equivalent  of  thermal  forces  in  CLT.  Note  that  A  is 
the  free  induced  strain  developed  in  the  actuator  in  response 
to  an  applied  voltage  (A.x  =  Ed3x=Vdix/ta).  The  three  gov¬ 
erning  equilibrium  equations  are: 

dNx  dNxg  .  . 

ir+RTe-m“-°’  m 


dNxd  dNg  . 

- +  ~ — ~mv=  0, 

dx  R  dd 
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1 ^+2S^RTe*R^-r-mw“>-  (12) 

with  boundary  conditions  at  x—  ±L/2  and  #=±/?/2.  For  an 
unconstrained  symmetric  panel  with  no  externally  applied 
forces  or  moments,  i.e.,  N,  M  =  0,  Eq.  (7)  reduces  to 


For  a  symmetric  shell  (£  =  0),  the  above  equations  are  un¬ 
coupled,  and 


(€0}  =  [A]-1{Aa}, 
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{*}  =  [£>]' a}-  <15) 

To  obtain  simplified  expressions  for  the  induced  curvature, 
we  assume  that  the  shell  is  isotropic  and  has  the  same  Pois¬ 
son’s  ratio  as  the  actuator.  For  such  a  case,  the  [A]  and  [D] 
matrices  reduce  to: 


[A]  = 


Ests  +  2Eata 
(l-v2) 


1  V 
V  1 
0  0 


0 

0 

(1  -  v)/2. 
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12(1  -  y")  +  3  (1-v2) 

1  v  0 

v  1  0 

0  0  (1  -  v)/2_ 


Rewriting  in  a  more  convenient  way, 


(16) 


(17) 


FIG.  3.  Adequate  equivalent  loading  to  maintain  equilibrium. 

Eqs.  (20)  and  (22).  The  equivalent  forces  and  moments  are 
obtained  by  substituting  the  bending  strains  and  the  in-plane 
strains  from  Eqs.  (20)  and  (22)  into  Eq.  (7),  with  N A  and  M A 
set  to  zero.  For  out-of-phase  actuation,  the  equivalent  mo¬ 
ments  are  found  to  be: 
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(19) 


With  these  assumptions,  the  following  expression  for  the  in¬ 
duced  bending  strains  due  to  the  out-of-phase  actuation  is 
obtained  from  Eq.  (15)  (fs=shell  thickness,  f„=  actuator 
thickness): 


xx 

*e 

*x8 


6(1  +  l/T)(2/fj) 

6+ip+S/T2  +  12/T 


(20) 


where 


<A= 


E  s*s 

Eja 


(21) 


and  for  in-phase  actuation,  the  following  expression  for  in¬ 
duced  middle-surface  strains  is  obtained  from  Eq.  (14): 


2  +  ^r 


(22) 


The  above  expressions  for  the  middle-surface  strains  for  the 
case  of  in-phase  actuation  and  the  bending  strains  for  the 
case  of  out-of-phase  actuation  are  the  same  as  those  obtained 
for  plates;  however,  the  circumferential  strain  is  now  coupled 
with  the  out-of-plane  displacement  [Eq.  (5)]. 

To  solve  a  plate  or  a  shell  problem,  an  expression  for  a 
set  of  equivalent  forces  is  often  developed.  These  forces, 
when  applied  along  the  edges  of  the  footprint  of  the  actuator, 
on  the  structure  result  in  the  same  degree  of  bending  strains 
and  in-plane  middle-surface  strains  as  those  obtained  from 


Esrs  (1  +  1  IT) 

=  i-i/  6  +  (A+8/r2+i2/r 

eq 


(23) 


and  for  in-phase  actuation,  the  following  expression  for  the 
equivalent  axial  and  tangential  force  is  obtained: 


E  t  1 

sl  5  - 

l-~  v  2+  i// 


(24) 


The  tangential  force  obtained  from  the  above  equation,  when 
applied  to  the  shell  along  the  two  circumferential  edges  of 
the  actuator  will  not  be  colinear,  due  to  the  curvature  of  the 
shell,  and  will  have  an  erroneous  component  resulting  in  a 
rigid  body  mode.  This  situation  has  already  been  illustrated 
in  Fig.  1.  This  occurs  due  to  the  simplifying  assumptions  in 
the  above  formulation.  In  actuality,  a  set  of  self-equilibrating 
stresses  are  developed  between  the  shell  and  the  bonded  ac¬ 
tuator,  and  there  is  no  rigid  body  force  developed. 

To  remedy  this  situation,  we  have  proposed  the  applica¬ 
tion  of  an  equilibrating  uniform  radial  pressure  applied 
across  the  footprint  of  the  actuator.  The  magnitude  of  the 
uniform  pressure  is  obtained  from  simple  statics  and  is  equal 
to  —N0/R  (Fig.  3).  This  set  of  forces,  i.e.,  an  equivalent 
tangential  force  given  by  Eq.  (24)  and  a  uniform  radial  pres¬ 
sure,  now  provide  a  convenient  means  of  representing  the 
action  of  surface-bonded  actuators  that  are  actuated  in-phase. 
To  verify  whether  this  set  of  forces  results  in  approximately 
the  same  displacement  field  as  a  true  actuator  bonded  to  a 
cylindrical  shell  (a  comparison  with  a  finite  element  model)  a 
description  of  which  follows,  is  made. 


II.  FINITE  ELEMENT  MODELING  AND  VERIFICATION 

Two  finite  element  models  have  been  constructed  to 
verify  the  equivalent  loading  scheme.  A  6-in.-radius,  0.032- 
in. -thick,  and  l-in.-deep  ring  with  piezoelectric  actuators  1/6 
of  the  ring  thickness  and  covering  an  arc  10°  long  {&)  have 
been  used.  Making  use  of  symmetry,  only  the  top  half  needs 
to  be  modeled.  The  first  model,  shown  in  Fig.  4(a),  consists 
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of  beam  elements.  First,  the  actuation  is  simulated  by  speci¬ 
fying  a  coefficient  of  thermal  expansion  for  the  elements  m 
the  actuator  region  and  then  applying  a  known  temperature 
to  the  model.  Second,  an  equivalent  self-equilibrating  load, 
i  e  pressure  and  tangential  force,  corresponding  to  the  tem¬ 
perature,  is  applied  [Eqs.  (23)  and  (24)].  The  radial  and  tan¬ 
gential  displacements  obtained  from  the  above  analysis  are 
identical  and  therefore  not  shown.  It  must  be  noted  that  the 
pressure  loading  must  be  transformed  to  nodal  forces  only 
(lumped  loading).  The  lumped  loading  is  often  better  for  flat 
elements  representing  a  curved  surface.1*  The  second  finite 


element  model  uses  plane  stress  elements  in  the  actuator  re¬ 
gion  to  include  the  actuator’s  stiffness  and  uses  beam  ele¬ 
ments  for  the  rest  of  the  shell  [Fig.  4(b)].  A  rigid  element 
connecting  the  five  nodes  at  the  end  of  the  plane  stress  ele¬ 
ment  region  is  introduced.  A  constraint  equation  is  then  used 
to  ensure  the  continuity  in  the  rotations  between  the  beam 
and  plane  stress  elements.  Again,  thermal  expansion  is  used 
to  simulate  the  static  action  of  the  actuators  on  the  shell. 

The  radial  and  tangential  displacements  are  shown  in 
Fig.  5.  Discrepancies  between  the  equivalent  loading  model 
and  the  plane  stress  finite  element  model  exist  since  no  as¬ 
sumptions  about  the  actuator  stiffness  or  about  the  equivalent 
loading  are  made  in  the  latter  model.  The  differences  are 
however  greater  in  the  actuator  region  due  to  the  added  struc¬ 
tural  stiffness  of  the  actuators.  Even  though  displacement 
differences  are  present,  the  plane  stress  finite  element  model 
validates  the  derived  model  since  it  gives  results  of  the  same 
order  of  magnitude  with  similar  deformed  shapes  as  opposed 
to  when  only  point  tangential  forces  (without  a  transverse 
pressure)  are  used.  The  deformed  shape  of  the  analytical 
model  and  the  plane  stress  finite  element  model  are  shown  in 
Fig.  6.  Also  shown  in  Fig.  5  are  the  displacements  of  the 
same  ring  if  only  discrete  tangential  forces  are  applied  (with¬ 
out  transverse  pressure).  This  model  using  only  tangential 
forces  does  not  satisfy  the  ring’s  self-equilibrium.  Major  dis¬ 
placement  discrepancies  between  the  proposed  equivalent 
loading  model  and  the  case  using  only  tangential  forces  are 
observed  both  in  shape  and  magnitude.  Using  the  tangential 
forces  alone  over  predicts  the  displacements  by  a  factor  of  up 
to  1000,  as  seen  on  the  right  vertical  axis  of  Fig.  5  (note  that 
the  scales  of  the  two  vertical  axis  are  different).  Also,  a  re- 


Angle 

Fig.  5.  Comparison  of  the  displacements  predicted  by  the  proposed  self-equilibrating  equivalent  forces,  the  plane  stress  finite  element  model, 
tangential  force  alone  (no  pressure). 
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FIG.  6.  Deformed  shape  of  the  ring  using  the  self-equilibrium  loading  and  the  plane  stress  elements. 


action  force  in  the  *  direction  at  the  clamped  boundary  is 
present  if  uniform  pressure  is  not  applied.  This  reaction  force 
should  not  be  present  since  the  actual  ring  with  bonded  ac¬ 
tuators  is  in  self-equilibrium.  Adequate  equivalent  loading 
did  not  show  any  reaction  force  in  the  x  direction  at  the 
clamped  boundary. 

From  the  finite  plane  stress  element  model  shown  in  Fig. 
4(b),  it  is  possible  to  justify  the  use  of  a  uniform  radial  pres¬ 
sure  on  the  actuator  footprint  to  maintain  the  self-equilibrium 
of  the  ring.  Figure  7  shows  the  radial  stress  distribution 
through  the  thickness  of  the  actuator  and  the  ring.  This  stress 
distribution  is  virtually  constant  over  the  whole  actuator  re¬ 
gion,  except  at  the  ends  of  the  actuator,  which  validates  the 
use  of  a  uniform  radial  pressure  in  the  analytical  model.  With 
the  actuators  removed,  an  equilibrating  radial  pressure  ap¬ 
plied  on  both  sides  of  the  shell  is  necessary  to  produce  the 
same  stress  distribution  on  the  shell  surface  (z//i  =  l,  —  1) 
shown  in  Fig.  7.  Because  the  interest  is  in  global  shell  defor¬ 
mations,  the  equilibrating  pressure  can  be  applied  on  one 
side  only  or  on  the  shell  midplane,  since  it  will  produce  the 
same  shell  response. 


FIG.  7.  Radial  stress  distribution  through  the  thickness  in  the  actuator  re¬ 
gion. 
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III.  CONCLUSIONS 

In  this  paper,  a  model  to  represent  the  action  of  discrete 
induced  strain  actuator  patches  bonded  to  the  surface  of  a 
circular  cylindrical  shell  is  developed  based  on  Donnell  s 
theory.  Expressions  to  represent  the  actuator  forces  and  mo¬ 
ments  have  been  developed  for  shells  and  are  found  to  be  the 
same  as  those  obtained  for  plates.  However,  this  equivalent 
set  of  forces  and  moments  produces  a  rigid  body  mode  re¬ 
sulting  from  the  no-colinearity  of  the  tangential  forces  due  to 
the  shell  curvature.  To  avoid  this  rigid  body  mode,  uniform 
pressure  is  applied  in  the  region  of  the  actuator  patch.  This 
solution  method  is  verified  using  finite  element  modeling  and 
showed  very  good  agreement. 
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Regression  analysis  is  used  to  examine  feedforward  active  noise  control  from  a  statistical  point  of 
view.  Since  numerical  techniques  for  simulating  feedforward  active  noise  control  in  the  frequency 
domain  are  mathematically  similar  to  linear  least-squares  regression,  two  regression-based 
numerical  methods  can  be  applied  to  control  problems.  The  first  uses  regression  diagnostics  such  as 
the  F-test,  the  /-test,  and  confidence  intervals  to  model  the  effects  of  error  sensor  measurement 
noise.  The  second  uses  collinearity  diagnostics  to  address  a  form  of  numerical  ill  conditioning  that 
can  corrupt  the  results.  The  regression  diagnostics  allow  realistic  modeling  of  random  measurement 
error;  the  collinearity  diagnostics  help  avoid  numerical  difficulties  that  might  otherwise  go 
undetected.  Numerical  results  are  given  for  a  structural-acoustic  control  problem  involving  a 
fluid-loaded  cylindrical  shell. 

PACS  numbers:  43.40.Vn 


INTRODUCTION 

This  article  examines  feedforward  active  noise  control 
from  a  statistical  viewpoint  using  tools  developed  for  linear 
least-squares  regression.  The  procedure  for  simulating  feed¬ 
forward  active  control  using,  for  example,  a  finite-element 
model  of  the  plant,  can  be  conveniently  simulated  in  the 
frequency  domain  using  a  formulation  that  is  essentially 
identical  to  regression;  the  main  difference  is  that  the  regres¬ 
sion  variables  are  complex-valued  transfer  functions  rather 
than  real-valued  collections  of  data  observations.  Regression 
diagnostics  can  be  used  to  assess  the  effects  of  error  sensor 
measurement  noise,  which  is  analogous  to  observation  error 
in  a  regression.  Collinearity  diagnostics  can  be  used  to  detect 
and  analyze  ill-conditioning  problems  that  might  otherwise 
go  unnoticed.  Together,  these  numerical  methods  provide  a 
unified  numerical  approach  for  simulating  active  control  sys¬ 
tems. 

Consider  a  single-input,  single-output  (SISO)  feedfor¬ 
ward  active  control  system.  A  primary  or  disturbance  input  S 
injects  vibrational  or  acoustic  energy,  while  one  or  more  ac¬ 
tuators  (secondary  or  control  inputs)  are  used  to  influence 
system  response.  The  disturbance  propagates  through  the  pri¬ 
mary  path  A  to  form  the  disturbance  response  (primary  re¬ 
sponse)  Pp .  The  controller  operates  on  a  detection  sensor 
signal  to  produce  the  control  input  b ,  which  propagates 
through  the  secondary  path  X  to  form  the  control  response 
Pc .  The  total  response  Pp  +  Pc  is  measured  by  the  error  sen¬ 
sor  subject  to  measurement  noise  e,  and  the  error  sensor 
output  is  used  in  determining  the  controller  gain.  Frequency- 
domain  investigations  of  this  type  of  system  have  been  re¬ 
ported  in  a  variety  of  contexts.1'5 

The  need  for  regression  diagnostics  stems  from  two 
facts.  First,  error  sensor  outputs  in  a  real  control  system  are 


contaminated  with  measurement  noise  whose  properties  are 
known  only  in  a  statistical  sense.  Second,  in  a  MIMO  system 
the  error  is  known  only  at  a  finite  number  of  locations  (the 
error  sensors)  rather  than  as  a  continuous  function  in  space. 
For  these  two  reasons  among  others,  numerical  or  analytical 
simulations  are  usually  too  optimistic  in  their  predictions  of 
system  performance.  To  make  simulations  more  realistic,  re¬ 
gression  diagnostics  can  be  used  to  characterize  the  effects  of 
measurement  noise.  This  implicit  stochastic  modeling  of 
measurement  noise  differentiates  the  statistical  methods  out¬ 
lined  below  from  previous  works,  which  consider  the  prob¬ 
lem  from  a  purely  deterministic  viewpoint.  In  keeping  with 
the  tutorial  nature  of  the  discussion,  we  discuss  only  the 
three  most  basic  regression  diagnostics:  the  F-test,  the  /-test, 
and  confidence  limits  on  the  “estimated  model”  (a  term  to  be 
defined  below.)  Some  of  the  techniques  developed  here  have 
analogous  developments  in  system  identification  literature.6'7 
We  include  them  here  to  provide  an  expanded,  unified  devel¬ 
opment  and  to  emphasize  that  regression  diagnostics  are 
among  the  many  statistical  techniques  that  can  be  applied  to 
the  feedforward  active  control  problem. 

The  link  between  regression  and  feedforward  control 
was  first  noted  by  Snyder  and  Hansen,8'9  who  simulated  a 
feedforward  control  problem  using  commercial  regression 
software.  Since  commercial  regression  packages  operate 
only  on  real-valued  data,  Snyder  and  Hansen  partitioned 
their  problem  into  separate  real  and  imaginary  parts.  The 
present  work  uses  a  more  general  formulation  that  expresses 
the  regression  in  the  complex  domain.  The  complex  formu¬ 
lation  allows  the  use  of  regression  diagnostics  and  collinear¬ 
ity  diagnostics,  which  were  not  discussed  by  Snyder  and 
Hansen.  Much  of  the  theoretical  development  for  least- 
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FIG.  1.  Geometry  of  clamped  cylindrical  shell  and  typical  control  inputs. 

squares  regression  of  complex  variables  is  taken  from 
Miller.10,11 

The  other  major  topic  of  this  paper  is  collinearity,  a  type 
of  numerical  ill  conditioning  that  can  corrupt  the  results  of 
the  control  simulation.  Given  that  feedforward  control  in  the 
frequency  domain  is  similar  to  regression,  one  might  logi¬ 
cally  assume  that  numerical  difficulties  commonly  experi¬ 
enced  by  regressions  also  appear  in  feedforward  control 
simulations.  This  is  true  of  collinearity,  the  ill  conditioning 
that  occurs  when  one  or  more  transfer  functions  are  not  or¬ 
thogonal.  Collinearity  is  always  present  to  some  degree;  in 
fact,  control  simulations  are  perhaps  more  prone  to  collinear¬ 
ity  than  other  regressions.  To  simulate  a  feedforward  control¬ 
ler  without  checking  for  collinearity  is  to  risk  producing 
meaningless  results.  The  objective  is  to  detect  whether  the 
collinearity  has  serious  consequences,  and  to  learn  which 
actuators  are  causing  collinearity  problems. 

Rosenthal12  notes  that  redundancies  between  the  sensors 
in  an  active  noise  filtering  system  can  produce  numerical 
problems  limiting  the  number  of  sensors  that  can  be  used. 
The  issue  is  also  discussed  by  Nelson  and  Elliott1  in  the 
context  of  iterative  gradient  descent  solution  methods.  Two 
references  that  provide  a  comprehensive  discussion  of  col¬ 
linearity  diagnostics  for  real-valued  regressions  are  Belsley 
et  al.13  and  Belsley.14  All  of  the  concepts  discussed  in  this 
paper  are  based  on  the  techniques  in  Ref.  14.  The  extensions 
to  complex-valued  regressions  are  straightforward,  and  are 
based  on  the  work  of  Miller.11  The  present  paper  describes 
how  collinearity  enters  an  active  control  system  and  how  it 
can  affect  a  feedforward  control  simulation.  Also  given  is  a 
basic  diagnostic  procedure  for  detecting  and  analyzing  col¬ 
linearity.  It  is  shown  that  when  the  sole  purpose  of  the  diag¬ 
nostic  is  to  detect  rather  than  analyze  collinearity,  the  col¬ 
linearity  diagnostic  consists  of  simply  examining  the 
condition  number  of  a  special  scaled  design  matrix. 

While  most  of  the  concepts  discussed  here  apply  to  any 
feedforward  control  system,  for  purposes  of  illustration  we 
focus  on  active  structural -acoustic  control  (ASAC).  ASAC 
involves  controlling  the  acoustic  response  of  a  fluid- 
structure  system  by  applying  vibrational  inputs  directly  to 
the  structure.  Recent  theoretical  and  experimental  studies  use 
ASAC  to  control  radiation  from  one-dimensional  and  two- 
dimensional  structures  including  beams,  plates,  and  sub¬ 
merged  plates;  similar  techniques  are  used  to  control  noise 
transmitted  through  fiat  plates  or  into  infinite  cylindrical 
shells.15-24 

The  example  structure  used  for  numerical  results  (Fig.  1) 
is  a  finite-length,  fluid-loaded  cylindrical  shell  with  clamped, 
rigid,  flat  end  caps.  The  entire  investigation  is  conducted  in 
the  frequency  domain,  i.e..  using  a  time-harmonic  distur¬ 


bance  whose  time  dependence  eiwt  is  omitted  for  simplicity 
of  notation.  Note  that  although  an  axisymmetric  example  is 
used  here,  regression  analysis  can  be  applied  to  three- 
dimensional  problems  as  well.  A  three-dimensional  case  is 
treated  in  Ref.  25  by  superposing  the  axisymmetric  solutions 
for  a  spherical  shell  to  obtain  a  radiated  field  with  a  plane  of 
symmetry.  Similar  techniques  may  be  used  with  the  proce¬ 
dures  outlined  here. 

I.  REGRESSION  AND  FEEDFORWARD  CONTROL 

First  we  review  the  fundamentals  of  multiple  linear  re¬ 
gression  as  used  in  general  statistics  applications.  We  then 
discuss  how  a  feedforward  active  control  problem  can  be 
expressed  as  a  complex-valued  multiple  linear  regression, 
paying  special  attention  to  the  effects  of  measurement  noise. 
Finally,  we  discuss  the  relation  between  the  weighting  func¬ 
tion  and  the  physical  significance  of  the  cost  function,  and 
examine  some  numerical  results  for  the  cylindrical  shell  ex¬ 
ample  problem.  Much  of  the  following  discussion  may  be 
found  in  textbooks  and  articles  on  linear  algebra  or  least- 
squares  approximation;  see,  for  example,  Refs.  26-29.  The 
discussion  is  included  here  to  explicitly  define  the  somewhat 
confusing  nomenclature,  and  to  help  illustrate  the  links  be¬ 
tween  feedforward  control  and  regression. 

A.  Fundamentals  of  multiple  linear  regression 

In  regression  one  seeks  a  model  f (/?,,*,),  the  true 
model,  to  approximate  a  set  of  measured  data  K,  also  called 
the  dependent  variable.  The  true  model  is  a  function  of  /?, 
(the  true  regression  coefficients)  and  a  collection  of  predictor 
variables  Z, ,  also  called  independent  variables.  The  data  and 
predictor  variables  contain  M  observations,  ;  =  1,2,...,M, 
and  are  written  in  vector  form  as  Y  —  {yj •  •  -yM}T  and 

Suppose  that  each  observed  value  y;  contains  a  small 
amount  of  Gaussian  measurement  noise  e, .  (Note  the  use  of 
the  term  “noise”  rather  than  “error.”  In  statistical  texts,  mea¬ 
surement  noise  is  referred  to  as  “measurement  error”  or 
“observation  error,”  whereas  in  active  control  literature  the 
term  “error”  refers  to  the  residual  signal  that  remains  after 
cancellation.  To  avoid  confusion,  the  term  “measurement 
noise”  will  refer  only  to  the  random  component  of  the  mea¬ 
sured  data  y, .)  Assume  also  that  model  we  seek  (the  true 
model)  gives  a  good  approximation  of  the  data: 

+  (1) 

where  the  expected  value  of  the  noise  is  £[6,]=0.  Because 
we  only  assume  the  validity  of  Eq.  (1),  we  must  later  test 
whether  the  data  cause  us  to  reject  the  assumption. 

To  use  regression  diagnostics,  we  must  make  some  as¬ 
sumptions  about  the  measurement  noise.  These  assumptions 
are  not  needed  to  perform  the  regression;  we  can  always  use 
regression  to  find  a  set  of  regression  coefficients.  However, 
sometimes  we  wish  to  go  beyond  merely  computing  the  re¬ 
gression  coefficients,  estimated  model,  and  residuals.  The  as¬ 
sumptions  concern  V(y(),  the  variance  of  the  / th  data  mea¬ 
surement.  A  general  form  for  the  variance  is 

v(y,)  =  <r2yg2(y,.*’,),  (2) 
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ance  function.  By  including  y{  in  the  variance  function 
g\yiyw>i),  we  allow  the  possibility  that  measurement  noise 
may  depend  on  the  magnitude  of  the  quantity  being  mea¬ 
sured.  The  weighting  coefficients  w,  allow  us  to  weight  some 
observations  more  heavily  than  others,  for  example,  placing 
more  emphasis  on  those  observations  known  to  be  most  re¬ 
liable.  Assume  that  the  e,  are  normally  distributed  and  pair- 
wise  uncorrelated;  that  is,  6,  and  are  uncorrelated  when 
ijzj.  Next  we  make  a  simplifying  assumption  to  be  scruti¬ 
nized  later:  we  assume  that  V(yJ  is  independent  of  -  This 
can  be  written 

2 

y(y.)=— ,  or,  equivalently,  V(Y)-ayW~ \  (3) 

y  wi 

where  we  have  defined  a  weighting  matrix 
^=diag(w1,w2,...,vv<v). 

Specifying  cry  is  critical.  Ideally,  cry  should  come  from 
some  a  priori  knowledge  of  the  physical  measurement  sys¬ 
tem  to  be  used.  For  example,  we  could  estimate  cry  by  re¬ 
peatedly  measuring  a  calibration  signal  and  computing  the 
sample  variance  of  the  measurements.  In  a  preliminary  in¬ 
vestigation  such  as  the  present  work,  however,  we  might  not 
know  cry.  Lacking  a  measured  value  of  cry,  the  data  itself 
can  be  used  to  estimate  cry;  this  approach  is  used  in  the 
present  work.  The  estimated  residual  variance  Sy_y  [Eq. 
(23)]  is  taken  as  an  approximation  of  ay. 

Let  us  now  assume  a  linear  regression  model  of  the  form 

f=2  A*/.  (4) 

i-  1 

Because  we  do  not  know  the  true  model  Y,  we  cannot  di¬ 
rectly  find  the  true  regression  coefficients  /3, .  But  we  can  use 
Xj  to  compute  an  estimated  model  Y  with  estimated  regres¬ 
sion  coefficients  : 

y=2  bfX,.  (5) 

/  =  1 

The  objectives  are  twofold.  First,  find  predictor  variables 
such  that  the  true  model  Y  closely  approximates  the  mea¬ 
sured  data  Y.  Second,  find  estimated  regression  coefficients 
b{  such  that  the  estimated  model  Y  closely  approximates  the 
true  model  Y.  The  F  test  and  t  test,  reviewed  in  the  next 
section,  measure  how  well  we  have  achieved  these  objec¬ 
tives. 

To  simplify  notation,  we  write  the  estimated  regression 
coefficients  in  vector  form  B  =  {bx  b2  '**  bM}T .  De¬ 
fining  a  design  matrix X  =  {X x  X2  ***  A"w},  we  can  ex¬ 

press  the  estimated  model  as 

Y=XB.  (6) 

We  seek  a  weighted  least-squares  solution  that  minimizes  the 
weighted  cost  function 

M 

(7) 

1  =  1 


ogy- 


Statistical  regression  terminology 

Active  control  terminology 

Dependent  variable;  data 

inverse  of  primary  response; 

Model;  estimated  model 

inverse  of  open-loop  response 
secondary  response:  control  response 

Independent  variable; 

transfer  function 

predictor  variable 

Regression  coefficient 

control  force;  control  input 

Residual 

error;  closed-loop  response: 

Observation  or  measurement 

residual  response 

error  sensor 

Observation  or  measurement  error 

error  sensor  measurement  noise 

where  y,-y,  is  the  residual.  By  requiring  the  derivatives 
d(x2)ldbi  to  vanish,  we  obtain  the  weighted  normal  equation 

XtWXB=XtWY ,  (8) 

whose  solution  is  the  required  vector  of  estimated  regression 
coefficients  B . 

B.  Formulating  feedforward  active  control  as  a 
complex-valued  regression 

First,  define  the  primary  response  Pp  as  the  vector  of 
error  sensor  outputs  due  to  the  disturbance  input.  Similarly, 
define  a  transfer  function  X  as  the  vector  of  error  sensor 
outputs  that  would  result  from  a  single  actuator  of  unit 
strength  acting  alone.  Finally,  define  the  secondary  response 
p  as  the  vector  of  error  sensor  outputs  that  would  result  from 
all  the  actuators  acting  together  but  without  the  disturbance. 

To  formulate  the  problem  as  a  multiple  linear  regression, 
we  must  have  a  linear  system  as  defined  by  three  conditions. 
The  response  due  to  a  single  actuator  alone  must  equal  its 
transfer  function  multiplied  by  its  complex  strength.  The  sec¬ 
ondary  response  must  be  a  linear  sum  of  all  the  actuator 
transfer  functions  multiplied  by  their  respective  complex 
strengths.  Finally,  the  total  or  residual  response  must  equal 
the  sum  of  the  primary  response  plus  the  secondary  response. 

Now  we  can  list  one  by  one  the  elements  of  the  feedfor¬ 
ward  control  problem  and  their  counterparts  in  the  regression 
problem,  which  are  listed  in  Table  I.  The  transfer  functions 
are  analogous  to  the  predictor  variables.  The  control  forces 
are  analogous  to  the  estimated  regression  coefficients  bt .  The 
secondary  response  P  is  analogous  to  the  estimated  model  }  . 
Last,  P=~Pp  (the  additive  inverse  of  the  primary  response) 
is  analogous  to  the  measured  data  Y.  By  choosing  control 
forces  such  that  P  approximates  P,  we  cause  the  secondary 
response  to  “cancer  the  primary  response,  so  that  the  re¬ 
sidual  response  P  +  P=-Pp  +  P  is  approximately  zero. 

Recalling  that  our  variables  are  complex  valued,  we  re¬ 
write  the  cost  function  of  Eq.  (7)  as 

M 

*’/(Pi+p, >*(/>, +p<)-  (Q‘ 

i=  1 

After  algebra,28  we  can  show  that  the  weighted  normal  equa¬ 
tion  takes  the  form 

XHWXB=XHWP ,  do) 
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where  the  superscript  H  indicates  the  Hermitian  conjugate. 
Similarly,  we  must  modify  how  the  error  sensor  measure¬ 
ment  noise  is  characterized.  If  P  is  the  true  model  approxi¬ 
mated  by  P,  we  now  assume  that 

Pi=Pi+€ ,  E{pi)=Pi,  and  V(| e,|)  =  oj..  (11) 

In  other  words,  we  characterize  only  the  variance  of  the 
noise  magnitude  |e|;  we  do  not  specify  separate  variances  for 
the  magnitude  and  phase.  Implications  of  this  relationship 
are  discussed  later  in  the  paper. 


C.  Physical  significance  of  the  cost  function 

Often,  the  cost  function  approximates  a  physical  quan¬ 
tity.  The  cost  function's  physical  significance  depends  on  the 
sensors  (predictor  variables)  and  the  weighting  coefficients. 
For  the  example  problem  in  this  article,  the  M  sensors  are 
far-field  pressure  sensors  and  the  predictor  variables  are  vec¬ 
tors  of  pressure  per  unit  force.  The  N  predictor  variables  are 
nothing  more  than  transfer  functions  between  unit  actuator 
forces  on  the  structure  and  the  resulting  far-field  pressures 
Pj(0i),  z  =  l,2,...,Af,  j  =  Consider  the  following 

expressions  for  the  radiated  power:30 

n=  <£  —\P  +  P\2dS'  =  ^  \pt+Pi\ 2,  (12) 

Is'  pc  ._J  pc 

where  S'  is  a  spherical  surface  of  far-field  radius  r  with  the 
origin  at  its  center,  and  at  is  the  area  on  the  surface  S' 
associated  with  the  zth  far-field  location.  If  amax  is  the  largest 
value  of  at,  we  can  rewrite  the  estimated  radiated  power  as 


M 


n= 


O'  max  V'  ®  i  ,  ~  t  ? 

- ~  Zi  - — \Pi+PiY  • 


pc 


/=i 


(13) 


By  comparison  with  Eq.  (7),  the  cost  function  will  be  pro¬ 
portional  to  the  radiated  power  if  we  specify  weighting  co¬ 
efficients  of  the  following  form: 

%  =  a,/cmax.  (14) 

If  there  are  enough  error  sensors  to  completely  charac¬ 
terize  the  radiated  field,  then  the  cost  function  is  propor¬ 
tional  to  the  radiated  power  II;  minimizing  one  minimizes 
the  other.  To  obtain  the  radiated  power  from  the  cost  func¬ 
tion,  we  must  use 

t\={irr2amaxl  pc)\2-  (15) 

For  the  remainder  of  this  text,  all  references  to  the  total  ra¬ 
diated  power  refer  to  the  estimated  radiated  power  in  Eq. 
(15). 

The  formulation  above  places  no  restrictions  on  the 
physical  configuration  of  the  control  system.  The  present  text 
discusses  an  axisymmetric  example  problem  for  simplicity  of 
notation,  since  far-field  locations  may  be  specified  by  only 
one  angle  rather  than  two,  but  the  method  is  not  limited  to 
axisymmetric  cases.  The  transfer  functions  can  contain  pres¬ 
sures  from  any  number  of  sensors  in  any  physical  locations 
desired.  Assuming  the  number  of  sensors  is  sufficient,  and 
the  sensor  locations  and  weighting  coefficients  are  appropri¬ 
ate,  the  cost  function  can  approximate  the  radiated  power. 


P  true^ 


Ptme>  pascals 


FIG.  2.  Example  of  measurement  noise  with  nonconstant  variance.  Ex¬ 
pressed  in  decibels,  left,  the  noise  variance  is  independent  of  signal  ampli¬ 
tude.  Expressed  in  linear  units,  right,  the  variance  is  not  independent  of 
signal  magnitude. 


Another  important  point  is  that  any  combination  of  ac¬ 
tuators  and  sensors  can  be  used.  Physical  interpretation  of 
the  cost  function,  however,  will  only  be  possible  with  certain 
combinations  of  actuators,  sensors,  and  weighting  coeffi¬ 
cients.  Also,  sensors  need  not  be  distributed  throughout  the 
entire  radiated  field;  they  could  be  concentrated  in  one  area 
to  reduce  radiation  in  a  certain  direction.  The  reduction  of 
radiated  power  is  a  specific  case  of  a  more  general  cost  func¬ 
tion. 


D.  Assumptions  regarding  variance  of  measurement 
noise 

The  previous  section  made  some  simplifying  assump¬ 
tions  about  the  variance  of  the  measurement  noise  in  a  gen¬ 
eral  regression  problem;  see  Eq.  (3).  Here  we  examine  those 
assumptions  in  the  context  of  the  ASAC  problem  to  deter¬ 
mine  whether  they  represent  the  type  of  sensor  measurement 
noise  expected  in  a  real  control  system.  Recall  that  the  re¬ 
gression  itself  does  not  depend  on  the  distribution  of  mea¬ 
surement  noise,  which  plays  a  part  only  in  the  regression 
diagnostics.  As  discussed  below,  Eq.  (3)  may  not  be  entirely 
appropriate  for  some  types  of  sensors  likely  to  be  used  in 
active  noise  control  systems. 

Suppose  the  error  sensors  will  be  hydrophones.  Suppose 
we  repeatedly  measure  a  calibration  signal  Ptrue  and  find  that 
the  measurements,  when  expressed  in  decibels,  exhibit 
Gaussian  measurement  noise  with  a  sample  standard  devia¬ 
tion  of,  say,  5p  =  0.1  dB.  For  real  hydrophones,  this  form  of 
approximation  may  be  reasonable.  But  what  if  the  measure¬ 
ment  noise  is  Gaussian  only  when  expressed  in  decibels, 
while  we  have  defined  the  regression  in  linear  units  of  pres¬ 
sure?  Consider  Fig.  2,  which  shows  a  hypothetical  set  of 
hydrophone  measurements  of  a  “known”  pressure  Ptrue  over 
a  range  of  pressure  levels.  The  measurement  noise  is  the 
difference  in  magnitudes  between  Ptrue  and  the  measured 
value.  When  the  measurement  noise  is  expressed  decibels,  as 
in  the  left  plot,  the  noise  variance  appears  to  be  constant  with 
respect  to  the  magnitude  of  Ptrue .  But  when  the  same  data 
are  plotted  in  units  of  pressure  instead  of  decibels,  the  noise 
is  larger  at  high  pressures  than  at  low  pressures.  In  other 
words,  the  measurement  noise  has  a  nonconstant  variance. 
To  describe  the  variance  properly  we  must  use  Eq.  (2)  rather 
than  using  the  simplified  Eq.  (3). 
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Because  the  primary  response  varies  in  space,  our  sup- 
posed  hydrophone  error  sensors  will  measure  different  pres¬ 
sure  magnitudes  depending  on  their  locations.  A  sensor  mea¬ 
suring  a  large  pressure  will  thus  have  a  larger  noise 
component  (in  linear  units  of  pressure)  than  a  sensor  mea¬ 
suring  a  small  pressure.  This  highlights  an  important  point: 
the  assumptions  used  to  derive  Eq.  (3)  might  not  provide  an 
accurate  representation  of  the  noise  present  with  real  sensors. 
Perhaps  the  variance  should  instead  be  proportional  to  the 
signal  magnitude  as  in  Eq.  (2).  For  simplicity  in  the  remain¬ 
der  of  this  paper,  we  shall  assume  Gaussian  measurement 
noise  with  a  constant  variance  as  in  Eq.  (3).  The  point  of  the 
above  discussion  is  that  one  must  carefully  evaluate  the 
mathematical  form  of  measurement  noise  based  on  the  spe¬ 
cific  sensors  being  used,  and  then  formulate  the  regression 
diagnostics  appropriately. 

More  sophisticated  treatments  of  variance  are  available, 
but  they  are  beyond  the  scope  of  the  present  analysis.  Most 
involve  performing  a  transformation  and  then  using  of  some 
form  of  generalized  least  squares:  see  Ref.  29.  For  example, 
it  may  be  necessary  to  convert  the  transfei  functions  and 
error  sensor  measurements  to  decibels  before  using  them  in  a 
regression.  In  many  cases  it  will  likely  be  seen  that  the  use  of 
standard  constant-variance  techniques  is  well  justified,  and 
that  more  complicated  techniques  may  be  of  limited  benefit. 


E.  The  squared  multiple  correlation  coefficient  R2 

The  squared  multiple  correlation  coefficient  R2,  com¬ 
monly  used  to  measure  the  quality  of  a  regression,  has  a 
corresponding  role  in  an  active  control  simulation.  For  a  re¬ 
gression  that  does  not  include  a  constant  term  as  one  of  the 
predictor  variables,  R2  may  be  written 


sr.,ip,i;  ,  sf-.i 

WapT-  ’ 


(16) 


as  described  in.  for  example,  Appendix  II  of  Ref.  6.  A  value 
of  R2  near  unity  indicates  that  the  estimated  model  closely 
fits  the  measured  data.  Since  p  is  the  open-loop  response  and 
p-p  is  the  closed-loop  response,  the  controller  reduces  the 
open-loop  response  by  an  amount  expressed  in  decibels  as 


AdB=-10  log(  1  -  R2). 


(17) 


F.  The  role  of  regression  diagnostics 

The  previous  sections  describe  how  a  regression  predicts 
control  system  performance,  but  do  not  explicitly  consider 
measurement  noise.  The  regression  diagnostics  described  in 
this  section,  which  require  us  to  assume  a  value  for  the  mea¬ 
surement  noise  variance,  provide  a  more  complete  picture. 

1 .  Testing  the  regression  for  lack  of  fit:  The  F-test 

The  “F-test"  measures  confidence  in  the  regression  as  a 
whole.  The  other  regression  diagnostics  which  follow  all  as¬ 
sume  that  the  estimated  model  closely  approximates  the  true 
model,  a  condition  that  cannot  be  directly  verified  because 
we  cannot  know  the  true  model.  However,  if  we  can  show 
via  statistical  inference  that  the  variance  of  the  estimated 
model  is  not  drastically  different  from  the  variance  of  the 


true  model,  e.g.,  that  there  is  no  statistically  significant  lack 
of  fit,  then  we  can  proceed  with  reasonable  confidence.  The 
F-test  verifies  whether  this  condition  is  true. 

The  residual  signal  sensed  by  the  error  sensor  contains 
one  or  more  of  the  following  three  components:  measure¬ 
ment  noise,  model  error,  and  uncertainty.  Measurement  noise 
is  always  present  because  the  error  sensors  are  imperfect. 
Model  error  is  present  if  the  disturbance  response  contains 
dynamics  that  are  not  contained  in  the  control  response,  i.e., 
unmodeled  dynamics.  Uncertainty  is  present  even  when 
there  is  no  model  error,  because  the  control  forces  (regres¬ 
sion  parameters)  cannot  be  estimated  perfectly1  in  the  pres¬ 
ence  of  measurement  noise.  If  the  model  is  nearly  perfect, 
that  is,  if  all  modes  in  the  disturbance  response  are  ad¬ 
equately  represented  in  the  control  response,  then  the  re¬ 
sidual  contains  only  measurement  noise  and  uncertainty. 
There  is  no  lack  of  fit,  and  the  residual  is  the  smallest  re¬ 
sidual  that  can  be  expected  based  on  the  amount  of  measure¬ 
ment  noise  introduced  by  the  sensors.  On  the  other  hand,  if 
there  are  significant  unmodeled  dynamics,  there  is  a  lack  of 
fit  and  the  residual  will  be  larger  than  the  minimum  possible 
residual.  The  F-test  gives  a  statistical  measure,  based  on  the 
data ,  of  whether  there  is  a  statistically  significant  lack  of  fit. 

Begin  by  assuming  that  there  is  no  lack  of  fit,  and  thus 
the  control  response  P  is  close  to  the  true  model  F;  call  this 
assumption  H0:P~P.  One  way  of  verifying  H0:P~P  is  to 
show  that  P  and  P  have  the  same  variance: 


V(P-P)~V(P-P)9 


(18) 


where  P  is  the  estimated  mean  of  the  disturbance  response. 
Since  we  cannot  know  P  directly,  we  use  a  relation  from 
regression  theory,"7 

V(P-P)  =  V(P-P)+V(P-P).  (19) 

Loosely  speaking,  Eq.  (19)  states  that  the  variance  of  the  true 
model  about  P  equals  the  residual  variance  plus  the  variance 
due  to  the  regression.  We  can  rearrange  Eq.  (19)  as 


V(P-P)  =  V{P-P) 


where  F  = 


V(P-P) 

V{P~P) 

(20) 


and  F  is  the  so-called  variance  ratio.  To  satisfy  Eq.  (18)  as 
closely  as  possible  we  must  have  F>  1,  in  which  case  we  do 
not  reject  HQ:P~P.  The  F-test  is  not  violated,  and  there  is 
no  significant  lack  of  fit. 

To  determine  whether  F  is  large  enough,  we  compare  F 
to  a  predetermined  value.  Let  Q(F.v^,v2)  be  the 
F-distribution  probability  function  with  vi  degrees  of  free¬ 
dom  in  the  numerator  and  v2  degrees  of  freedom  in  the  nu¬ 
merator.  Then,  given  X,P,M,  and  N  for  the  specific  prob¬ 
lem  at  hand,  Q(F,vl.v2)  is  the  probability  of  a  statistically 
significant  lack  of  fit,  that  is,  the  probability  that  F  could  be 
as  large  as  it  is  by  chance  alone  rather  than  because  of  the 
regression.  When  Q(F,  ,  i-2)_  exceeds  some  specified  risk 
level,  we  must  reject  H0:P  =  P.  In  the  present  context  with 
N  actuators  and  M  sensors,  we  have 

Vl=N  and  v2  =  M-N-l.  (2D 
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Values  for  Q(F,vx,v2)  are  easily  generated  by  com¬ 
puter  or  read  from  tables.  The  variance  ratio  can  be  approxi¬ 
mated  by  the  ratio  of  standard  deviations 


F=s\_-p!s 


2 

P-PJ 


(22) 


where 


M 


2  wi\ Pi-p 


«|2 


f=l 


and  (23) 

1  M 

If  F  is  large  enough,  that  is,  if  Q(F,vx,v2)  does  not  exceed 
the  specified  acceptable  risk  level,  then  there  is  no  lack  of  fit 
and  we  can  proceed  with  testing  the  individual  regression 
coefficients  as  described  in  the  next  section.  If  F  is  too  small, 
then  it  is  too  likely  that  we  could  have  chosen  regression 
coefficients  at  random  and  still  achieved  the  same  fit  to  the 
data. 

When  a  regression  fails  the  F-test,  it  generally  means 
this:  Given  A",  P,  M,  and  N,  there  is  too  much  variance  in  the 
measured  data  P  for  us  to  confidently  say  that  we  have  mod¬ 
eled  the  data.  In  terms  of  an  ASAC  problem,  one  or  more  of 
the  following  conditions  exists: 

(1)  There  are  too  few  sensors  to  confidently  say  that  the 
response  has  been  adequately  modeled,  i.e.,  the  data  and  pre¬ 
dictor  variables  are  undersampled.  Adding  more  sensors  will 
provide  better  estimates  of  the  variances,  and  may  increase  F 
unless  other  problems  are  present. 

(2)  The  actuators  are  decoupled  from  one  or  more 
modes  that  are  present  in  the  disturbance  response,  i.e.,  the 
disturbance  response  contains  unmodeled  dynamics  that  can¬ 
not  be  reproduced  by  the  actuators.  Adding  more  actuators  or 
using  different  actuators  that  couple  into  different  modes  will 
improve  controllability. 

(3)  The  amount  of  measurement  noise  present  is  much 
greater  than  originally  thought.  Even  if  the  actuators  couple 
into  the  same  modes  that  appear  in  the  disturbance  response, 
severe  measurement  noise  can  have  the  same  effect  as  un¬ 
modeled  dynamics. 

Generally  speaking,  a  regression  will  only  fail  the  F  test 
when  the  control  differs  substantially  from  the  disturbance 
response.  Any  sound  cancellation  is  coincidental  and  occurs 
only  in  localized  areas  rather  than  globally. 

2.  The  f-test  and  confidence  limits  for  individual 
regression  coefficients 

The  f-test,  which  examines  the  individual  regression  co¬ 
efficients  corresponding  to  the  control  inputs  in  the  active 
control  problem,  allows  us  to  detect  whether  any  actuators 
are  completely  uncoupled  from  the  cost  function.  If  a  given 
actuator  has  no  beneficial  effect  on  the  regression,  then  its 
regression  coefficient  vanishes  and  we  could  obtain  a  more 
reliable  regression  by  reformulating  the  problem  without  that 
actuator.  However,  determining  whether  a  given  coefficient 


FIG.  3.  Circular  confidence  limit  on  a  regression  parameter,  where 
Rt{b}  =  bKe  and  Im {b}-.^lm.  The  confidence  limit  specifies  a  circular  re¬ 
gion  of  radius  tsb  centered  at  such  that  the  true  Parameler  Iies 

within  the  circle. 


is  zero  can  be  difficult  because  problem  scaling  may  yield 
arbitrarily  small  coefficients.  To  decide  whether  a  coefficient 
should  be  removed,  we  can  define  a  statistical  “confidence 
interval”  for  the  magnitude  of  that  coefficient,  and  then 
check  whether  the  confidence  interval  contains  zero. 

Assuming  Gaussian  measurement  noise,  the  magnitude 
variance  of  the  ith  control  force  is 

crb  =  ye~  (24) 

where  e,  is  the  ith  diagonal  of  the  variance-covariance  ma¬ 
trix 

V(b)  =  (T2p{XHWX)-1  (25) 

and  crp  is  the  variance  of  the  measurement  noise.  Since  the 
true  error  variance  crp  is  usually  not  known,  we  can  use  the 
estimated  variance  sp  in  its  place  to  obtain  an  estimated  vari¬ 
ance  sb,. 

If  an  estimated  noise  variance  is  available  for  a  specific 
type  of  error  sensor,  that  variance  may  be  used  in  performing 
a  simulation.  If  no  such  estimate  is  available,  the  residual 
variance  sP-P  may  be  used  instead.  Because  the  present 
work  emphasizes  numerical  methods  rather  than  results  for 
specific  types  of  hardware,  all  numerical  results  in  this  paper 
use  error  variances  that  are  estimated  from  the  data.  The 
reader  is  reminded  that  a  specific  value  of  the  error  variance 
is  required  only  for  regression  diagnostics,  not  for  the  regres¬ 
sion  itself. 

Next  we  decide  on  a  level  of  statistical  significance  a, , 
say  90%,  and  compute  a  quantity  known  as  Student’s  f,  the 
value  of  the  Student’s  probability  distribution  for  the  chosen 
level  of  significance  at  and  v  degrees  of  freedom,  where 
v=M-N-l.  We  can  then  state  that  given  the  data ,  the 
probability  of  \b(  -  p(\  <  t-sb  is  a, .  In  other  words,  there 
is  a  90%  probability  that  the  magnitude  of  the  error  between 
the  true  control  input  and  that  computed  by  the  regression  is 
smaller  than  tsh  .  The  confidence  interval  provides  a  circular 
confidence  region  on  bt  in  the  real-imaginary  plane  (Fig.  3) 
such  that 

\bi\-  tsb,*Z  \Pi\  =s|fc,-|  +  tsb.  (26) 

The  largest  magnitude  inside  the  confidence  region,  which 
represents  the  largest  likely  control  input  magnitude,  is 
\bi\  +  tsb .  As  noted  in  Ref.  7,  we  could  also  consider  the 
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real  and  imaginary  parts  of  the  problem  separately  to  pro¬ 
duce  an  elliptical  confidence  region. 

A  related  statistical  test  is  the  so-called  “r-test,”  which 
measures  whether  a  given  control  input  is  significantly  dif¬ 
ferent  from  zero.  If  the  range  {\b,\  -  fr/ylM  +  tsb)  con' 
tains  zero  at  the  specified  level  of  significance,  then  we  can¬ 
not  conclude  that  h,  is  significantly  different  from  zero.  Said 
another  way,  if  an  actuator  “fails  the  r-test,’'  we  have  no 
statistically  significant  indication  that  control  input  has  non¬ 
zero  magnitude.  Adding  sensors  for  a  given  number  of  ac¬ 
tuators  has  the  effect  of  decreasing  r,  and  thus  producing 
tighter  confidence  intervals  and  a  more  reliable  model.  In 
terms  of  the  ASAC  problem,  a  control  input  will  only  be  set 
equal  to  zero  if  the  actuator  is  completely  uncoupled  from 
the  disturbance  response,  therefore  any  actuator  that  fails 
the  t  test  should  be  removed  from  the  problem. 

3.  Prediction  Intervals 

The  confidence  intervals  for  all  the  actuators  may  be 
condensed  into  a  single  quantity,  the  prediction  interval, 
which  provides  a  confidence  interval  on  the  magnitude  of  the 
control  response  P.  The  regression  provides  an  estimated 
residual  P  +  P  corresponding  to  the  pressure  when  the  con¬ 
trol  actuators  are  operating.  The  control  response  P  is  based 
on  error  sensor  outputs  that  contain  measurement  noise,  and 
its  reliability  is  therefore  related  to  the  accuracy  of  the  error 
sensors.  By  applying  the  appropriate  regression  diagnostics, 
we  can  estimate  confidence  intervals  on  P  and  provide  a 
single  quantity  that  reflects  the  sensitivity  to  measurement 
noise  for  the  regression  as  a  whole. 

At  a  given  sensor  location,  the  control  response  is  a 

linear  sum: 

Prib^ij,  (27) 

/=  1 

where  the  control  inputs  b{  have  variances  as  expressed  as 
in  the  previous  section,  and  the  transfer  functions  Xt  are 
considered  constant  and  completely  accurate  for  the  present 
purposes.  If  we  define  the  vector 
=  l  X 1 2  *  *  *  A’/jy}  as  the  ith  row  of  the  design  ma¬ 

trix  Xy  it  can  be  shown  that  the  variance  of  the  estimated 
model  at  the  location  of  the  ;th  sensor  is 

V(Pj)  =  cr2pXiA :N(XhWX)  -  ;A- .  (28) 

This  is  also  equal  to  the  ;'th  diagonal  of  the  variance- 
covariance  matrix 

V(P)  =  a2pX(XHWXrlXH.  (29) 

Using  Student’s  t  for  a  chosen  level  of  significance,  the  pre¬ 
diction  interval  for  the  estimated  model  at  the  j th  sensor 
location  is  defined  by  the  standard  error 

±ur-p^P<V{Pj).  (30) 

The  prediction  interval  summarizes  the  sensitivity  to 
measurement  noise  for  the  entire  regression,  whereas  the 
confidence  intervals  address  individual  actuators.  Prediction 
intervals  can  be  used  to  determine  whether  a  given  combina- 
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FIG.  4.  Radiated  power  versus  frequency.  Radiated  power  without  control 
actuators  shown  as  solid  line;  with  control  actuators  shown  as  broken  line. 

tion  of  structure,  actuators,  and  sensors  is  particularly  sensi¬ 
tive  to  noise  and,  if  so,  what  portions  of  the  radiated  field  are 
most  likely  to  be  degraded  by  noise.  As  with  confidence 
intervals,  increasing  the  number  of  sensors  for  a  given  num¬ 
ber  of  actuators  has  the  effect  of  decreasing  the  width  of  the 
prediction  interval. 

G.  Numerical  results  and  discussion 

The  example  structure  used  for  numerical  results  is  a 
finite-length,  fluid-loaded  cylindrical  shell  with  rigid,  flat  end 
caps  (Fig.  1).  The  points  at  which  the  cylinder  intersects  the 
end  closures  are  constrained  both  in  translation  and  in  rota¬ 
tion,  i.e.,  the  cylindrical  section  is  clamped.  The  shell  length 
L  is  10  X  the  shell  radius  a ,  and  the  ratio  of  wall  thickness  to 
shell  radius  is  0.005.  The  global  z  axis  is  the  shell  symmetry 
axis,  with  the  right-hand  end  cap  intersecting  the  positive  z 
axis.  Far-field  locations  are  described  by  the  global  spherical 
coordinates  ( R,9,4> )  with  origin  at  the  midlength  of  the 
shell,  where  the  far-field  location  (9=0  corresponds  to  the 
positive  z  axis.  Surface  locations  are  described  by  a  normal¬ 
ized  distance  coordinate  S=z/L.  We  examine  frequencies  as 
high  as  k0a  =  0.95.  Material  properties  are  chosen  to  re¬ 
semble  an  undamped  steel  shell  submerged  in  water,  the 
shell  material  has  Young’s  modulus  of  1.85  X1011  Pa,  Pois¬ 
son’s  ratio  of  0.3,  and  density  of  7670  kg^m".  The  density 
and  acoustic  velocity  of  the  surrounding  fluid  are  1000  kg/nr 
and  1460  m/s,  respectively.  All  far-field  quantities  are  nor¬ 
malized  to  a  distance  of  1.0  m.  Numerical  solutions  for 
structural-acoustic  dynamic  response  are  found  using  the 
combined  finite-element/boundary-element  computer  pro¬ 
gram  NASHUA.31 

The  cylinder  is  disturbed  by  a  unit-magnitude  axisym- 
metric  ring  force  bd  placed  near  the  right-hand  end  closure  at 
5=0.96.  The  two  actuators  (A/  =  2)  are  axisymmetric  ring 
force  hj  and  f>2  placed  at  5=0.25  and  5=0.50.  The  25  error 
sensors  (JV  =  25)  are  pressure  sensors  located  at  7.5°  inter¬ 
vals  from  0°  to  180°  in  the  far  field.  The  control  objective  is 
to  minimize  the  radiated  power  cost  function  If,  where  II  is 
the  weighted  sum  of  squared  pressure  magnitudes  at  the  25 
error  sensors. 

Figure  4  shows  the  radiated  power  cost  function  FI  ver¬ 
sus  nondimensional  frequency  k0a  for  the  frequency  range 
0.2<(t0u<1.0.  The  upper  curve  represents  the  open-loop 
case.  The  lower  curve  represents  the  closed-loop  case,  and 
the  difference  between  the  two  is  the  reduction  in  the  radi¬ 
ated  power  cost  function.  The  actuator  magnitudes  and 

C.  E.  Ruckman  and  C.  R.  Fuller:  Regression  approach  2912 


Angular  location  9 


0°  30°  60°  90°  120°  150°  180° 


FIG.  5.  Confidence  limits  for  estimated  control  response  at  three  frequen¬ 
cies.  Estimated  control  response  pressure  magnitude  is  shown  with  90% 
confidence  limits  based  on  estimated  error  variance.  (Confidence  limits 
omitted  for  kQa-0.14.) 


phases  have  been  optimized  separately  at  each  frequency  in 
the  region,  since  each  regression  uses  data  for  a  single  fre¬ 
quency.  The  actuators  reduce  the  radiated  power  cost  func¬ 
tion  by  as  much  as  14  dB  depending  on  the  frequency.  De¬ 
tailed  analysis  of  the  structural  and  acoustic  responses  before 
and  after  applying  control  is  not  examined  here.  Since  the 
intent  is  to  illustrate  the  use  of  regression  diagnostics,  we 
restrict  our  attention  to  three  specific  frequencies  as  de¬ 
scribed  in  the  following  paragraphs. 

At  the  first  frequency,  k0a  =  0A0 ,  the  regression  pre¬ 
dicts  that  the  radiated  power  cost  function  will  be  reduced  by 
5  dB;  the  control  inputs  are  bx  =  1 .06  N  and  b2=  -  1 .08  N. 
The  F-test  yields  Q(F,  vx ,  v2)  =  1  6X  10~6,  which  means: 
given  the  data ,  there  is  only  a  0.00016%  probability  of  a 
statistically  significant  lack  of  fit.  We  therefore  feel  confident 
enough  about  the  regression  to  continue  with  further  tests. 

To  use  the  /-test  and  other  diagnostics,  we  must  estimate 
the  measurement  noise  variance;  as  in  previous  sections,  we 
estimate  the  variance  from  the  disturbance  response  data. 
Computing  confidence  intervals  at  the  90%  significance 
level,  we  find  that  the  control  inputs  at  this  frequency  are 
=  1.06 ±0.27  N  and  Z?2—”l-08±0.28  N.  Since  neither 
confidence  interval  contains  zero,  we  can  say  with  90%  con¬ 
fidence  that,  given  the  data  and  our  estimate  of  the  error 
variance,  both  control  inputs  are  significantly  different  from 
zero.  The  upper  plot  in  Fig.  5  shows  the  magnitude  of  the 
control  response  as  a  function  of  far-field  location,  with  pre¬ 
diction  intervals  at  the  90%  significance  level;  also  shown  is 
the  disturbance  response.  The  average  width  of  the  predic¬ 
tion  interval  is  roughly  0.06  Pa,  while  the  signal  levels  are  on 
the  order  of  0.6  Pa. 

Next,  consider  £0a  =  0.50.  The  regression  indicates  that 


50% 

^  40% 

30% 

£  20% 

5  10% 

0% 

0.0  2.0  4.0  6.0  8.0  10.0  12.0  14.0 

Reduction  of  radiated  power,  dB 

FIG.  6.  F-test  probability  versus  reduction  of  radiated  power.  Each  data 
point  represents  a  different  frequency  in  the  range  0.2</t0a<  1.0.  When 
Q{Fyv |,y:)  is  greater  than  a  specified  acceptable  risk  level,  say,  at  -  1%, 
there  is  a  statistically  significant  lack  of  fit. 


the  control  inputs  bl  =  0.61  N  and  b2  —  0.01  N  reduce  the 
radiated  power  cost  function  by  about  2  dB.  We  find  that 
Q(F,  v2)  =  0.0041,  e.g.,  there  is  less  than  one-half  per¬ 
cent  probability  that  this  solution  arose  by  chance,  so  we 
shall  consider  the  regression  statistically  significant.  How¬ 
ever,  one  of  the  control  forces  fails  the  /-test:  we  find  that  the 
confidence  interval  fc2  =  0*01±0.31  N  contains  zero,  and 
thus  we  cannot  conclude  that  \b2\  is  significantly  different 
from  zero.  The  middle  plot  in  Fig.  5  shows  the  prediction 
interval.  At  this  frequency  the  average  width  of  the  predic¬ 
tion  interval  is  0.08  Pa,  larger  than  for  the  frequency  dis¬ 
cussed  above.  To  improve  the  reliability  of  the  regression,  we 
could  reformulate  it  without  b2. 

Now  consider  a  third  single-frequency  case  with 
kQa  =  0.74.  At  this  frequency  the  regression  predicts  control¬ 
ler  performance  of  less  than  1  dB.  Performing  the  F-test,  we 
find  that  Q(Fjv1,v2)  =  0.1\4.  In  other  words,  there  is  an 
11%  chance  that  the  control  response  is  statistically  different 
from  the  disturbance  response.  The  regression  at  this  fre¬ 
quency  fails  the  F-test  by  most  reasonable  standards,  and 
therefore  we  cannot  make  use  of  regression  diagnostics  such 
as  confidence  intervals  and  prediction  intervals.  An  examina¬ 
tion  of  the  data  and  the  estimated  model,  shown  in  the  lower 
plot  of  Fig.  5,  confirms  that  there  is  little  relation  between  the 
control  response  and  the  disturbance  response.  Significant 
cancellation  occurs  by  chance  in  a  localized  area  near 
0=90°,  but  in  general  the  two  curves  have  very  different 
characteristics. 

Figure  6  explores  the  relationship  between  the  F-test 
results  and  controller  performance.  Each  data  point  repre¬ 
sents  a  regression  at  a  different  frequency.  The  quantity 
Q(F,vuv2)  is  shown  on  the  vertical  axis,  where 
Q(F,vl9v2)  is  the  probability  that  there  is  a  significant  lack 
of  fit.  Wherever  the  radiated  power  cost  function  is  reduced 
by  roughly  2  dB  or  more,  Q(F,vlyv2)  is  less  than  1%  and 
there  is  no  lack  of  fit.  Only  when  the  radiated  power  cost 
function  is  reduced  by  less  than  2  dB  does  Q{F,v l9v2)  rise 
to  appreciable  levels.  This  result  is  consistent  with  other 
force  configurations  investigated  but  not  shown  here.  Failing 
the  F-test  is  always  accompanied  by  poor  controller  perfor¬ 
mance,  meaning  that  any  sound  cancellation  is  coincidental 
and  probably  localized.  Likewise,  excellent  controller  perfor¬ 
mance  always  signals  that  the  regression  has  passed  the  F- 
test.  In  the  present  example,  a  threshold  of  roughly  2  dB 
corresponds  to  passing  or  failing  the  F-test.  However,  it  is 
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FIG.  7.  Magnitude  of  control  forces  versus  frequency,  with  90%  confidence 
limits  on  control  force  magnitude. 


difficult  to  make  a  priori  assumptions  about  F-test  results: 
the  threshold  is  problem  specific  and  can  only  be  found  by 
examining  F-test  results  for  a  number  of  different  frequen¬ 
cies.  Other  cases  not  shown  here  achieved  reductions  of  4-5 
dB  but  still  failed  the  F-test. 

Figure  7  shows  the  magnitudes  and  magnitude  confi¬ 
dence  intervals  of  the  two  control  forces  as  a  function  of 
frequency.  The  solid  curves  represent  the  control  force  mag¬ 
nitudes,  with  the  upper  and  lower  90%  confidence  limits  dis¬ 
played  as  broken  curves.  The  upper  and  lower  plots  represent 
bx  and  b2 ,  respectively.  There  are  several  frequency  ranges 
in  which  one  of  the  control  forces  fails  the  f-test,  meaning 
that  one  of  the  confidence  intervals  contains  zero.  For  ex¬ 
ample,  the  confidence  interval  for  b2  contains  zero  near 
*0a  =  0.50,  k0a  =  0.69,  and  k0a  =  0.91.  When  a  confidence 
interval  contains  zero,  the  associated  control  force  does  not 
contribute  significantly  to  the  regression  at  that  frequency 
and  could  probably  be  removed  without  significantly  affect¬ 
ing  the  results. 

II.  COLLINEARITY  AND  COLLINEARITY  DIAGNOSTICS 

The  previous  section  describes  regression  and  regression 
diagnostics,  and  outlines  their  relationship  to  simulating  a 
feedforward  control  system.  The  topic  of  this  section  is  col- 
linearity,  a  type  of  numerical  ill  conditioning  that  can  affect 
the  simulation  results.  Included  is  a  brief  example  to  show 
how  collinearity  can  affect  the  results  of  a  numerical  control¬ 
ler  simulation. 

A.  How  collinearity  occurs  in  active  noise  control 

Imagine  an  ASAC  problem  with  two  control  forces  ap¬ 
plied  at  exactly  the  same  location  on  the  structure.  In  the 
nomenclature  of  the  previous  section,  the  two  transfer  func¬ 
tions  are  identical,  the  normal  equations  are  singular,  and 
there  is  no  unique  solution  for  the  control  force  magnitudes. 
Now  suppose  the  two  control  forces  are  close  together,  but 
not  quite  collocated.  The  two  transfer  functions  are  not  iden¬ 
tical,  but  very  similar;  the  normal  equations  are  not  singular, 


TABLE  II.  Effect  of  simulated  measurement  noise  without  collinearity. 

No  simulated  noise  0.5%  simulated  noise  5%  simulated  noise 
b,  A|b,-|  bt  _ b,  AifrJ 

b}  (-18.1, -0.8)  (-18.0, -0.8)  <0.5%  (-17.7.-0.8)  2% 

b2  (-21.3, -2.2)  (-213,-2.2)  <0.5%  (-21.0,-23)  1% 

b j  (131.9,11.4)  •••  (131.9,11.4)  <0.5%  (131.8,11.3)  1% 


but  may  be  ill  conditioned.  In  fact,  the  possibility  for  such 
near  dependencies  to  cause  ill  conditioning  exists  whenever 
the  transfer  functions  are  not  all  mutually  orthogonal. 

Suppose  we  plunge  ahead  and  solve  the  normal  equa¬ 
tion;  what  sort  of  solution  can  we  expect?  Often  the  adjacent 
(and  partially  redundant)  control  forces  have  opposite  phases 
and  very  large  magnitudes.  In  some  circumstances  such  re¬ 
sults  are  purely  a  numerical  artifact,  the  result  of  ill  condi¬ 
tioning  of  the  normal  equation.  In  other  circumstances  the 
results  could  be  interpreted  as  a  force  couple  approximating 
a  concentrated  moment,  with  no  indication  of  whether  the 
solution  was  genuine  or  spurious.  This  disturbing  ambiguity 
motivates  the  use  of  collinearity  diagnostics. 

Note  that  control  forces  need  not  be  located  next  to  each 
other  to  produce  collinearity.  If  the  modal  density  is  low  and 
the  structure  is  very  lightly  damped,  there  may  be  several 
locations  at  which  applied  forces  would  produce  nearly  the 
same  response.  Control  forces  applied  at  two  or  more  such 
locations  would  produce  collinearity  even  though  they  were 
distant  from  each  other.  Another  source  of  collinearity  arises 
when  one  control  force  can  be  replaced  by  a  linear  combina¬ 
tion  of  other  control  forces  in  the  system. 

B.  An  example  showing  the  effects  of  collinearity 

An  example  shows  how  collinearity  can  affect  even  a 
relatively  simple  control  simulation.  Consider  the  clamped 
cylinder  of  Fig.  1  with  a  disturbance  force  bd  acting  at  a 
frequency  of  £0a  =  0.95.  Choose  three  control  actuators  b]y 
b2 ,  and  b3,  whose  locations  we  shall  discuss  after  perform¬ 
ing  a  brief  numerical  experiment.  The  regression  predicts 
controller  performance  of  23  dB.  Since  the  F-test  and  f- test 
results  (not  shown)  appear  reasonable,  we  accept  as  signifi¬ 
cant  the  following  complex  control  inputs: 

&!  =  (- 18.1, -0.8),  b2~(  —  21.3,  —  2.2), 

(31) 

63  =  ( 13 1 .9,1 1.4), 

where,  for  example,  Re{£?!}  =  -  18.1  and  Imf^^  -0.8. 

A  simple  numerical  experiment  can  show  how  measure¬ 
ment  noise  in  the  sensor  data  Y={yl  affects  the 

regression  results.  We  simulate  measurement  noise  by  artifi¬ 
cially  injecting  random  components  into  Y ,  recomputing  the 
regression,  and  examining  the  control  input  magnitudes.  The 
results  are  summarized  in  Table  II.  The  first  pair  of  columns, 
labeled  “No  simulated  noise/'  contains  the  original  regres¬ 
sion  results  given  in  Eq.  (31).  Next,  each  error  sensor  output 
v,  is  perturbed  with  0.5%  simulated  measurement  noise,  that 
is,  a  noise  component  with  random  phase  and  with  random 
magnitude  up  to  0.5%  of  the  maximum  value  in  T,  and  the 
regression  is  recomputed  using  the  perturbed  Y.  As  shown  in 
the  second  pair  of  columns  in  Table  II,  simulated  measure- 
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TABLE  III.  Effect  of  simulated  measurement  noise  with  coliinearity. 


No  simulated  noise 

0.5%  simulated  noise 

5%  simulated 

noise 

b,  AIM 

bi 

AIM 

b, 

AIM 

M 

(-627.7,-37.0) 

(-604.5,-49.0) 

5% 

(-195.1  -78.9) 

67% 

b - 

(613.5,36.1) 

(589.7.48.5) 

2% 

(164.9,78.2) 

70% 

M 

(117.3,9.6) 

(118.1.9.4) 

1% 

(128.2.9.6) 

9% 

b* 

(24.1,1.4) 

(23.2.1.9) 

2% 

(7.0,3. 1) 

68% 

ment  noise  of  0.5%  does  not  significantly  change  the  pre¬ 
dicted  control  inputs.  Next  we  increase  the  simulated  mea¬ 
surement  noise  to  5%  and  recompute  the  regression.  As 
shown  in  the  third  pair  of  columns  in  Table  II,  the  control 
input  magnitudes  are  changed  by  less  than  2%.  In  fact,  we 
can  increase  the  simulated  measurement  noise  to  25%  or 
more  before  the  control  inputs  change  substantially.  The  re¬ 
gression  is  relatively  insensitive  to  measurement  noise. 

Now  suppose  that  we  add  a  fourth  control  input  bA  in  an 
attempt  to  improve  system  performance.  (For  the  sake  of 
illustration  we  choose  a  particularly  bad  location  for  bA .)  For 
the  new  configuration  with  no  simulated  measurement  noise, 
we  predict  that  the  control  inputs  reduce  the  radiated  power 
by  29  dB,  an  improvement  of  6  dB  over  the  previous  case. 
Again  the  F-test  and  f-test  results  appear  reasonable,  so  we 
accept  as  significant  the  control  inputs  shown  in  the  first  pair 
of  columns  in  Table  III.  But  now,  simulated  measurement 
noise  of  only  0.5%  produces  changes  of  up  to  5%  in  the 
predicted  control  inputs.  If  we  increase  the  simulated  mea¬ 
surement  noise  to  5%,  the  control  inputs  are  completely 
changed.  Still,  the  F-test  and  f-test  show  no  signs  of  trouble, 
and  the  subroutine  used  to  solve  the  normal  equation  gives 
no  warning  or  error  messages.  Why  is  the  solution  so  sensi¬ 
tive  to  measurement  noise?  The  reason,  of  course,  is  col- 
linearity  between  the  particular  control  forces  we  chose. 

Examining  the  locations  of  the  control  inputs,  shown  in 
Fig.  8,  we  can  clearly  explain  the  numerical  difficulties.  The 
first  two  inputs  bx  and  b2  are  axisymmetric  ring  forces  and 
b3  is  a  distributed  axisymmetric  ring  force.  But  the  control 
input  used  in  the  second  example,  bA ,  is  an  axisymmetric 
ring  moment  applied  exactly  between  bx  and  b2.  The  two 
ring  forces,  when  combined  with  opposite  phases,  produce  a 
force  couple  that  has  nearly  the  same  effect  as  the  ring  mo¬ 
ment.  The  ring  moment  is  redundant,  and  in  this  simple  ex¬ 
ample  is  easily  seen  as  the  cause  of  the  numerical  problems. 
The  coliinearity  diagnostics  presented  in  the  next  section 
provide  a  general  method  that  could  be  used  to  detect  and 
analyze  collinearities  in  more  complicated  systems  where  re¬ 
lations  between  actuators  might  not  be  so  clear. 

C.  A  coliinearity  diagnostic 

Rather  than  trying  to  present  a  comprehensive  review  of 
coliinearity  diagnostics  and  their  possible  applications  in 
studying  feedforward  control,  this  section  presents  one  diag¬ 
nostic  method  with  some  basic  example  results.  For  more 
detail  the  reader  is  referred  to  Belsley.14 

Recall  the  normal  equation  for  a  feedforward  control 
system  with  M  sensors  and  N  actuators, 

( XhWX)B=XhWP .  (32) 


As  the  reader  might  expect,  most  coliinearity  diagnostics  in¬ 
volve  the  condition  number  of  XHWX.  Clearly  a  large  con¬ 
dition  number  announces  the  presence  of  ill  conditioning,  but 
simply  examining  the  condition  number  leaves  three  ques¬ 
tions  unanswered.  First,  how  can  we  detect  whether  more 
than  one  near  dependency  is  present?  Second,  how  large  a 
condition  number  can  we  tolerate  and  still  have  confidence  in 
the  regression  results?  And  third,  how  can  wre  determine 
which  actuators  are  involved  in  near  dependencies?  We  will 
briefly  discuss  these  three  questions  before  presenting  the 
diagnostic  method. 

The  first  question,  regarding  the  number  of  near  depen¬ 
dencies  present,  is  answered  by  examining  not  just  the  con¬ 
dition  number  of  XHWX  but  the  singular  values  of  XHWX.  A 
zero  singular  value  indicates  a  perfect  linear  dependency  in 
Wxl2X ;  a  “small”  singular  value  indicates  a  near  dependency 
that  may  cause  conditioning  problems.  In  fact,  the  number  of 
small  singular  values  indicates  the  number  of  near  dependen¬ 
cies  present  in  the  problem. 

The  second  question  is,  how  do  we  make  quantitative 
comparisons  to  determine  whether  the  condition  number  is 
“large,”  or  equivalently,  whether  a  given  singular  value  is 
small?  The  answer  is  that  we  must  scale  the  columns  of 
WU2X  before  computing  the  singular  values.  Column  scal¬ 
ing,  described  in  the  next  section,  permits  such  quantitative 
comparisons. 

To  answer  the  third  question  of  determining  which  vari¬ 
ables  are  involved  in  near  dependencies,  we  turn  to  a  result 
from  the  least-squares  regression.  One  of  the  effects  of  col- 
linearity  is  variance  inflation:  when  two  or  more  actuators 
are  involved  in  a  near  dependency,  their  variances  become 
large.  We  can  express  the  variances  in  terms  of  the  singular 
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FIG.  8.  Example  problem  for  coliinearity  diagnostics.  The  first  two  actua¬ 
tors  are  axisymmetric  ring  forces  bi  and  b2  applied  at  <5=0.25  and  0.31.  The 
third  actuator  is  a  axisymmetric  distributed  force  Ft=cos(37t5).  The  fourth 
actuator  is  an  axisymmetric  ring  moment  b4  applied  at  <5=0.31. 
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values  of  WU2X.  When  we  find  two  or  more  actuators  whose 
variances  are  primarily  associated  with  a  small  singular 
value,  then  those  actuators  are  involved  in  a  near  depen¬ 
dency. 

We  now  describe  the  diagnostic  method  in  somewhat  of 
a  cookbook  fashion.  The  intent  is  not  to  present  a  detailed 
derivation,  but  rather  to  outline  the  method  and  show  a 
simple  numerical  example  related  to  feedforward  control.  We 
modify  the  technique  slightly  to  account  for  complex-valued 
variables  and  weighted  least  squares,  which  are  not  included 
in  the  discussion  of  Ref.  14. 


1 .  Determine  W1/2X 

Each  column  of  Wl!2X  represents  a  transfer  function 
between  a  given  control  input  and  the  error  sensor  array. 
These  may  be  obtained  via  analytical  approximations,  nu¬ 
merical  calculations,  or  any  other  means  available.  For  N 
actuators  and  M  sensors,  X  has  the  form 
X={Xx  X2  ...  XM],  where  each Xj  is  a  complex  vector  of 
length  M  containing  the  transfer  function  for  the  ;th  actuator. 
In  our  example  the  columns  of  X  are  transfer  functions  be¬ 
tween  four  control  inputs  (N— 4)  and  25  sensor  locations 
(Af  =  25).  We  obtain  the  transfer  functions  by  numerical 
modeling  of  the  structure  using  a  finite-element/boundary- 
element  approach. 

2.  Apply  column  equilibration  to  W1/2X 

The  purpose  of  column  equilibration  is  to  produce  a  set 
of  singular  values  that  do  not  depend  on  the  units  of  the 
problem.  We  scale  each  column  in  WV2X  to  have  unit  vector 
length  after  scaling.  This  produces  a  new  matrix  Z,  the 
scaled  weighted  design  matrix: 

Z=(l-l/2W1/2X,  (33) 

where  ft " 1/2  is  a  diagonal  matrix  whose  diagonals  are 
Q~1/2  =  {Xf  WXj}~112.  The  relation  between  Z  and  the 
original  problem  may  be  seen  from 

XHWX=  Z"ftZ  (34) 

3.  Obtain  scaled  condition  indexes  and 
variance-decomposition  proportions 

First  we  generate  the  singular-value  decomposition  of  Z, 

Z=U  DV",  (35) 

where  U  is  column  orthogonal,  V  is  column  orthogonal  and 

row  orthogonal,  and  D  is  nonnegative  and  diagonal.  (Note 

the  distinction  between  the  matrix  V  and  the  variance  V). 
The  elements  of  D  are  the  singular  values  pk ,  k  =  1 . 2 , . . . , N, 
which  are  real  and  non-negative  since  Z  is  Hermitian.  The 
scaled  condition  indexes  are  then  defined  as 

=  k=l,2,...,N.  (36) 

If  we  express  the  elements  of  the  matrix  V  as  vk} ,  we  can 
write  the  variances  of  the  regression  coefficients  in  the  fol¬ 
lowing  useful  form: 
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TABLE  IV.  Variance  decomposition  proportions  for  example  problem. 
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The  utility  of  Eq.  (37)  lies  in  the  fact  that  each  term  in 
the  summation  is  associated  with  only  one  scaled  condition 
index  7jk .  By  noting  which  of  the  large  scaled  condition  in¬ 
dexes  affect  which  variances,  we  can  pick  out  near  depen¬ 
dencies  among  the  columns  of  Wl  ~X.  To  this  end,  let  us 
define  variance-decomposition  proportions. 

7kj  .  1  A, 

7Tlk= — ,  k—  1,...,A\ 

;  7k 

where 

2  X 

ykj=  ~T  and  y*=2  Tty.  k=l,...,N.  (38) 

^  y-i 

The  variance-decomposition  proportions  are  interpreted  as 
follows:  7 Tjk  is  the  portion  of  the  variance  for  the  fcth  regres¬ 
sion  coefficient  that  is  associated  with  the  j th  scaled  condi¬ 
tion  index. 

Table  IV  contains  the  scaled  condition  indexes  and 
variance-decomposition  proportions  for  the  example  problem 
of  Fig.  8.  The  second  column  contains  the  scaled  condition 
indexes  ranked  by  size,  with  the  largest  shown  in  the  last 
row.  The  remaining  four  columns  contain  the  variance- 
decomposition  proportions  for  each  of  the  control  forces  bx . 
b2 ,  &3,  and  b4.  The  next  sections  explain  how  to  interpret 
Table  IV. 

4.  Determine  the  number  of  near  dependencies 

The  method  for  counting  the  number  of  near  dependen¬ 
cies  involves  choosing  a  threshold  rf  such  that  when 
7/ma the  columns  of  Wxl2X  may  be  said  to  be  free  of 
collinearity.  The  value  suggested  by  Belsley14  is  rf  =  30, 
although  slightly  larger  or  smaller  values  could  also  be  ar¬ 
gued  for.  This  is  the  value  used  for  all  numerical  results  in 
this  dissertation.  Having  chosen  a  threshold  value  for  if ,  we 
now  have  the  most  basic  collinearity  diagnostic:  whenever 
at  least  one  near  dependency  is  present  and  the 
regression  should  not  be  used  without  further  examination  of 
its  collinearity  properties.  Thus  ?7max  should  be  computed  as 
a  routine  part  of  every  regression,  and  displayed  along  with 
the  F-test  and  Me st  results. 

If  more  than  one  scaled  condition  index  exceeds  the 
threshold  77*,  then  multiple  near  dependencies  are  present. 
The  number  of  near  dependencies  is  determined  according  to 
the  so-called  “progression  of  10/30:”  the  first  near  depen¬ 
dency  corresponds  to  the  first  77> 30,  the  second  near  depen- 
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dency  corresponds  to  ^>100,  the  third  to  ?;>300,  the 
fourth  to  77>  1000,  and  so  forth.  For  example,  the  sequence 
of  scaled  condition  indexes  (1,9,33,35)  indicates  only  one 
near  dependency,  while  the  sequence  (1,9,33,105,108)  indi¬ 
cates  two  near  dependencies. 

Referring  to  the  first  column  of  Table  IV,  it  is  evident 
that  only  one  scaled  condition  index  exceeds  77*,  so  we  con¬ 
clude  that  only  one  near  dependency  is  present  in  the  ex¬ 
ample. 

5.  Determine  actuator  involvement 

To  determine  which  actuators  are  affected  by  a  near  de¬ 
pendency,  we  examine  the  variance-decomposition  propor¬ 
tions  7 Tjk .  Having  associated  a  particular  77  with  a  near  de¬ 
pendency,  we  examine  the  it  -}k  in  that  row  of  the  table.  If  two 
or  more  actuators  have  7 Tjk  in  that  row  larger  than  some 
threshold  value  7i*,  then  those  actuators  are  involved  in  the 
near  dependency.  The  value  of  7 r*  suggested  by  Belsley14 
and  used  in  our  example  is  7r*=0.5.  In  Table  IV  we  examine 
the  last  row  since  that  row  is  associated  with  a  near  depen¬ 
dency.  Noting  that  the  7 for  bl ,  b2,  and  b2  are  all  well 
above  77*,  we  can  clearly  see  that  these  actuators  are  in¬ 
volved  in  the  near  dependency.  (Recall  that  bl  and  b2  are  the 
ring  forces  and  b4  is  the  ring  moment.)  The  third  actuator, 
with  7r;*=0.129,  is  not  involved  in  the  near  dependency. 

The  rules  for  determining  actuator  involvement  when 
multiple  near  dependencies  are  present  are  somewhat  more 
complicated  and  need  not  be  discussed  here  to  illustrate  the 
basic  technique.  Again,  the  interested  reader  is  invited  to 
examine  Belsley.14 

6.  Examine  auxiliary  regressions 

Once  we  know  which  actuators  are  involved  in  a  near 
dependency,  we  can  regress  the  individual  transfer  functions 
against  each  other  to  clarify  the  relationships  between  them. 
For  example,  we  have  determined  that  b\,  b2 ,  and  b4  are 
involved  in  a  near  dependency.  If  we  set  up  a  new  regression 
using  b4  as  the  disturbance  input  with  bl  and  b2  as  control 
inputs,  we  can  see  that  the  combination  of  b{  and  b2,  if 
given  equal  magnitudes  and  opposite  signs,  reproduces  b4 
almost  exactly  (as  suspected.)  Thus  the  control  input  b4 
could  be  removed  to  obtain  a  more  stable  regression  result. 

7.  Determine  unaffected  actuators 

When  an  actuator  associates  most  of  its  variance  with 
small  values  of  77,  we  can  consider  that  actuator  to  be  unin¬ 
volved  with  any  near  dependency.  To  be  more  precise,  when 
the  total  proportion  of  variance  associated  with  small  77*  is 
less  than  77*,  that  actuator  is  uninvolved  with  any  near  de¬ 
pendency.  In  the  example  problem,  the  variance  of  b3  is 
associated  almost  entirely  with  the  first  three  small  77*,  and 
therefore  we  conclude  that  it  is  not  involved  in  any  near 
dependency.  This  is  supported  by  the  fact  that  b2  was  the 
least  affected  by  the  simulated  measurement  noise  intro¬ 
duced  in  the  example  discussed  earlier. 


III.  SUMMARY 

Multiple  linear  least-squares  regression  provides  a  nu¬ 
merical  approach  for  simulating  feedforward  active  control 
in  the  frequency  domain.  Solving  the  regression  for  a  given 
frequency  provides  the  complex  control  inputs  and  the 
amount  by  which  the  cost  function  is  reduced.  The  squared 
multiple  correlation  coefficient  R:  provides  the  amount  of 
attenuation  possible  in  the  absence  of  measurement  noise.  In 
some  cases,  particularly  where  the  effects  of  error  sensor 
measurement  noise  are  a  concern,  these  quantities  alone  do 
not  adequately  characterize  the  regression.  To  help  model  the 
effects  of  measurement  noise,  one  may  consider  the  F-test, 
the  f-test,  and  prediction  intervals.  The  F-test  measures  the 
integrity  of  one  the  regression  as  a  whole.  When  the  regres¬ 
sion  fails  the  F-test,  as  in  the  example  problem  whenever  the 
controller  performance  falls  below  2  dB,  other  regression 
diagnostics  may  not  be  used  for  that  particular  frequency. 
The  r-test  measures  the  reliability  of  the  estimated  control 
input  magnitudes.  Prediction  intervals  combine  the  informa¬ 
tion  from  all  the  actuators  to  help  describe  the  sensitivity  to 
noise  for  the  regression  as  a  whole. 

Before  using  regression  diagnostics,  it  is  important  to 
carefully  examine  the  statistical  properties  of  the  measure¬ 
ment  noise  present  in  the  proposed  error  sensors.  Strictly 
speaking,  the  noise  must  be  normally  distributed  for  the  F- 
test,  r-test,  and  prediction  intervals  to  be  valid.  Furthermore, 
the  noise  should  have  constant  variance.  For  some  types  of 
sensors,  measurement  noise  may  be  neither  normally  distrib¬ 
uted  nor  independent  of  signal  magnitude. 

Collinearity  problems  can  produce  numerical  ill  condi¬ 
tioning.  Without  proper  collinearity  diagnostics,  numerical 
problems  can  go  undetected  and  produce  results  that  are  very 
sensitive  to  measurement  noise  in  the  error  sensors.  Col¬ 
linearity  diagnostics  can  detect  and  analyze  numerical  ill 
conditioning.  Collinearity  diagnostics  for  complex-valued  re¬ 
gressions  follow  directly  from  their  real-valued  counterparts, 
which  are  developed  in  considerable  detail  in  the  statistics 
literature.  The  primary  collinearity  diagnostic  is  the  scaled 
condition  number.  Even  when  no  other  collinearity  diagnos¬ 
tics  are  performed,  the  analyst  may  compute  the  scaled  con¬ 
dition  number  for  each  regression  and  compare  it  to  the 
threshold  value  in  a  somewhat  mechanical  fashion.  If  the 
scaled  condition  number  exceeds  the  threshold,  the  regres¬ 
sion  should  be  discarded  because  of  collinearity.  More  de¬ 
tailed  diagnostics  are  also  available  for  determining  the  num¬ 
ber  of  near  dependencies  and  which  control  forces  are 
involved. 
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Active  control  of  acoustic  radiation  from  a  “semi-infinite"  beam  clamped  at  one  end  is 
studied  experimentally.  The  beam  is  excited  by  subsonic  flexural  travelling  waves  which 
“scatter"  (or  produce  reflected  travelling  and  near-field  waves)  when  they  encounter  the 
clamped  discontinuity.  The  main  purpose  of  these  experiments  is  to  demonstrate  control 
of  the  acoustic  radiation  from  the  beam  by  actively  changing  the  characteristics  of  the 
“scattered”  waves  with  control  actuators.  The  beam  is  disturbed  by  a  harmonic  input  from 
a  point  force  shaker.  Control  actuators,  in  the  form  of  shakers  or  piezoelectric  actuators, 
are  attached  to  the  beam  near  the  clamped  discontinuity.  An  error  microphone  is  positioned 
in  the  acoustic  field  which  supplies  an  error  signal  to  a  digital  controller.  The  digital 
controller  employed  is  the  Fiitered-X  version  of  the  adaptive  LMS  algorithm.  An  array  of 
accelerometers  is  attached  to  the  beam  in  order  to  obtain  the  out-of-olane  displacement 
amplitude  of  the  vibrating  system.  Applying  a  spatial  Fourier  transform,  the  wavenumber 
spectrum  is  calculated  and  used  to  describe  the  far-field  radiated  pressure.  Experimental 
results  are  compared  with  related  theoretical  predictions.  Experimental  and  theoretical 
results  show  that  large  attenuation  at  the  error  microphone  is  possible  along  with  global 
attenuation  of  the  acoustic  field.  Control  is  shown  to  be  associated  with  reductions  and 
changes  in  the  shape  of  the  vibration  distribution  near  the  discontinuity;  the  vibrational 
magnitudes  away  from  the  discontinuity  are  left  largely  unchanged. 


I.  INTRODUCTION 

Many  structures  in  use  today  incorporate  beams  as  integral  components.  Structural 
elements  such  as  aircraft  and  maritime  vessel  infrastructures,  buildings  frames  and  heavy 
machinery  mounts  can  all  include  various  forms  of  beams  in  their  designs.  As  these 
structures  are  excited  by  machinery,  noise  and  other  environmental  effects,  vibrational 
waves  propagate  through  these  systems.  When  subsonic  vibrational  waves,  travelling  along 
structural  components  such  as  beams,  encounter  a  discontinuity  (such  as  a  joint),  sound 
is  produced  in  this  area.  This  emission  of  sound  is  caused  by  the  scattering  of  travelling 
subsonic  waves  into  reflected/transmitted  near-field  and  reflected/transmitted  propagating 
waves,  which  in  turn  produce  supersonic  wavenumber  components  in  the  vibrational 
response.  These  supersonic  wavenumber  components  are  responsible  for  acoustic  radiation 
to  the  far  field.  The  efficient  control  of  this  type  of  noise  source  is  desirable  in  many 
applications. 

In  the  last  decade,  active  noise  control  has  emerged  as  a  practical  method  of  reducing 
acoustic  noise  fields,  especially  at  low  frequencies  [1,2].  However,  there  are  some 
disadvantages  with  using  acoustic  sources  as  control  inputs.  One  such  disadvantage, 
for  example,  is  the  number  of  acoustic  sources  required  for  the  control.  It  has  been 
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demonstrated  by  Fuller  [3]  that  reduction  of  the  far-field  acoustic  radiation  can  also  be 
obtained  by  directly  modifying  the  response  of  the  structure  by  applying  structural  inputs 
rather  than  by  adding  a  distribution  of  acoustic  sources.  This  type  of  control  has  been 
termed  Active  Structural  Acoustic  Control  (ASAC),  as  opposed  to  Active  Noise  Control 
(ANC). 

A  typical  active  control  system,  such  as  the  one  presented  by  Widrow  et  al.  [4],  requires 
three  basic  components:  error  sensors,  which  produce  an  electrical  signal  proportional  to 
the  signal  to  be  controlled  (in  the  present  case,  the  sound  pressure  amplitudes);  a  control 
system,  which  calculates  the  control  signals  to  be  applied  based  on  the  error  signal;  control 
actuators,  which  apply  inputs  to  the  system  in  order  to  minimize  the  signal  from  the  error 
sensors. 

The  error  sensor  can  be  any  transducer  which  converts  the  signal  to  be  controlled  into 
an  electrical  signal.  Microphones  in  the  acoustic  field  were  used  by  Fuller  et  al.  [5]  and 
by  Clark  and  Fuller  [6]  to  sense,  respectively,  sound  transmitted  through  a  plate  and 
acoustic  radiation  from  plates.  Shaped  piezoelectric  films,  recently  utilized  as  sensors',  were 
used  by  Clark  and  Fuller  [7]  to  sense  radiating  modes  on  a  simply  supported  plate.  In  the 
experiments  presented  in  this  paper,  microphones  located  in  the  acoustic  near  field  are  used 
as  error  sensors. 

In  many  of  the  previously  conducted  active  control  experiments,  the  control  system  is 
in  the  form  of  a  digital  signal  processing  (DSP)  board  hosted  by  a  personal  computer. 
The  DSP  board  samples  the  signal  from  the  error  and,  based  on  this  information, 
calculates  a  control  signal  to  send  to  the  control  actuators.  The  method  used  by  Fuller 
et  al.  [5]  and  Clark  and  Fuller  [6,  7]  for  calculating  the  control  signals  is  based  on  a 
narrow-band  form  of  the  Filtered-X  version  of  the  adaptive  least  mean  square  (LMS) 
algorithm.  This  method  is  also  used  in  the  experiments.  The  algorithm  uses  a  steepest 
gradient  descent  method  which  minimizes  the  least  mean  square  of  the  error  signals  by 
converging  on  the  set  of  optimal  weighting  coefficients  for  the  adaptive  filters.  Elliot, 
Stothers  and  Nelson  [8]  describe  this  algorithm  in  detail. 

The  last  components  of  a  typical  active  control  system  are  the  control  actuators. 
The  purpose  of  the  control  actuators  is  forcibly  to  change  the  structure  vibrational 
characteristic  such  that  error  signals  are  minimized.  Two  different  kinds  of  actuators  are 
usually  utilized  in  ASAC:  shakers  [5]  and,  recently,  piezoelectric  actuators  [6,  7].  In  the 
experiments  presented  in  this  paper,  both  previously  mentioned  actuator  types  are 
applied  to  the  beam  near  the  clamped  discontinuity,  in  order  to  minimize  the  error 
microphone  signal. 

Experiments  were  conducted  by  Frampton  [9]  with  the  intention  of  demonstrating  the 
feasibility  of  active  control  of  acoustic  radiation  due  to  subsonic  wave  scattering  by 
discontinuities  on  thin  beams.  The  “semi-infinite”  beam  studied  in  these  experiments 
had  a  clamped  discontinuity  at  one  end  (wave  reflection  only);  the  other  end  was  placed 
in  an  anechoic  termination  which  made  the  beam  appear  infinite  to  waves  propagating 
in  that  direction  by  preventing  their  reflection.  All  experiments  were  performed  in  a 
5-6  m  x  2-8  m  x  2-1  m  anechoic  chamber.  The  goal  was  actively  to  affect  the  scattered 
structural  waves  in  such  a  manner  as  to  minimize  the  acoustic  radiation  at  particular  points 
in  the  acoustic  field.  A  semicircular  array  of  microphones  was  used  to  obtain  information 
about  the  acoustic  field  associated  with  the  discontinuity.  Due  to  space  limitations  in 
the  anechoic  chamber,  the  microphone  array  was  located  in  a  region  which  was  the 
border  between  the  far  and  near  fields  for  the  operating  frequencies.  For  the  purpose 
of  this  paper,  we  term  this  region  the  “radiation  field”.  By  comparing  the  two  sets  of 
microphone  data  (before  and  after  control),  the  effectiveness  of  the  control  on  the  acoustic 
field  was  established.  In  addition,  an  array  of  accelerometers  was  used  to  measure  the 
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acceleration  of  the  beam  at  several  points.  From  these  accelerometer  data  points,  the 
complex  coefficients  of  an  assumed  beam  displacement  equation  were  calculated  usin°  a 
least  squares  regression  method.  A  spatial  Fourier  transform  was  then  taken  in  order°to 
determine  the  wavenumber  spectrum  of  the  beam  response.  The  wavenumber  spectrum 
was  then  used  to  predict  the  far-held  radiated  pressure  and  to  indicate  whether  the  far-held 
levels  were  attenuated. 

In  addition,  analytical  models  of  the  beam  response  and  the  optimal  control  input 
were  developed.  A  comparison  of  the  analytical  and  experimental  results  was  then 
presented. 


2.  EXPERIMENTAL  SET-UP 

This  section  describes  the  set-up  for  the  experiment.  A  schematic  of  the  entire  system 
is  presented  in  Figure  1(a),  while  a  photograph  of  the  rig  is  shown  in  Figure"  1(b). 
Each  component  of  the  system  is  described  below. 

The  beam  used  in  the  experiments  was  made  of  6061  aluminum  and  was  3-66  m 
long,  0T02  m  wide  and  0*00318  m  thick.  The  properties  of  the  beam  are  summarized  in 
Table  I. 

The  beam  was  arranged  such  that  one  end  was  outside  of  the  anechoic  chamber. 
This  end  of  the  beam  was  placed  in  an  anechoic  termination  and  passed  through  a  hole 
in  the  wall  of  the  anechoic  chamber.  The  anechoic  termination  was  a  pyramid-shaped 
wooden  box  filled  with  sand.  This  configuration  caused  flexural  waves  which  encountered 
the  termination  to  experience  a  gradual  increase  in  impedance.  Therefore,  the  flexural 
waves  were  absorbed  by  the  anechoic  termination  and  no  reflected  waves  were  created. 
This  served  to  make  the  beam  appear  infinite  in  this  direction  (the  positive  * -direction). 
The  effectiveness  of  the  anechoic  termination  was  verified  experimentally  by  calculating 
its  power  reflection  ratio,  which  is  defined  as  the  ratio  of  the  reflected  vibrational  power 
to  the  incident  vibrational  power.  This  was  accomplished  by  exciting  the  beam  with 
broadband  noise  delivered  to  a  shaker.  By  taking  the  autospectra  and  the  cross-spectra 
from  the  signals  of  two  accelerometers  on  the  beam,  the  power  reflection  ratio  was 
calculated  using  the  expression  found  in  reference  [10], 

$  _S\+  S2  —  2Ca  cos  (kfA  )  +  2Q,2  sin  (kfA ) 

S\  +  S2  —  2C[2 cos  {kfA)  —  2Qn sin  {kfA)’  ^ 

where  Sx  and  S2  are  the  autospectra  of  the  accelerometer  signals,  C12  and  Ql2,  respectively, 
the  real  and  imaginary  parts  of  their  cross-spectrum,  kf  is  the  structural  wavenumber,  and 
A  is  the  distance  between  the  accelerometers.  The  results  showed  that  the  reflected  power 
was  less  than  10%  of  the  incident  power  for  all  frequencies  above  180  Hz,  and  was  4% 
less  than  for  the  frequencies  of  interest  of  this  paper. 

Table  1 
Beam  properties 

Total  length  3-66  m 

Baffled  length  2  m 

Width  0-102  m 

Tnickness  0-00318  m 

Young’s  modulus  7-1  x  10loN/m2 

Density  2700  kg/m3 
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(b) 

Figure  1.  (a)  Schematic  of  the  experimental  set-up:  (b)  photograph  of  the  rig. 


Along  with  the  anechoic  termination,  the  input  disturbance  shaker  was  fastened 
to  the  beam  outside  of  the  anechoic  chamber  by  a  point  attachment  and  stringer.  Since 
the  input  shaker  produces  a  significant  amount  of  noise,  it  could  have  affected  the 
outcome  of  the  experiments.  By  attaching  the  input  shaker  to  the  beam  outside  of 
the  anechoic  chamber,  passing  the  beam  through  a  narrow  (1  cm)  slit  in  the  wall  of  the 
chamber  and  then  through  an  attenuation  duct  (a  rectangular  duct  25  cm  long,  made 
of  plywood  and  lined  with  fiberglass  insulation),  the  amount  of  noise  produced  by 
the  input  shaker  that  entered  the  anechoic  chamber  was  minimized.  To  quantify  the 


STRUCTURAL  RADIATION  CONTROL 


507 


effect  of  the  input  shaker  acoustic  radiation  on  the  experiments,  the  shaker  was  driven  at 
the  experimental  operating  frequencies,  while  disconnected  form  the  beam.  Microphone 
measurements  were  taken  for  these  frequencies  inside  the  chamber,  and  all  levels  due  to 
the  disconnected  input  shaker  were  less  than  10  dB  (re  2  x  10-5Pa).  Since  the  operating 
levels  for  the  experiments  were  the  order  of  50-60  dB,  the  effects  of  the  input  shaker 
were  negligible. 

For  the  purpose  of  studying  the  radiation  from  the  beam  in  the  half-plane  and 
for  facilitating  comparison  with  theoretical  models,  the  beam  was  surrounded  by  a 
plywood  bafiie  in  the  horizontal  x-y  plane.  Since  the  theoretical  model  assumes  an 
infinite  baffle,  some  differences  between  the  infinitely  baffled  theory  and  the  finitely 
baffled  experiments  were  expected.  However,  it  should  be  noticed  that  the  scatterin'* 
noise  source  is  at  the  clamped  end  which  was  close  to  the  center  of  the  baffle. 
In  addition,  the  assumption  is  made  in  the  theoretical  model  that  none  of  the  air 
near  the  surface  of  the  beam  is  able  to  move  back  and  forth  across  the  baffle.  Since 
it  would  be  impossible  to  achieve  a  perfect  seal  between  the  edge  of  the  baffle 
and  the  edge  of  the  beam  without  interfering  with  the  vibrational  response  of  the 
beam,  some  differences  between  theoretical  and  experimental  results  were  expected. 
These  differences  are  manifested  as  a  decreased  acoustic  radiation  efficiency  by  the 
experimental  beam,  as  compared  to  the  theoretical  model  caused  by  losses  associated 
with  the  air  near  the  surface  of  the  beam  moving  back  and  forth  across  the  baffle, 
particularly  along  the  small  gap  between  the  beam  and  baffle  edges.  However,  a  great  deal 
of  effort  was  made  to  adjust  the  gap  to  be  no  greater  than  2  mm  and,  since  wavelengths 
associated  with  the  radiated  field  are  much  longer,  this  effect  was  considered  to  be 
negligible. 

The  beam  was  supported  at  three  axial  locations  by  elastic  tubing  fastened  to  the  ceiling 
of  the  anechoic  chamber.  The  tubing  was  of  sufficient  length  and  stiffness  such  that  their 
natural  frequencies  were  well  below  the  operating  frequencies  of  the  experiments. 
Independent  tests  confirmed  that  the  tubing  had  little  effect  on  the  propagation  of  waves 
in  the  beam. 

The  clamped  discontinuity  was  constructed  from  a  large  (10  cm  x  7  cm  x  20  cm)  block 
of  aluminum  and  a  steel  clamping  plate  (10  cm  x  7  cm  x  0-5  cm).  By  placing  2  cm  of  the 
end  of  the  beam  between  the  clamping  plate  and  the  block  and  tightening  three  clamping 
screws,  an  approximate  clamped  end  condition  was  achieved.  An  illustration  of  the  clamp 
is  shown  in  Figure  2.  In  order  to  determine  the  effectiveness  of  the  clamped  discontinuity, 
a  test  was  run  to  determine  its  power  reflection  ratio.  This  test  was  performed  similarly 
to  the  one  run  to  examine  the  performance  of  the  anechoic  termination,  and  described 
previously.  For  an  ideal  clamp,  the  power  reflection  ratio  would  be  unity  for  all 
frequencies.  Results  from  this  test  showed  that,  for  all  frequencies  above  280  Hz,  the  power 
reflection  coefficient  was  greater  than  0*95. 

Thirteen  miniature  1/4  inch  microphones  were  used  in  the  experiments.  They  were  ' 
attached  to  a  semicircular,  steel  array  with  a  radius  of  0-86  m,  centered  over  the 
discontinuity  and  suspended  from  the  anechoic  chamber  ceiling,  as  shown  in  Figure  1(b). 
The  angular  positions  of  each  microphone  in  the  array  is  shown  in  Table  2.  In  each 
case,  the  array  could  be  situated  in  either  a  perpendicular  or  axial  position.  While,  in 
the  perpendicular  position,  the  semicircular  array  is  perpendicular  to  the  long  axis  of  the 
beam,  in  the  axial  position  the  microphone  array  is  parallel  to  the  long  axis  of  the 
beam,  as  shown  in  Figure  3.  The  array  was  made  as  large  as  the  space  in  the  anechoic 
chamber  would  allow,  so  that  the  array  could  be  rotated  from  the  axial  position  to 
the  perpendicular  position.  These  two  array  positions  allowed  a  global  selection  of 
acoustical  data  to  be  taken  in  each  experiment. 
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(b) 


Figure  2.  Position  of  (a)  the  control  shaker  and  (b)  the  piezoelectric  actuator. 

Since  the  microphone  array  was  moved  (perpendicular  and  axial  position)  during 
each  experiment,  it  was  necessary  to  have  a  stationary  error  microphone  so  that  pressure 
data  could  be  collected  from  the  array  while  the  digital  controller  was  operating.  For  this 
reason,  a  Bruel  &  Kjaer  type  4166  condenser  microphone  was  used  as  an  error  sensor. 
The  Bruel  &  Kjaer  microphone  also  has  a  superior  signal-to-noise  ratio  which  allows 
improved  attenuation  by  the  controller. 

•  Ten  Bruel  &  Kjaer  type  4374  accelerometers  along  with  two  Bruel  &  Kjaer  type 
2635  charge  amplifiers  were  used  to  sense  the  beam  acceleration  in  each  experiment, 
as  shown  in  Figure  1(b).  The  positions  of  each  of  the  accelerometers  are  listed  in 
Table  3.  One  accelerometer  was  used  as  a  reference  and  the  other  nine  were  run 
through  a  switching  box.  The  reference  accelerometer  signal  was  run  through  one 
charge  amplifier,  while  the  switching  box  output  was  run  through  the  other.  The 
switching  box  was  operated  remotely  from  outside  of  the  anechoic  chamber.  When  taking 
vibrational  data,  the  magnitude  of  the  reference  accelerometer  was  measured  and  then  the 
transfer  function  between  the  reference  accelerometer  and  each  of  the  other  accelerometers 
was  collected.  All  experiments  were  performed  at  a  steady  state  single  frequency,  enabling 
measurement  of  transfer  functions  in  the  above  manner. 
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Microphone  positions  on  semicircular  array  of 
radius  0-86  m 


Microphone 

Position  (degrees) 

1 

77-1 

2 

64-3 

3 

514 

4 

38-6 

5 

25-7 

6 

12-9 

7 

0-0 

8 

-12-9 

9 

-25-7 

10 

-38-6 

11 

-514 

12 

-64-3 

13 

-77-1 

Axial 


(a) 


Clamped  edge 
fend  view) 

(b) 


Figure  3.  Position  of  the  microphone  array:  (a)  axial;  (b)  perpendicular. 
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Table  3 


Accelerometer  positions 


Accelerometer 

Position  (m) 

1 

0-005 

2 

0-01 

j 

0-02 

4 

0-03 

5 

0-08 

6 

0-11 

7 

0-17 

8 

0-20 

9 

0-29 

10 

0-31 

The  data  received  from  the  accelerometers  were  used  to  decompose  the  complex 
amplitudes  of  the  assumed  displacement  equations.  From  the  displacement  equation,  an 
analysis  of  the  beam  response  allowed  a  detailed  examination  of  the  mechanism  by  which 
control  of  the  acoustic  field  was  achieved. 

Two  types  of  control  actuators  were  used  in  these  experiments,  a  shaker  and  a  set  of 
piezoelectric  patches.  The  shaker  was  attached  to  the  underside  of  the  beam  and  baffle, 
3-8  cm  from  the  discontinuity.  The  control  actuators  were  located  close  to  the  discontinu¬ 
ity,  as  the  analytical  work  of  reference  [1 1]  demonstrated  that  this  was  the  best  location 
for  control  of  the  acoustic  field  due  to  wave  scattering.  The  noise  produced  by  the  control 
shaker  was  also  minimized  by  wrapping  it  in  fiberglass  insulation.  A  schematic  of  the  beam 
and  control  shaker  is  shown  in  Figure  2(a). 

The  piezoelectric  actuators  were  bonded  to  the  beam,  using  cyanoacrylate  strain  gage 
glue,  in  the  positions  shown  in  Figure  2(b).  It  is  important  to  note  that  four  individual 
piezoelectric  patches  were  operating  dependency  as  one  actuator.  This  method  of  creating 
a  piezoelectric  actuator  (four  patches  for  one  actuator)  has  also  been  used  by  Crawley  and 
de  Luis  [12].  One  actuator  consisted  of  two  pairs  of  piezoelectric  patches,  while  each  pair 
consisted  of  two  individual  patches  bonded  directly  opposite  each  other  on  the  beam. 
Two  patches  on  the  same  side  of  the  beam  operated  in  phase;  patches  on  opposite  sides 
of  the  beam  were  driven  180°  out  of  phase.  This  allowed  the  piezoelectric  actuator  to 
produce  pure  bending  moments  on  the  beam  [12, 13].  The  reason  for  having  two  dependent 
pairs  placed  symmetrically  about  the  central  long  axis  of  the  beam  was  that  the  beam 
central  axis  needed  to  be  accessible  for  connection  of  the  shaker  and  positioning  of  the 
accelerometer  array. 

A  multiple  channel  Filtered-X  LMS  algorithm  was  used  in  these  experiments. 
It  was  implemented  from  a  digital  signal  processing  board  hosted  on  a  Swan  286  PC. 
Experimental  uses  of  this  control  algorithm  are  discussed  by  Gonidou  [10]  for  vibrational 
control  and  by  Clark  and  Fuller  [6,  7]  for  noise  control.  This  type  of  control  system 
implements  a  variable  coefficient  FIR  filter.  The  coefficients  of  the  FIR  filter  are 
updated  by  the  LMS  algorithm,  which  employs  a  steepest  gradient  descent  method  for 
minimizing  the  least  mean  square  error.  A  complete  description  of  this  algorithm  is  given 
by  Elliot  et  al.  [8].  The  output  of  the  / th  error  sensor  can  be  represented  at  the  nth  time 
step  by 


M  N-\  N- I 


et(n)  =  d,(n)  4-  £  £  £  wm(n  -j)x{n  -  i -j), 

m  -  I  j  «  0  /  —  0 


(-) 
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where  d,(n)  is  the  / th  error  sensor  output  due  to  the  input  excitation  alone,  x(/i)  is  the  input 
reference  source,  vvm(  are  the  coefficients  of  the  adaptive  FIR  filters  and  is  the  /'th 
coefficient  of  the  transfer  function  between  the  output  of  the  mth  adaptive  filter  and  the 
/th  error  sensor.  M  and  N  are,  respectively,  the  number  of  control  actuators  and  filter 
coefficients.  In  the  LMS  algorithm,  the  error  function  is  defined  by  the  mean  square  error 
signal;  i.e., 

J  -E  £  ej(n )  ,  (3) 

_/« i 

where  E  is  the  expectation  operator  and  L  is  the  total  number  of  error  sensors  utilized  to 
implement  the  control.  Since  this  error  function  is  quadratic,  only  one  minimum  solution 
exists.  At  each  sample  time  n,  the  outputs  of  the  compensating  filters  P Imj  are  used  hy  the 
LMS  algorithm  to  minimize  J  by  individually  updating  each  of  the  adaptive  filter 
coefficients  according  to  the  relation 

L 

wjn  +  I)  =  wmt(n) -ii  £  e,(n)r:m(n  -  Q,  (4) 

/-i 

where  the  outputs  of  the  compensating  filters  are 

,V-  l 

r,J,n  -  i)  =  X  PtmjX{n  -  i  -/'),  (5) 

j- o 

and  a  is  the  stability  parameter.  Since  the  disturbance  is  narrow-band  only,  two  coefficients 
are  needed  in  each  adaptive  FIR  filter.  Note  that  this  control  method  can  easily  be 
extended  to  multi-frequency  excitation  by  increasing  the  number  of  coefficients  in  each 
adaptive  FIR  filter. 

3.  EXPERIMENTAL  PROCEDURE 

This  paper  presents  only  two  cases  among  all  the  experiments  which  have  been 
performed  in  reference  [9].  The  first  case  involves  a  shaker  as  control  actuator,  and  an 
error  microphone  located  at  position  4  on  the  axial  microphone  array  (see  Figure  3  and 
Table  2)  for  an  excitation  frequency  of  510  Hz.  The  second  case  uses  a  piezoelectric 
actuator  as  control  actuator,  and  an  error  microphone  at  the  same  location  as  in  the 
previous  case,  for  an  excitation  frequency  of  320  Hz.  These  two  frequencies  correspond  to 
subsonic  flexural  waves,  and  have  also  been  chosen  in  such  a  way  that  the  anechoic 
termination  and  the  clamped  discontinuity  have  good  performance.  It  should  be  noticed 
that,  because  the  two  different  actuators  were  used  for  control  at  two  different  frequencies, 
their  relative  merits  cannot  be  compared.  However,  the  analytical  analysis  showed  that 
for  this  type  of  control  (minimization  of  the  radiated  pressure  at  one  point),  the  force 
actuation  and  the  moment  actuation  lead  to  almost  the  same  performances  and  that,  at 
low  frequencies,  the  control  performance  is  dependent  on  the  position  rather  than  on  the 
type  of  actuator. 

For  each  experiment,  the  same  procedure,  as  described  below,  was  followed.  Before 
applying  the  control,  data  from  the  accelerometer  array  and  the  microphone  array  in  the 
axial  and  perpendicular  positions  were  measured  to  determine  both  the  response  of  the 
structure  and  the  acoustic  field  when  no  control  is  applied.  This  served  as  a  baseline  to 
evaluate  the  effectiveness  of  the  control.  After  obtaining  measurements  for  the  uncon¬ 
trolled  case,  the  controller  was  started  and  allowed  to  converge  to  the  optimal  weighting 
coefficients  which  minimized  the  error  microphone  signal.  Then,  data  were  again  collected 
from  the  accelerometer  and  microphone  arrays  to  provide  information  on  the  acoustic  field 
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and  structural  response  under  control.  After  obtaining  these  measurements,  the  uncon. 
trolled  and  controlled  responses  could  be  compared. 


4.  THEORETICAL  ANALYSIS 
4.1.  DISPLACEMENT  OF  THE  BEAM 

Full  details  about  the  derivation  of  the  displacement  of  the  beam  can  be  found 
in  reference  [II].  Tne  Cartesian  co-ordinate  system  used  in  this  analysis  is  shown  in 
Figure  4.  The  beam  is  taken  to  be  located  in  an  infinite  baffle  corresponding  to  the  x-y 
plane  and  is  infinite  in  the  .r -positive  direction.  The  time  dependence  is  assumed  to  be  e_iw 
for  all  of  the  fields.  Since  in  the  experiments  the  input  shaker  was  located  outside  the 
anechoic  chamber,  only  the  propagating  wave  travelling  in  the  * -negative  direction  was 
taken  into  account  (from  the  input  shaker,  the  propagating  waves  travelling  in  the 
x -positive  direction  were  absorbed  by  the  anechoic  termination  and  the  disturbance 
produced  non-propagating  near-field  waves  were  negligible  at  distances  well  awav  from  the 
disturbance). 

The  shaker  used  in  these  experiments  can  be  analytically  approximated  as  a  point  force. 
The  displacement  of  the  beam  subjected  to  an  incident  flexural  wave  of  masnitude  Wn 
(due  to  the  input  shaker)  and  one  control  force  of  magnitude  Fc  located  at  x  =  xc  (due 
to  the  control  shaker)  can  be  found  to  be  [1 1] 

w(;c)  =  Wn[t~'kfx  4-  i  ekfx  -  (1  -f-  i)  e-V*] 

+  (LFcl4EIk})[e^x-^  +  i  Q-ty*-*' 

+  (i  -  (1  +  i)  e-*/“)  e*/x  -  ((1  +  i)  -  e-*/“)  (6) 

where  kf  is  the  structural  wavenumber,  defined  by 

kf—\J  (pSco  *JeT)  .  (7) 

In  equation  (7),  p  is  the  density,  S  is  the  cross-sectional  area,  El  is  the  flexural  stiffness 
of  the  beam,  and  co  is  the  angular  frequency  of  excitation. 

In  the  first  and  second  square  brackets  of  equation  (6),  the  two  last  terms  correspond, 
respectively,  to  the  propagating  waves  (e*/x)  and  near-field  flexural  waves  (e '**/*)  reflected 


Figure  4.  Co-ordinate  system. 


513 


STRUCTURAL  RADIATION  CONTROL 

by  the  clamped  end  discontinuity.  Also  notice  that  the  control  force  creates  two  different 
flexural  waves  on  each  side  of  the  application  point;  a  propagating  flexural  wave  (e*/i-c-*ci) 
and  a  non-propagating  near-field  flexural  wave  (e"*/u~*c|). 

The  piezoelectric  patches  described  previously  were  also  used  as  control  actuators.  These 
can  be  modelled  as  two  out-of-phase  moments  acting  at  each  edge  of  the  piezoelectric 
patch.  The  displacement  of  the  beam  submitted  to  an  incident  wave  of  magnitude  W  and 
one  pair  of  control  moments,  approximating  the  piezoelectric  actuator,  can  be  written  as 

w(x)  =  Wn\t-'*r*  +  i  e*/-'  -  (1  +  i)  t~kfx] 

-r (Mc/4EIkj) [sgn  (.r  -  (cr  +  Ia))(e*/,Jf-<*'+,«)'  - 
—  sgn  (x  —  ac)(eiA-/’*x“lC*  — 

+(-i  e*/^^  -  (1  -  i)  +  i  +  (1  -  i)  c~kf*)  e*/r 

-i-((l  +  i)  -  A )  _  { *■»)  _  (i  +  i)  et kf*  +  j  Q-kr*)  e-*/-r]}  (8) 


where 


sgn  (x  —  ac)  = 


if  x  ^  ac, 
if  x  <  xc, 


(9) 


and  La  is  the  length  of  the  piezoelectric  actuator  (the  piezoelectric  actuator  is  actually 
located  between  x  =  or  and  x  =  xc  -r  La). 


4.2.  RADIATED  PRESSURE  IN  THE  NEAR  FIELD 

In  the  co-ordinate  system  as  shown  in  Figure  4,  the  radiated  acoustic  pressure  is  given 
by  the  so-called  Rayleigh’s  integral  [14] 


p(r,  9,  4>)  = 


2iG)p0i7(x0,y0)g(R)d50, 


(10) 


where  p0  is  the  density  of  the  acoustic  medium,  v(x0,y0)  is  the  out-of-plane  velocity  of  the 
vibrating  surface  i'o,  and  R  is  the  distance  between  the  elementary  source  dS0  and  the 
observation  point.  The  free-space  Green’s  function  is  defined  by 


g(R)  = -e*>*/4nR,  (11) 

where  k0  is  the  wavenumber  in  the  acoustic  medium,  given  as  &q  =  /c0 ,  and  c0 
represents  the  speed  of  sound  in  the  acoustic  medium.  Then,  the  Rayleigh’s  integral  can 
be  rewritten  as 


p(r,9, 0)=  —icopo 


^xi27zR)v(x0,yQ)dS0, 

So 


(12) 


where  R  =  [r*  +  xj  -I-  y\  —  2 r  sin  9(x0  cos  <p  +  y0  sin  0)]1/2. 

It  can  be  noted  that,  since  v(xQ,yQ)  dS0  is  the  volume  velocity  of  an  elementary  area  of 
the  surface  S0,  the  planar  source  located  in  an  infinite  baffle  is  equivalent  to  a  distribution 
of  point  sources. 

In  the  acoustic  field  corresponding  to  radial  locations  of  this  study  (i.e.,  not  completely 
in  the  far  field),  the  integral  in  equation  (12)  has  no  closed  form  solution.  Therefore,  it 
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was  numerically  computed  over  the  surface  S0  of  the  vibrating  beam  located  in  the  anechoic 
chamber,  in  order  to  compare  theoretical  and  experimental  results.  The  surface  SQ  is 
defined  by  0  ^  xQ  lb  and  —  4/ 2  4/2,  where  lb  is  the  length  of  the  baffled  portion 

of  the  beam  and  ly  is  the  beam  width. 

It  is  apparent  that  the  pressure  in  the  near  field  can  also  be  written  as  a  function  of  the 
incident  wave  and  the  control  force  or  control  moment  as 

p(r,  9 ,  (f>)  =  A(r,  9,  (p)lVn  +  B(r,  9,  (13) 

where  the  values  of  A(r,  9,  <fi)  and  5(r,  9,  <p)  can  be  deduced  from  the  previous  equations 
and  are  obtained  by  numerical  integration.  Cc  can  be  either  the  control  force  or  a  pair  of 
control  moments.  (Note  that  the  value  of  the  coefficient  B(R,  9,  </>)  is  different  for  a  control 
force  and  a  pair  of  control  moments.)  The  first  term  in  equation  (13)  is  the  near-field 
pressure  radiated  before  the  control  is  applied  to  the  beam  structure. 


4.3.  OPTIMAL  CONTROL 

For  optimal  control,  the  square  of  the  pressure  modulus  was  minimized  at  the  location 
of  the  microphone,  defined  by  ( rc,9c ,  (j)c).  It  is  given  by 


I P(rc,  9',  d>') |2  =  \A(r,  9',  0OI2I  K\2+  W„A(r',  9C,  <p')B*(r',  9C, 


+  C'B{r',  9',  *(r,  Q\  0  W  +  i  B(r‘,  9',<j>') |-|  Ccp, 


which  is  a  real  quadratic  function  of  the  control  input.  For  a  given  magnitude  of  the 
incident  wave  and  a  given  location  of  the  control  input,  this  quadratic  function  has  only 
one  minimum  value  associated  with  an  optimal  control  input.  A  general  solution  for  this 
type  of  optimization  problem  has  been  developed  by  Nelson  et  al.  [15]  which  is,  in  this 
particular  case,  given  by 


.  AW.Wir'.B',*')  rf. 


The  value  of  the  optimal  control  input  is  then  substituted  back  into  the  displacement  and 
near-field  pressure  equations  in  order  to  find  the  different  fields  with  control. 


4.4.  WAVENUMBER  SPECTRUM 

The  far-field  radiated  pressure  has  been  shown  in  reference  [11]  to  be  proportional 
to  the  wavenumber  spectrum  of  the  beam  velocity  in  the  supersonic  region.  As  the 
experiments  were  performed  at  locations  which  did  not  fulfil  far-field  radiation  conditions, 
it  is  instructive  to  use  the  beam-measured  wavenumber  spectrum  to  predict  and  study 
actual  far-field  radiation  without  and  with  control.  This  technique  overcomes  the  physical 
limitations  of  the  anechoic  chamber  used  in  this  set  of  experiments. 

As  explained  in  reference  [11],  the  one-dimensional  wavenumber  spectrum  v{kx)  is 
related  to  the  far-field  pressure  radiated  in  the  x-z  plane  and  is  defined  by 

v(kx)  =  J  —  icuw(x)e~ii,-tdx.  (16) 

Using  the  expression  developed  by  Keltie  [16]  from  the  distribution  theory 


e““  dx  =  k5(u)  -I-  i/u. 


(17) 
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the  spectral  response  of  the  system  with  control  forces  is 


v(kx)  38  —icoWJ  x5(—kx  —  k. •)  —  - - —  +  \x5{kf—  kx)  — 

1  Kx  +  */ 


k/~kx 


-  (i  +  \)-d(\kf- kx) 


,  (1-0 
ik,-  —  k. 


' 4£/fc; L1  VP+k/j  i(kf-kx)  +  6  ~ ^  “ 


(^.r  +  \kf) 


“  +  i  (iAy  -  A:,)  +  (i  e*'*  -  (1  4-  i)  e'W  *<5  (Ay-  kx)  +  — 4 


(i  kf-kx) 

( —  ( 1  -hi)  e*/*  +  e  “*/  */jr<5  (iAy  -  kx ) 


k;~kJ 


. V . . 

and  the  spectral  response  of  the  system  with  piezoelectric  actuator  control  is 


*(**)  =  -i(oWn  xS(—kx  —  Ay)  —  — -  ■  4-  ijr<5  (Ay  -  Ay.)  —  - — 


(i  -r  \)tz5 (\kf  —  kx) 


(1-0 
iAy  —  Ay 


—icoMc f  e-iM*c+4> 


+  4EIkj  [_  1  Ay  -r  kf 


+  1  ~k--kx  +  ^“^^'(Ay-Ay) 


-iMai-4)  _  Q-ty*'- L?)  ~-ik.(*c+L') 


kf-'\kx 


iAy  +  Ay- 


—  eM**  “  45  ^<5  (iAy—  kx ) 


Q  -  i*r  ^  _  gifcrs*  g  —  i£r  2* 


Q-\kx*  _ 

- 1 - it - +  iz>  — T  +  &*x5  (iAy  —  Ay)  +  (-i  e*/<*e+i»  -  (1  -  i)  e’^+4) 


kf—  iAy  iAy  +  Ay 


+  ie"t/*'  +  (l  -i)e  V*)^7t<5  (Ay  —  Ay)  +  —  ■—  ^  +  (( 1  +  i)  _  j  e 4) 

“  (1  +  0  eUr/3C  +  i  e-^*')^? (iAy  —  kx)  +  •  (19) 

The  wavenumber  spectrum  is  usually  divided  in  two  regions;  the  supersonic  region 
defined  by  kx  ^  Ay,  and  the  subsonic  region  defined  by  kx  >  k0 .  As  explained  in  reference 
[11],  only  the  supersonic  region  of  the  wavenumber  spectrum  of  the  beam  velocity 
contributes  to  the  far-fieid  radiated  pressure.  Since  the  flexural  waves  travelling  along  the 
beam  are  assumed  to  be  subsonic,  i.e.,  kf>k0,  the  Dirac  delta  functions  associated  with 
them  do  not  contribute  to  the  far-fieid  radiated  pressure.  Consequently,  the  far-field 
radiated  pressure  is  due  to  the  flexural  near-field  components  and  also  to  the  distributed 
spectra  associated  with  the  one-sided  propagating  waves.  It  can  be  noted  that  the  shape 
of  the  wavenumber  spectrum  in  the  supersonic  region  describes  the  far-field  radiation 
pattern  of  the  source  under  study. 
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4.5.  BEAM  DISPLACEMENT  FROM  ACCELEROMETER  DATA 
The  acceleration  data  are  used  to  decompose  the  unknown  complex  amplitude  in  an 
assumed  displacement  equation  by  means  of  a  least  mean  square  regression  method. 

The  assumed  equation  for  the  beam  with  point  force  control  (approximates  a  shaker) 
is 


wa(x)  =  A  e-^'r  4-  B  Q-ty*-*'  +  C  qW*-*'  +  D  Q~kr *  +  £  e*/-r,  (20) 

which  is  a  reduced  form  of  equation  (6). 

For  the  beam  with  a  piezoelectric  actuator,  the  assumed  equation  is 

wa(x)  =  A  e-Ur/r+ £[sgn (,r  —(a c  +  La))  —  sgn  (x  —  af)e*fc/|-'_r:':] 

4-C[sgn  (x  —  (ac  4-  La ))  —  sgn  (.t  —  ac)  e-*/1*-^] 

4 +  "(21) 


which  is  a  reduced  form  of  equation  (8). 

In  order  to  find  the  unknown  complex  amplitudes  for  the  assumed  displacement 
equation,  a  set  of  dependent  equations  has  to  be  solved.  Since  ten  accelerometers  are  used 
and  only  three  (in  the  situation  without  control)  or  five  (in  the  situation  with  control) 
complex  amplitudes  have  to  be  calculated,  the  system  of  equations  is  overdetermined. 
Therefore,  a  least  mean  square  regression  method  is  used  to  decompose  these  complex 
amplitudes.  With  ten  data  points,  up  to  ten  equations  could  be  obtained  (one  for  each  data 
point).  The  method  of  least  mean  square,  as  described  by  Draper  and  Smith  [17],  is  derived 
as  follows. 

We  define 


Y  = 


l  (*1  ) 


(22) 


where  z,(x,)  is  the  displacement  measured  at  xt  and  n  is  the  number  of  data  points  (ten 
in  this  case), 


Lr:  **  rm  x* 


(23) 


where,  for  the  control  force  case. 


XI  =  t 


-ik  f 


Xb,=Q-kAx<~*\  X\  =  e*/|x-  — 


r?  =  e X]  =  e*fx 


(24a-e) 


for  the  piezoelectric  actuator  case, 


X f  =  e-^' 


Xb  =  sgn  (x,  -  (af  +  La))  ~^+L^-sgn  (x,  -ctc)  q^~*\ 
XI  =  sgn  (Xj  -  (zc  +  La))  Q-tyx< -  sgn  (x,  -  ac)  t~tyx> 


Xf  =  Q~ty\ 


X ;  =  e*/% 


(25a-e) 
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and 


A 


D 

E 


(26) 


The  set  of  n  linear  equations  can  then  be  written  in  matrix  form  as 


XU  =  Y.  (27) 

Pre-multiplying  each  side  by  XT,  the  least  mean  square  equation  is  then  given  by 

XTXU  =  XTY.  (28) 

The  unknown  vector  of  complex  amplitudes  U  can  be  then  determined: 

U  =  (XTX)-'XTY.  (29) 

It  is  now  possible  to  decompose  the  beam  displacement  from  the  experimental  data  of  the 
accelerometer  array  into  travelling  and  near-held  structural  waves.  The  previous  derivation 
was  done  for  the  case  where  five  coefficients  have  to  be  determined.  For  the  uncontrolled 
case,  only  three  coefficients  have  to  be  calculated,  as  B  and  C  are  set  to  zero  in  equations 
(20)  and  (21).  The  derivation  is  similar,  except  that  the  rectangular  matrix  M  has  only  three 
columns  and  the  vector  U  three  rows. 

^  It  should  be  noted  that  the  theoretical  model  developed  uses  the  value  of  the  coefficient 
A,  determined  as  previously  described  from  the  uncontrolled  experimental  case,  as  the 
value  for  the  magnitude  Wn  of  the  incident  propagating  wave. 

4.6.  WAVENUMBER  SPECTRUM  FROM  ACCELEROMETER  DATA 

Now  that  the  complex  coefficients  of  the  assumed  displacement  equations  are  known 
(equations  (20)  and  (21))  the  wavenumber  spectrum  of  the  beam  velocity  can  be  calculated. 
The  same  approach  used  to  obtain  the  theoretical  wavenumber  spectrum  (equations  (16) 
and  (17))  can  be  utilized.  Therefore,  the  wavenumber  spectrum  of  the  system  with  point 
force  control  is 

=  -i  co  A 


*5(-kx-kf)- 


kx  +  kf 


icoB 


—  i  coC 


i  coD 


—  i  coE 


i(kx  +  kf)  i(kf 

i 


-j^  +  e  *f*ic5  (kf-kx) 


kx )  +  r 


i kf-kx 


n5(kf-kx)  + 


kf~kx  j 


(30) 
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and  the  wavenumber  spectrum  of  the  system  with  piezoelectric  actuator  control  is 

i 


?a(kx)  =  -i  co  A 
—  i  oB 


K8{-ks-kA~- 


k.t  +  kfj 
g  -  i*T  (*’  +•  La  )  _  +  ^ 


—  1 


e-LfcT(2<'  +  43) 


kx  +  kf 


-r  1 


kf  kx 


-r  e  “ ~  L-  hd (kf  —  kx)  -f  i  ■ 


-•***'  —  e*/- 
kx  -r  kf 


—  L 


kf-kx 


_  e  -  (fc  —  kx ) 


—  icoC 


e-i*t(a<-  -rLa)  _  Q-kf(^  +  La)  e  -  ixx  (r--  -  La  ) 
- +  ■ 


+  eA’‘t”  ~ L(-  7t<5  (i kf  -kx)-r 
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5.  RESULTS 

5.1.  FREQUENCY  OF  EXCITATION  510  HZ 

For  the  first  case  considered  here,  the  beam  system  is  excited  at  a  frequency  of 
510  Hz.  The  error  microphone  is  located  at  a  position  identical  to  position  4  on  the  axial 
microphone  array  (see  Figure  3(a)  and  Table  2)  and  the  control  actuator  is  a  shaker  located 
at  3-8  cm  from  the  clamped  end  of  the  beam,  as  shown  on  Figure  2(a). 

The  experimentally  measured  acoustic  field  without  and  with  control  in  the  axial  and 
perpendicular  position  is  shown  in  Figure  5.  It  can  be  noticed  that  the  radiation  from  the 
beam  system  without  control  is  related  to  a  monopole  radiation  structural  motion,  mainly 
due  to  the  back  reaction  force  applied  by  the  constraint.  When  control  is  invoked,  an 
attenuation  of  36  dB  at  the  error  microphone  is  achieved.  Although  the  rest  of  the  acoustic 
field  does  not  experience  such  dramatic  attenuation,  sound  pressure  levels  are  globally 
attenuated.  This  implies  that  controlling  the  acoustic  field  at  one  point  is  not  at  the  expense 
of  increasing  levels  elsewhere  in  the  acoustic  field. 

The  theoretically  predicted  acoustic  field  for  the  same  situation  and  co-ordinates  is 
presented  in  Figure  6.  These  values  are  calculated  assuming  the  same  parameters  that 
were  used  in  the  experimental  set-up.  First,  the  complex  amplitude  of  the  incident 
propagating  wave  is  determined  from  the  displacement  experimental  data  without  control. 
Then,  this  actual  value  is  used  in  the  theoretical  model.  The  sound  pressure  levels  are 
computed  at  the  same  locations  as  the  experimental  microphone  array  in  the  axial  and 
perpendicular  positions.  Before  the  control  is  applied,  the  results  agree  very  well  with  those 
obtained  experimentally.  The  analytical  sound  pressure  levels  were  expected  to  be  higher 
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Figure  7.  Beam  displacement  at  510  Hz:  (a)  theoretical;  (b)  experimental.  - ,  Without  control;  — ,  with 

control  shaker,  •,  point  experimental  data  without  control;  *,  point  experimental  data  with  control. 


than  the  experimental  ones  due  to  the  fact  that  the  baffle  is  not  infinite  and  perfect  in  the 
experiments,  allowing  some  of  the  air  near  the  surface  of  the  beam  to  move  back  and  forth 
across  it.  However,  the  theoretical  model  showed  that  the  pressure  levels  were  dependent 
on  the  beam  length  considered  to  be  located  inside  the  anechoic  chamber.  This  length  was 
difficult  to  determine  due  to  the  attenuation  duct,  used  to  minimized  the  noise  produced 
by  the  input  shaker  outside  the  anechoic  chamber,  and  to  the  absorbing  elements  of 
the  anechoic  chamber.  The  length  was  assumed  to  be  equal  to  the  length  of  the  baffle 
surrounding  the  beam  (in  the  x -direction),  which  was  2  m  (4  =  2  m).  When  the  control  is 
applied,  theory  predicts  a  large  attenuation  at  the  error  microphone  and  slight  attenuation 
throughout  the  rest  of  the  acoustic  field.  The  most  noticeable  difference  between  analytical 
and  experimental  results  is  that  theory  predicts  an  extremely  low  pressure  level  at  the  error 
microphone  location  while,  experimentally,  the  sound  pressure  level  was  about  17  dB.  This 
is  due  to  the  noise  floor  associated  with  the  error  microphone  used  in  the  experiments, 
which  is  about  15-18  dB. 

The  theoretical  and  experimental  beam  displacements  for  the  510  Hz  case  are  shown  in 
Figure  7.  The  experimental  waves  are  a  result  of  determining  wave  amplitudes  from  the 
wave  decomposition  and  then  calculating  the  overall  beam  vibration  using  equation  (20). 
The  actual  point  measurement  values  are  also  included  for  comparison.  The  theoretical 
and  experimental  results  do  not  agree  as  well  for  the  displacement  as  for  the  acoustic 
field  results.  Although  the  general  shape  of  the  standing  waves  both  with  and  without 
control  are  similar,  theory  predicts  decreasing  vibrational  amplitudes  with  control,  while 
experimental  results  show  the  opposite.  This  is  probably  due  to  two  factors.  First  of 
all,  the  clamped  end  condition  used  in  the  experiments  is  assumed  to  be  perfect  in  the 
theoretical  analysis.  Although  the  clamped  edge  showed  good  characteristics,  it  was  by  no 
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Figure  8.  Wavenumber  spectrum  at  510  Hz:  (a)  theoretical;  (b)  experimental. - ,  Without  control;  — ,  with 

control  shaker. 


means  perfect.  Note  that,  in  the  case  without  control,  the  ratio  A  IE  provides  information 
about  the  performance  of  the  clamped  edge.  For  a  perfect  clamped  boundary  condition, 
this  ratio  magnitude  is  equal  to  unity.  In  the  experiments,  the  ratio  was  found  to  be  greater 
than  0-9  in  magnitude.  Second,  when  the  control  actuator  was  turned  on,  the  input 
impedance  seen  by  the  input  shaker  changed,  which  caused  the  amplitude  of  the  incident 
wave  to  change  (i.e.,  the  disturbance  source  is  not  of  infinite  input  impedance  and  A  is 
not  the  same  before  and  after  control).  In  this  particular  case,  the  magnitude  of  A  was 
found  to  be  increased  by  about  10%  under  control.  In  the  theoretical  analysis,  it  is 
assumed  that  the  incident  wave  amplitude  is  the  same  with  and  without  control.  However, 
it  should  also  be  noted  that  both  theory  and  experiments  demonstrate  that  the  most 
important  changes  in  the  beam  vibrational  displacement  under  control  are  localized 
close  to  the  clamped  edge  discontinuity.  Thus,  it  is  apparent  that  the  control  is  effective 
in  reducing  sound  radiation  by  modifying  the  scattered  wave  motion  near  the  discon¬ 
tinuity.  This  control  mechanism  was  also  theoretically  shown  by  Guigou  and  Fuller  in 
reference  [11]. 

The  wavenumber  spectrum  of  each  spectural  displacement  function,  shown  in  Figure  7, 
is  shown  in  Figure  8.  Even  though  the  theoretical  and  experimental  displacements  do  not 
agree  well,  the  resulting  wavenumber  spectra  do  in  the  range  presented  in  Figure  8.  That 
means  that  theoretical  and  experimental  results  agree  well  on  the  wavenumbers  compo¬ 
sition  of  the  structure  motion.  The  errors  in  actual  displacement  are,  thus,  associated  with 
large  axial  wavenumbers  which  are  not  important  in  terms  of  radiation.  It  was  shown  in 
reference  [1 1]  that  the  far-field  acoustic  pressure  is  a  function  of  the  wavenumber  spectrum 
in  the  supersonic  region.  Without  control,  both  spectra  are  almost  constant  in  magnitude 
in  the  supersonic  region.  This  is  related  to  a  monopole  radiation  pattern  in  the  far  field. 
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Figure  9.  Experimental  pressure  directivity  at  320  Hz:  (a)  axial  array;  (b)  perpendicular  array. - ,  Without 

control;  — ,  with  piezoelectric  actuator. 


When  the  control  is  applied,  the  theoretical  model  predicts  larger  attenuation  in  the 
supersonic  region  than  the  experiments.  However,  the  theoretical  and  experimental  spectra 
are  at  a  minimum  in  the  wavenumber  region  directly  corresponding  to  the  directions  close 
to  the  direction  defined  by  the  error  microphone  (9C  =  38-6°  and  0C  =  O°  correspond  to 
kcx-5- 8  m"1,  see  reference  [1 1]).  Therefore,  while  applying  control  to  the  acoustic  field  of 
this  experiment,  the  supersonic  wavenumber  components  are  attenuated.  This  implies  that 
the  acoustic  far-field  radiation  is  attenuated  as  well.  Considering  the  method  of  obtaining 
the  beam  response,  these  results  are  considered  to  be  very  good. 

5.2.  FREQUENCY  OF  EXCITATION  320  HZ 

For  the  second  case,  the  beam  system  is  excited  at  320  Hz.  The  error  microphone  is 
located  at  the  same  position  as  in  the  first  case.  The  control  actuator  is  a  piezoelectric 
actuator  located  at  1-9  cm  from  the  clamped  end  and  3*8  cm  long  (see  Figure  2(b)). 

The  acoustic  field  for  the  experimental  case  without  and  with  control  is  shown  in 
Figure  9  for  the  axial  and  perpendicular  array  positions.  When  no  control  is  applied, 
the  sound  radiation  again  has  a  monopole  radiation  pattern,  as  expected,  since  the 
clamp  exerts  a  reaction  force  component  on  the  beam  which  will  lead  to  monopole 
radiation.  When  the  control  is  activated,  an  attenuation  of  32  dB  is  obtained  at  the 
error  microphone,  while  the  rest  of  the  acoustic  field  is  again  globally  attenuated. 
Thus,  as  in  the  previous  case,  the  control  of  the  acoustic  field  at  the  error  microphone 
leads  to  a  reasonable  decrease  in  the  pressure  levels  in  both  axial  and  perpendicular 
directions. 

The  analytical  acoustic  field  for  the  same  situation  is  shown  in  Figure  10.  Before  the 
control  is  applied,  the  predicted  results  agree  well  with  those  obtained  experimentally. 
When  the  control  is  invoked,  large  attenuation  is  achieved  at  the  microphone  location. 
A  slight  increase  of  the  pressure  level  can  be  observed  for  the  microphone  located  at 
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Figure  10.  Theoretical  pressure  directivity  at  320  Hz:  (a)  axial  array;  (b)  perpendicular  array. - ,  Without 

control;  — ,  with  piezoelectric  actuator. 


position  2  on  the  axial  array.  Elsewhere  in  the  acoustic  field,  the  sound  pressure  levels  are 
attenuated. 

The  theoretical  and  experimental  displacement  amplitudes  without  and  with  control  are 
shown  in  Figure  11.  While  the  two  agree  fairly  well  without  control,  they  do  not  agree 


Figure  11.  Beam  displacement  at  320  Hz:  (a)  theoretical;  (b)  experimental. - ,  Without  control;  — ,  with 

piezoelectric  actuator;  #,  point  experimental  data  without  control;  *,  point  experimental  data  with  control. 
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well  with  control.  This  is  especially  evident  for  positions  close  to  the  clamped  end  of  the 
beam.  This  may  be  due,  as  mentioned  previously,  to  the  fact  that  the  experimental  clamped 
end  is  not  perfect  and  that  the  piezoelectric  actuator,  when  the  control  is  invoked,  causes 
a  back  reaction,  changing  the  amplitude  of  the  incident  wave.  Note  that,  in  this  case, 
the  magnitude  of  A  was  also  found  to  be  increased  by  around  10%  under  control. 
The  accuracy  of  the  decomposition  method,  used  for  the  experimental  results,  may  also 
have  caused  these  differences,  as  the  method  is  sensitive  to  the  phase  and  amplitude  from 
the  accelerometer  signals  and  the  position  of  these  accelerometers.  Also,  the  theoretical 
model  makes  the  assumption  that  the  piezoelectric  patches  are  perfectly  bonded  on 
the  beam  (a  thin  and  constant  layer  of  glue),  which  may  not  have  been  the  case  in  the 
experiments.  However,  as  in  the  previous  case,  the  most  important  changes  in  beam 
displacement  can  be  observed  for  both  results,  under  control  close  to  the  clamped  edge 
discontinuity. 

The  resulting  theoretical  and  experimental  wavenumber  spectra  are  shown  on  Figure  12. 
Both  agree  very  well  for  the  case  without  control,  predicting  a  monopole  radiation  pattern 
in  the  far  field  (as  the  spectra  are  almost  constant  in  the  supersonic  region).  When  the 
control  is  applied,  the  theoretical  model  predicts  a  minimum  of  radiation  in  the  directions 
close  to  the  direction  defined  by  the  error  microphone  (as  observed  in  the  previous  case 
with  the  control  shaker).  For  the  experimental  case  under  control,  the  dip  in  the  spectrum 
occurs  outside  the  supersonic  region.  This  may  be  due  to  some  measurement  errors  for 
the  accelerometer  array,  which  could  also  explain  the  differences  in  the  two  displacements 
with  control,  as  observed  previously  in  Figure  1 1 .  However,  these  results  also  demonstrate 
that  controlling  the  pressure  level  at  one  point  in  the  acoustic  field  of  these  experiments 


Figure  12.  Wavenumber  spectrum  at  320  Hz:  (a)  theoretical;  (b)  experimental. - ,  Without  control;  — ,  with 

piezoelectric  actuator. 
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(i.e.,  not  completely  in  the  far  field)  results  in  attenuation  in  the  acoustic  far  field,  as  all 
the  supersonic  wavenumber  components  are  reduced. 


6.  CONCLUSIONS 

Active  control  of  acoustic  radiation  due  to  subsonic  flexural  waves  on  a  “semi-infinite” 
beam  with  a  clamped  end  has  been  experimentally  and  analytically  studied.  A  control 
shaker  and  a  piezoelectric  actuator  located  near  the  discontinuity  have  been  shown  to 
be  effective  in  actively  modifying  the  vibration  response  of  the  system,  in  order  to 
obtain  large  pressure  attenuation  at  the  error  microphone  along  with  a  global  decrease 
of  the  pressure  levels  in  the  acoustic  field  in  both  axial  and  perpendicular  directions. 
The  attenuation  of  the  radiated  acoustic  field  was  not  related  to  a  decrease  in  amplitude 
of  the  global  vibrational  response  of  the  system.  However,  it  was  demonstrated  that 
control  reduced  and  changed  the  beam  vibration  distribution  close  to  the  clamped  edge 
discontinuity,  i.e.,  control  was  effective  in  modifying  scattered  wave  motion  near  the 
discontinuity.  This  can  also  be  interpreted  as  changing  the  one-sided  window  of  the  beam 
response  from  a  sharp  rectangular  to  closer  to  a  smoother  exponential,  which  is  known 
to  have  fewer  associated  supersonic  wavenumber  components.  It  was  also  inferred  from 
the  wavenumber  spectra  of  the  beam  vibrational  responses  that,  while  controlling 
the  pressure  level  at  one  point  (microphone  location)  in  the  acoustic  field  of  these 
experiments,  the  acoustic  far-field  radiation  was  also  attenuated.  When  control  was 
applied,  this  was  demonstrated  by  an  observed  decrease  of  the  wavenumber  spectrum  in 
the  supersonic  region. 
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Adaptive  feedforward  control  algorithms  have  been  effectively  applied  to  stationary 
disturbance  rejection.  For  structural  systems,  the  ideal  feedforward  compensator  is  a 
recursive  filter  which  is  a  lunction  of  the  transfer  functions  between  the  disturbance  and 
control  inputs  and  the  error  sensor  output.  Unfortunateiv.  most  control  configurations 
result  in  a  non-minimum  phase  control  path:  even  a  collocated  control  actuator  and  error 
sensor  will  not  necessarily' produce  a  minimum  phase  control  path  in  the  discrete  domain. 

eretore.  the  common  practice  is  to  choose  a  suitable  approximation  of  the  ideal 
compensator.  In  particular,  all-zero  finite  impulse  response  (FIR)  filters  are  desirable 
because  of  their  inherent  stability  for  adaptive  control  approaches.  However  for  hi«hlv 
resonant  systems,  large  order  filters  are  required  for  broadband  applications.  In  this  work, 
a  control  configuration  is  investigated  for  controlling  non-minimum  phase  liehtlv  damped 
structural  systems.  The  control  approach  uses  low  order  FIR  filters  as”  feedforward 
compensators  in  a  configuration  that  has  one  more  control  actuator  than  error  sensors.  The 
performance  ot  the  controller  was  experimentally  evaluated  on  a  simply  supported  plate 
under  white  noise  excitation  for  a  two-input,  one-output  (2110)  svstem.  The  results  show 
excellent  error  signal  reduction,  attesting  to  the  effectiveness  of  the  method. 


1.  INTRODUCTION 

The  past  decade  has  seen  many  advancements  in  the  active  control  of  sound  and  vibration. 
Feedback  control  algorithms  have  proven  useful  in  achieving  narrowband  or  wide-band 
disturbance  rejection  for  both  sound  and  vibration  [1-4].  They  work  by  modelling  the 
unwanted  persistent  signal  and  feeding  it  back,  through  a  gain  matrix  and  into  the  system 
to  cancel  it.  Additional  benefits  are  obtained  by  augmenting  the  system  natural  properties. 
If-  damPing  be  increased  to  minimize  the  "ring"  time  caused  by  transient  excitations' 
More  recently,  feedforward  control  methods  have  also  been  successfully  applied  to 
stationary  disturbance  rejection.  One  and  three-dimensional  acoustic  fields  have  been 
controlled,  whereby  an  undelayed  reference  signal  coherent  to  the  disturbance  signal  is 
used  to  create  "antinoise’  to  cancel  the  primary  disturbance  through  superposition  [5-1 11. 
Feedforward  control  of  structurally  radiated  noise  has  been  demonstrated  through 
vibrational  inputs  and  showed  that  decreasing  the  sound  radiation  does  not  necessarily 
correspond  to  a  reduction  of  the  vibration  energy  [12].  Feedforward  vibration  control  has 
aiso  been  used  in  finite  and  infinite  structures  under  harmonic  and  broadband  excitations 

Because  of  their  inherent  stability,  adaptive  finite  impulse  response  (FIR)  or  all-zero 
filters  as  compensators  are  extensively  employed  in  adaptive  feedforward  control.  Control 
of  a  harmonic  signal  can  be  achieved  by  an  FIR  filter  having  only  two  coefficients.  The 
two  coefficients  provide  a  frequency  response  which  matches  the  optimal  solution  in  phase 
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and  magnitude  at  that  particular  excitation  frequency.  Additional  filter  coefficients  can  be 
added  at  the  rate  of  two  per  frequency  to  control  multiple  sinusoids.  Relatively  small  size 
FIR  filters  work  well  for  broadband  applications  where  the  controlled  plant  has  an 
approximately  linear-phase  transfer  function  [18].  such  as  damped  three-dimensional 
acoustic  rooms,  long  ducts  and  infinite  beams,  which  can  all  be  essentiallv  modelled  as  a 
pure  delay.  Large  FIR  filters  give  acceptable  results  for  broadband  control  of  finite 
structures.  Vipperman  et  al.  [17]  used  a  combination  of  adaptive  FIR  and  fixed  HR  filters 
for  the  compensator  and  system  identification,  respectively,  for  controlling  the  broadband 
vibration  of  beams.  However,  some  applications  have  proven  better  suited  for  the  use  of 
adaptive  infinite  impulse  response  (HR)  filters  [20-22],  These  filters  have  both  poles  and 
zeros,  and  thus  it  is  much  easier  to  shape  the  frequency  response  using  an  HR  filter 
Eriksson  discussed  a  technique  of  removing  feedback  from  systems  which  obtain  the 
reference  signal  directly  from  the  plant  by  using  HR  filters  that  are  adapted  bv  a  variation 
of  the  recursive  least-mean-square  (RLMS)  algorithm  [23], 

Perfect  feedforward  broadband  cancellation  in  structural  systems  is  typically  not 
possible  because  the  ideal  compensators  are  non-realizable  HR  filters.  This  problem  is  due 
to  the  fact  that  in  most  control  configurations  the  control  path  transfer  functions  have 
non-minimum  phase,  and  thus  the  optimal  control  solution  will  consequently  have 
unstables  poles.  Furthermore,  adapting  IIR  filters  has  proven  difficult  for  a  number  of 
reasons.  Typically,  the  stability  of  the  filter  must  be  checked  and  preserved  during  the 
adaptation  process.  This  task  is  easier  if  the  filter  is  in  a  cascade  structure  [20].  In  addition, 
gradient  search  methods  prove  difficult  because  error  surfaces  associated  to  IIR  filters 
are  non-quadratic  and  may  have  many  local  minima  [19-22.23].  An  equation  error 
minimization  technique  will  rectify  this  problem,  usually  at  the  expense  of  biasina  the 
solution  [33], 

Recently,  a  method  for  determining  the  inverse  of  reverberant  room  acoustics  as  well 
as  for  controlling  noise  in  them  was  presented  by  Miyoshi  et  al.  [24-26],  In  this  technique, 
denoted  as  the  multiple  input/output  inverse  filter  theorem  (MINT),  the  exact  system 
inverse  at  M  locations  can  be  achieved  by  using  M  +  1  FIR  filters.  Since  feedforward 
control  inherently  contains  an  inverse  modelling  element,  the  MINT  theory  could  prove 
valuable  when  applied  in  this  context.  Thus,  MINT  filter  theory  offers  a  possible  solution 
to  the  above  problems  previously  associated  with  feedforward  control,  by  simply  using 
M  +  \  FIR  compensators  to  cancel  the  response  of  a  structural  system  at  M  points 
In  this  paper,  a  two-input,  one-output  (2110)  MINT  control  system  is  developed  to 
experimentally  investigate  the  potential  of  the  approach  in  attenuating  structural 
vibrations.  The  testbed  consists  of  a  simply  supported  steel  plate  excited  with  band-limited 
white  noise.  Performance  of  a  2110  MINT  control  system  is  compared  to  that  of  the 
conventional  single-input,  single-output  (SISO)  controllers  while  keeping  the  total  number 

of  adaptive  coefficients  the  same.  The  results  show  excelled  performance  of  the  MINT 
controller. 


2.  THEORY 

For  simplicity,  a  2110  MINT  control  system  is  considered,  as  shown  in  Fieure  1. 
Here,  the  two  compensators  are  represented  by  (-)  and  W2(z).  The  plant  dynamics 
between  the  inputs  (disturbance  and  actuators)  and  the  error  sensor  are  represented  by  the 
discrete  transfer  functions  T+(z),  Tcle(z)  and  TA(z),  where  the  subscripts  de  represents 
the  disturbance  error  path,  c  le  represents  the  control  1  error  path,  and  c2c  represents  the 
control  2  error  path.  It  is  assumed  that  an  undelayed,  coherent  reference  signal  can  be 
obtained  by  directly  tapping  the  disturbance  input  signal,  xk. 
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Figure  1.  A  block  diagram  of  a  2IIO  MINT  feedforward  control  system. 


For  a  lightly  damped  linear  structure,  the  displacement  transfer  functions  will  take  the 
form 


TdA-)  = 


D(z) 


Tt,A=)  = 


C,(r) 


FI  = 


C,(z) 


(la-c) 


l-A(=)-  —  1  -A(zY  —  1  —  A(z) 

where  the  roots  of  the  polynomial  (1  -zf(z))  are  the  poles  of  the  system.  This  polynomial 
is  the  same  for  any  transfer  path  in  a  structural  system  [27],  since  the  poles  represent  global 
system  properties.  The  roots  of  the  polynomials  in  the  numerators  are  the  zeros  and  they 
are  unique  to  each  transfer  path.  The  order  of  the  polynomial  (1  -A(z))  is  27V,  where  TV 
is  the  number  of  modes  in  the  structure.  On  the  other  hand,  the  order  of  D(z),  C,(-)  and 
C2(r)  is  generally  2(7V  -  2)  for  a  displacement  transfer  function  and  27V  for  an  accelerance 
transfer  function.  From  Figure  1,  the  response  of  the  system,  <?,,  can  be  written  in  terms 
of  the  plant  transfer  functions  and  input  sequence  xk  as 


ek  =  Z~l[(TJe(z)+  WAz)Ti[e{=)+  WAz)TllA--))X(z)l  (2) 

where  H-j(r)  and  W2(z)  are  the  control  compensators  and  Z  x  denotes  the  inverse 
Z-transform.  In  feedforward  control  the  objective  is  to  drive  the  plant  output  ek  to  zero, 
thus  achieving  perfect  disturbance  rejection.  From  inspection  of  equation  (2)  the  optimum 
compensators  Wf(z)  and  W*(z)  will  have  to  satisfy 


?*(=)+  W*{=)Tcit{z)  +  W*_(z)T(lc{z)  =  0.  (3) 

Substituting  equations  (1)  into  equation  (3)  and  multiplying  by  1  —  A(z)  yields 

-D(z)=  W*(z)C j(z)  +  W*_{z)C2{z).  (4) 

The  order  of  the  compensators  as  well  as  the  coefficients  of  IV* ( z)  and  IVf(z)  should 
be  selected  such  that  equation  (4)  is  satisfied.  To  this  end,  it  is  convenient  to  first  investigate 
the  case  in  which  W2(z)  =  0,  which  is  the  conventional  SISO  controller  [17],  In  this  case, 
valkl0"6  P°lyn0mia1’  H/>  can  be  man'Pulated  in  order  to  make  the  following  equation 

W/j(z)Cj(z)  =  -D(z).  (5) 

That  leads  to  the  optimum  compensator  to  become 


C,(z)  ’ 


(6) 
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Note  that  the  compensator  is  modelling  the  disturbance  loop  D(-)  while 

simultaneously  inverse  modelling  the  control  loop.  C,(r).  Implementing  »?<-)  with  a 
finite  impulse  response  (FIR)  filter  would  generally  have  a  remainder  filter  or  polynomial 
R(z)  associated  with  the  polynomial  division  in  equation  (6).  The  exception  is  'the  rare 
case  in  which  DC)  is  proportional  to  (?,(_-).  indicating  a  collocated  or  symmetrical 
spacing  of  the  disturbance  and  control  actuator.  Thus,  the  optimal  solution  for 
fFi(r)  requires  an  HR  filter  with  the  order  and  coefficients  defined  bv  equation  (6) 
However,  the  following  requirements  must  be  met  in  order  to  realize  this'solution  First' 
the  delay  associated  with  DC)  must  be  larger  than  or  equal  to  that  associated  with  C  (.-) 
in  order  for  the  solution  to  be  causal.  Secondly,  the  order  of  the  numerator  and 
denominator  must  be  equal  to  the  order  of  DC)  and  C,(_-).  which  is  defined  bv  the 
truncated  system  model.  Lastly,  and  most  importantly.  C,(r)  must  have  minimum  phase 
such  that  fV,  (r )  as  defined  by  equation  (6)  will  be  stable,  i.e..  the  poles  of  the  compensator 
all  lie  inside  of  the  unit  circle  centered  about  the  origin  of  the  complex  .--plane.  In 
the  continuous  domain,  a  minimum  phase  system  can  be  achieved  bv  collocating  the 
control  actuator  and  error  sensor.  Unlike  poles,  there  is  no  direct  mapping  of  zeros 
from  the  continuous  to  the  discrete  domain,  making  it  difficult  to  guarantee  minimum 
phase  in  discrete  systems.  To  complicate  matters  further,  stable  zero  locations  are 
independent  of  the  sampling  rate  in  the  sense  that  very  fast  sampling  (to  approximate  a 
continuous  system)  will  not  necessarily  produce  a  minimum  phase  discrete  transfer 
function  either.  In  fact,  non-minimum  phase  continuous  systems  can  even  produce  a 
minimum  phase  transfer  function  when  discretized  [28],  Needless  to  say  a  discrete 
minimum  phase  transfer  function  is  extremely  difficult  to  achieve,  in  particular  for 
structural  systems,  and  one  cannot  depend  on  obtaining  one  in  order  to  realize  the  control 
solution  represented  by  equation  (6). 

If  all  of  the  conditions  to  implement  an  IIR  solution  to  the  SISO  control  problem  cannot 
be  met,  the  solution  to  the  rational  expression  in  equation  (6)  can  be  approximated  by  a 
mte,  causal  FIR  filter.  Because  of  their  inherent  stability,  the  use  of  FIR  filters  is  very 
convenient  m  adaptive  control  approaches.  However,  Miyoshi  and  Kaneda  [241  showed 
that  even  a  theoretically  infinite-length  FIR  will  have  a  modelling  error  when  inverting  a 
non-minimum  phase  plant.  This  may  lead  to  poor  error  reduction  even  for  large  filter  sizes, 
hus.  it  will  be ^desirable  to  devise  a  control  configuration  that  makes  use  of  the  simple 
ow  order  FIR  filter  that  still  renders  acceptable  control  performance.  A  control  approach 
that  satisfies  the  above  requirements  is  the  MINT  configuration.  This  control  configuration 
was  first  developed  and  used  by  Miyoshi  et  al.  in  controlling  3-D  acoustic  fields  [74-^61 

x.rxrV15  Cu"Sider  thC  2110  MINT  COntro1  case  of  Fi§ure  F  where  now  W,(z)  #  0  In  We 

i  Snr  C°mplete  cancellation  of  the  error  signal  is  theoretically  possible  using 
simple  FIR  filters  as  6 


/  =  o 


-  - 1 


W2  (: )  =  y  w2/: 
/=  0 


- 1 


m 


if  the  following  conditions  are  met:  (1)  the  two  control  paths  do  not  have  common  zeros: 
(-)  actuators  and  sensors  are  located  to  ensure  a  causal  optimal  solution;  and  (3)  the  order 
of  the  compensator  is  less  than  the  order  of  the  plant  (L  <  2 N). 

The  first  condition  can  be  achieved  by  careful  positioning  of  the  actuators  with 
respect  to  the  error  sensor  such  that  the  modal  control  forces  of  each  actuator  are 
l  eren  hus,  C,(z)  and  C:(r)  will  not  have  common  roots  and  they  are  said  to  be 
re  atively  prime  [29],  To  satisfy  the  third  condition  requires  that  the  physical  dimensions 
e  ween  the  control  actuators  and  the  error  sensor  must  be  less  than  that  between  the 
disturbance  input  and  the  error  sensor.  Further  details  can  be  found  in  the  literature 
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[8.  11.30].  That  the  last  condition  above  is  satisfied  will  be  evident  after  the  following 
discussion. 

The  two  polynomials  H ,  (r )  and  K':(r)  can  now  be  designed  such  that  equation  (4)  is 
true.  By  definition  of  relatively  prime,  there  exist  two  polynomials  and  H\(r)  with 

orders  less  than  that  of  C,(r)  and  C:(r)  that  will  make  equation  (4)  true.  This  solution 
exists  even  if  the  control  paths  are  non-minimum  phase,  i.e..  C,(r)  and  G(r)  have  roots 
outside  the  unit  circle  in  the  r-plane.  Physically,  the  zeros  of  the  control  path  represent 
the  uncontrollable  frequencies  since  the  response  for  an  input  at  that  frequence  will  be 
zero.  These  are  often  referred  to  as  transmission  zeros  for  multi-input,  multi-output 
(MIMO)  systems.  Since  both  control  paths  are  excited  with  the  same  broadband  input 
signal.  xk.  and  since  C,(r)  and  C2{:)  are  relatively  prime,  each  path  is  able  to  compensate 
for  the  uncontrollable  frequencies  that  are  present  in  the  other  path. 

It  is  possible  to  find  a  unique  solution  for  W, (_- )  and  W\(r)  by  setting  up  the  followins 
linear  system  of  equations  as  described  in  reference  [26]: 


[C){ 

“•}  = 

{»}. 

(8) 

where 

{«• 

l  -  rlr 
)  —  \  U  !0'  •  •  • 

•  "li- 

M’:o, 

•  •  •  ■  u':i  }T 
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Gz 

is  the  matrix  based  on  the  coefficients  of  the  control  path  numerators  C,  (-)  and  C\(c),  and 

{d}  =  {d0,d, . dL.  0 . 0}  (11) 

is  based  on  the  disturbance  loop  numerator.  D(:). 

The  linear  system  in  equation  (8)  is  created  by  expandina  the  products  of  the 
polynomials  in  equation  (4)  and  equating  like  powers  of  r. 

It  is  assumed  here  that  equation  (1)  represents  accelerance  transfer  functions  Thus  the 
orders  of  D(z),  C,(r)  and  C2(=)  are  IN.  Note  that  matrix  [C]  is  square  when  the  order 
of  W,(z)  and  W2(: )  are  chosen  to  be  one  less  than  the  order  of  D( r),  L  =  2N  -  1.  thus 
satisfying  condition  (3).  Given  that  all  three  conditions  have  been  met,  then  there  exists 

an  exact  set  of  optimal  filter  weights  to  the  control  problem  given  by  the  solution  of 
equation  (8). 

An  advantage  of  using  the  MINT  control  approach  is  that  there  is  now  a  criterion  for 
selecting  the  length  of  the  adaptive  FIR  filters,  a  parameter  which  has  not  been  extensively 
investigated  in  previous  broadband  feedforward  designs  [31,32],  Usually,  there  is  a 
trade-off  between  accuracy  and  computational  effort.  Since  the  control  is  limited  to  a  finite 
bandwidth,  the  system  models.  Td,{ _-),  7] and  Tl2e(:),  will  be  truncated  as  well,  in 
accordance  with  the  system  order  within  a  specified  bandwidth.  To  yield  an  exact  solution 
of  equation  (4),  the  adaptive  filters  should  then  be  one  tap  smaller  than  the  system  models. 


374 


J.  S.  VIPPERMAN  AND  R.  A.  BURDISSO 

If  the  FIR  filters  have  less  or  more  coefficients,  i.e.  an  under  or  over-determined  system, 
then  a  least-squares  method  will  be  required  to  find  an  approximate  solution.  A  method 

for  finding  the  MINT  solution  on  line  by  means  of  an  adaptive  algorithm  is  described  in 
the  next  section. 


3.  ADAPTIVE  ALGORITHM 

Typically,  the  parameters  of  the  control  compensators.  IT,  (r )  and  IT,  (r ).  are  determined 
by  minimizing  a  quadratic  cost  function.  C.  which  is  the  mean  square  value  of  the  error 
signal,  ek,  as  follows: 


c  =  E[(eJ2].  (12) 

where  E[.]  represents  the  expected  value  operator.  The  optimal  solutions  H'*(r)  and 
W-  (.)  correspond  to  the  point  where  C  is  minimum,  and  they  are  found  usine  an  adaptive 
algorithm.  Such  a  system  has  the  advantage  of  being  able  to  change  with  time  to  varvine 
system  parameters  and  environments. 

The  simplest  method  for  finding  the  optimum  weight  is  the  steepest  descent  method  [33], 
which  has  the  following  weight  update  equation  at  time  k  +  1: 

W„(k  +  I) -W^k) j  =  j,.  /_«. . L.  (]3) 

where  ji  is  the  step  size  and  governs  the  stability  and  rate  of  convergence  of  the 
minimization  process. 

Physically,  equation  (13)  finds  the  optimal  solution  by  marching  down  the  bowl-shaped 
quadratic  cost  function  in  opposite  direction  to  the  gradient  vector  until  finding  the 
minimum  point.  The  gradient  of  the  cost  function  with  respect  to  the  filter  coefficients 
needed  in  equation  (13)  can  be  easily  shown  to  be 

ec id  I V„  =  2 E[ek (xj)t  _ (1 4) 

where  ek  is  the  *th  sample  of  the  error  signal  and  (*,)*  is  the  disturbance  signal  filtered 

by  an  estimate  of  the  transfer  function  between  the  j th  control  input  and  the  error  sensor 
TCjt(z):  that  is, 

(*A  ~  (15) 

The  expected  value  in  equation  (14)  is  further  approximated  with  instantaneous  values 
of  ek  and  xk: 

dC/c Wj 1  ^  2ek (Xj )k_,.  (16) 

Equation  (16)  can  now  be  substituted  into  equation  (13)  to  yield 

I Vn (k  +  D  =  Wn  ( k )  -  2\xek  (xj  )k_„  (17) 

which  is  widely  known  as  the  filtered-x  LMS  equation  (33). 

It  is  clear  from  equation  (15)  that  knowledge  of  the  control  path  transfer  functions  is 
required  before  implementing  the  update  equation  (17).  As  seen  from  equation  (15),  the 
disturbance  sequence,  xk,  will  be  filtered  by  estimates  of  the  transfer  functions,  fi  U.(z)  and 
7;2t,(-)  in  order  to  update  the  compensator  weights.  For  structural  systems,  these  transfer 
functions  are  modelled  with  IIR  filters  [17], 
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Table  I 


Measured  plate  natural  resonant  frequencies 


Resonance  number 

Modal  indices  (tu  m) 

Resonant  frequency  (Hz) 

1 

(i.  i) 

92 

(2.  1) 

189 

3 

(1.2) 

252 

4 

(3.  1) 

338 

5 

(2.  2) 

357 

4.  EXPERIMENTAL  SET-UP 

The  control  algorithm  was  tested  on  a  simply-supported  steel  plate  measuring 
1 1-8  x  15  in  and  0-08  in  in  thickness.  This  two-dimensional  structure  provided  a  stringent 
test  bed  due  to  the  relatively  high  modal  density.  The  first  five  experimentally  measured 
natural  resonant  frequencies  are  listed  in  Table  1. 

The  input  disturbance  was  implemented  with  a  collocated  set  of  piezoelectric  (PZT) 
patches  measuring  38  x  32  x  0'2  mm  and  was  configured  to  produce  a  bending  moment 
input  [34],  The  input  disturbance  signal.  ,v*.  was  a  0-400  Hz  band-limited  white  noise 
signal  generated  by  a  B&K  2032  spectrum  analyzer.  The  disturbance  input  is  labelled  as 
“(PZT)d"  in  the  diagram  of  the  plate  shown  in  Figure  2.  A  B&K  accelerometer  marked 
•‘Accel."  in  Figure  2  was  used  to  measure  the  plate  response,  which  will  be  the  error  signal 
to  be  minimized  by  the  controller.  An  additional  pair  of  bending  moment  inputs,  identical 
to  the  disturbance  actuator,  were  used  to  control  the  plate  response.  These  were  labeled 
as  control  1  and  control  2  and  are  indicated  by  "(PZT),"  and  “(PZT)d’  in  Figure  2. 

Frequency  Devices  9002  elliptic  low-pass  filters  were  used  in  the  set-up.  One  filter 
band-limited  the  input  signal.  xk.  and  had  the  cut-off  frequency  set  to  400  Hz.  A  second 
filter  served  as  an  anti-aliasing  filter  for  the  error  signal,  which  was  set  to  remove  signal 
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Figure  2.  The  arrangement  of  the  plate  sensors  and  actuators.  Dimensions  in  inches. 
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contem  above  the  Nyquist  frequency  of  the  control  system  (800  Hz).  Lastlv.  two  filters 
smoothed  the  higher  harmonics  from  the  control  signal,  which  were  produced  bv  the  zero 
order  hold  from  the  digital  controller.  The  cut-off  frequencies  of  these  filters  were  set  equal 
to  the  Nyquist  frequency  as  well.  H 

The  error  signal  output  of  the  accelerometer  was  conditioned  with  a  B&K.  charge 
amplifier.  Three  channels  of  NAD  2700  power  amplifiers  were  used  to  amplifx  the  signals 
or  the  two  control  actuators  and  disturbance  inputs.  In  addition,  the  output  from  the 
amplifiers  was  sent  through  transformer  with  a  1 : 16  ratio,  in  order  to  boost  the  \oltaue 

TMWnnn  act  ,ualors'  The  contro1  algorithms  were  implemented  on  "a 

TMS3_0C30-based  DSP  board  manufactured  by  Spectrum  Signal  Processing  A  SO '86  pc 

bv  StheSeB&K  °SP  b°ard,  AH  dme  and  frequenc>'  domain  anai-vsis  was  performed 

by  the  B&K  2032  spectrum  analyzer  as  well. 


lai  Liximcai.-u  rKULtUUKt 

Before  implementing  the  control  algorithms,  a  system  identification  of  both  control 
paths  must  be  performed.  IIR  filters  are  required  to  most  efficiently  model  lightly  damned 
structural  systems  [17].  Each  control  actuator  was  driven  with  white  noise  and  ffie 
frequency  response  function  (FRF)  between  the  actuator  and  the  error  sensor  was 

mVFReF07hLParameten^f- ru  IIR  fikerS  Were  estimated  from  the  FRF  using  the  Matlab 
FREQZ.M  routine  [35],  This  routine  performs  a  curve  fit  in  the  frequency  domain  bv 

minim, zing  a  Hankel  norm.  The  coefficients  of  the  IIR  model  are  then  downloaded  to  the 
DSP  prior  to  operating  the  control  system.  A  comparison  of  the  measured  and  modelled 
FRF  s  for  both  of  the  control  channels  is  shown  in  Figures  3  and  4  out  to  the  Nvquist 
requency  of  the  control  system.  The  measured  transfer  functions  are  shown  by  the  solid 
me  while  the  IIR  filter  transfer  functions  are  shown  by  the  dashed  line  Note  that  the 
frequency  response  of  the  filters  matches  the  plant  FRF  both  in  phase  and  magnitude  very 
well,  with  the  exception  of  the  0-20  Hz  range  where  measured  FRF's  are  typically  quite 
noisy.  e  phase  has  been  "unwrapped’'  so  that  the  reader  can  see  that  the  phase  does 
not  remain  within  a  (0.  n)  boundary  (ignoring  the  linear  trend),  and  therefore  control  loops 


Figure  3.  A  comparison  ol  the  measured 
actuator  I  and  the  error  sensor. 


( - )  and  modelled 


( - )  transfer  functions  between  control 
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Frequency  (Hz) 

Figure  4.  Measured  (  )  and  modelled  ( - )  transfer  functions  between  control  actuator  2  and  error  sensor. 


are  indeed  non-minimum  phase  in  the  bandwidth  of  interest  [36].  The  resulting  nearly 
linear,  decreasing  trend  in  the  phase  is  due  to  a  combination  of  the  unit  sample  delay  from 
the  DSP,  the  dispersive  propagation  of  the  flexural  wave  between  the  actuator  and  sensor, 
and  the  phase  of  the  analog  smoothing  filters. 

•  Ti?e  contro1  system  was  operated  in  the  three  separate  configurations  presented 
2'  ^S‘ng  eac^  contro*  actuator  with  the  error  sensor,  two  conventional 
SISO  Filtered-x  LMS  (FXLMS)  controllers  can  be  devised.  The  SISO-1  in  Table  2 
indicates  that  only  the  control  actuator  1  is  used  to  minimize  the  response  of  the 
error  sensor.  Similarly,  SISO-2  indicates  that  only  the  second  control  actuator  is  used 
to  reduce  the  error  signal.  The  last  configuration  corresponds  to  the  2110  MINT 
controller,  in  which  both  control  actuators,  (PZT),  and  (PZT),.  are  used  to  minimize 
the  error  sensor  response.  By  operating  in  these  different  configurations,  the  performance 
ol  the  two  conventional  SISO  FXLMS  control  systems  (SISO-1  and  SISO-2)  was 
compared  to  that  of  the  2110  MINT  control  algorithm.  Several  experiments  were 
performed  using  each  of  the  three  configurations  where  different  sizes  of  the  adaptive 
filter  were  used  and  they  are  again  summarized  in  Table  2.  For  a  valid  comparison 
the  number  of  adaptive  filter  weights  was  the  same  for  all  three  configurations. 
For  example,  if  a  filter  size  of  ten  was  used  for  both  and  Wz{:)  in  the  2110  MINT 

control  configuration,  the  corresponding  FXLMS  conventional  controllers  used  a  filter  size 
of  20. 


Table  2 

Summary  of  all  plate  experiments 


Control 

configuration 

Set-up 

(actuator,  sensor) 

Number  of  adaptive  coefficients 

SISO-1 

SISO-2 

2110  MINT 

PZT, 

PZT, 

PZT,  and  PZT, 

Accel. 

Accel. 

Accel. 

10 

10 

2x5 

20  30  40 

20  30  40 

2x10  2x15  2x  20 

50 

50 

2  x  25 

60 

60 

2  x  30 
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Time  (ms) 


Figure  5.  The  error  signal  (a)  before  and  (b)  after 
configurations  with  50  adaptive  coefficients. 


convergence  of  SISO- 1 :  (c)  SISO-2  and  (d)  MINT  control 


6.  EXPERIMENTAL  RESULTS 

All  controlled  measurements  have  been  obtained  after  convergence  of  the  adaptive 
algorithms  to  the  optimum  weights.  The  time  histories  before  and  after  convergence 
of  the  three  control  configurations  having  50  adaptive  coefficients  are  shown  in 
Figures  5(a)— (d),  which  correspond  to  no  control,  SISO-1,  SISO-2  and  MINT  control 
configurations,  respectively.  It  is  observed  that  the  MINT  arrangement  is  superior  to  both 
SISO  controllers,  achieving  nearly  complete  attenuation  of  the  error  signal.  The  power 
reductions  in  the  error  signals  achieved  in  each  of  the  three  configurations 
(Figures  5(b)— (d)  are  8,  6  and  22  dB.  respectively.  A  reduction  of  15  dB  was  observed 
after  5  s,  but  the  large  filters  were  allowed  to  adapt  for  several  minutes  before  recording 
the  data.  In  Figures  6-8  are  shown  the  averaged  autospectrums  of  the  error  signal 
corresponding  to  the  error  signals  represented  in  Figure  5.  Note  that  for  the  two 
SISO  systems,  the  power  was  reduced  at  the  system  resonances,  but  energy  was  often 
added  between  the  peaks.  In  contrast,  the  MINT  system  provided  a  true  broadband 
reduction  across  the  entire  bandwidth,  with  three  minor  exceptions.  The  increase  in 
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- - 

Figure  6.  The  autospectrum  of  the  error  signal  before  f - )  and  after  i _ i  c  u 

configuration  with  50  adaptive  coefficients.  ^  )nd  after*  )  application  of  the 


SISO-I  control 


energy  below  50  Hz  results  from  the  error  signal  being  below  the  noise  floor  of  the 
isoui  2'b  ,rerS0lutl0n  provides  about  65  dB  of  dynamic  range.  The  increase  at 
is  the^esiflt"3^3  frequenf.y  of  the  (2-  ])  mode  which  was  not  excited  by  the  disturbance 
occLed  a  TSS  H^fforr  Triby  the,Cr°ntro1  inPuts'  Finally<  the  system  zero  thai 
applied  C  WaS  Shlfted  t0  the  riSht  after  the  ^ntrol  system  was 


Figure  7.  The  autospectrum  of  the  error  signal  before  (- 
configuration  with  50  adaptive  coefficients. 


-)  and  after 


-)  application  of  the 


SISO-I  control 


Frequency  (Hz) 

Figure  8.  The  autospectrum  of  the  error  signal  before  (- - )  and  after  (--  -)  application  of  the  MINT  control 

configuration  with  50  adaptive  coefficients. 


The  performance  of  the  controllers  was  next  investigated  as  a  function  of  the  filter 
size.  The  total  power  reduction  of  the  error  signal  as  a  function  of  the  total  number  of 
adaptive  coefficients  shown  in  Figure  9.  The  MINT  controller  obtained  an  additional 
4-14  dB  reduction  as  compared  to  either  SISO  FXLMS  controller  as  the  adaptive  filter 
coefficients  were  increased.  For  60  coefficients  (30  coefficients  in  each  compensator), 
the  MINT  system  reduced  the  measured  plate  acceleration  by  22  dB,  while  the 
SISO  control  configurations  were  limited  to  6  and  8  dB  reductions.  The  peak  in  the 
performance  of  the  MINT  control  system  between  50  (2  x  25)  and  60  (2  x  30)  adaptive 
coefficients  was  expected,  since  within  the  Nyquist  interval  there  are  six  to  eight  plate 
antiresonances  (see  Figures  3  and  4)  and  two  low-pass  filters  (each  with  eight  poles 
and  six  zeros).  Since  each  plate  zero  is  of  second  order  [27],  the  ideal  filter  size  is  expected 
to  be  2x8  +  2x6  =  28  coefficients. 


Total  number  of  compensator  coefficients 

Figure  9.  The  performance  of  the  three  experimental  configurations  MINT  ( - ),  SISO- 1  ).  and  SISO-2 

(  )  for  differing  numbers  of  adaptive  coefficients. 
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7.  CONCLUSIONS 

An  adaptive  implementation  of  the  two-input,  one-output  (2110)  multiple  inverse 
inputoutput  filter  theorem  (MINT)  was  presented  and  then  demonstrated  experimentally 
on  a  non-minimum  phase  structural  system.  The  filtered-x  LMS  (FXLMS)  algorithm 
implemented  on  a  TMS320C30  DSP  was  used  to  find  the  MINT  filter  parameters. 
Experiments  on  a  simply  supported  plate  revealed  that,  for  the  same  number  of  adaptive 
parameters  in  the  control  system,  the  performance  of  the  2110  MINT  configuration  was 
significantly  superior  to  the  SISO  implementations  of  the  FXLMS  algorithm,  with  little 
increase  in  control  system  complexity.  The  best  performance  of  the  MINT  control  system 
was  22  dB  of  power  reduction  as  compared  to  6  and  8  dB  of  reduction  for  SISO  FXLMS 
control  systems.  The  autospectra  of  the  error  signal  before  and  after  control  revealed  that 
MINT  reduces  the  power  across  almost  the  entire  control  bandwidth,  indicating  a  true 
“broadband”  control.  In  contrast,  the  conventional  FXLMS  SISO  controllers  attenuated 
the  system  response  at  the  resonance  frequencies,  while  often  increasing  the  response  at 
ofif-resonance.  Lastly,  through  the  use  of  the  MINT  filter  theorem,  one  can  determine  an 
adequate  length  for  the  control  compensators. 
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ABSTRACT:  We  present  a  novel  closed  loop  adaptive  control  system  employing  fiber  optic 
strain  sensors.  The  discussion  and  results  in  this  paper  will  be  based  on  preliminary 
experimental  studies  of  sound  radiation  from  a  simply  supported  plate  resraingin  a  baffle.  The 
filtered -x  version  of  the  adaptive  LMS  algorithm  is  implemented  on  a  TMS  j-0C2j  Do P  board, 
resident  in  an  AT  computer.  The  disturbance  is  created  with  a  shaker,  and  control  is  achieved 
with  a  sinsie  piezoceramic  actuator.  All  tests  conducted  are  based  on  a  narrow  band,  stationary 
disturbance. 


1.  INTRODUCTION 

Interest  in  adaptive  structure  development  for  active  structural  acoustic  control  (ASAC)  has 
prompted  many  theoretical  and  experimental  investigations  (Clark  etal  1990a,  Dimitriadis  et 
a i  1989,  Fuller  et  ai  1989,  Fuller  etal  1990a,  Wang  etal  1990).  Much  has  been  documented 
concerning  the  modeling  and  application  of  piezoelectric  actuators  for  control  of  structural 
vibration  as  well  as  sound  radiation  from  structures  (Clark  ex  ai  1990b,  Crawley  etal  1989, 
Fanson  etal  1986).  To  implement  control  of  struemre-bome  sound,  error  information  related 
to  far-field  sound  radiation  must  be  supplied  to  the  controller  Since  the  goal  is  to  develop  an 
adaptive  structure  with  sensing  capabilities  embedded  within  the  structure,  many  different 
types  of  sensors  come  to  mind.  Previous  studies  by  Clark  and  Fuller  (Clark  etal  I990c,d) 
have  been  devoted  to  developing  sensors  from  polyvinvlidene  fluoride  (PVDF),  which  can  be 
attached  directly  to  the  surface  of  the  structure.  An  alternative  sensing  technique  with  similar 
response  characteristics  can  be  constructed  from  two- mode,  elliptical-core  (e-core)  optical 
fibers  (Murphy  etal  1991,  Vengsarkar  etal  1991).  Many  previous  studies  have  been  devoted 
to  vibration  control  of  structures  by  implementing  e-core  optical  fibers  as  error  sensors  (Cox 
etal  1991).  The  goal  of  this  preliminary  study  is  to  demonstrate  that  optical  fibers  can  also  be 
used  as  error  sensors  for  controlling  structure-borne  sound  radiation. 


C  1992  IOP  Publishing  Ltd 


548 


Active  .Vfcirertms  atui  Aauctive  Structures 


1  DESCRIPTION  OF  CONTROLLER 


To  achieve  control,  an  adaptive  comroiler  based  on  the  multi-channel  version  of  the  Widrow- 
HofF  Filtered- X  controi  algorithm  was  implemented.  This  algorithm  is  described  in  detail  bv 

Elliott,  et  al  (1987).  The  output  of  an  error  sensor  can  be  modeled  at  the  nth  time  stec  as 

M  N  -  I  N  -  1  ""  ' 

e/n)=d/ri)-  Y  £  P^.  £  ^  (n-j)  x(n-i-j)  .  {n 

tn  =  l  j  =  0  i  =  0 

where  d/n)  is  the  the  error  sensor.  x(n)  is  the  input  reference  source,  co^  are  the 
coefficients  of  the  adaptive  finite  impulse  response  (FIR)  filters  and  Ptoj  is  the  jth  coefficient 
of  the  transfer  function  between  the  output  of  the  mth  adaptive  filter  and  die  oh  error  sensor. 
The  number  of  control  actuators  and  filter  coefficients  are  designated  by  M  and  N  respectively. 
The  outputs  of  the  fixed  filters,  P^,  at  each  dme  step  /t,  were  used  by  the  LMS  algorithm  to 
minimize  the  mean  square  error  signal  by  modifying  the  coefficients  of  the  adaptive  rater  as 
follows: 


where 


“ttrmOO  -M.£  er<n) 

t-  i 


(2) 


.V-  t  ^ 

r4nCa  —  i)  =  2*  x(n  -  i  —  j)  •  (3) 

i  =  ° 

Rather  than  computing  the  expectation  of  the  squared  error  signal,  the  square  of  the  error 

signal  was  simply  taken  as  an  estimate  of  the  desired  expectation  in  the  LMS  algorithm  As  a 

result,  the  gradient  components  contain  a  large  contribution  of  noise;  however,  the  noise  is 

attenuated  with  time  due  to  the  adaptive  process  (Widrow  etai  1985).  In  Equation  (2\  L  is 

the  total  number  of  error  sensors  utilized,  and  L  >  M.  The  coefficients  r-  (n)  are  the  cutouts 
^  -n* 

of  the  compensating  filters  which  are  estimates  of  the  actual  coefficients,  P^j  measured 
prior  to  starting  the  control  algorithm.  This  procedure  is  necessary  since  the  LMS  algorithm 
assumes  that  the  error  e  ^n)  is  the  instantaneous  result  of  the  control  input  for  which  the  signal 
r^n)  is  a  better  estimate  than  x(n)  (Elliot  eral  1987).  The  factor  \i  in  Equation  (2)  is  the  gain 
constant  that  regulates  the  speed  and  stability  during  convergence. 

3.  EXPERIMENTAL  SETUP 

Experiments  were  performed  in  an  anechoic  chamber  with  dimensions  4.2  X  2.2  x  US 
meters  and  a  cut-off  frequency  of  250  Hz.  The  rest  plate,  which  was  mounted  in  a  rigid  steeT 
frame,  was  cut  from  steel  and  measured  380  x  300  x  1.96  mm.  The  simply  supported' 
boundary  conditions  were  achieved  by  attaching  thin  shim  spring  steel  to  the  boundaries  of  the 
plate  with  small  set  screws  and  a  sealing  compound.  Previous  testing  has  shown  that  this 
arrangement  adequately  models  the  simply  supported  boundary  conditions  (Ochs  etai  1975). 
The  test  rig  was  then  placed  in  the  chamber  where  it  was  rigidly  supported  on  a  stromum 
configured  with  a  4.2  x  2.2  x  19  mm  wooden  baffle. 


(flWWII  TM**' (’«■'!<! 
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‘  To  achievc  a  Steady  sate  sinus0ldaJ  noisc  input,  the  plate  was  driven  with  a  shaker  anachcd  to 
;  the  stmerure  with  a  sdnger.  Control  was  achieved  with  a  single  piezoceramic  actuator  for 
-  narrow  band  applications  by  way  of  the  filtered-x  version  of  the  adaptive  L MS  algorithm 
.  implemented  on  a  TMS320C25  digital  signal  processing  board.  The  shaker  used  to  create  the 
;  •  chsturt*n«  «« J*a®d  at  plate  coordinates  of  (240  mm,  130  mm).  The  piezoelecmc  actuator 

was  v-onstructe  m  two  piezoceramic  elements  of  dimensions  38.1  x  21  x  0  19  mm 
bonded  symmetrically  (front  and  back).  The  symmetrically  located  parches  were  wired  in  a 
imorpn  con  lgurauon,  resulting  in  uniform  bending  about  the  neutral  axis  of  the  plate 
(Dtmitnadis  er  al  1989).  The  optical  Sber  for  sensing  strain  on  the  plate  is  orient* 
symmetrically  about  the  vertical  centerline  of  the  plate.  Tne  sensor  was  configured  such  that 
response  from  odd-odd  plate  modes  [Le.  (1.2),  (3,1),  etc.]  would  be  most  dominant 

ZsZacTeZ  inSmimented  W,th  nine  Bruei  and  Kjaer  mini  accelerometers  and  the  output  of 
lolimdes  77 *”  7  an3lyZed  ^  $0lVinS  3  SCt  °f : simultaneous  equations  to  recover  the 
Z  ato  t  iTf  m0dK  0n  the  pand  (FuUer  ad  1990b>-  The  direedvitv  Panem  of 

situated  ona «  ?  ^  PU“  mid'Plane  wa5  quantified  with  a  Bruei  and  Kjaer  microphone 

versin»  system-  The  radius  of  the  traverse  was  approximately  1.6  m  and 
•  unfments  werc  aken  m  nine  degree  increments  to  map  the  sound  radiation  directivity  with 

“  Tm  e0"roI' In  addition' 1  few  «—v  to  h  a,  chJJ “ 

prov.de  a  measure  of  the  global  acenuarion.  * 

4.  RESULTS 

cZZiw/Z  C°ndUCted  U$ing  °PriCal  Sbcr  SenS0n  10  ?rovide  information  for 

results  ZZr^anng  fr°m  Wbradng  SmJCtUreS-  M°re  emPhasis  shouId  bc  Pi^ed  on 
o  ate  cest since  b°*  *c  structural  and  acoustic  response  of  the 

.  ate  depend  on  interaction  from  multiple  structural  modes. 

4.1  On-Resonance  Test  Case 

resonance 'cor 7*  7  COndUCted  21  “  Oration  frequency  of  88  Hz,  corresponding  to  the 
for  these  nonof*e(U)m°deof  the  simply  supported  plate.  The  directivitv  panem 

ta  HgUre  1(3)  ^  m0dal  fa*  the  structural 

attenuated  h  “  HgUrC  1(b)‘  A$  “dicated  in  Ka),  the  sound  radiation  was 

attenuarioi  25  <“  **  **  ™d-P^e  of  the  plate.  (Similar  levels  of 

— "  Cd  thr°Ugh0Ut  thc  acoustic  field.)  Control  was  achieved  by 

totot'r0"5:  °f  (U)  ^  -  Hi-  I(b,  In  addidon,  Z 

method  f  !  m°dCS  0thcr  1,1211  the  rcsonam  mod=)  were  attenuated  as  well.  This 

were attenuZdri  7  tenned  “modal reduction”  since  ail  modes  observed 

rtenuated  during  the  control  process  (Fuller  er  al  1990b). 


550 


Active  Materials  and  Adaptive  Structures 


*•  2  Off- Resonance  Test  Cases 

For  the  second  test  case  the  plate  was  driven  at  320  Hz.  corresDonding  to  off-resonanc* 
excitation  between  the  (1,2)  and  (221)  modes  of  the  plate.  The  radiated  sound  was  attenuated 
by  approximately  10  dB  as  illustrated  in  .-igure  2(a).  Upon  achieving  control,  ail  of  the  modal 
amplitudes  were  observed  to  decrease  as  depicted  in  Figure  2(b).  The  dommant  2.1)  mode, 
which  is  an  efficient  acousdc  radiator,  was  reduced  by  approximately  40  dB.  The  remainin'* 
modes  were  attenuated  to  lesser  degrees;  however,  ail  modes  were  reduced,  "thereby 
subscribing  to  the  "modal  reduction”  method  of  control. 

The  final  test  case  was  conducted  at  an  excitation  frequency  of  349  Hz.  which  is  an  off- 
resonance  frequency  lying  between  the  (12)  and  (3,1)  mode  of  "the  plate.  Acoustic  attenuation 
on  the  order  of  10  dB  was  observed  as  depicted  in  Figure  3(a).  The  modal  response  for  thus 
particular  case  is  more  complex  than  that  of  the  previous  test  cases  as  can  be  seen  in  Figure 
3(b).  Before  applying  control,  die  (3,2)  mode  is  dominant  in  response:  however,  signing 
response  is  observed  in  the  (1,1),  (11),  (2,2),  and  (2,3)  modes  of  the  structure”  Upon 
achteving  control  all  modes  were  attenuated  except  the  (2,2)  mode.  The  most  significant 
attenuation  was  again  observed  in  the  (3.1)  mode  of  the  structure  as  in  the  previous  test  case. 
Since  the  modai  response  of  the  (22)  mode  increased  upon  achieving  control  the  method  of 
control  is  termed  modai  restructuring”  ils.  the  modai  response  was  rearranged  as  opposed  to 
being  reduced). 

5.  CONCLUSIONS 

Results  from  this  preliminary  study  suggest  that  two-mode  e-core  optical  fibers  can  be  used  as 
error  sensors  for  controlling  sound  radiation  from  the  surface  of  vibrating  structures.  Sound 
radiation  was  attenuated  for  noth  on-resonance  and  off-resonance  operating  conditions  for  a 
narrow  band  disturbance.  In  the  on-resonance  case,  approximately  25  dB  of  acoustic 
attenuation  was  achieved,  while  off-resonance  control  resulted  in  approximately  10  dB  of 
attenuation  for  the  cases  studied.  The  optical  fiber  was  oriented  on  the  plate  such  that  the 
sensor  response  was  most  sensitive  to  modes  with  a  high  radiation  efficiency.  Since  the 
response  of  the  optical  fiber  is  proportional  to  the  integral  of  strain  over  the  path  of  the  fiber; 
the  sensor  can  be  oriented  on  a  structure  for  specific  applications. 
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ABSTRACT 

Active  structural  acoustic  control  using  adaptive  structures  has  been  demonstrated  for  harmonic  disturbances  This 
paper  presents  an  extension  of  this  work  to  the  attenuation  of  acoustic  radiation  from  structures  subject  to  broadband 
disturbances.  An  adaptive,  multi-input  multi-output  (MIMO),  feedforward  broadband  acoustic  control  system  has  been 
developed  ba^  on  ite  least  meep  squaras  OMS)  algoriihm.  He  eompenaattrs  are  adapdve  fame 
“T13:  Jr  c°ntr0  mputs  216  miplemented  with  piezoelectric  ceramic  actuators.  Both  far-field  microphones  and 
polyvmylidene  fluonde  (PVDF)  structural  sensors  designed  to  observe  the  efficient  acoustic  radiating  modest  used  as 
error  sensors  The  disturbance  is  band-limited  zero  mean  white  noise  and  is  implemented  with  a  point  force  shaker  In 
f  ^°mCfy  *XClted  systems*  satisfactory  attenuation  is  possible  with  a  single-inpuHingle-output  (SISO) 
controUer.  In  contrast  for  systems  excited  with  broadband  disturbances,  a  MIMO  controller  is  necessary  for  significant 
acoustic  attenuation.  Experimental  results  for  the  control  of  a  simply  supported  plate  are  presented. 

1.  INTRODUCTION 

ye^’  artve  con5°‘ ^  become  a  viable  means  of  attenuating  sound  radiation  from  structures.  Active 
°  mV°1VeS  hnPlementinS  "secondary"  control  input  forces  directly  to  the  offending 
..  g  under  *e  2xcltatJ0n  of  *e  "Primary"  disturbance  force  input  The  control  inputs  are  designed  such  that 

the  rBSp0nSe’  .WiUCb  J  7®  SUm  0f  ^  radiati0D  due  10  Primary  and  secondary  inputs,  is  minimis  Thus 

e  control  inputs  serve  to  cancel  the  effect  of  the  primary  input  on  the  structure. 

used^smSd  LOR  f plemeDted  US“g  ^  feedback  forward  control  approaches.  Meirovitch 

useo  a  sondard  LQR  feedback  control  design  to  attenuate  sound  radiation  from  plates1.  Baumann  et.  al  develooed  a  state 

space  feedback  method  which  implemented  me  aconsdc  radiation  dynamics  diractiy  inm  ihe  connol  commnW  /SS 
has  also  been  demonsnamd  nsing  adaptive  feedfonvani  coonol  iechniqoes  fo,  smmnnes  eaSiTStanm^ 
haxmomc  disturbances  .  Fuller  and  others  have  shown  that  using  feedforward  control  approaches  global  attenuation  of 
Mund  transmission  and  radianon  from  harmonically  excited  panels  can  be  achieved  with  only  one  or  two  control  inputs5-7 
Structurally  mounted  vibration  error  sensors  have  also  been  successfully  developed  and  implemented  for  harmonic  AS  AC4.' 

be  structures  sul«ect  10  ^aimonic  disturbances  both  on  and  off-resonance  can 

be  achieved  without  optimally  designmg  the  sensors  and  control  actuators’.  In  cases  of  control  of  radiation  due  to  a 

T?  d,smrbana\7C  aftCr  0001101  modal  exhibits  a  forced  modification  of  the  structural  response  The 

snucmnti  response  modification  can  be  characterized  as  "modal  suppression"  or  "modal  restructuring"5  *-  wSmaS 

h^mornc  disturbance  excitanon,  where  the  disturbance  frequency  corresponds  to  a  natural  mo5e  of  ite  JUSTS 

at  all  frequencies  on  the  bandSh ^n^SOnanCe  fDd.°ff'resonance  simultaneously,  since  the  disturbance  contains  content 


in  the  control  of  broadband  radiation. 


•Hus  paper  is  an  experimental  study  into  the  potential  of  controlling  broadband  acoustic  radiation  from  struemres  using 
theadapaye  feedforward  control  approach.  The  experimental  test  structure  consists  of  a  simply-supported  plate  with  the 
fim  five  naniral  modes  on  the  bandwidth  of  interest  The  control  inputs  are  implemented  with  piezoceramic  Luators.  and 

^  ^  ^  PVDF  SCmCtUraJ  561150,5  ^  “«d  as  error  transducers.  The  control  approach  used  in  this 

work  is  the  Filtered-x  LMS  algonthm  and  is  briefly  described,  follow  by  a  description  of  the  experimental  setup  Results 

^  lSm^SUT  Z  m  pnseDted  f0r  SIS0  md  MIM0  00111101  ayarems-  Finally,  conclusions  are  drawn' on  some 
of  the  aspects  of  controlling  broadband  acoustic  radiation. 

2.  CONTROL  ALGORITHM 

vibr^^^r^T11  “T1  “2?““  have  b(Xa  saccsssfuRy  aPPlied  to  the  control  of  broadband  structural 
vibration  The  algonthm  implemented  here  is  a  feedforward  filtered-x  LMS  control  approach.  For  simplicity  a  block 

diagram  of  the  control  system  for  the  SISO  case  is  shown  in  Figure  1.  The  control  signal  time  sequence  ujs  obtained  bv 

fiteTw?  SlgD^  uWhi<±  “  Coherent  10  **  disturbance  signal  x*  through  an  adaptive  finite  impulse  response  (FIR) 

there  jo  here  .lhe  reference  signal  is  obtained  by  directly  tapping  into  the  disturbance  SgSJmdtiS 

tnere  is  no  feedback  of  the  control  input  into  the  reference  signal.  That  is. 


U„ 
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j.k  Ak-j 


(1) 


where  is  the  f  filter  coefficient  at  the  k*  time  step,  L  is  the  FIR  filter  order  and  the  subscript  k  indicates  a  simai 
sample  at  time  t*.  Smce  the  transfer  function  of  an  FIR  filter  contains  only  zeros  and  no  poles,  theHR  is  inherently  stablf 

The  filter  coefficients  Wu  are  updated  at  each  time  step  in  order  to  minimize  a  cost  function  The  cn<r  fimrtinn  « 
formed  as  the  mean  square  value  of  the  error  signal  as  follows  a  cost  runctron.  The  cost  function  is 


C(W3)  =  E  [ek2] 


(2) 


where  Ef.J  is  the  expected  value  operator. 


Plant 


Hg.  1.  Block  diagram  of  SISO  adaptive  feedforward  control  system. 


The  result  of  deriving  the  Least  Mean  Square  (IMS)  algorithm  to  minimize  the  cost  function  yields  a  set  of  recursive 
equations  to  update  the  filter  coefficients  at  each  time  step.  The  derivation  can  be  found  in  detail  in  Reference  P  and  is 
not  presented  here  for  brevity.  The  filter  update  equation  for  the  SISO  case  is 

wd,k*i  *  wi,k  -  2jiekxk.j  ;  j  =  0 , 1 ,  .  .  .  L  (3) 


where  the  signal  ^  is  known  as  the  filtered-x  signal,  and  p  is  a  convergence  parameter  which  controls  the  rate  of 
SSSZ&'E?  °f  ^  mhnmi™i0n  PmCSSS-  TbUS'  ^  LMS  ^OTithm  requires  a  knowledge  of  both  the  error 

narh^,enS^*X  Sig?r^  0**  Vndicted  response  of  the  structure  to  the  disturbance  signal  echoed  through  the  control 
path  transfer  funcnon  TJz).  Thus  an  estimate  of  the  control  path  transfer  function  T„(z)  is  necessary  to  obtain  the  filtered-x 
signal.  In  practice,  the  control  path  transfer  function  is  commonly  measured  directly  from  the  system.  The  control  actuator 
is  driven  with  white  noise  and  the  transfer  function  between  the  control  input  and  the  error  sensor  output  is  measured  in 
the  frequency  domain.  An  infinite  impulse  response  (HR)  filter  is  designed  to  model  this  transfer  function  so  that  it  yields 
the  same  frequency  response  function.  The  HR  filter  is  expressed  as  7 


Tco(z)  = 


s  B (z)  _  b0 +bx  z + . . .  +bm z ~a 

1 +A  ( z )  1  +  ax  z  *1  +  .  .  .  +  ap  z -p 


(4) 


which  has  m  zeros  and  p  poles.  The  HR  filter  is  designed  by  a  curve-fit  technique  which  solves  a  system  of  equations  for 
ZC~  *  f 1,0  °f 1,16  ®  m  ^  both  poles  and  zeros,  potential  for  instabSty  cS 

“L *  *e  ^  305  -°Cated  0UtS'd!  0f  111111  arcle  “  **“  Z'P^e-  ^  ^  event  that  the  HR  filter  design  yield!  unstable 

Tw  re<ap?Ca£ed  actoss  the  unit  <*ele  into  the  stable  region.  The  process  of  reciprocation  involves 
dividing  each  unstable  root  by  its  modulus  in  order  to  reflea  it  across  the  unit  circle  into  the  stable  region14  This  distorts 

SJ*®  ???nSeh0f  ^  T1®1  SOmewhat’ but  “version  of  a  small  number  of  slightly  unstable  poles  in  a  large  model  still 
yields  a  model  with  a  satisfactory  match  of  both  magnitude  and  phase  response. 

co"Tl^°  Zaa?ua’  Lreference  si«nal  «  fed  forward  to  an  array  of  FIR  adaptive  filters  whose  outputs  drive  N 

a  ^  “■* 15  °°w  ^  —* 


a*0 

where  (eX  is  the  s“  error  sensor  signal,  and  N,  is  the  number  of  error  sensors. 
The  update  equation  for  the  filter  coefficients  can  be  shown  to  be  as  follows 


(5) 


N. 


Wxj(k+1)  =wrj(k)  (e.)k  (X„)k.3  j  =0, 1,  — , L  r=l,~,N_  (®) 


■  •1 


where  OU  is  the  disturbance  signal  filtered  by  the  transfer  function  between  the  r* 
filters 11  ^  Cleaf  fr°m  equati0n  (6)  11131  there  m  n.xN«  transfer  functions  that  need 


control  actuator  and  the  s“"  error  sensor, 
to  be  measured  and  modelled  with  HR 


3.  EXPERIMENTAL  SETUP 

conditions.  The  experimentally  measured  nature]  frequencies  for  ST  T**  provide  dle  ““Pty-supporied  boundary 
The  well  known  modal  indices  are  also  given  in  Table  1  The  distwh  ^  5  ““T  °f  ^  plate  318  I^Kented  in  Table  1 
intent  from  0  to  400  Hz.  The  disturbance  is  appted  wi^a  Slto  22.“  “0  White  DOise 
and  y*  225  mm.  The  shaker  can  then  effectively  actej 5  iE? „£?  ^  ^  “  loca^  at  x=65  mm 

inputs  were  applied  by  co-located  pain  of  G1195  piezoelectric  cmP  •  mcTS  °°  T  bandwidth  of  interest  The  control 
x  02  mm.  Each  pair  of  PZT  actuators  were  orooritelv  mTTJT^  patches  ^FZT)’  each  patch  measuring  38.0  x  32  0 

f0Tdng  ftmction  associated  to  this^ngement  °k  **  ^  ^  actnated  180°  out  of 

the  actuators  were  designed  using  an  optimization  ratine  T*  aauator  Tie  locations  of 

routine,  the  actuator  locations  are  optimized  to  mmhm~  T  disturbances'6.  In  this  optimization 

frequencies.  The  (1,1)  and  (3.1)  modes,  corresponding  to  88  Hz  and  tT?  radated  P°wer  at  a  number  of  excitation 
radiators  below  the  critical  frequency'7.  Tberefo^  tte  system  Zul  Ji  m  **  most  e8kient  acoustic 

locanons  for  the  piezoceramic  actuators  was  determine  and 2. “  “* 331  *  "d  ^  °ptimum 


^  disturbance  location 

+ 

P3 

SI 

—  _  1 

S2 

ri  j  _ 

S3 

0® 

pi  '  d*~'  •’  PVDF  Sensors 

P1 ,  P2,  P3 :  Piezoceramic  Actuators 

Fig.  2.  Diagram  of  experimental  plate  configuration. 
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PwiimiTaaop  result  in  attenuation  of  sound  raHiaHrm  r  ». 

received  much  attention  is  polyvinylidene  fluoride  ^F)  RM  PTOF°m  Whi<±  1125  rccently 

to  the  integral  of  the  rate  of  strain  over  the  surface  of  -tv  provide  an  output  signal  proportional 

provides  a  -window-  winch  obZZTL %£££?£ ^  a  SmC"ra")'  ”°““d  flta  <*  pVDF  mMerial 
simply  attenuating  the  signal  &nm  a  PVDF  senses  mav  not  n«^«  ePha  °D  which  the  PVDF  is  mounted.  However, 
development  of  optimal  PVDF  sensors  for  broadband  Jas,  eccssan|y  155,111 111  significant  acoustic  attenuation.  The 
Of  the  PVDF  emoTsensom  nS  mS  ^  *““■*  55,1 *»*» 

a.  dm  frequencies  of  me  (U)  and  (3.1)  modesfr.  Figure  2  shows  dm  shaped 

an  ^  «—  •»* 

Altered  through  Frequency  Devices  9002  low-pass  Alters  set  with  a  400  Hz  cutoff^0  mputsand  ^  error  signals  were 
allowed  "smoothing"  of  the  signal  from  the  DSP  after  tS  zero  order  ff &Cquency-  FdterinS  *e  control  inputs 

and  the  high  frequency  content  which  was  out flJtered  £o  reduce  «*« 

baffle  and  the  data  was  taken  in  an  anechoic  chamber  with  a  cutoff  frequency  ^.asmounted  “  a  ri«id 

before  and  after  control  was  taken  with  a  Briiel  &  K\&r  mirmnhnn  E*I?  ^  ^z*  The  rotation  directivity  data 

cenmr  of  me  plum  ar  a  radius  of  uTm.  ‘  "fr^Pdon5  traversing  me  honzctal  plane  passing  through  me 

Three  control  systems  were  developed  for  experiments  A  Wn  a 
three-output  (3130)  controller.  The  adaptive  tW°‘°UtpUt  (2I20>  “d  a  three-input 

TMS320C30  digital  signal  processing  (DSP)  board.  The  sample  rate  used  for  thTt  mpiemented  on  a  Texas  Instruments 
HR  filters,  used  as  compensators,  each  contained  100  coefficients  The  UR  W35  1500  Hz*  1116  adaPtive 

control  path  transfer  functions  had  50  coefficients  in  the  mrmemfr,  a  USed  for  system  identification  of  the 
corresponded  to  50  zeroes  and  50  poles  This  yielded  an  accurate  La  T*V If  coefficients  “  the  denominator,  which 
bandwidth  of  interest.  ^  ****  “  accurate  model  of  and  magnitude  response  on  the 

4.  experimental  results 

strraural  sensors  as  error  nansdS^aiS^  ^couSdS^  “m dm*  farf'fi'ld  micro|,bonK  ^  PVDF 

imegialing  die  sound  prossme  specnnm^  to  toj^lm^  0  ro  °‘ “““  ra<“0"  **“*'*■  oK-aineVby 
reduction  obtained.  They  were  used  as  a  basis  of  enmnari  Fz’  provided  a  representation  of  the  global 

configuration.  Radiation'directivi^ploS  £f^ and  JKT-  ^  **  0f  «prtiS 

effect  of  control  on  the  radiation  attach  of  the  individual?  ?n  *plate  resonant  ^““oes  revealed  the 

performance  of  the  controlled  system,  the  sound  power  reduction  wa«  c  °  qu“dfy.  ^  a  sm8le  numerical  estimate  the 

in  the  horizontal  plane  passing  through  the  cenmr  of  Te  nlL  An  T  by  mtegratm8  ^don  directivity  data 
reference  pressure  of  20  pPa.  ^  pla£e*  M  sound  pressure  levels  are  reported  in  decibels  with 

4.1.  Microphone  Error  Sensor  Results 

perpendicula^  ^LTl^d^mg0 tiTu^  fae  anrnrtf  STpfa^d^  31  °°  “  ^  Afield  (on  the  axis 

rotomon  m  ovmall  sound  level  at  me  aTorTucropbone  w *  V amm  PI  <See  Fi8,“5  2>- 1*5 
m  to  dnnctivio.  Add  moving  away  from  me  XTofTe  “'al 

horizontal  plane  was  only  2^6  dB  It  was  observe  th„  ,h  nucrophone.  The  total  sound  power  reduction  in  the 
controlled,  and  torn  is  aemai,,“  iPa^tT^tl'^0"  “  182  ^  15  to  (2.1,  m^e  ” 

at  mis  frequency  is  dominated  by  to  radiaito  of  to  (2.1)  mole  uJI”'1S”C  ■?dia“on  “  ^“eacy.  Tie  directivity 

To  observe  afl  mdia^g  modes  in  to  btonontm  plane  to  error  mtoopbtm,  wns  moved  m  30-  in  to  far-fleld  and  to 


experiment  repeated.  He  total  sound  reduction  at  the  microphone  was  5J5  dB.  The  radiation  directivities  at  the  first  four 
natural  frequencies  are  plotted  in  Figure  3.  The  radiation  plot  for  the  (22)  mode  was  omitted  for  brevity.  Since  all  modes 
are  now  observed  by  the  error  microphone,  global  sound  reduction  at  all  the  resonant  frequencies  is  observed. 


Angle  (deg)  Angle  (deg) 


Angle  (deg)  Angle  (deg) 

Fig.  3.  Radiation  directivity  at  (a)  86  Hz,  (b)  182  Hz,  (c)  248  Hz  and  (d)  331  Hz  using  microphones. 
- No  control, - SISO,  —  2120, - 3130 


.  P®  so™d  radiatl0a  of  the  mode  “  Figure  3a  shows  the  best  reduction  of  nearly  16  dB,  while  the  reduction  from 
die  (2.D  m  Figure  3b  shows  the  least  reduction.  The  before  and  after  control  total  sound  radiation  directivities  are  shown 
in  Figure  4.  Global  attenuation,  ranging  from  3  to  8  dB,  was  obtained  at  all  directions  in  the  far-filed  even  though  the  total 
reduction  at  the  error  microphone  at  30°  was  slightly  less  than  with  the  error  microphone  at  0°.  This  is  due  to  the  fact  that 
the  radiation  from  all  the  modes  was  observed  and  controlled.  A  total  sound  power  reduction  of  3.79  dB  was  obtained  in 
die  honzontai  plane.  His  demonstrates  the  importance  of  observing  all  modes,  good  and  poor  radiators,  on  the  bandwidth 
in  order  to  achieve  global  reduction  with  broadband  inputs. 


,Pe  vnth  *®  2^0  control  system  were  significantly  better  than  with  the  SISO  configuration.  The  two  actuators 
used  for  2120  control  were  P2  and  P3  in  Figure  2.  He  two  error  microphones  were  placed  at  +30°  and  -30° 
microphones  signals  woe  reduced  by  8.91  and  7.91  dB,  respectively.  He  radiation  directivity  at  the  frequency  of  the  plate 
odes  are  plotted  m  Figure  3.  This  figure  shows  that  significant  improvement  in  sound  reduction  was  obtained  in  the 
radiation  due  to  the  (21)  and  (3,1)  modes.  This  yields  considerably  more  global  reduction  as  shown  in  Figure  4 

^TS^d  bv  6.36  T  D0W  ^  *e  dtaaMflr  fidA  ^  tDQl  30011(1  P0™*  “  horizontal  plane 

Th  jmapse  “  ^  number  of  c°ntro»  Channels  resulted  in  a  better  observability  and 
m0de  radiaaon-  ^  “  important  issue  in  broadband  radiatioo  control  because  to  obtain 

h™^  ^SiS0Und  ^duc00°’ atrcnuatlon  of  211  radiating  modes  is  necessary.  His  should  be  contrasted  to  control  of 
harmonic  disturbances  where  only  the  efficient  acoustic  modes  need  to  be  controlled  to  obtain  global  attenuation. 


Angle  (deg) 


Fig.  4.  Total  radiation  directivity  using  microphones  as  error  sensors 
- No  control - SISO,  —  2120.  —  3130 

The  3130  control  system  was  implemented  with  actuators  PI  P2  and  P3  in  Fi«mn»  ?  th*  .....  , 

located  at  +30°  0°  and  -3ft°  Th*  _ _  .  2-  The  error  microphones  were 

ovenll  direoivfty  is  stow.  fClu  '%£££%££££  STw* If' a. 


too  200 


400  J00 
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Fig.  5.  Spectra  of  error  microphone  at  -30°  for  3BO  control  system, 
before  control,  —  after  control 


Though  the  3130  control  system  yields  better  reduction  than  2120  control  as  expected,  the  improvement  was  only 
marginal.  This  is  probably  due  to  the  fact  that  there  are  two  modes  that  dominate  the  radiation  on  the  bandwidth  of  interest, 
the  (1,1)  and  (3,1)  modes.  Then,  good  control  can  be  obtained  with  only  two  actuators  and  two  error  sensors.  However, 
the  significance  of  the  inefficient  radiating  modes  in  broadband  acoustic  control  should  not  be  understated,  since  energy 
spillover  into  these  modes  can  result  in  little  global  reduction.  Increasing  the  number  of  actuators  limits  the  spill  over  and 
allows  more  modes  to  be  controlled. 

4.2.  Results  with  PVDF  Error  Sensors 

Results  with  PVDF  error  transducers  were  obtained  for  SISO,  2120  and  3130  control  configurations.  The  radiation 
directivities  at  the  plate  resonant  frequencies  are  shown  in  Figure  6,  while  the  overall  radiation  directivities  are  presented 
in  Figure  7  for  all  three  control  configurations.  For  the  SISO  configuration,  actuator  PI  was  used  in  conjunction  with  PVDF 
sensor  SI  as  shown  in  Figure  2.  The  geometry  and  location  of  the  PVDF  sensor  SI  is  such  that  it  observes  only  the  (1,1), 
(1,2)  and  (3,1)  modes.  Therefore,  reduction  in  the  radiation  of  these  modes  is  observed  in  Figure  6.  Again  the  fundamental 
mode  shows  the  best  attenuation  with  20  dB  while  the  reduction  of  the  (3,1)  mode  was  small  The  (2,1)  mode  is  unobserved 
by  the  error  sensor  and  thus  no  reduction  is  observed  at  the  182  Hz  frequency  as  shown  in  Figure  6b.  This  yielded  an 
overall  radiation  directivity  that  shows  6.4  dB  at  0°  tapering  off  to  about  2.5  dB  at  the  edges  of  the  directivity  field  ±90° 
as  observed  in  Figure  7.  The  total  sound  power  reduction  was  only  2.62  dB,  even  though  the  total  reduction  of  the  PVDF 
signal  was  5~55  dB.  Thus,  the  PVDF  sensor  design  had  the  same  observability  drawback  as  the  error  microphone  located 
at  0°,  and  yielded  similar  results.  Spillover  into  the  unobserved  (2,1)  mode  increased  the  radiation  at  this  frequency  and 
prohibited  good  global  control. 


Fig.  6.  Radiation  directivity  at  (a)  86  Hz,  (b)  182  Hz,  (c)  248  Hz  and  (d)  331  Hz  using  PVDF  sensors. 
- No  control, - SISO,  —  2120, - 3D0 


^*8*  7.  Total  radiation  directivity  using  PVDF  as  error  sensors. 
- No  control, - SISO,  —  2120.  —  3130 


as  S2  and  S3  PVDF  ta  co^unction  the  P2  and  P3  piezoceramic  actuators 

JJ  Fg“£  2‘  YS  conflgunmon  211  five  modes  “  **  bandwidth  are  observed  and  controlled.  The  reduction 

UdB?ite£?  TrVI8T  Wm  UJ  ^  145  dB’  ««***•  ««tal  i«  total 

6  shnwt  fiC W  “  Sh0WD  “  F,gure  7‘  ^  S0und  P°wer  taction  in  the  horizontal  plane  was  5  13  dB  Figure 

6  shows  that  acoustic  attenuation  was  achieved  at  all  of  the  plate  resonant  frequencies.  8 


Fig.  8.  Spectra  of  PVDF  error  sensor  P2  for  3130  control  system. 
1  before  control,  —  after  control 


The  last  test  was  for  the  3130  control  system  using  actuators  PI,  P2.  and  P3  and  PVDF  error  sensors  Si.  S2.  and  S3 
in  Figure  2.  The  PVDF  error  signals  were  attenuated  by  13.3,  12.9,  and  7.47  dB,  respectively.  Figure  8  shows  the  spectra 
of  the  PVDF  sensor  P2  before  and  after  control  and  indicates  reduction  at  both  on  and  off  resonance  frequencies.  The 
radiation  directi  vies  at  the  resonant  frequencies  and  the  overall  are  again  plotted  in  Figures  6  and  7,  respectively.  The  sound 
power  reduction  in  the  horizontal  plane  was  6.6  dB.  The  trends  are  similar  to  the  error  microphone  results,  with  a 
significant  increase  in  the  obtained  attenuation  when  changing  from  SISO  to  2120  control,  and  only  a  slight  increase  in 
attenuation  going  from  2120  to  3130  control. 


5.  CONCLUSIONS 

Active  Structural  Acoustic  Control  has  been  demonstrated  on  a  simply-supported  plate  subject  to  a  broadband 
disturbance  with  random  frequency  content  on  a  bandwidth  of  0  to  400  Hz.  An  adaptive  feedforward  filtered-x  LMS 
control  algorithm  was  developed  with  up  to  three  control  and  three  error  sensor  channels.  Both  microphones  placed  in  the 
acoustic  far-field  and  distributed  PVDF  structural  transducers  were  investigated  as  error  sensors.  The  control  actuation  was 
implemented  with  piezoceramic  patches.  Five  plate  modes  were  excited  in  the  excitation  frequency  band  that  includes  the 
(1,1)  and  (3,1)  modes  which  are  efficient  acoustic  radiators.  The  first  set  of  tests  were  conducted  using  microphones  as  error 
sensors.  The  experimental  results  show  that  for  the  SISO  control  configuration  limited  global  reduction  in  radiated  sound 
is  obtained.  This  is  because  the  SISO  control  system  is  unable  to  observe  and  control  all  radiating  modes  irrespective  of 
the  their  radiation  efficiency.  This  should  be  compared  with  control  of  narrowband  disturbances,  where  a™.n„qtjrtT1  of  only 
the  efficient  acoustic  modes  is  necessary  for  global  sound  reduction.  When  the  control  system  was  extended  to  2120,  an 
average  sound  reduction  of  11  dB  at  all  directions  in  the  acoustic  sound  field  was  obtained.  Further  extension  to  the  3130 
unproved  the  attenuation  by  an  average  of  1  dB.  This  is  because  good  control  of  both  the  efficient  and  poor  acoustic 
radiating  modes  was  achieved  with  the  2120  control  configuration.  The  second  set  of  experiments  involved  the  use  of 
distributed  PVDF  structural  transducers  as  error  sensors.  The  design  and  implementation  of  these  type  of  sensors  is 
fundamental  for  the  development  of  "adaptive"  system.  The  results  using  PVDF  sensors  show  similar  performance  as  for 
die  error  microphone  configuration.  Thus,  the  potential  of  using  structural  sensors  for  ASAC  subjected  to  broadband 
disturbances  was  demonstrated.  Moreover,  this  experimental  investigation  illustrates  the  importance  of  optimal  actuator  and 
sensor  design  for  efficient  broadband  radiation  control. 
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Abstract 


The  development  of  simultaneous  sensing  and  actuation  for  a  single  piezoelectric  element,  called  a  sensoriactu- 
ator  m  this  paper,  provides  the  opportunity  for  truly  collocated  control  in  adaptive  structures.  Issues  related  to 
collocation  are  discussed  m  terms  of  their  effects  on  active  structural  acoustic  control  (ASAC).  A  variation  on  earlier 

feedbadC  (DRJ?B)’  *  SUgS6Sted  for  the  sens°riactuator  adaptive  structure. 

Hr  B  method  rehes  on  a  discrete-point  formulation  of  the  associated  radiated  energy  norm.  The  influence 
of  the  acoustic  dynamics  on  proven  sufficient  conditions  for  globally  stable  collocated  velocity  feedback  is  discussed 
tor  the  first  time.  Selection  of  an  appropriate  Lyapunov  function  for  the  stability  analysis  of  collocated  DRFB  is 
discussed  and  compared  to  previous  results  for  direct  velocity  feedback  in  active  vibration  control. 


1.  INTRODUCTION 

An  important  application  of  adaptive  structures  is  the  active  suppression  of  radiated  structural  acoustic  energy. 
Dynamic  structural  loading  initiates  the  propagation  of  acoustic  waves  into  the  surrounding  fluid  medium.  Control 
of  the  radiated  acoustic  energy  can  be  approached  using  both  passive  and  active  strategies.  For  adaptive  structures 
numerous  combinations  of  active  control  methods  and  active  materials  can  be  designed  to  provide  the  structure  with 
the  ability  to  adjust  to  Ranging  load  conditions.  The  closed-loop  response  of  the  structure  is  then  tailored  to  conform 
to  various  system  specifications  This  paper  examines  one  specific  configuration  of  adaptive  structures,  simultaneous 
sensing  and  actuation  of  PZT  elements,  for  active  structural  acoustic  control  (ASAC)  implementations. 

Simultaneous  sensing  and  actuation  using  a  single  PZT  element,  referred  to  as  a  scnsoriactuator  in  this  paper, 
was  recently  discussed  by  two  different  groups  of  researchers.1-2.  One  of  the  clearest  advantages  of  sensoriactuators 
is  the  ability  to  design  adaptive  structures  with  truly  collocated  sensor-actuator  configurations.  Collocated  piezo¬ 
electric  transducers  can  provide  more  accurate  system  identification  3  and  have  the  potential  to  improve  the  stability 
properties  of  feedback,  active  control  strategies.  Many  researchers  have  discussed  the  stability  of  various  collocated 
zf °  bUt  rrtUaUy  a0  comParable  analyses  for  ASAC  implementations.  Design  of  a 

thiTpap«latl°n  fCedback  controiIer  and  the  inherent  stability  of  the  collocated  ASAC  design  is  the  main  focus  of 

loo^STf686  9hrd  that  c°Uo?ated  aCtive  "h^1011  c°ntrol  (AVC)  provided  some  guarantees  on  the  closed- 
bop  stability.  Balas  demonstrated  that  direct  velocity  feedback  control  (DVFB)  provided  a  closed-loop  stability 
margm  which  was  never  lower  than  that  of  the  open-loop  system.4  Subsequent  work  by  Caughey  and  Goh  discuss^ 

tedtSk fPPF' TwScV ^hTr/D  3U;Vtabfy  T^-5  Their  led  t0  tbe  development  of  positive  position 

d  ack  (PPF)  which  exhibited  good  stability  and  spillover  properties  in  the  presence  of  actuator  dynamics.8-7  Bar- 

Kana  et.al.  proved  the  feasibility  of  shape  control  and  active  damping  using  collocated  sensors  and  actuators  with 

co^rotsvst^T  f“d,bacKapP.roach-*  M  of  the  ^ting  literature  on  stability  of  closed-loop  structural 

control  systems  has  been  associated  with  minimization  of  the  structure's  vibrational  energy  norm,  EJt)  =11  («,,  w)  II 

rili,hH  ^  / "!  ftructural  poaition  “d  veloci‘y  va“ors.  Examination  of  stability  for  collocated^  ASAC  requires 
a  sugntiy  aiiierent  analysis  approach.  ^ 

dy"S  active)Ivibratio°  contr°i  (AVC)  and  ASAC  is  the  inclusion  of  structural  acoustic 

cont^d StmS6^^  !°Q-  Genencally- tWO  dferent  aPProaches  underly  various  ASAC  designs.  First,  output 
fhvdronhon^  1  T. *  fF*?  mechamsms  by  minimizing  a  cost  function  consisting  of  microphones 

£dtrwar^  °T  K  *  fieId  p^  “  J"  ^  domain.  This  approach  is  used  more  successfully  by  adaptive 

ontfd  oL  J^s0 beCaUSeff  the  added  C07lexity  the  acoustic  wave  propagation  introduces  to  feedback 

control  paradigms.  The  second  approach  employs  various  weighted-norm  minimizations  where  the  cost  function 


is  synthesized  through  acoustic  modelling.  The  weighted-norm  representation  refers  to  a  Unear  mapping  from  the 
structural  state  vector  z  <=  RT  to  some  acoustic  output  vector  Z  €  Rm,  so  that  the  control  cost  functional  becomes 

J  =  JQ  ZT +  Ur(t)  R  u(t)  dt.  (1) 

Different  images  of  r  under  varying  matrix  transformations  Z  =  G  x  can  be  developed.  Numerous  researchers  have 
reported  on  the  effects  of  weighted-norm  ASAC  controllers.  Baumann  et.al.  introduced  the  radiation  filter  concept 
for  feedback  ASAC  where  the  filter  output  represented  the  modal  contribution  to  the  farfield  radiated  power.10 
Suppression  of  radiated  sound  from  fight  fluid-loaded  structures  subject  to  transient  and  persistent  structural  distur¬ 
bances  was  demonstrated  for  this  approach.11  ASAC  of  a  heavy  fluid-loaded  plate  was  reported  by  Saunders  using 
a  weighted-norm  of  the  in-vacuo  structural  states.9  Clark  and  Fuller  proposed  wavenumber  weighting  of  the  surface 
velocities  for  minimization  of  steady-state,  radiated  pressure  in  specific  subdomains.12  Their  adaptive  feedforward 
controller,  like  adaptive  feedforward  control  approaches  in  general,  was  not  developed  for  transient  disturbances. 
In  fact,  a  survey  of  the  most  recent  ASAC  research  results  indicates  that  feedback  control  strategies  must  be  used  if 
the  performance  goal  is  suppression  of  transient  disturbances.  This  important  design  consideration  motivates  our 
analysis. 

As  discussed  earlier,  many  researchers  investigated  the  performance  of  direct,  collocated  feedback  for  AVC.  Their 
results  identified  conditions  for  guaranteed  stability  and  examined  the  performance  of  various  feedback  schemes 
(DVFB,  PPF,  etc.).  The  success  of  these  analyses  prompts  an  important  question  for  ASAC  research:  are  there 
similar  advantages  for  direct  feedback  ASAC  approaches  relative  to  closed-loop  stability  and  system  performance?  It 
is  important  to  question  whether  collocated  ASAC  control  performs  better,  relative  to  some  metric,  than  collocated 
AVC  strategies.  Stated  otherwise,  can  direct  feedback  ASAC  controllers  provide  comparable  stability  margins  and 
increased  performance  over  direct  feedback  AVC  methods?  The  remainder  of  this  paper  develops  a  direct  feedback 
ASAC  method  and  formulates  the  stability  analysis  to  help  answer  these  questions. 

In  this  paper  we  formulate  the  DRFB  approach  using  sensoriactuators  and  examine  the  closed-loop  stability. 
We  begin  with  dynamic  descriptions  of  the  coupled  piezoelectric-structural  plant,  followed  by  the  development  of 
discrete-point  radiation  filters  which  model  the  linear  transformation  from  surface  velocity  to  acoustic  farfield  pres- 
The  terete-point  radiation  filters,  presented  here  for  the  first  time,  are  compatible  with  finite-element  model 
(FEM)  representations  of  the  structure.  This  FEM  approach  eliminates  the  requirement  for  spatial  (modal)  filtering 
required  by  previous  feedback  ASAC  control  laws.  A  Lyapunov  function  for  the  controlled  structural  acoustic  plant, 

corresponding  to  the  radiated  energy  norm,  is  examined  and  conclusions  about  sufficient  conditions  for  closed-loop 
stability  are  presented. 


2,  .DYNAMIC  REPRESENTATION  OF  THE  STRUCTURAL  ACOUSTIC  PLANT 

A  state-space  formulation  of  the  structural  acoustic  plant  dynamics  is  presented  for  the  purpose  of  the 

stability  of  DRFB  control.  The  coupled  piezoelectric-structural  dynamics  are  reviewed,  followed  by  a  development 
of  the  discrete-point  radiation  filters.  It  is  shown  that  DRFB  is  a  type  of  weighted-norm  ASAC  control  which  results 
in  a  frequency  shaped  coat  functional  (FSCF)  as  discussed  by  Gupta13  A  transformation  of  the  FSCF  problem  to 
an  augmented  state  vector  with  a  constant  weighting  matrix  is  reviewed  in  this  section  to  prepare  for  analysis  of  the 
closed-loop  structural  acoustic  plant's  asymptotic  stability  properties. 

2.1.  Structural  dynamic 


for  fluiTloadbg  Hate'SpaCe  rePresentatio“  of  a  flexible  structure  in  a  light  fluid,  where  we  adopt  Crighton’s  criteria 

ti/(f)  =  A  w(t)  +  B  u(t)  (2) 

y(t)  =  C  u/(t)  +  D  u(t)  (3) 


where  w(t)  €  R2n  are  the  generalized  positions  and  velocities  u(t)  c  R™  ;a  -  t  <.  1  •  ' 

bArdi  “““fvSi" hi*1  .jlstS' “to,lorio  d“d  ”  m°d“ « 2 

of  the  pap.,  d.mr.d  fot  clarity.)  w,  ton  tosumo  toa,  Z“ 

that  m  =  p  and  the  matrices  of  equations  2  and  3  are  A  =  0  ^  1  n  f  0  1  _  r 

jl  e  ».t  ,  .  .  L -A  -2CAi  I’  B  =  *r  ’  C=  M  ^*]  “d 

tie  feedthrough  matrix  D  is  assumed  to  be  zero  for  this  anaiv^iQ  t,v»o  •  *  ,  .  ^ 

"d^  =  <*■»  1ft.  ft . ft]  Mat.  toe  position  and  velod^  aignl  eeneftod  Ky'to.'oS,'’  =  ’  ^  “’l  1 

Not.  that  *  i.  to.  dinar...  modal  mattot  fo,  to. 

sensonactuator  location  is  1  2  n  TVi*  a.  *  w*  ^  k)  nere  i  —  I,z, n  and  z*  is  the 

,  ,  .,  1,2 “0de  or.  w,  =  Xi  and  w.  hay.  .tonmd  a  viacou.  doping 

mod.1.  It  will  b«  helpful  to  define  notation  for  to.  .tat.  vector  «,=  [”*  j  „  that  to.  output 

y  =  yi  +  vs  /4) 

=  a«iiii  +  ^$u)5  ^ 

sz  “d  “y  *-<*»*  ^  *»<•  *  <■«- 

sennoriactuator  equation,  are  reviewed  to  show  toe  effect  on  to.7tat‘.t«.““to».  d“iS“'  N“*’ 

Coupled  structure-sensoriactuator  equations 

•^tsssssis;  tstzzsr  “ deriv,d  10  Ha8“d  -  “•‘s  — <•  •»  ,*■* 


Actuator  Eqn. 
Sensor  Eqn. 


Cw  +  Kw  =  Qv 
r  Cpv  =  q 


char,  ,  can  be  mad.  propon^HX!^^  -- 

C°"P"”!  betW“"  1  *"“*»•  “<*  via 

Electromechanical  coupling  b  described  in  the  dec^m  Ir^T  “T  and/or  P333™  co^trol  schemes, 

between  electrical  eff^tTLch aTSt^nd *>^8  matrix  ©  which  describes  the  interaction 

that  the  Sensor  equation’converts  the  modaUosition  ef®cts* j 5Uct  “  force  311(1  displacement.  Notice 

the  physical  strain  (strain  rate)  at  the^rS^I 1^1  *°  *  ^  (CM*>  Whi<*  »  ProP<*“  to 

of  *°  ^  ■»«**  •***«. 

“  aPP““‘  ““  th»  pa“k  —  “  ^  related  5SZ3  SSL  “ 

hotel  =  ?  =  9^u/  +  Cfil 

*m««A  i-Uc 

-  -  - 

yielding  the  desired  mechanical  iSormatiom*’  reference  curreat  18  then  subtracted  from  the  measured  current 

W/,  =  9Tw  +  (Cp  -  Cr)v 


It  should  be  noted  that  it  may  be  difficult,  in  practice,  to  exactly  match  the  patch  capacitance.  Also,  due  to  dif¬ 
ferences  in  sensitivity  of  a  piezoelectric  to  structural  and  electrical  excitation  there  may  be  large  differences  in  the 
magnitudes  of  imtck  and  :ei«e  requiring  the  reference  capacitor  to  be  exact  to  several  decimal  places.  This  paper  will 
assume  that  the  compensation  can  be  performed  accurately. 


The  state  equations  of  the  structural  plant  with  sensoriactuator  transducers  then  become 


r  tii  i 

o 

1 

Wi 

r  o  i 

(10) 

L  J 

1  -A  -2<A»  J  I 

l  e  J "  ' 

« - 1 

=  l«er  eeTl[:i 

+  (Cp  - 

■  Cr)  V 

(11) 

The  essential  difference  between  the  state  equations  for  the  sensoriactuator-equipped  structure  is  the  substitution  of 
the  patch  voltage  v  for  the  control  signal  u  and  the  substitution  of  the  electromechanical  coupling  matrix  0  for  the 
modal  matrix  'S.  We  will  assume  that  the  sensoriactuator  conditioning  circuits  are  designed  for  velocity  (strain  rate) 
measurements  and  that  C?  —  Cr  so  that  the  output  equation  can  be  written 

w  =  [o  /?er]  ]  (i2) 

2.3.  Discrete-point  radiation  filters 


The  acoustic  dynamics  are  introduced  to  the  plant  equations  by  the  synthesis  of  radiation  filters.  As  mentioned 
earlier,  Baumann  et.aL  presented  the  development  of  modal  radiation  filters  for  transient  control  and  suppression  of 
broadband,  persistent  disturbances.10-11  Next,  we  introduce  the  design  of  discrete-point  radiation  filters  to  facilitate 
the  minimization  of  the  radiated  energy  norm  using  sensoriactuator  elements  in  adaptive  structures. 


The  discrete-point  radiation  filters  derive  from  Rayleigh’s  equation  for  planar 
the  planar  source  is  located  in  an  infinite  baffle.  As  discussed  by  Junger  and  Feit, 


sources.  This  approach  assumes 
16  the  Rayleigh  equation  is 


z 


where  ^  and  R,  are  the  position  vectors  in  the  fluid  and  on  the  structure  and  g( I  R,  -  R.  n  is  the  free-snace 
Green’s  functxon.  Referring  to  figure  2,  the  coordinate  origin  can  be  chosen  such  thft  equation  13  become^ 

P(t,R,SJ)  =  —  yt(t,*,y)exp{-jksir\e(xcoa4>  +  ysin4,)\dxdy  (14) 

The  physical  interpretation  of  aquation  14  in  that  the  presauta  at  a  field  point  can  ba  perceived  a  the  pressure  due  to 
a  dtstr.but.on  of  pomt  velocity  sources  of  elemental  are.  d,  dy.  The  exponential  tern  desc^b "the 

«o»t'c  tdif  SnTia”  1?  “  'TT'j”'  f1'”""5  “  P*‘t  l»ph  to  the  field  point.  For  J  wavenLi 

th.tS«?ttmctel*  ’’  ad«5»»‘«ly  describe,  the  Meld  pre»ure  in  the  hemisphere  adjacent  to 

Next  we  assume  that  the  velocity  is  prescribed  by  y,(t)  =  y, txpfjut],  utilising  the  Fourier  transform  we  can 
i£wd  ptw“  dTi  y  ^  **“  sen“ri““'“°'  “d  the  resulting  pressure  in  the 

*<*,*,*, tv)  =  y,M  hMipptM  (15) 

where ‘ denotes  Fourier  transformed  varices.  Defining  w  [*.(«, d, tv)  M<U, tv)  ...  hJSJ.u)}  and 

I  &,!(«)  1  J 


y2(w)  = 


&,2(w) 

L  $2,p(“)  J 


we  can  write  the  total  farfield  pressure  as 


p(R,6,<t>,u)  =  y%(u)H(9,<j>,u) 


*  **  l 


R  • 

“  idr°?Cil  t0.‘!”  quantity  in  the  development  of  modal 

becaus^  the  vSociw  tatSi  ™  in  ,t  ' ,h‘^  *  i°  ‘i«  transfer  function  nlatri*  H  (),  *,  a,) 

filter  development  H(6  <A  ^  is  a.  \  .phyf3,1Cal  co°rdinate  8P«e  for  this  derivation.  At  this  stage  in  the  radiation 

and  FuUer"  Fo,  ’a  prescribed  waven^ber  T r“^T‘thf  “ST  “  d?C“”d  ^  Maffl"d 

Of  acoustic  particle  velocity  horn  the  elemental  source  associated  with  each  sense"  SScZSta fto  .LS 


point  (R,0,<p). 


The  remaining  steps  in  the  development  of  the  discrete-point  radiation  filters  follow  nearly  identically  to  Baumann 
et  al.  and  will  only  be  summarized  here.  Using  the  real-valued  pressure  and  fixing  R,  the  total  energy  per  unit  area 
radiated  into  the  farfield  in  direction  (6,<p)  is  given  by  the  integration  of  the  instantaneous  power  per  unit  area  with 
respect  to  time,  that  is 

,2 


rS[i 


Pk(R,9,<j>,t) 


dt. 


By  Parsevai’s  theorem  and  substitution  of  equation  16,  the  radiated  energy  becomes 

yf  (w)  M(u)  (u)  du 

where 


(IT) 


(18) 


1  f2r  fr 

M{u)  =  -  -  -  J  H(d,<j>,u)  H’(9,$,u)  aind  dO  dtp 


(19) 

is  the  ‘radiated  power  operator  matrix’.  M(u)  6  R?x*  will  generaUy  be  of  larger  dimension  than  the  corresponding 
matrix  in  a  generalized  coordinate  system.  The  conjugate  transpose  matrix  is  a  positive  definite  matrix  whose 
elements  are  rational  transfer  functions  which  describe  the  dynamics  of  the  linear  transformation  from  Al^n^I 
source  velocities  to  farfield  radiated  energy.  When  evaluated  at  a  specific  frequency  w,  the  singular  values  represent 
the  contribution  of  each  elemental  source  to  the  farfield  radiated  energy.  Finally,  it  is  possible  to  approximately 
factor  M(w),  to  some  desired  accuracy,  as 

M{u)  »  G*(w)  G(u).  (20) 

The  total  radiated  energy  can  thus  be  expressed  as 

H  =  yf(w)  G*(w)  G(u)  y2(w)  du  (21) 

and  by  ParsevaTs  theorem  this  is  equivalent  to 

n  =  Jo°°  ZT{t)Z{t)dt  (22) 

where  Z(t)  =  [G(s)  »(«)].  As  discussed  earlier,  Z  €  R?  is  the  image  of  y2,  created  by  passing  the  vector  of 

sensonactuator  velocity  measurements  through  a  filter  with  transfer  function  G(s). 

2A.  The  augmented  state  description 

The  dynamics  of  the  radiation  filter  matrix  can  be  written  in  state-space  form  as  follows: 

r  =  A/  r  +  Bf  y2  (23) 

Z  =  Cf  r  +  D/  vx  (24) 

=  Cf  r  +  Dj  0  QT  w 2  (25) 

where  the  filter  state-vector  is  r  <=  R\  yi  is  the  input  to  the  radiation  filter  matrix,  Z  is  the  filter  output  and  we 
have  used  equation  lL/Using  equations  10,  23  and  25  we  can  write  the  state  and  output  equations  for  the  structural 

f  W\  ' 
w2  >  as 
r 


acoustic  plant  for  the  augmented  state  vector  xa  = 


x*  = 


■  0 

/ 

0  ' 

*  o  ' 

-A 

-2C  A* 

0 

+ 

e 

0 

B;0eT 

*/  J 

0 

(26) 


Z=[Q  Df0QT  Cj]za  (27) 

Closed-loop  plant  equations  can  be  now  be  designed  using  direct  radiation  state  feedback  The  DRFR  t 

to  the  control  law  .  =  -K  Z.  This  control  law  represents  partial  state  feedback  of  p^  td  acoutk 

given  by  equation^’  ***  ^  °f  ^  dosed-looP  3ystem  minimizes  the  cost  functional 


3.  DIRECT  RADIATION  FEEDBACK  CONTROL:  STABILITY  ISSUES 

(JZ?ri0Q  fat™C,tural  vel°city  wm  result  in  suppression  of  the  radiated  acoustic  energy  Howev-  it  is  intuitive 
(but  not  proven)  that  forcing  the  radiation  to  the  zero  state  is  more  advantageous  for  th^ASAC  D«  I  n! 
radiation  feedback  is  examined  relative  to  the  closed-loop  stability  in  this  section  We  be<rin  Sth  t?'  D 
previous  stability  results  from  the  AVC  literature.  begm  mth  a  dialogue  on 

The  following  criteria  due  to  Lyapunov  are  used  to  show  stability  of  a  linear  system 

x(t)  =  A  x(t)  (28) 

whetlT8  re?riCt?e  C0r0Uary  ^  ejd3tS  reqmring  that  P  ^  positive  semidefinite  and  the  pair  (A  C)  be  observable 

2s:  ~ ,k=  — — -  — *• 


Ev(t,  w)  =  [tnf  w*] 
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w2  J 


(29) 

thT  totaTe  ^  ^  °f  diLfpato^^^ 

.t  ~  S 

*  of  eq““io“ 26,  tke 


-a,c  — 


o  /  o 

-A  -2CAt-QKDf  6r  -©  K  Cj 
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The  radiated  energy  norm  is  given  by 

Er(t,  xa)  = 
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a  Lyanpunov  function  VJt  xa  )  -  xT  P  x  for  the  t  .  1°“weigkts  kile  positions  as  follows  to  generate 
r'-t>  Xa>‘)  -  xa,c  r  xa,c  for  the  system,  where  P  is  given  by 
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Taking  the  derivative, 


Vr(t,Zatc)  —  [^c  P  +  P  &c\  S<j,c  (34) 

where  the  matrix  quantity  must  be  expanded  before  we  can  make  conclusions  about  the  stability.  Denning  N  = 
[Aj  P  +  P  Ac],  we  can  expand  the  matrix  using  equations  30  and  33.  However,  the  terms  in  the  macrix  are  quite 
lengthy.  Using  general  notation  for  Ae  and  P  we  will  show  only  the  general  result  of  the  expansion 


N  = 


0  Pi,  i  -  Ar  P2,  j 

~(P2,3  +  f)A  Pj.jA 2,2  +  AX 2^2,2  +  ^2,3-42, 3  +  A$  2^3,2 
~?3,2  A  P3, 2^2,2  +  -^23^2,2  +  ^3, 3^2,3  +  A$sPz,2 


-AT  P2, 3 

^J,3^J,3  +  +  P2, 3^3,3 

^3,2^2, 3  +  A2i3Po,3  +  ^3, 3^3,3 


^2^3,3 
^3,3^3, 3 


The  matrix  is  not  positive  delinite,  as  required  by  the  Lyapunov  criteria,  and  it  is  not  possible  to  determine  easily 
whether  the  matrix  is  in  fact  positive  semidefinite. 


The  selection  of  the  Lyapunov  function  must  be  made  using  some  other  criteria  than  the  radiated  energy  of 
the  system.  This  may  be  explained  physically  by  noting  that  the  radiated  energy  of  the  system,  as  defined  earlier 
through  equation  32,  is  expected  to  be  an  oscillatory  function  as  the  state  decays  to  zero.  We  feel  that  through 
proper  selection  of  the  terms  in  the  Lyapunov  function,  it  should  be  possible  to  show  asymptotic  stability  of  the 
closed-loop  system.  This  will  be  the  focus  of  future  work. 


5.  Conclusions 

Collocated  ASAC  control  approaches  are  facilitated  by  the  use  of  PZT  sensoriactuatcrs  in  adaptive  structures.  A 
direct  radiation  feedback  approach  was  suggested  here  for  the  first  time,  where  the  output  of  discrete-point  radiation 
filters  are  fed  back  by  the  control  law.  The  discrete-point  radiation  filters  are  a  new  contribution,  also.  The  DRFB, 
weighted-norm  ASAC  approach  was  evaluated  for  its  stability  using  the  radiated  energy  norm.  It  was  concluded 
that,  unlike  the  vibrational  energy  norm,  the  radiated  energy  norm  provides  a  positive  definite  Lyapunov  function 
but  does  not  exhibit  continuously  decreasing  radiated  energy.  Specifically,  it  was  not  possible  to  demonstrate  that 
the  derivative  of  the  Lyapunov  function  was  positive  semidefinite.  Our  conclusions  are  that  the  radiated  energy  of 
the  system,  as  formulated  here,  is  not  guaranteed  to  be  monotonically  decreasing.  Physically,  this  is  related  to  the 
oscillatory  behavior  of  the  function  in  time.  However,  it  is  also  intuitive  that  the  radiated  energy  of  the  system 
should  exhibit  asymptotic  stability  under  certain  controller  gains.  We  feel  that  it  remains  to  select  an  appropriate 
Lyapunov  function  to  demonstrate  this  stability  and  this  will  be  the  focus  of  future  work. 
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complicated  structures,  such  as  marine  vessels,  which  may  require  a  great  number  of 
relatively  large  actuators,  the  power  consumed  by  the  actuators  may  be  very  significant. 
Large  actuator  power  consumption  signifies  large  power  supplies  which  are  expensive  and 
massive.  Reducing  the  power  consumption  of  intelligent  material  systems,  therefore,  will 
reduce  both  the  cost  and  mass  of  such  systems,  two  of  the  aims  of  intelligent  material 
systems  for  active  control. 

In  ASAC  with  PZT  actuators,  the  sound  pressure  is  linearly  related  to  the  applied  forces  and 
moments.  Increasing  the  sound  pressure  level  in  dB  is  therefore  limited  by  the  amount  of 
induced  force/moment  the  actuator  can  deliver.  The  voltage  level  and  power  consumption, 
however,  can  be  significantly  reduced  by  increasing  the  force/moment  output  of  the  actuator 
for  a  set  electric  field.  One  way  of  increasing  the  moment  over  the  moment  from  a  bonded 
actuator  without  changing  the  applied  electric  field  is  to  offset  the  actuator  from  the 
structure  (Chaudhry  and  Rogers,  1992).  As  an  example,  consider  an  actuator  configured 
in  such  a  way  as  to  obtain  a  100%  increase  in  induced  moment.  This  increase  in  moment 
increases  the  sound  pressure  level  by  only  about  3  dB.  However,  the  voltage  level  needed 
to  maintain  the  original  sound  pressure  level  will  drop  by  50%  and  the  power  consumption 
can  be  reduced  by  up  to  75%.  Thus,  power  consumption  of  actuators  should  be  included  as 
a  primary  variable  in  the  objective  function  for  optimization  of  intelligent  material  systems 
for  active  control.  This  paper  uses  the  general  impedance  method,  developed  by  Liang  et 
al.  (1992,1993),  for  determining  the  power  consumed  by  PZT  actuators  in  underwater 
ASAC. 


INTRODUCTION  TO  IMPEDANCE  AND  ACTUATOR  POWER  CONSUMPTION 
MODEL 


The  impedance  and  actuator  power  consumption  model,  introduced  by  Liang  et  al. 
(1992,1993),  describes  the  interactions  between  actuators  and  structures  using  the  dynamic 
output  characteristics  of  the  actuators  and  the  dynamic  characteristics  of  the  structure,  i.e. , 
the  structural  impedance.  Mass,  damping,  rigidity,  boundary  conditions  and  acoustic  fluid 
loading  all  contribute  to  the  impedance  of  a  structure.  The  model  may  be  used  to  determine 
the  dynamic  response  and  power  consumption  for  actuators  used  in  active  material  systems. 
This  section  introduces  the  impedance  and  power  consumption  model  by  using  a  simple  one- 
degree-of-freedom  spring-mass-damper  system  as  an  example. 

Liang  et  al.  (1992,1993)  used  a  PZT  actuator  driving  a  one-degree-of-freedom  spring- 
mass-damper  system,  shown  in  Figure  1,  to  arrive  at  general  equations  for  dynamic 
response  and  power  consumption  of  PZT  actuators.  For  the  system  shown,  the  electric  field 
is  applied  in  the  z-direction  and  the  actuator  expands  and  contracts  only  in  the  y-direction. 
The  force  output  from  the  actuator  varies  as  a  function  of  frequency  and  is  related  to  the 
mechanical  impedances  of  the  actuator  and  the  structure  by  (Liang  et  al.,  1992): 


F  =  w.h.T, 

A  A  Vu 


z 

(ZA+Z) 


d32EY22WAhA 


(1) 


where  T2  is  the  stress  in  the  actuator,  w^the  width,  hA  the  thickness,  d32  the  piezoelectric 
coefficient,  E  the  applied  electric  field,  Y22E=Y22E(l+i?7)  the  complex  elastic  modulus  at 
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zero  electric  field,  rj  the  mechanical  loss  factor  for  the  PZT  and  Z  the  mechanical 
impedance  of  the  structure.  The  short  circuit  actuator  mechanical  impedance,  ZA,  is  (Liang 
etal.,  1992): 


Z 


A 


iu  tan(klA) 


(2) 


where  Ka  is  the  dynamic  stiffness  of  the  PZT  actuator  given  by  Y22EwAhA/lA  and 
k2=a >VY22e.  The  structure  impedance  varies  depending  on  the  type  of  structure.  The  force 
output  of  the  PZT  is  used  to  determine  the  dynamic  response  of  the  integrated 
actuator/structure  system  which  will  be  discussed  later  in  this  section. 

From  the  constitutive  relation  of  piezoelectricity  (charge  as  a  function  of  applied  stress), 
the  electric  displacement  of  a  PZT  actuator,  which  is  frequency  dependent,  may  be 
determined.  The  electric  current  passing  through  the  PZT  actuator  can  be  determined  by 
integrating  the  charge  over  the  actuator  surface.  The  coupled  electro- mechanical 
admittance,  defined  as  current  over  voltage,  provides  the  link  between  the  actuator  and 
structure  impedances  and  the  electronics  of  the  actuator.  The  admittance  (defined  as 
Y=I/V)  is: 


The  influence  of  the  structure  and  the  actuator  impedance  is  clear  in  the  equation.  The 
actuator  electrical  power  is  related  to  the  admittance  through  the  following: 
the  apparent  power,  WA: 


(4) 


r 
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the  dissipative  power,  WD: 

wD=^m ,  (a 

and  the  reactive  power,  WR: 

.  (6) 

R  2 

Only  the  dissipative  power  is  considered  herein  since  it  is  the  power  consumed  by  the 
actuator.  For  a  mechanical  system  vibrating  in  vacuo,  the  power  consumed  includes  three 
parts:  the  first  two  result  from  the  mechanical  and  dielectric  losses  in  the  PZT  itself  and  the 
third  results  from  the  damping  in  the  mechanical  system.  For  a  system  with  fluid  loading, 
the  additional  impedance  from  the  interaction  of  the  structure  with  the  fluid  medium  causes 
an  increase  in  the  power  consumption  of  the  actuator. 

Everything  in  Eqs.  (1)  and  (3)  is  known  except  for  the  structure’s  mechanical  impedance, 
Z.  The  other  terms  in  the  equations  are  functions  of  the  electrical  and  mechanical  properties 
of  the  PZT  actuator.  By  determining  the  structural  impedance,  the  dynamic  response  and 
power  consumption  of  the  actuator  may  be  found.  For  the  spring-mass-damper  system  of 
Figure  1,  the  mechanical  impedance  is: 


Z  =  c+m 


(7) 


where  c  is  the  damping  coefficient  and  a)n  is  the  natural  frequency  of  the  spring-mass- 
damper  system.  The  expression  for  admittance  in  Eq.  (3)  is  general  and  holds  for  any 
system,  thus  the  equations  for  the  one-degree-of-freedom  system  can  be  applied  to  a 
continuous  system  simply  by  replacing  the  impedance  of  the  spring-mass-damper  system 
with  the  structural  impedance  of  a  continuous  system  at  the  actuator  location.  Therefore, 
the  admittance  and  power  consumption  relations  shown  above  can  be  appropriately  applied 
to  beams,  plates  and  shells.  The  structural  impedance  for  a  simply-supported  beam  excited 
with  a  single,  vertical  PZT  actuator  support  and  radiating  acoustic  energy  into  a  fluid 
medium  is  developed  in  the  subsequent  section. 


SIMPLY  SUPPORTED  BEAM  FORMULATION 

'Hus  section  develops  the  structural  impedance  for  a  continuous  system,  namely  a  beam 
radiating  sound  into  an  acoustic  fluid.  The  emphasis  is  on  the  effect  of  the  fluid  loading  on 
the  structural  impedance  of  the  actuator/beam  system  and,  subsequently,  the  effect  on  the 
power  consumption  of  the  actuator.  Consider  a  simply-supported  beam  with  a  vertical  PZT 
actuator  support  as  shown  in  Figure  2.  The  beam  is  surrounded  by  an  infinite  rigid  baffle 
and  radiates  sound  into  an  acoustic  fluid  on  one  side.  The  beam  has  a  modulus  of  elasticity 
E,  mass  density  p,  and  moment  of  inertia  over  area  kj2.  Damping  is  included  in  the  model 
through  the  use  of  a  complex  modulus,  E(l+i5),  where  5  is  about  1/2%. 


Power  Consumption  of  Piezoelectric  Actuators  in  Underwater  Active  Structural  Acoustic  Control 


193 


Infinite  rigid  baffle 


38  cm 


- ; _ _ _ _ _ 

Figure  2.  Simply-supported  baffled  beam  with  vertical  PZT  support  radiating  sound 
into  an  acoustic  fluid  on  one  side. 


flu~0n  of  motion  for  the  ^ansverse  deflection  y(x,t)  in  the  presence  of  an  acoustic 


=  _(1+i5)E^|^+P(x)+P.  > 


(8) 


where  p(x)  is  the  external  dynamic  loading  term  and  pressure  Pi  is  induced  as  a  result  of  the 
acoustic  radiation  into  the  fluid.  The  pressure,  pi;  is  determined  from  (Sandman,  1977): 


~Pf 


'  d*' 


(9) 


where  pf  is  the  mass  density  of  the  fluid  and  ¥  is 
by  the  wave  equation: 


the  velocity  potential  which  is 


governed 


V2<lr  =  t  d2^ 

cj  dt2  ’ 


z>  0 


(10) 


with  boundary  conditions: 
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3* 

dz  z=o 


dw  on  the  plate 
3 1 


3£  =0  off  the  plate. 

^  solutions  to  Eqs.  (5)  and  ,7,  provide  the  complete  displacement  and  fluid  pressure 

response.  .  , .  ^^2  the  transverse  displacements  and  external 

“d  ,oading- "■  app 

forcing  function  is  harmonic  and  can  be  expressed  . 

,  (ID 

p(x, r)  -  £p-*-Wexp('"')  ’ 


where  u  is  the  driving  frequency  and: 


mxx 

*■  =  sin  — — - 

Am  i 

L 


^mTlr'Sp^.  ~ ?^orbrm^fgl  beam^  tran 

-  (13) 

y  =  E  )V.x.Wexp(io.r)  . 

m*l 

A  detailed  derivation  of  the  smady-state  SS 

by  Sandman  (1977).  Following  a  srmtlar  denvation,  the  pressur 

can  be  expressed  as: 


Pi(x,y,t)  = 


_  _Pfk(J> 


E^iix-w52T^‘it'd,’‘exp<'“o  ’ 

m*l  t)  u 


where  k  is  the  acoustic  wavenumber  u/c  and 

R  =  ^/(x-x1)2+(>'->’i)2+zr  • 

substituting  Eqs.  (8),  (10)  and  (1 1)  into  Eq.  (5),  multiplying  by  x.  and  integrating  over  the 
surface  of  the  beam  gives: 


AW.-BE-r-X  -  -P.  , 


(16) 
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where 


A_  =  c2k2 


2  m*\  _,,2 


The  fluid  loading  terms  are: 


Imn  “ 


U  U  V  Lj, 

uusi 


n-KX^  .  [  rmrx]  exp (-ikR)  ,  ,  . 

sin  - -  sin  — —  — £-1- — J-dxldyldxdy  , 

L  L  R 


and  Pm  are  the  piezoelectric  loading  terms: 


Fm  .  m-irL 

P  =  ^  sin  - 11 

m  pAL  L 


where  F*,  is  a  unit  actuation  force  and  £,  is  the  x  coordinate  of  the  actuator  support. 
Equation  (13)  can  be  written  in  matrix  form  as 

(M  -  5[y])M  =  1{p}  ,  QU 

P 

which  describes  a  set  of  linear  equations  that  can  be  solved  for  the  modal  amplitudes,  Wm. 
For  a  beam  in  air,  the  fluid  density,  pf,  is  approximately  zero  (thus  the  coefficient  B  is 
zero).  Since  matrix  [A]  is  diagonal,  the  modal  amplitudes  Wm  can  easily  be  solved  as: 

W  =  —  .  (22) 


For  a  beam  with  fluid  loading,  [7]  must  be  obtained  using  numerical  integration  and  Wm  is 
found  using: 

M  =  !(M  +  5[t])  V}  •  (23) 

P 

At  this  point,  the  displacement  frequency  response  function  corresponding  to  the  unit 
excitation  force  is  determined  by  substituting  the  modal  amplitudes,  Wm,  into  the  modal 
series  expansion  of  Eq.  (10).  The  acoustic  power  frequency  response  function 
corresponding  to  the  unit  excitation  force,  II,  is  found  by  integrating  the  acoustic  intensity 
over  the  semi-infinite  hemisphere.  For  both  the  uncoupled  and  fluid-coupled  analyses,  the 
structural  impedance  is  the  ratio  of  the  unit  force  amplitude  over  the  velocity  amplitude  at 
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(24) 


where  yi  is  the  displacement  at  £(.  • 

Once  the  structural  impedance  is  known,  the  force  output  of  the  actuator,  the  electro¬ 
mechanical  admittance  of  the  actuator  and  the  power  consumption  of  the  actuator  are 
computed  from  the  expressions  given  in  Eqs.  (1)  and  (3).  Since  the  acoustic  power  is 
proportional  to  the  square  of  the  force,  the  actual  acoustic  power  can  be  found  by 
multiplying  the  acoustic  power  found  from  a  unit  excitation  force,  II,  by  the  square  of  the 
force  output  from  the  actuator, 


COMPARISON  OF  IMPEDANCE  AND  STATIC  APPROACHES 

The  static  approach  refers  to  the  method  of  using  a  statically  equivalent  set  of  forces  and 
moments  as  the  amplitude  of  the  forcing  function  in  determining  the  dynamic  response  of 
actuation  from  integrated  actuators. 

Figure  3  compares  the  radiated  acoustic  power,  from  the  beam  described  above, 
calculated  using  both  the  impedance  approach  and  the  static  approach.  The  figure  also 
shows  the  force  output  of  the  actuator.  For  the  static  model,  the  force  output  is  the  static 
force  and  is  independent  of  frequency;  however,  for  the  impedance  model,  the  force  varies 
with  frequency.  It  is  evident  from  the  curves  that  the  force  behavior  is  reflected  in  the 
radiated  acoustic  power.  The  correlation  occurs  as  a  result  of  the  direct  relationship 
between  the  square  of  the  force  and  the  radiated  sound  power.  The  radiated  sound  power 
predicted  by  the  impedance  model  is  calculated  using  Eq.  (22). 

Figure  3  shows  that  the  force  output  from  the  static  model  simply  becomes  a  frequency 
independent  scaling  factor  by  which  the  radiated  sound  power  amplitudes  at  all  frequencies 
are  multiplied.  The  radiated  sound  power  results  calculated  from  the  impedance  model  can 
be  obtained  from  the  static  model  results  using 

TT  =n  F  (kQimpedince  (26) 

^impedance  static  2 

^static 


Clearly,  the  impedance  model  provides  more  physical  insight  into  the  dynamic  actuator- 
structure  interaction  than  do  static  models.  The  use  of  a  static  model  for  predicting  dynamic 
behavior  is  ill-advised  as  attested  by  the  results  of  Figure  3.  While  the  results  show  a 
general  correlation  in  shape,  the  natural  frequencies  differ,  as  do  the  sound  power 
amplitudes  which  are  off  by  about  an  order  of  magnitude.  Static  models,  therefore,  should 
be  avoided  when  calculating  dynamic  and  acoustic  responses  for  active  material  systems, 
especially  when  the  actuator  impedance  is  close  to  the  structural  impedance. 
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Frequency,  Hz 

Figure  3.  Comparison  of  radiated  acoustic  power  and  force  from  the  power 
consumption  model  and  the  static  model. 


EXPERIMENTAL  VERIFICATION  OF  THE  ACTUATOR  POWER  CONSUMPTION 
MODEL 

An  experiment  was  performed  to  demonstrate  the  usefulness  of  the  impedance  model  for 
predicting  the  dynamic  actuator-structure  interaction  and  actuator  power  consumption.  The 
experiment  consisted  of  a  cantilever  beam  with  bonded  actuators  close  to  its  fixed  end.  The 
real  part  of  the  admittance  was  measured  using  an  HP  Impedance  Analyzer.  Figure  4 
compares  the  measured  data  with  the  electro-mechanical  admittance  calculated  using  the 
power  consumption  model.  The  actuator  electrical  and  mechanical  properties  (G1 195  PZT) 
used  in  the  impedance  model  calculations  are  shown  in  Table  1.  The  actuator  power 
consumption  model  accurately  predicts  the  admittance  measured  experimentally  both  on  and 
off-resonance.  Interested  readers  may  refer  to  Liang  et  al.  (1993)  for  more  information 
regarding  the  experimental  results  and  theoretical  model. 


Table  1.  Electrical  and  mechanical  properties  of  a  PZT  actuator  (G1195). 
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numerical  example 

Figure  2  shows  a  simply-supported  beam  with  a  vertical PZJ '  4cm=wide 

cm  which  imparts  a 5^”"“  “““““ity  63  GpTand  Poisson’s  ratio  0.3.  The  beam  is 
CTClos^^y^n^nfiniterigid baffle^d'^^os acoustic^energy  into jjj^^^lfthe  same 
^  i2  The  PZT  ts  iocated  a,  ,2, 

CmAalFORT^rc^hw^rritten  to  perform  the  necessary  numerical  integrations  and 
respectively. 


results  and  discussion 

As  previously  discussed,  the  impedance  model  is  useful 
consumed  by  actuators  in  an  active  control  system.  Power  consumptio, n  rf  PZT  acrna 
was  discussal  for  vibration  control  in  a  previous  paper  by  Ltang  et  al.  (1993).  Here  me 
focus  is  on  actuator  power  consumption  in  active  acoustic  control  systems.  The  mam 
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differences  are  that  the  radiated  sound  is  an  additional  energy  sink  for  which  the  PZT 
actuator  must  continually  supply  energy. 

Figure  5  shows  the  real  part  of  the  mechanical  impedance,  which  represents  the 
mechanical  energy  dissipation,  for  the  beam  with  air  and  water  fluid  loading.  In  calculating 
the  results  in  Figure  5,  dielectric  and  mechanical  losses  in  the  PZT  and  damping  in  the 
structure  were  not  considered,  allowing  the  effects  of  fluid  loading  to  be  examined 
independently.  The  water  fluid  loading  has  two  effects  on  the  structural  impedance:  the 
natural  frequencies  shift  due  to  the  mass  loading  effects  of  the  water  which  is  much  more 
dense  than  air,  and  the  water  creates  a  two  to  three  order  of  magnitude  increase  in  the  real 
part  of  the  off-resonance  impedance  over  the  case  of  air  fluid  loading. 

The  change  in  impedance  created  by  the  heavier  fluid  loading  causes  a  corresponding 
variation  in  power  consumption,  as  demonstrated  by  Figure  6a.  The  figure  compares  the 
power  consumption  of  the  actuator  for  the  beam  loaded  by  water  with  that  of  the  beam 
loaded  by  air.  Figure  6b  quantifies  the  power  consumed  by  the  four  various  mechanisms 
of  power  dissipation:  dielectric  loss  of  the  PZT,  mechanical  loss  of  the  PZT,  damping  of 
the  structure,  and  acoustic  radiation.  To  determine  the  individual  effect  of  a  single 
parameter,  models  were  run  with  the  other  parameters  set  to  zero.  For  example,  to 
determine  the  power  consumed  by  structural  damping  of  the  beam,  the  dielectric  loss  and 
mechanical  loss  factors  of  the  PZT  were  set  to  zero  as  was  the  density  of  the  acoustic 
medium.  It  is  apparent  from  Figures  6a  and  6b  that  the  on-resonance 
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Frequency,  Hz 


Figure  6a.  Comparison  of  actuator  power  consumption  for  the  beam  with  air  and 
water  fluid  loading. 
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Figure  6b.  Breakdown  of  power  consumption  by  mechanism  of  dissipation. 
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CONCLUSIONS 

This  paper  extends  the  coupled  electro- mechanical  approach  for  analyzing  the  energy 
transfer  and  power  consumption  in  active  material  systems,  developed  by  Liang  et  al. 
(1993),  to  the  case  where  acoustic  radiation  in  the  presence  of  a  fluid  is  considered.  The 
approach  uses  a  structural  impedance  method  to  find  radiated  acoustic  power  and  power 
consumption.  The  numerical  results  demonstrate  the  significance  of  accounting  for  fluid 
coupling  when  determining  the  structural  impedance  of  systems  and  power  consumption  of 
actuators  used  in  intelligent  material  systems.  In  addition,  the  numerical  results  show  the 
inadequacy  of  static  models  for  predicting  dynamic  response  and  power  consumption.  The 
capability  to  analyze  the  power  consumption  and  energy  transfer  of  actuators  utilized  in 
underwater  acoustic  control  will  enable  the  design  of  more  energy  efficient  active  control 
systems. 
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AN  EVALUATION  OF  FEEDBACK,  ADAPTIVE  FEEDFORWARD 
AND  HYBRID  CONTROLLER  DESIGNS  FOR  tLWtURWARD 
ACTIVE  STRUCTURAL  CONTROL  OF  A 
LIGHTLY-DAMPED  STRUCTURE* 


ABSTRACT 


feedW  6  ?  A?'  StrafegieuS  can  be  designed  for  lightly  damped  structures  using 

feedback,  adaptive  feedforward  or  hybrid  control  laws.  This  study  begins  with  analyt 

ical  and  numerical  descriptions  of  three  different  controller  designs  for  the  problem  of 
vi  ration  suppression  on  a  lightly-damped,  simply-supported  plate.  The  applicability 
of  each  approach  is  investigated  for  harmonic  and  transient  mechanical  disturbances  on 
e  plate.  It  is  shown  that  in  the  absence  of  modelling  uncertainty,  all  three  controllers 
perform  equally  well  for  persistent  disturbances.  The  feedback  and  hybrid  designs  pro¬ 
vide  comparable  performance  for  impulsive  disturbances.  Next,  structured  modelling 

^  t0  mV6Sftigate  the  effect  on  the  closed-loop  response  for  the 
different  control  laws.  Advantages  of  the  hybrid  controller  in  the  presence  of  modelling 

nreCserntaeS TS  T  v—  m  nUmedcal  simuIations  **d  experimental  results  are 

presented  for  the  Virginia  Tech  plate  testbed. 

INTRODUCTION 


statin  f  ,egy  for  aCtlVe  Vlbration  suppression  of  an  adaptive  structure  can  be 

ated  as  a  general  design  approach:  select  a  control  architecture  which  is  closed-loop 
stable  and  minimizes  the  structural  response  due  to  transient  and  persistent  external 
disturbances.  It  is  assumed  that  the  designer  has  both  feedback  control  laws  and  adap- 
tive  signal  processing  methods  available.  This  paper  shows  that  it  is  advantageous  to  use 
blended  feedback  and  adaptive  feedforward  control  to  generate  a  unique  hybrid  control 
architecture  for  structural  vibration  control. 

BACKGROUND 

for  ItT  C°r;  °f  flexiule  SyStemS  was  initiated  duri“S  the  1960’s.  Early  motivation 
for  active  control  research  was  related  to  the  design  specifications  for  space  platform 

W  rp]  T"  eVe  S'  ^  W.aS  Predlcted  that  precise  communication  and  observation  tasks 
would  be  compromised  by  the  dynamic  response  of  the  necessarily  Bght“Ut 

*This  work  was  supported  under  ONR  Grant  No.  N00014-92-JI170 

Institute  and'state^niv^^^  5^2406°!,  Mater'al  Sys,ems  and  Structures,  Virginia  Polytechnic 
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damped  space  structure  systems.  Active  vibration  suppression  strategies  were  developed 
to  reduce  the  additional  mass  and  volume  which  accompany  traditional  passive  damp¬ 
ing  mechanisms.  Early  concepts  were  mostly  active  damping  methods,  including  direct 
velocity  feedback  [1,2],  independent  modal  space  control  (IMSC)  [3],  and  collocated  po¬ 
sition  feedback  [4]. 

Design  of  control  laws  for  flexible  structures  has  matured  during  the  past  fifteen  years. 
It  is  now  quite  common  that  suppression  of  persistent  disturbances  is  included  as  a  de¬ 
sign  requirement.  Several  multi-input,  multi-output  (MIMO)  feedback  control  laws  were 
developed  which  provided  both  active  damping  and  disturbance  rejection.  Stochastic, 
multivariate  control  theory  was  employed  to  develop  Linear  Quadratic  Gaussian  (LQG) 
regulation  for  plants  subject  to  process  (input)  and  measurement  noise  [5].  By  including 
the  dynamics  of  external  disturbance  processes  in  the  plant  model,  the  LQG  disturbance 
model  (LQG-DM)  approach  was  designed  for  simultaneous  transient  and  steady-state 
disturbance  suppression.  During  the  mid- 1980’s,  an  optimal  controller  was  designed  for 
minimization  of  the  Hoc  norm.  Application  of  the  H ^  controller  to  structural  vibration 
suppression  was  investigated  by  Ellis  [6].  The  performance  of  the  H ^  controller  was 
shown  to  be  comparable  to  the  discrete  LQG-DM  controller  using  the  Virginia  Tech 
plate  testbed  experiment. 

The  goal  of  suppressing  steady-state  disturbances  on  structural  systems  has  been 
addressed  by  the  adaptive  signal  processing  community,  also.  The  pioneering  work  by 
Widrow  [7]  was  applied  to  the  active  noise  control  problem  by  Elliott  et.al.[8].  Their 
implementation  of  a  MIMO  filtered-X  LMS  (FXLMS)  algorithm  proved  to  be  a  robust 
control  approach  for  minimization  of  steady-state,  harmonic  disturbances.  The  adap¬ 
tive  controller  was  then  applied  to  the  structural  acoustic  control  problem  by  Fuller  and 
Jones  [9].  Their  method  was  one  of  the  first  applications  of  adaptive  feedforward  for 
reduction  of  harmonic  structural  vibration.  Subsequent  research  in  this  area  has  shown 
that  the  adaptive  feedforward  controllers  can  be  extended  to  rejection  of  wideband  dis¬ 
turbance  inputs  [10]. 

MOTIVATION 

Selection  criteria  for  feedback  versus  adaptive  feedforward  structural  control  algo¬ 
rithms  has  received  relatively  little  attention  in  the  literature.  Generally,  there  appears 
to  be  two  nearly  distinct  categories  of  vibration  control  research  dedicated  to  either 
adaptive  feedforward  control  or  modern  control  theory  methods.  The  focus  of  this  re¬ 
search  is  to  generate  hybrid  control  architectures  which  utilize  both  approaches. 

Table  I  summarizes  some  advantages  and  disadvantages  of  feedback  control  versus 
adaptive  feedforward  control.  For  adaptive  feedforward  vibration  control,  the  error  sig¬ 
nal  is  adaptively  minimized  to  zero.  The  FXLMS  algorithm  is  a  widely-studied  adaptive 
algorithm  which  exhibits  high  stability  and  performance  robustness.  A  particularly  im¬ 
portant  advantage  is  that  apriori  modelling  is  not  required.  Successful  implementation 
requires  that  a  correlated  reference  signal  be  available.  An  additional  constraint  is  that 
the  reference  signal  be  uncontrollable  from  the  actuator  input(s).  In  other  words,  there 
must  be  no  feedback  path  from  the  actuator  to  the  reference  signal  if  the  system  is 
truly  characterized  as  adaptive  feedforward.  One  disadvantage  for  this  approach  is  that 
the  suppression  of  transient  signals  is  not  presently  within  the  capabilities  of  adaptive 
feedforward  control  architectures,  although  increasing  success  with  wideband  adaptive 
controllers  may  lead  to  breakthroughs  in  this  area. 
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Table  I  -  Comparison  of  Adaptive  Feedforward  and  Feedback  Control 


Control  Approach 

Advantages 

Disadvantages 

Adaptive  Feedforward 
Control 

error  signal  is 
typically  driven 

Transient  suppression 
is  difficult 

to  zero. 

large  stability 
bounds 

coherent  reference 
required 

no  modelling 
required 

Feedback  Control 

active  damping 
provides  transient 

modelling  uncertainty 
leads  to  robustness 

suppression 

problems 

Active  vibration  suppression  using  feedback  control  is  structured  into  two  distinct  mech¬ 
anisms:  active  damping  and  disturbance  compensation.  The  active  damping  results 
from  the  eigenvalue  modification  which  occurs  in  the  presence  of  feedback  signals.  This 
effective  increase  in  structural  damping  provides  substantial  reductions  in  structural  re¬ 
sponse  caused  by  completely  arbitrary  temporal  and  spatial  distributions  of  disturbance 
waveforms.  The  suppression  provided  by  active  damping  is  highest  near  the  resonance 
frequencies  of  the  structure.  Disturbance  compensation,  sometimes  called  disturbance 
rejection,  refers  to  the  effective  cancellation  of  the  system  response  caused  by  exter¬ 
nal  disturbances  on  the  structure.  An  excellent  discussion  of  the  relationship  between 
different  disturbance  compensation  methods  was  provided  by  Sievers  and  vonFlotow 
[11].  most  significant  disadvantage  associated  with  the  two  feedback  suppression 
mechanisms,  for  fixed-gain  controllers  like  the  LQG-DM  and  Hqo  control  laws,  is  their 
dependence  on  apriori  system  modelling.  Modelling  uncertainty  can  degrade  closed-loop 
performance  and  lead  to  stability  problems  for  the  closed-loop  system,  particularly  for 
high-gain  disturbance  compensation  methods. 

This  paper  demonstrates  advantages  which  accompany  the  blended  use  of  feedback 
control  and  adaptive  feedforward  control  for  the  suppression  of  persistent  disturbances. 
We  propose  a  hybrid  control  law  which  uses  an  optimal  formulation  for  the  feedback 
gams  and  the  FXLMS  algorithm  to  minimize  the  effect  of  persistent  disturbances  on 
the  structure.  The  presence  of  a  closed-loop  around  an  adaptive  feedforward  path  is 
very  new  in  the  general  control  literature.  The  earliest  reference  we  found  on  the  use  of 
combined  feedback  and  adaptive  feedforward  is  by  Alcone  et.al.  [12].  Their  application 
involved  adaptive  noise  cancellation  (ANC)  to  reduce  jitter  in  laser  beam  control  sys- 
ems.  They  showed  the  feasibility  of  introducing  a  feedback  loop  around  the  nonlinear, 
ANC  system.  For  active  noise  control,  there  have  been  successful  cancellation  meth¬ 
ods  which  incorporate  adaptive  feedforward  control  with  feedback  compensation  [13,14]. 
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However,  the  purpose  of  the  feedback  in  those  situations  was  for  the  compensation  of 
feedback  introduced  to  the  reference  signal  by  the  action  of  the  controller.  A  comprehen¬ 
sive  discussion  of  those  system  architectures,  which  are  not  of  the  type  we  will  discuss 
in  this  paper,  was  given  by  Swanson  [15]. 

A  review  of  the  structural  control  literature  indicates  that  the  combined  use  of  feed¬ 
back  and  adaptive  feedforward  control  was  first  implemented  by  Finefield  [16].  He  con¬ 
cluded  that  the  combined  control  approach  was  very  effective  when  the  structure  was 
excited  over  a  broad  frequency  range.  We  have  not  discovered  any  additional  structural 
control  applications  which  incorporate  hybrid  control  approaches. 

This  paper  examines  three  different  controller  designs  applied  to  the  problem  of 
vibration  suppression  on  a  lightly-damped,  simply-supported  plate.  A  discrete  LQG 
stochastic  compensator  with  internal  Disturbance  Modeling  (DLQG-DM),  the  Filtered- 
X  LMS  adaptive  algorithm  and  a  hybrid  controller  will  be  evaluated.  The  impact  of 
modelling  uncertainty  on  the  different  controllers  will  be  demonstrated.  Implementa¬ 
tion  issues  are  discussed  and  demonstrated  using  the  simply-supported  plate  testbed. 
The  remainder  of  the  paper  provides  brief  descriptions  of  the  three  control  laws,  fol¬ 
lowed  by  a  discussion  of  each  compensator’s  frequency  response.  Structured  uncertainty 
is  introduced  in  the  form  of  multiplicative  perturbations  on  the  nominal  plant  to  clarify 
the  favorable  properties  of  FXLMS  control  for  a  harmonic  disturbance.  Finally,  the 
hybrid  control  law  is  used  to  demonstrate  robust  suppression  of  simultaneous  transient 
and  harmonic  disturbances. 

Description  of  Control  Laws 

This  section  will  summarize  the  relevant  equations  which  describe  the  DLQG-DM, 
FXLMS  and  hybrid  control  laws.  It  is  assumed  that  the  reader  is  familiar  with  the  de¬ 
velopment  of  the  stochastic  optimal  feedback  approach  and  the  adaptive  gradient  search 
algorithm.  If  a  more  detailed  discussion  of  the  two  control  approaches  is  desired,  the 
previously  cited  material  by  Ridgely  [5]  and  Widrow  [7]  can  be  reviewed,  respectively. 

DLQG-DM  Control 

The  sampled-data,  LQ  regulator  is  combined  with  state  reconstruction  by  a  Kalman 
filter  to  form  the  DLQG  stochastic  control  law.  When  dynamics  of  any  external  distur¬ 
bances  are  included  in  the  estimated  state  vector,  i.e.  internal  disturbance  modelling, 
the  DLQG-DM  controller  results.  The  optimal,  stochastic,  output  linear  regulator  re¬ 
sults  from  the  solution  to  the  following  problem: 

xk+ 1  =  $  Xk  +  r  Uk  +  A  Vk  (1) 

Vk  =  C  xk  +  Dc  uk  +  Dd  vk  +  Qk  (2) 

zk  =  H  xk  (3) 

where  we  have  assumed  that  T,  A,  C,  Dc, and  Dd  are  time-invariant,  uk  6  Rm 
is  the  control  vector,  yk  is  the  output  measurement,  zk  is  the  controlled  variable  and 
xk  €  R'1,  vk  e  R‘ ,  and  Qk  €  Rp  are  random  variables  described  by  Gaussian  distributions 
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E  [v*  ©*]  =  0 
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Ufl>k  ~  KcXak/k  (10) 

Two  remarks  about  subtle  features  of  the  a  posteriori  DQLG-DM  equations  8  to  10 
will  be  made  for  clarification.  First,  the  disturbance  states  are  uncontrollable  from  the 
control  input.  This  means  that  there  is  no  feedback  path  between  the  control  input  and 
the  disturbance  estimate.  Since  the  estimator  has  knowledge  of  the  control  input  and 
the  plant  dynamics,  it  estimates  the  proper  value  of  the  disturbance  for  open-loop  or 
closed-loop  situations.  Second,  the  DLQG-DM  compensator  has  poles  which  coincide 
with  the  sampled- data  poles  of  the  disturbance  model.  Since  the  zeros  of  the  closed-loop 
system  are  the  sum  of  the  zeros  of  the  open-loop  plant  and  the  poles  of  the  compen¬ 
sator,  the  DLQG-DM  controller  places  closed-loop  zeros  at  the  disturbance  frequencies. 
This  well-known  fact  will  be  important  in  understanding  the  performance  of  the  hybrid 
control  law. 

FXLMS  Control 

The  FXLMS  algorithm  is  a  gradient  search  algorithm  which  trades  off  an  instanta¬ 
neous  estimate  of  the  signal  statistics  for  fast  implementation.  The  principle  behind  the 
FXLMS  control  is  the  cancellation  of  a  “primary”  response  through  the  action  of  “sec¬ 
ondary”  control  sources.  Operation  of  the  adaptive  control  requires  passing  a  correlated 
reference  signal  (i.e.  coherent  with  the  disturbance  source)  through  an  adaptive  filter, 
whose  coefficients  are  determined  on-line  via  minimization  of  a  quadratic  cost  function 
of  some  chosen  error  signal.  We  choose  not  to  elaborate  the  details  of  the  controller 
development  but  show  the  final  weight  update  equation  which  comprises  the  FXLMS 
algorithm: 

Wik+l  =  Wik  ~  2aVk  Xfrk-i  *  =  1)2,  ...N  (11) 

where  the  filtered-x  signal  xjTk  is  generated  by  passing  the  input  xrk  through  the  plant 
model  Gjx(z).  The  gain  parameter  ot  controls  the  rate  of  convergence  and  stability  of 
the  algorithm.  Note  that  Gjx(z )  must  be  a  stable  representation  to  guarantee  a  bounded 
reference  signal. 

The  control  signal  is  generated  by  passing  the  reference  signal  through  an  FIR  filter 
whose  weights  are  those  of  equation  11.  After  convergence,  the  adaptive  feedforward 
control  signal  can  be  written 


Uffk  =  WQXrk  +  WiXr^.  (12) 

The  selection  of  the  reference  signal  is  critical  to  the  analysis  of  the  FXLMS  algorithm. 
In  the  next  section,  we  pose  a  hybrid  control  law  which  uses  the  estimated  disturbance 
of  equation  7  as  the  reference  signal. 

Hybrid  Control 

The  two  previous  sections  summarized  an  optimal,  fixed-gain,  feedback  control  law 
and  an  adaptive  feedforward  gradient  search  algorithm  which  can  both  be  used  for 
disturbance  compensation.  In  this  section,  we  summarize  a  blend  of  the  two  approaches 
such  that  we  retain  the  active  damping  provided  by  the  feedback  control  but  design  the 
hybrid  control  law  to  deliver  disturbance  rejection  through  the  exclusive  action  of  the 
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Figure  1:  Hybrid  control  architecture 


FXLMS  control  law.  The  concept  is  simply  linear  superposition  of  the  two  controllers,  so 
that  the  control  signal  consists  of  the  feedback  component  and  the  adaptive  feedforward 
segment: 


uhk  =  ufbk  +  ufJk  (13) 

=  —KhXk/k  +  W0Xrk  +  WiXr^  (14) 

where  the  two  components  follow  from  equations  10  and  12,  with  the  exception  of  a 
modified  feedback  gain  matrix  Kh-  Dimensions  of  the  previous  feedback  gain  matrix 
Kc  €  £””<("+0  have  been  reduced  such  that  Kh  G  RmXn  no  longer  feeds  back  the  distur¬ 
bance  model  states.  The  implication  of  this  change  will  be  discussed  in  the  next  section. 
A  block  diagram  of  the  proposed  hybrid  control  architecture  is  shown  in  Figure  1.  The 
schematic  shows  that  the  hybrid  control  consists  of  a  feedback  loop  around  an  adap- 
uve  feedforward  control  path.  The  block  diagram  has  been  manipulated  to  present  the 
DLQG  compensator  in  the  forward  path  with  unity  feedback.  The  feedback  gain  matrix 
is  part  of  the  compensator,  as  discussed  in  the  next  section.  A  coherent  reference  signal 
is  supplied  to  the  adaptive  controller  from  a  measurement  of  the  disturbance  d(k)  or 
from  the  estimate  of  the  disturbance  d(k )  in  the  Kalman  filter.  The  selection  of  the 
controlled  (error)  signal  is  arbitrary  for  this  formulation.  Because  of  the  system  lin¬ 
earity,  each  control  law  operates  independently  of  the  other.  However,  there  is  some 
interaction  since  the  adaptive  controller  “sees”  a  different  plant  during  open-loop  versus 
c  osed-loop  feedback  control.  The  performance  of  the  hybrid  compensator  can  best  be 
escribed  by  examining  the  form  of  the  compensators  for  the  three  cases:  DLQG-DM 
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control,  FXLMS  control  and  hybrid  control. 
Compensator  Comparison 


The  frequency  response  of  the  three  compensators  described  above  will  be  discussed 
in  this  section.  It  is  well-known  that  compensators  designed  for  narrowband  disturbance 
rejection  share  a  common  feature,  as  discussed  by  Sievers  and  vonFlotow  [11].  Each  com¬ 
pensator  includes  a  pair  of  complex  poles  at  the  disturbance  frequency  such  that  the 
magnitude  of  the  loop  gain  is  high  over  the  disturbance  bandwidth.  It  is  precisely  this 
high  loop  gain  which  provides  the  desirable,  low  sensitivity  to  plant  disturbances.  It 
will  be  shown  that  the  feedback  gains  on  the  disturbance  model  states  generate  the  high 
loop  gain  for  the  DLQG-DM  compensator.  When  these  states  are  not  fed  back,  the 
disturbance  rejection  is  not  present.  It  will  also  be  demonstrated  that  the  action  of  the 
FXLMS  control  signal  is  equivalent  to  feedback  gains  on  the  disturbance  model  states 
when  those  disturbance  dynamics  are  used  for  the  reference  signal  to  the  algorithm. 


For  the  following  comparison,  we  will  use  the  plate  testbed  model  discussed  by 
Rubenstein,  et.al.  [18].  The  operating  frequency  of  the  disturbance  and  the  selec¬ 
tion  of  the  error  signal  must  be  specified  for  the  compensator  design.  For  the  following 
cases,  we  choose  to  suppress  the  response  of  the  first  plate  mode  to  a  55  Hz  disturbance. 
The  frequency  response  of  the  discrete  LQG-DM  compensator  is  derived  from  the  con¬ 
trol  law  Ufbk  =  —Kcxak/k_ j.  Substituting  from  equations  2,  8  and  9,  we  can  solve  for 
u(z )  =  Gfb(z)  y(z)  where 


Gfb(z)  =  [~KC  ( zl  -  (Aa  +  AaK}DaKc  -  AaI<fCa  -  GaI<c))~l  Aa  Ks] .  (15) 

A  bode  plot  of  the  DLQG-DM  compensator  magnitude  and  phase  is  shown  in  Figure 
2.  Notice  the  expected  pole  at  55  Hz  which  coincides  with  the  disturbance  frequency. 
When  there  are  no  feedback  gains  on  the  disturbance  states,  the  loop  gain  does  not 
exhibit  the  peak  at  the  disturbance  bandwidth.  Active  damping  is  still  present  but  the 
disturbance  rejection  capability  is  removed  in  that  situation. 

The  discrete  transfer  function  for  the  SISO  FXLMS  compensator  was  discussed  by  El¬ 
liott,  et.al.  [8].  We  can  write  ufJ(z)  =  Gjj(z)  y(z)  where 


Gff(z) 


GjjY_  f  zcosju^T  -  <j>)-  cos<f> } 
2  \  1  —  2zcos(u<iT)  +  z2  J 


(16) 


and  the  plant  model  has  been  evaluated  at  the  disturbance  frequency,  G (j )  =  Y . 
A  bode  plot  of  this  compensator  is  shown  in  Figure  3.  As  mentioned  earlier,  complex 
poles  which  coincide  with  the  disturbance  poles  are  present  in  the  compensator.  Thus, 
the  adaptive  FXLMS  compensator  can  be  used  to  perform  the  disturbance  rejection 
instead  of  the  feedback  disturbance  modelling  approach.  A  comparison  of  the  DLQG- 
DM,  FXLMS  and  hybrid  compensators  is  developed  next  for  the  situation  where  the 
estimated  disturbance  dynamics  are  used  for  the  reference  signal  input  to  the  FXLMS 
algorithm. 

A  direct  comparison  of  the  hybrid  compensator  to  the  individual  DLQG-DM  and 
FXLMS  compensators  follows  after  a  transformation  of  the  disturbance  state  space 
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Figure  2:  DLQG-DM  Compensator  and  Mode  1  Open-loop  Response 


model  to  phase  variable  canonical  form.  Discrete-time  phase  variables  are  equivalent  to 
tapped-delays  in  adaptive  signal  processing  applications.  Using  the  appropriate  trans¬ 
formation,  the  disturbance  dynamics  in  phase  variable  form  are  such  that  st  =  s2  . 
Then,  we  observe  that  the  adaptive  feedforward  component  of  the  control  signal  becomes 

uff[k\  =  Wo  s2k  +  Wi  s2k_l  (17) 

=  W0  s2k  +  Wl  slk  (18) 

=  W*  sk/k  (19) 

where  we  define  W  as  the  optimal  weights  of  the  converged  adaptive  filter.  Referring 
back  to  the  augmented  state,  we  can  write  L 


Uhk  -  -Kh  Xk/k  +  Wmsk/k  (20) 

=  ~Kh  xak/k  (21) 

Thus  the  converged  hybrid  compensator  can  be  evaluated  as  if  the  control  law  were 
state  feedback  once  again.  (Recall  that  the  gains  on  the  disturbance  states  had  been 
zeroed  for  the  feedback  component  of  the  hybrid  control  Several  observations  can 
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be  made  about  equation  21.  First,  the  adaptive  filter  gains  on  the  disturbance  states  are 
the  converged  values.  Second,  it  is  not  possible  to  calculate  the  values  of  these  weights 
a  priori.  Real-time  simulations  or  experimental  results  are  required.  Finally,  we  have 
assumed  that  the  t’th  disturbance  state  is  used  as  the  reference  signal  for  the  FXLMS 
algorithm. 

An  important  distinction  of  the  hybrid  controller  is  that  it  adaptively  estimates  the 
disturbance  feedback  gains,  thereby  ensuring  disturbance  rejection  regardless  of  the  de¬ 
gree  of  modelling  uncertainty.  Next,  we  examine  the  effect  of  modelling  uncertainty  on 
the  performance  robustness  of  the  three  control  approaches. 

Effect  of  Modelling  Uncertainty  on  Performance  Robustness 

We  are  concerned  with  the  performance  robustness  of  the  closed-loop  structure.  Per¬ 
formance  robustness  is  defined  here  as  the  maintenance  of  a  satisfactory  level  of  perfor¬ 
mance  in  the  presence  of  modelling  errors  (uncertainties).  For  this  analysis,  we  assume 
highly  structured  perturbations  of  the  nominal  plant,  which  refer  to  magnitude  bounds 
on  individual  elements  of  some  perturbation  matrix  which  is  compatible  with  a  given 
model  structure.  The  second  assumption  is  that  we  have  a  stable  system  to  begin  with. 
Next,  a  structured  perturbation  matrix  is  proposed  to  represent  probable  uncertainties 
and  a  numerical  investigation  of  the  effect  on  the  controller  performance  is  presented. 

Performance  robustness  analysis  is  typically  carried  out  either  in  the  frequency  do¬ 
main  or  m  the  time  domain.  For  this  paper,  we  choose  perturbations  on  the  state  space 
input  weighting  matrices  T  and  A  which  correspond  to  a  time  domain  analysis  approach. 
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Figure  4:  Effect  of  Model  Uncertainty  on  DLQG-DM  Closed-Loop  Response 


For  a  general  state  space  system,  we  can  write 

x(t)  =  (F  +  AF)x(t)  +  (G  +  AG)u(t)  +  {L  +  AL)w{t)  (22) 

where  the  matrices  AF,AG  and  AL  represent  the  maximum  perturbations  on  an  ele¬ 
mental  basis.  For  the  following  calculations,  the  perturbation  matrices  are  defined  by 


AG  = 
AL  = 


[/  +  E)G 
[/  +  E)L. 


(23) 

(24) 


where  £  is  a  diagonal  matrix  which  scales  the  desired  uncertainty  and  G  and  L  are  the 
continuous-time  weighting  matrices  on  the  control  input  and  disturbance  input.  Hence, 
e  uncertainties  are  introduced  before  the  transformation  to  the  sampled-data  system. 

Next,  the  effect  of  different  values  of  E  on  the  DLQG-DM  closed-loop  performance  is 
examined. 

It  is  clear  that  a  fixed-gain  control  law,  such  as  DLQG-DM  cannot  sustain  the  de¬ 
sired  closed-loop  performance  in  the  face  of  increasing  modelling  uncertainties.  The 
c  osed-  oop  response  m  Figure  4  confirms  this  fact.  The  excellent  performance  of  the 
c  osed-loop  system  is  degraded  as  the  uncertainty  is  increased  to  300  percent.  Although 
is  seems  like  a  large  uncertainty,  the  values  in  the  weighting  matrices  G  and  L  are 
derived  from  the  modeshapes  of  the  structure.  These  numbers  are  typically  small  and 

fficult  to  accurately  measure.  We  suggest  that  these  levels  of  uncertainties  are  proba¬ 
ble  for  many  structural  models.  v 

.  The  hybrid  control  law  and  the  adaptive  control  law  are  not  affected  by  the  uncer- 
ainty  because  the  adaptive  feedforward  path  finds  the  gains  on  the  disturbance  states 
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adaptively.  In  essence,  the  FXLMS  algorithm  adapts  to  the  optimal  gains  for  the  actual 
plant  as  opposed  to  the  nominal  plant.  This  adaptation  process  eliminates  the  perfor¬ 
mance  degradation  which  occurs  for  fixed-gain,  feedback  control  approaches.  It  is  this 
excellent  performance  robustness  which  provides  the  motivation  for  the  present  work. 

Simulation  and  Experimental  Results 

Examples  of  the  hybrid  compensator’s  closed-loop  performance  are  presented  in  this 
section.  Disturbance  compensation  of  a  60  Hz  harmonic  disturbance  is  demonstrated 
numerically  and  experimentally  for  the  Virginia  Tech  plate  testbed.  The  effect  of  a  tran¬ 
sient  disturbance  on  the  closed-loop  system  is  also  demonstrated.  Results  indicate  that 
y  ri  control  architectures  will  be  beneficial  for  active  vibration  control  of  structures 
subject  to  transient  and  persistent  disturbances. 

...  P*ate  »*“»  for  the  simulation  and  experiment  was  arranged  to  conform 

wrth  the  setup  described  by  Rubenstein  et.al.  [18].  To  summarize,  the  control  was  a 
blbO  implementation  using  an  accelerometer  array  in  conjunction  with  modal  filters  to 
produce  an  output  vector  of  modal  accelerations.  The  first  mode  was  chosen  as  the  error 
signal  for  this  evaluation.  A  time-domain  simulation  of  the  hybrid  control,  closed-loop 
response  is  presented  in  Figure  5.  The  results  shown  are  for  the  hybrid  control  with  the 
estimated  disturbance  reference  signal.  The  controller  was  initiated  at  t  =  2  seconds  on 
e  plot.  Reduction  of  the  first  modal  acceleration  response  to  the  60  Hz  disturbance  is 
fast  and  complete.  A  comparison  of  the  hybrid  controller  performance  to  the  DLQG-DM 

r°  ^  *S  S  'l  ‘o  1?6ure'  N°tlce  fchat  the  minimization  performance  is  less  for 
this  case  even  though  this  is  a  simulated  result  for  no  modelling  uncertainty.  This  is  to 
be  expected  because  minimization  of  the  LQ  cost  function  was  based  on  equal  penalties 
for  the  states.  As  a  result,  the  controller  attempts  to  minimize  more  than  the  single 
mode  one  response.  Of  course,  if  the  actual  plant  were  significantly  different  from  the 

-  I the  results  wouId  be  Spaded  accordingly  for  the  DLQG-DM  control,  as 
indicated  in  the  previous  section.  ’ 

sationoTireo'HzT'',118!,"6  Sh°WI1  f°7he  hybrid  controller  »  Rg^e  «•  The  compen- 
t!l  Tl  fa  60  Hz  disturbance  was  performed  for  a  SISO  control  law.  The  experimen¬ 
tal  hybrid  controller  used  the  estimated  disturbance  as  the  reference  signal.  A  good 

observ'd  b  We“  h°  S‘mukted  and  «PCTi"'™tal  results  for  this  control  example  was 

conditio™  S,TUed  time  histories  °f  mode  1  shown  in  Figure  7  are  for  the  identical 
MWtotlu  fT'"OU!  “SVX“P‘  a  transient  pulse,  duration  of  0.1  seconds,  was 

quickly  bemuse  ofthe?  -  7  The  hybrid  controlkr  is  able  to  recover  quite 

con.  n  t  f  the  active  damping  component  of  the  control  signal.  The  FXLMS 

d“rcSe  leSS  aWity  t0  parf~  ‘he  presence  of  the  tfansifnt 

Conclusions 
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Figure  5:  Disturbance  Rejection  Simulation:  60  Hz  Disturbance 


that  the  hybrid  control  combines  the  performance  robustness  of  the  FXLMS  algorithm 
with  the  active  damping  provided  by  the  DLQG  feedback  control  law.  It  was  shown  that 
the  hybrid  compensator  can  use  the  estimated  disturbance,  available  from  a  Kalman  fil¬ 
ter  estimator,  for  an  uncontrollable  reference  signal  input  to  the  adaptive  feedforward 
path.  Analysis  of  the  hybrid  compensator  illustrated  a  direct  analogy  to  the  full  state 
feedback  structure  of  the  DLQG-DM  compensator,  provided  the  model  dynamics  were  in 
phase  variable  form.  It  was  shown  that  the  essential  difference  in  the  two  cases  was  the 
adaptive  versus  fixed-gain  nature  of  the  feedback  gains  on  the  augmented  disturbance 
states.  Numerical  and  experimental  results  showed  that  combining  the  adaptive  feedfor- 
ward  and  feedback  properties  of  the  hybrid  controller  produced  faster  convergence  times 
compared  to  the  solitary  FXLMS  implementation.  Future  work  will  address  this  more 
clearly.  This  research  indicates  that  hybrid  control  architectures  will  be  beneficial  for 
active  vibration  control  of  structures  subject  to  transient  and'  persistent  disturbances. 
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Figure  6:  Experimental  Hybrid  Disturbance  Rejection:  60  Hz  Disturbance 
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COMPARISON  OF  VARIOUS  DIGITAL 
LQ-MIMO  CONTROL  LAWS 

D.  G.  Cole,'  H.  H.  Robertshaw’ 


ABSTRACT 

Multi-Input/Multi- Output  (MIMO)  control  strategies  produce  improved  performance 
over  Single-Input/ Multi- Output  (SIMO)  methods  when  applied  to  the  Active  Vibration 
Control  (AVC)  and  Active  Structural  Acoustic  Control  (AS AC)  problems.  However, 
digital  MIMO  control  is  limited  due  to  a  higher  computational  load  resulting  from  an 
increased  system  order,  more  control  gain  calculations,  etc.  The  decrease  in  sample 
speed  results  in  a  decrease  in  controller  bandwidth  and  can  affect  closed-loop  stability 
criteria  (i.e.  gain  margin  and  phase  margin).  In  addition,  the  observer  structure  can 
effect  both  bandwidth  and  closed-loop  stability.  This  work  investigates  the  application 
of  digital  MIMO  control  approaches  to  real  structures.  Considerations  such  as  computa¬ 
tional  load,  system  model  order,  and  control  law  complexity  are  evaluated  for  a  variety 
of  MIMO  control  methods.  Experimental  results  axe  shown  for  LQR-MIMO  control 
laws  implemented  using  full-order  observers.  Considerations  for  the  implementation  of 
reduced-order  observers  are  discussed;  in  particular,  the  relationship  between  the  mea¬ 
surement  variable  and  estimator  state,  and  the  effect  sample  speed  has  on  estimator 
gains. 


INTRODUCTION 

Active  Vibration  Control  (AVC)  and  Active  Structural  Acoustic  Control  (ASAC) 
strategies  are  being  applied  to  flexible  structures  with  multiple  modes  of  vibration  and 
resultant  acoustic  radiation.  In  the  search  for  increased  controller  bandwidth  and  per¬ 
formance,  AV C  and  ASAC  strategies  are  incorporating  a  large  number  of  sensors  and 
actuators  to  control  the  ever-increasing  system  order.  Such  Multi- Input/Multi-Output 
(MIMO)  control  strategies  are  easily  implemented  using  digital  controllers  which  offer 
increased  flexibility  over  similar  analog  approaches,  where  control  laws  can  be  easily 
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adjusted  to  account  for  improved  system  models.  Digital  control  schemes  also  include 
adaptive  approaches,  such  as  LMS,  which  can  be  coupled  with  feedback  control  schemes 
to  provide  improved  system  transient  response  and  disturbance  compensation  [1]. 

While  MIMO  control  strategies  do  provide  improved  performance  over  similar  SISO 
and  SIMO  strategies,  they  are  limited  due  to  a  higher  computational  load  resulting  from 
increased  system  order,  more  control  gain  calculations,  etc.  These  effects  can  decrease 
the  sampling  speed  of  the  controller  which  results  in  a  decrease  of  controller  bandwidth 
and  can  affect  closed-loop  stability.  However,  this  is  in  contradiction  to  initial  reasons 
for  implementing  MIMO  control  schemes.  Some  of  the  problems  can  be  alleviated  by 
using  high  speed  digital  processing  or  parallel  computation  schemes,  resulting  in  a  faster 
sampling  speed,  but  this  alternative  is  often  costly.  The  implementation  of  MIMO 
control  schemes  is  possible  using  conventional  personal  computers  (PC’s)  provided  the 
design  of  the  digital  compensator  accounts  for  computational  load  and  is  optimized  to 
maximize  controller  speed. 

One  method  for  reducing  controller  complexity  is  through  model  reduction.  By  limit¬ 
ing  system  models  to  only  those  modes  which  can  or  need  to  be  controlled,  compensator 
size  can  be  reduced  accordingly.  Frequently,  however,  no  system  model  dynamics  can  be 
eliminated  and  the  system  order  is  sufficiently  large  to  cause  problems  with  closed-loop 
properties.  In  addition,  model  reduction  may  not  provide  sufficiently  accurate  results 
in  closed-loop  behavior.  A  design  which  may  be  robust  and  provide  excellent  perfor¬ 
mance  in  one  frequency  range  may  not  be  acceptable  in  another.  In  such  situations 
other  approaches  need  to  be  considered. 

Other  methods  seek  to  limit  controller  size  by  searching  for  controllers  which  perform 
as  well  or  almost  as  well  as  a  full-order  design.  Full-order  designs  can  be  approximated 
by  compensators  of  lower  order  (e.g.  frequency  weighting,  reduction  via  fractional  repre¬ 
sentations)  or  controller  design  can  be  begun  initially  ( ab  initio )  with  compensator  order 
constraints  in  mind  (e.g.  reduced-order  and  functional  observers,  velocity  feedback,  pos¬ 
itive  position  feedback).  Methods  which  pursue  this  last  alternative  will  be  considered 
here  [2]. 

The  sampling  speed  of  a  computer  controlled  system  can  have  a  large  influence  on 
system  performance.  Faster  sampling  speeds  may  provide  improved  performance,  due  to 
improved  estimates  of  the  system  state,  as  well  as  an  increase  bandwidth.  Notwithstand¬ 
ing  speed  limitations  of  the  controller  hardware,  the  sampling  speed  is  directly  related 
to  the  number  of  operations  that  must  be  performed  within  the  sampling  period.  Mul¬ 
tiplication  operations  are  the  most  costly  and  an  accounting  of  the  number  of  multiplies 
for  a  given  compensator  can  provide  a  reasonably  accurate  estimate  of  controller  speed. 

Controller  speed  and  performance  is  compared  here  for  single-  and  multi-input  plants 
using  full-order  observers  which  implement  similar  AVC  control  laws.  Similar  results  are 
expected  for  reduced-order  observers;  however,  reduced-order  estimators  can  be  difficult 
to  implement  due  to  large  feedback  gains  within  the  estimator  structure.  The  relation¬ 
ship  between  measurement  variable  and  estimator  state  has  a  large  effect  on  estima¬ 
tor  gains.  System  natural  frequencies  and  the  sampling  frequency  affect  the  structure 
of  the  discrete-time  model  which  in  turn  affects  the  ability  to  place  the  poles  of  the 
reduced-order  observer.  An  analysis  of  a  single-mode  second-order  system  is  shown  to 
demonstrate  this  point. 
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COMPENSATOR  FORMULATION 


Given  a  structure  described  by 

■  a 

discrete  time  model. 

State  Propagation: 

xk 

=  $xk-i  +  Tuk-i 

^nXn  r  nxtj 

Measured  Output: 

Vk 

=  Cxk 

cpxn 

(l) 

General  Output: 

Ik 

—  Cxk 

fxn 

Actuator  and  sensor  dynamics  may  be  included  in  the  system  model;  therefore,  the 
system  order  is  typically  greater  than  twice  the  number  of  modes  modelled  (n  >  lAf). 
The  reader  is  referred  to  Astrom  k  Wittenmark  [3]  and  Franklin  et  al.  [4]  for  the 
formulation  of  the  sampled-data  system. 

Often  it  is  desired  to  control  the  plant  by  a  feedback  control  law  (controllability 
assumed). 

Uk  =  T'k  —  KX),  KqXn  (2) 

where  the  closed- loop  poles  are  the  eigenvalues  of  $  —  T K.  However  it  is  usually  the  case 
that  not  all  of  the  plant  states  are  available  for  feedback.  In  such  situations  an  observer 
can  be  implemented  which  provides  am  estimate  of  plant  states  (observability  assumed). 

For  discrete-time  systems  there  are  two  different  kinds  of  estimates  of  the  state  vari¬ 
able  x: 

1.  Current:  Xk  is  reconstructed  from  the  measurements  y*,  yk-u-  . . ,  yo- 

2.  Predictor:  Xk  is  reconstructed  from  the  measurements  yk-uVk-2, . . .  ,yo- 

Both  estimates  could  be  used  for  control  but  the  current  estimate  is  preferred  since  it 
is  based  on  the  most  recent  measurement.  A  disadvantage  of  using  the  current  estimate  is 
that  the  estimate  is  old  (by  no  more  than  one  time  step)  when  implemented  in  the  control 
law  creating  a  delay  not  accounted  for  in  the  design  process  and  usually  resulting  in 
reduced  performance.  The  predictor  estimate  could  be  used,  eliminating  the  time  delay; 
in  general,  however,  the  current  estimate  provides  the  faster  response  to  disturbances 
and  measurement  errors  and  thus  better  system  regulation.  Inadequate  system  response 
due  to  the  latency  from  the  computational  lag  can  be  improved  by  additional  iterations 
on  the  controller  design  or  accounted  for  by  introducing  the  time  delay  in  the  plant 
model  [4].  Current  estimators  for  both  the  full-  and  reduced-order  observers  will  be  used 
here. 

The  inputs  to  the  observer  are  the  plant  control  u  and  plant  output  y,  and  the  output 
of  the  observer  w  asymptotically  approaches  a  linear  combination  of  the  plant  states, 
very  often  the  desired  state  feedback  control  (wk  — +  Kxk  as  k  — ►  co). 

Z k+l  Pzk  Gyk  +  Huk  F mxm  Gmxp  Hmxq 

wk  =  Mzk  +  Nyk  Mqxm  iV,xp 

A  block  diagram  of  the  above  observer  is  illustrated  in  figure  1.  The  observer  is  realized 
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Digital  Compensator 


Figure  1:  Compensator  Block  Diagram 


as  a  system  of  first-  and  second-order  systems  in  parallel, 
representation  with  the  Ith  block  of  the  form: 


This  is  a  block-diagonal 


l4t  Order 
2nd  Order 


z<k+\  —  ViZ%k  +  Giyk  +  HiUk 


(4) 
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(5) 


Here  the  complex  poles  are  represented  as  real  numbers,  a  prerequisite  for  computer 

application  [3].  It  will  be  assumed  that  all  observer  representations  here  will  be  in 
block- diagonal  form. 

Since  the  speed  of  operation  (i.e.  the  time  required  for  one  multiply)  is  machine 
dependent,  a  comparison  of  the  number  of  operations  will  provide  a  suitable  performance 
ra  10.  lhe  above  observer  format  has  the  follnwfno-  mne 


Step  1:  State  Propagation 

zk  •  -  —  F  zk-i  +  G'yk-i  +  Huk-i 

m(2  +  U  +  q) 

Step  2:  Modal  Filter 

7*  =  M  jyh 

M"p 

Step  3:  Estimator  Output 

I 

rn t  =  Mzk  +  Njk  1 

mq+Jifq 

|  Total  Operations  (x) 

- - — 

m(  2  -f  M  -f  2q)  +  N{j>  +  q ) 

(6) 


,,  ~  .  . - r-'-—  control  law  is  defined  as  a  func 

the  control  input  term,  Huk ,  could  be  included  in  the  state  transition 


don  of  the  states, 
matrix;  however, 
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implementation  of  the  controller  results,  at  times,  in  saturated  control  inputs  and  these 
saturated  values  should  be  used  in  the  observer  to  provide  a  more  accurate  estimate  of 
the  system  state. 

It  is  often  advantageous  to  use  modal  representations  of  structural  dynamics  within 
both  AVC  and  A.SAC  control  schemes,  ^/lodal  parameters  can  be  measured  experimen- 
tally  and  very  often,  in  the  control  of  structures,  the  plant  output  is  the  structural 
position,  velocity,  or  acceleration.  In  such  situations  it  may  be  advantageous  to  extract 
modal  information  directly  from  measurements.  The  measured  response  output  ypXl 
is  related  to  the  modal  response  output  tvxX  through  the  modal  eigenvector  matrix, 
11  is  often  necessary  to  oversample  modes  (p  >  Af)  in  order  to  extract  sufficiently 
accurate  modal  information.  The  modal  filter,  which  maps  the  structural  domain  to  the 
modal  domain,  is  then  formed  by  the  pseudoinverse  [6]. 

7  =  ['pr'£]-1tfT2/  =  M  fy  (7) 

It  is  not  apparent  at  this  point  that  the  use  of  a  modal  filter  can  reduce  the  computation 
load,  since  it  most  assuredly  is  fully  populated  and  would  require  pAf  operations.  By 
including  the  modal  filter  in  the  observer,  the  measurement  input  matrix,  G,  can  be 
reduced  in  size  thus  eliminating  operations,  provided  Af  <  mp/(m  +  p ).  No  attempt 
will  necessarily  be  made  to  preserve  modal  states  in  the  estimator  formulation;  instead, 
estimator  realizations  will  be  in  block  diagram  form  discussed  previously  to  minimize 
operations  and  other  consequences  due  to  roundoff  and  quantization. 


COMPENSATOR  IMPLEMENTATION 


Three  SIMO  and  MIMO  control  laws  were  experimentally  implemented  on  a  simply- 
supported  plate  testbed  [5].  This  testbed  implements  piezoelectric  sensors  and  actuators 
with  16  outputs  and  up  to  5  control  inputs.  The  measured  outputs,  for  this  analysis, 
are  directly  related  to  the  structure’s  modes  and  are  spatially  filtered,  with  a  modal 
filter,  to  produce  signals  proportional  to  modal  positions  or  (with  changes  in  transducer 
preprocessing)  modal  velocities,  so  that 


7  =  Cx  =  [  1^  o  ]  x  (8) 

Here  7  can  be  related  to  either  the  structure’s  modal  positions  or  modal  velocities. 

The  only  actuator  dynamics  included  in  the  model  are  in  the  form  of  a  smooth¬ 
ing  filter-amplifier-transformer  combination  which  is  represented  by  a  nearly  critically 
damped  second-order  model.  Thus  the  system  order  n  is  directly  related  to  the  number 
of  modes  included  in  the  model,  AJ" ,  and  the  number  of  inputs  to  the  plant,  q. 


n  =  2{Af  +  q)  (9) 

The  modal  plant  model  is  truncated  at  the  5th  mode  (bandwidth:  25-250  Hz). 

The  control  law  (u*.  =  rk  -  Kxk)  was  chosen  to  regulate  the  state,  rk  =  0,  and 
minimize  a  quadratic  cost  function  with  the  weighting  matrices 


Q  = 


W  hr 


R  =  (plq)  1, 


0 


(10) 
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In  all  cases  p  =  5  x  10~8  and  the  control  law  was  calculated  using  MATLAB’s  dlqr 
function. 


FULL-ORDER  KALMAN  FILTER 

The  Kahnan  filter  has  been  used  in  AVC  and  AS  AC  control  schemes  as  both  a  state 
estimator  for  feedback  control  laws  and  as  a  disturbance  estimator  for  disturbance  can¬ 
cellation  [5,6,7].  The  Kalman  filter  is  very  often  presented  in  predictor-corrector  format. 


*k  =  +  ru*_1 

7  k  =  M/yjt 

7*  =  Cx~k  (11) 
**  =  * k  +  L{nk  -  %) 

Wk  =  Kx% 

Here  the  observer  state  x  directly  estimates  the  plant  state  x,  that  is  xk  -»  xk  as 
k  co.  As  mentioned  earlier,  the  desired  output  of  the  estimator  is  a  control  signal 
used  to  regulate  the  plant  states.  It  is  possible  to  reduce  the  apparent  complexity  by 
collapsing  the  predictor-corrector  format  into  just  two  equations.  Combining  equations, 
rearranging  terms,  and  omitting  the  explicit  predictor-corrector  notation  the  estimator 
has  the  following  structure. 


Xk  =  ($  -  LC$)xk-i  +  Lyk  +  (r  -  LCT)uk-i 
wk  =  Kxk 


(12) 


This  provides  a  current  estimate  of  the  plant  state  x.  The  modal  filter  equation  has 
been  dropped  since  it  will  be  implemented  each  iteration  of  the  controller  regardless  of 
controller  size  or  representation.  This  representation  of  the  Kalman  Filter  is  related  to 
the  observer  format  shown  in  equation  3  through  a  change  of  variable,  zk  =  xt  -  Li t 
with  the  following  result. 


Zk  =  ($  -  LC$)zk-x  +  ($  -  XC,$)X7Jfe.1  +  (r  -  ICT)tt*_x 
wk  =  Kzk  +  KLik  (13) 

and  the  matrices  F,  G,  H ,  M,  N  of  equation  3  are  described  accordingly.  This  observer 
representation  is  faster  than  the  other  full  order  observers  reported  in  Cole  and  Ruben- 
stein  [5,6]:  ~2700  Hz  vs.  ~2000  Hz.  Also,  it  is  easy  to  implement  and  requires  fewer 
variable  assignments  and  addition  operations,  both  of  which  improve  controller  efficiency. 

Three  full-order  LQG  estimators  were  implemented  on  the  simply  supported  plate 
testbed:  one  SIMO  and  two  MIMO  (2  &  4  inputs).  The  PVDF  sensors  were  conditioned 
to  provide  position  measurements  and  the  five  PZT  actuators  were  configured  to  excite 
bending  modes  within  the  plate  [5].  A  PZT  actuator  provided  a  broadband  disturbance 
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and  figure  2  shows  the  frequency  response  functions  between  the  disturbance  and  an 
arbitrary  sensor  location. 

.  Tlle  samP*e  frequencies  and  performance  metrics  for  the  four  controllers  are  listed 
m  table  1.  Each  controller  added  damping  to  the  five  modes  within  the  controller 
bandwidth  (25-250  Hz)  with  marginal  spillover  to  unmodelled  modes  both  in  and  outside 
of  the  controller  bandwidth.  As  a  metric  of  performance  we  define 

/Wfr 

\Txy{jvj)\2  du  (14) 

which  relates  to  the  vibrational  energy  of  the  structure  over  the  frequency  bandwidth 
<  \w  |  <  ujb.  Here  is  the  frequency  response  function  between  disturbance  x  and 
response  y  The  performance  metrics,  normalized  by  the  open-loop  response  over  the 
same  bandwidth,  axe  also  listed  in  table  1. 

oJue  l0Sl  perfonnance  of  the  4-“Put  controller  at  the  4*  mode  natural  frequency, 
Mz’ 18  beheved  to  result  from  poor  actuator  placement.  The  ith  mode  of  the  simply- 
supported  plate  is  a  (2,2)  mode  and  two  of  the  actuators  He  on  a  nodal  line  of  this  mode 

It  is  expected  that  improved  actuator  placement  could  improve  the  performance  of  all 
ot  the  controllers. 

At  this  point  the  estimator  structure  shown  in  equation  11  has  been  simpHfied  as  much 
as  possible  by  collection  of  terms  and  state  reahzation.  Further  reduction  in  the  number 
o  operations  can  only  be  achieved  through  the  reduction  in  the  number  of  estimator 
states  by  using  reduced-order  observers.  Implementation  of  a  reduced-order  is  not  as 
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Table  1:  Controller  Sample  Rates  and  Performance  Ratios 


#  Inputs 

#  Oper. 

/,  (Hz) 

11(25,250] /IIoL 

n(2s,i75]/nOL 

1 

193 

2698 

0.362 

0.443 

2 

222 

2273 

0.243 

0.213 

4 

280 

1650 

0.543 

0.191 

straightforward  as  the  Kalman  filter.  By  design,  the  Kalman  filter  provides  an  optimal 
least-squares  estimate  of  the  system  state;  that  is,  process  and  measurement  noise  are 
filtered  out  through  the  Kalman  filtering  process.  Reduced-order  observers  only  estimate 
unmeasurable  states,  thus  any  noise  in  the  measurements  is  fedthrough  directly.  This 
result  is  undesirable  particularly  for  estimators  with  high  feedback  gains.  As  will  be 
shown,  the  magnitude  of  the  feedback  gain  in  a  reduced-order  observer  strongly  depends 
upon  the  type  of  measurement  (position  or  velocity)  and  the  states  to  be  estimated. 


REDUCED-ORDER  OBSERVER 


Since  the  output  7  can  be  used  to  determine  at  least  A/*  of  the  state  variables,  thus 
only  the  remaining  m  =  A/*  +  2q  system  states  need  be  estimated. 

Consider  again  the  structure  described  by  the  discrete  time  system. 


Xk+i  =  $Xk  +  Tujt 

7k  =  Cxk 


which  can  be  partitioned 


Xk 

mmm 

$11 

$12 

Xk- 1 

+ 

r: ' 

.  *k  . 

_  $21 

$22 

Xk- 1 

r2 

«j fe 


7k  = 


U  0 


Xk- 1 

■ 

(15) 


(16) 


Since  x  is  identical  to  the  output  7  only  the  state  x  need  be  reconstructed.  The  reader  is 
referred  to  Willems  [7]  for  a  proper  derivation  of  reduced-order  observers  and  the  result 
is  shown  here  without  detail. 


Zk 


Xk 


(17) 


($22  “  £$12)2fc-l  + 

($21  —  -£$11  +  $22-£  —  L$n)L7k-l  +  (P  2  —  -PPl)uJc-l 
Zk  +  I7* 
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If  we  partition  the  state  feedback  matrix 

wk  =  Kxk=  [  Klxk  K2xk  ]  (18) 

then  the  output  equation  for  the  estimator  becomes 

wk  =  K2zk  +  {Kl  +  K2L)  7*  (19) 

The  observer  poles  can  be  placed  arbitrarily  through  proper  choice  of  the  estimator 
feedback  gain  matrix  L. 

It  should  be  pointed  out  that  the  reduced-order  observer  is,  in  effect,  a  full-order 
observer  with  Af  poles  located  at  the  origin  and  can  be  achieved  by  appropriate  selection 
of  observer  gain  matrix. 

Consideration  should  be  placed  on  the  type  of  measurement  (position  or  velocity)  that 
is  going  to  be  fed  back  within  the  estimator.  Initial  investigations,  using  the  simply- 
supported  plate  testbed,  indicated  that  reduced-order  state  estimation  using  position- 
type  measurements  (i.e.  velocity  estimation)  requires  large  feedback  gains,  L.  Con¬ 
versely,  estimation  of  positions  using  velocity  measurements  is  better  suited  to  reduced- 
order  estimation.  While  analysis  of  general  multi-mode  structures  is  quite  complicated, 
an  example  using  a  single-mode  model  is  shown  here  without  loss  of  generality. 

Consider  the  continuous  time  model  of  a  single-mode  system. 


d 

r 

0  1 

r 

dt 

r 

m 

s 

_  "«n  ~2CW„  _ 

✓ 

r 

A 


This  system  has  complex  conjugate  poles 


A  -  Au.  =  a  +  ju>  =  -Cu>n  +  jujny/l  -  (2  =  u>nej9 
6  —  tan-1 


(21) 


The  above  system  is  described  in  discrete-time  as  a  zero-order- hold  discrete-time 
model  (equation  1)  through  the  following  relationship. 


eMA*  -  eA*AA  -(eAA  -  eA‘A) 

| A|V* -«*’*)  -(eAAA  -  eA’AA-) 
where  h  is  the  sampling  period  and  *  denotes  complex  conjugation.  Let 

X  =  Xh  =  ah  +  juh  =  a  +  ju> 

The  above  expression  for  $  can  be  simplified  to  give 


$  =  eAh  = 


-1 


A  -  A* 


U 


unza  sin(tD  —  O')  —  e^sinu) 

u\t9  sinti  -wne5  sin(u)  +  6) 


(22) 


(23) 


(24) 
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For  a  lightly  damped  system  6  ~  |  and  u  ~  u>n  thus 


$  ~  e? 


cos  Q  — —  sin  u> 

Wn 

ujn  sinu;  —  cos  uj 


As  h  — *  0  (increasing  sample  frequency)  Q  — *  0  and  $  —*■ I. 

In  the  formulation  for  the  reduced  order  observer  (equation  17) 


(25) 


$22  =  —  COS  U> 

$12  =  —  -^-sintD 


(26) 


thus  it  takes  a  large  gain,  L,  to  place  the  pole  of  a  reduced-order  observer,  $22  —  Z$  12. 
This  problem  is  aggravated  for  a  high  natural  frequency.  In  addition,  the  estimator  gain 
T  is  a  feedthrough  term  in  the  estimator  output  equation  which  amplifies  measurement 
noise.  These  affects  are  undesirable,  particularly  in  the  face  of  unmodelled  dynamics, 
modelling  uncertainties,  and  system  disturbances. 

If  instead  measurements  relate  to  modal  velocities  and  estimates  of  modal  positions 
are  required  then 

$22  —  cos  u 

as  •  -  (27) 

*12  =  wnsinu> 

and  considerably  smaller  gains,  on  the  order  ol  are  required  in  the  estimator  with  a 
correspondingly  smaller  feedthrough  term. 

This  result  is  could  be  expected  since  it  is  usually  difficult  to  numerically  determine 
rates  from  process  information,  even  if  process  dynamics  are  known.  This  correspond,  in 
some  sense,  to  numerical  differentiation.  However,  using  rate  information  to  determine 
a  process  is  considerably  easier  since  noise  is,  in  effect,  filtered  out  through  integration. 


CONCLUSION 

While  the  application  of  digital  feedback  control  schemes  to  multi-mode  structures 
seems  limited  due  to  computation  complexity  and  the  accompanying  reduction  in  band¬ 
width  for  systems  of  high  order,  digital  MIMO  control  methods  can  be  applied  with 
reasonable  success  and  improved  performance  over  similar  single-input  methods.  Exper¬ 
iments  shown  here  demonstrated  reductions  in  a  vibrational- energy  metric  to  as  much 
as  20%  of  open-loop  values  over  a  bandwidth.  Reductions  in  performance  were  noted 
and  believed  to  relate  to  actuator'  placement.  Further  improvements  in  sample  speed 
should  improve  the  state  estimate  and  provide  better  control  and  can  be  achieved  by 
reducing  the  number  of  multiplies  executed  each  time  step.  Reduced-order  observers 
can  be  implemented  but  considerations  should  be  placed  on  the  type  of  measurement 
(position  or  velocity)  that  is  going  to  be  used  in  the  feedback  compensator.  Position 
measurements  used  to  determine  velocity  states  typically  require  large  gains  to  place 
observer  poles  and  subsequently  amplify  noise  through  the  estimator  feedthrough  term. 
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Velocity  measurements  used  to  determine  position  states  are  better  suited  to  reduced- 
order  observers  and  require  smaller  gains  (on  the  order  of  the  natural  frequency  squared 
for  a  single-mode  system)  than  the  previous  case. 
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ACTIVE  CONTROL  OF  STRUCTURALLY  RADIATED  SOUND 
FROM  AN  ENCLOSED  FINITE  CYLINDER 


Robert  L.  Clark,’  Chris  R.  Fuller1 


1  2 

ABSTRACT 

A  long,  thin  aluminum  cylinder  was  configured  with  two  rigid  end  caps  and  instrumented 
with  piezoceramic  actuators  and  either  microphone  or  polyvinylidene  fluoride  (PVDF) 
structural  sensors  for  narrow-band  active  structural  acoustic  control.  The  input  distur¬ 
bance  to  the  cylinder  was  generated  with  a  shaker  attached  by  a  stinger,  and  all  tests 
were  performed  in  an  anechoic  chamber.  In  the  first  series  of  tests,  the  cylinder  was 
driven  with  a  shaker  attached  to  the  end  cap,  exciting  the  “accordion  mode”  of  the 
structure.  Upon  applying  control  and  using  PVDF  sensors,  significant  levels  of  global 
sound  attenuation,  approximately  25  dB  on-resonance  and  15  dB  off-resonance,  were 
observed  in  the  acoustic  field.  In  both  the  on-resonance  and  off-resonance  test  cases, 
three  control  actuators  were  required  to  achieve  the  stated  levels  of  sound  attenuation 
due  to  interaction  between  the  accordion  modes  and  cylinder  modes.  In  the  second  series 
of  tests,  the  cylinder  was  driven  radially  with  a  shaker  to  excite  higher  order  cylinder 
modes.  Control  was  applied  with  six  piezoelectric  actuators  wired  to  control  selected 
circumferential  modes  in  the  first  test  case,  and  the  actuators  were  chosen  in  a  helical 
pattern  about  the  cylinder  in  the  second  test  case.  In  the  latter  case,  approximately  10 
dB  of  global  sound  attenuation  was  observed  in  the  acoustic  field  when  using  microphone 
error  sensors,  while  results  obtained  when  implementing  the  PVDF  error  sensors  yielded 
little  sound  attenuation  in  controlling  the  cylinder  modes. 

INTRODUCTION 

Preliminary  studies  in  active  structural  acoustic  control  (ASAC)  have  been  applied  to 
beams  and  plates  configured  with  piezoelectric  actuators  and  polyvinylidene  fluoride  sen- 
sors  [1-7].  In  these  studies,  narrow-band  control  of  structure-borne  sound  was  achieved 
with  piezoelectric  actuators  surface  mounted  on  the  structure,  and  either  microphone 
or  polyvinylidene  fluoride  (PVDF)  error  sensors  were  implemented  to  generate  the  ap¬ 
propriate  cost  function  in  terms  of  the  acoustic  response.  A  later  study  conducted  by 
Sumab  et  al.,  [8,9]  considered  active  vibration  control  of  both  an  open  ended  cylinder 
and  one  configured  with  end  caps.  Piezoelectric  actuators  and  polyvinylidene  fluoride 
sensors  were  used  to  control  the  vibration  and  thus  the  coupled  acoustic  response  of  the 
structure  on-resonance  for  a  single  mode  of  vibration. 

The  thrust  of  the  current  work  is  thus  to  consider  more  complex  structural  acoustic 
response  of  a  cylinder  configured  with  end  caps  due  to  off-resonance  excitation  as  well  as 
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use  an  acoustic  based  cost  function.  In  addition  to  controlling  sound  radiation  resulting 
from  the  vibration  response  of  traditional  cylinder  modes,  the  acoustic  response  due  to 
the  accordion  modes  of  the  structure  is  considered  in  the  control  approach.  Specific  goals 
of  this  work  are:  ‘  ° 

a.  choose  appropriate  configuration  of  piezoelectric  actuators  for  control  of  structure- 
borne  sound. 

b.  determine  appropriate  number  of  control  channels  required  for  global  sound  atten¬ 
uation. 

c.  replace  microphone  error  sensors  with  structural  sensors  designed  from  polyvinyli- 
dene  fluoride. 

Details  of  the  experimental  configuration  are  discussed  with  emphasis  on  methods  of 
exciting  either  the  accordion  modes  or  the  cylinder  modes  of  the  structure.  In  addi¬ 
tion,  the  resonant  frequencies  of  the  structure  are  estimated  based  upon  an  approach 
previously  outlined  by  Blevins  [10]  and  Gorman  [11]  and  also  used  by  Sumali  [9J.  The 

/t  xicn1  appr?ach  1S  bas?d  upon  tbe  feedforward,  filtered-x,  adaptive  least  mean  squares 
(LMS)  algorithm.  Details  of  the  algorithm  are  briefly  reviewed.  Results  from  the  control 
approach  are  discussed  as  pertains  to  both  the  accordion  modes  and  the  cylinder  modes 
of  the  structure.  Up  to  six  channels  of  control  were  employed  with  significant  levels  of 
attenuation  in  sound  radiation  observed  when  controlling  either  the  accordion  modes  or 
the  cy finder  modes,  30  dB  and  10  dB  respectively. 

BASIC  CONCEPTS 


A  shell  configured  with  two  rigid  end  caps  responds  to  forced  excitation  in  two  basic  man¬ 
ners.  If  the  end  caps  are  much  thicker  than  the  shell  wall  (i.e.  an  order  of  magnitude) 
then  a  radial  disturbance  results  in  vibration  response  from  classical  shell  modes  similar 
to  that  observed  with  simply  supported  boundary  conditions.  On  the  other  hand,  if  the 
shell  is  driven  normal  to  one  of  the  end  caps,  the  vibration  response  is  dominated  by  the 
accordion  modes  of  the  structure.  Vibration  resulting  from  either  type  of  disturbance  can 
result  in  significant  levels  of  structure-borne  sound,  and  thus  both  methods  of  response 
must  be  considered  for  active  structural  acoustic  control. 

ACCORDION  MODES 


The  accordion  modes  of  a  finite  shell  with  end  caps  can  be  very  simply  modeled  by 
considering  two  point  masses  connected  by  a  single  spring  as  illustrated  in  Figure  1.  The 
spring  stiffness  of  the  shell  can  be  crudely  approximated  based  upon  the  Young’s  modulus 
ot  tfie  material,  the  area  of  the  cross  section  and  the  length  of  the  shell. 


ks  = 


EA 


(1) 

where  is  the  equivalent  spring  stiffness,  E  is  the  Young’s  modulus  of  the  shell  material, 
A  is  the  area  of  the  cross-section  and  L  is  the  length  of  the  cylinder.  The  mass  of  each 

volume6  6Dd  ^  1S  COmputed  from  the  density  of  the  material  and  the  corresponding 


PcapVcap  i 


(2) 


where  Mca  is :  the  equivalent  mass  of  the  end  cap,  Pcap  is  the  density  of  the  end  cap 
material  and  is  the  volume  of  the  end  cap.  Other  than  the  rigid  body  mode,  the 
first  mode  of  vibration  appears  to  oscillate  in  a  similar  manner  to  that  of  an  accordion 
considering  the  circular  shape  of  the  end  caps,  sound  radiation  resulting  from  this  method 
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Figure  1:  Schematic  of  simplified  mass-spring  system 


of  vibration  can  be  modeled  by  two  circular  disks  or  pistons  mounted  in  each  end  of  a 
cylindrical  baffle. 

A  more  rigorous  approach  based  upon  the  assumed-modes  method  [12]  and  Lagrange’s 
equations  was  used  to  approximate  the  resonant  frequencies  of  the  distributed  system. 
Details  of  the  approach  are  outlined  in  Appendix  A.  The  shell  used  in  this  study  was 
extruded  from  aluminum  having  a  length  of  1.28  m,  an  outside  diameter  of  0.254  m  and 
a  wall  thickness  of  2.77  mm.  The  end  caps  were  machined  from  aluminum  and  measured 
27.4  mm  thick.  The  first  four  resonant  frequencies  of  the  accordion  modes  are  tabulated 
below.  The  resonant  frequencies  of  the  first  20  modes  were  computed  to  increase  the 
accuracy  of  the  solution;  however,  only  the  first  four  are  presented  as  higher  order  modes 
are  not  relevant  in  active  structural  acoustic  control  since  the  resonant  frequency  of  the 
fourth  mode  is  predicted  at  5857  Hz. 

CYLINDER  MODES 

The  classical  cylinder  modes  of  a  finite  shell  with  simply  supported  boundary  conditions 
are  illustrated  in  Figure  2.  The  circumferential  indice  is  designated  with  m  while  the 
axial  indice  is  designated  with  n.  The  order  0  circumferential  mode  is  typically  denoted 
the  breathing  mode,  and  the  order  1  circumferential  mode  is  denoted  the  beam-bending 
The  combination  of  standing  waves  supported  about  the  circumference  of  the 
cylinder  and  those  supported  along  the  axis  of  the  cylinder  as  illustrated  in  Figure  2 
result  in  the  helical  standing  wave  patterns.  A  shell  with  simply  supported  boundary 
conditions  supports  wavenumbers  corresponding  to  the  mode  shapes  of  the  structure. 
For  example,  the  structural  wavenumbers  of  a  simply  supported  shell  can  be  expressed 
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Table  1:  Theoretical  resonant  frequencies  of  accordion  modes. 


Mode 

Predicted  Frequency 

(#) 

(Hz) 

(1) 

981 

(2) 

1804 

(3) 

4225 

(4) 

5857 

as  follows: 

k,  =  fk[Tki,  (3) 

where 

km  =  — ;  m  =  0,1,2,...  (4) 

a 

and 

fix 

kn  =  T;  n  =  1,2,3...  (5) 

For  the  shell  constructed  in  this  experimental  study,  the  end  caps  were  machined  from 
aluminum  and  attached  at  the  cylinder  with  1  /8"  bolts.  The  boundary  conditions  cor¬ 
responding  to  this  method  of  attachment  are  somewhere  between  simply  supported  and 
clamped.  The  assumed-modes  method  can  again  be  implemented  in  conjunction  with 
Lagrange’s  equations  to  estimate  the  resonant  frequencies  of  the  structure.  A  torsional 
spring  is  included  in  the  model  of  the  cylinder  at  the  boundaries  to  account  for  the  resis¬ 
tance  to  motion  where  the  cylinder  is  attached  to  the  end  caps.  Details  of  the  analysis 
are  presented  in  Appendix  B  and  reference  is  given  to  previous  work  by  Blevins  [10]  as 
well  as  that  of  Sumali  [9]  in  a  similar  study. 

The  stiffness  of  the  torsional  spring  was  chosen  such  that  the  first  measured  resonant 
frequency  of  the  cylinder  matched  the  predicted  resonant  frequency.  The  predicted  res¬ 
onant  frequencies  for  the  cylinder  are  given  in  Table  2  with  the  corresponding  mode 
shape  numbers.  As  is  apparent  from  the  tabulated  values  of  the  resonant  frequencies, 
the  structure  is  modally  dense.  The  term  modal  density  is  used  in  this  case  to  describe 
structures  with  resonant  frequencies  of  modes  separated  by  less  than  10  Hz.  This  lack 
of  separation  between  resonant  frequencies  results  in  significant  contributions  from  more 
than  one  mode  to  the  structural  and  acoustic  response  even  for  on-resonance  excitation. 
Thus  the  dimension  of  the  controller  must  increase  to  exercise  the  necessary  number  of 
degrees  of  freedom  to  control  the  structural  acoustic  response  of  the  system. 

DETAILS  OF  THE  EXPERIMENT  AND  CONFIGURATION 

The  cylinder  was  configured  for  active  structural  acoustic  control  of  sound  radiation  re¬ 
sulting  from  cylinder  modes  as  well  as  the  accordion  modes.  Actuator  configurations  as 
well  as  error  sensor  arrangements  are  discussed  as  pertains  to  each  specific  control  exper¬ 
iment.  The  filtered-x  adaptive  least  mean  squares  (LMS)  algorithm  was  implemented  on 
a  TMS320C30  floating  point  digital  signal  processing  chip  to  provide  up  to  six  channels 
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of  control.  A  schematic  diagram  of  the  controller  displaying  three  output  channels  and 
three  input  channels  is  illustrated  in  Figure  3.  Experiments  were  limited  to  narrow  band 
(i.e.  single  frequency!  control,  and  thus  a  two  coefficient  finite  impulse  response  (FIR) 
filter  was  utilized  as  the  adaptive  filter.  The  LMS  algorithm  essentially  adapts  the  coeffi¬ 
cients  of  the  FIR  filters  in  the  time  domain  until  the  control  voltage  to  each  piezoelectric 
actuator  is  such  that  the  sum  of  the  squares  of  the  chosen  error  sensors  is  minimized. 
This  solution  has  been  previously  demonstrated  to  converge  to  the  same  result  obtained 
with  linear  quadratic  optimal  control  [4].  Details  of  the  control  algorithm  are  omitted 
in  the  discussion;  however,  further  explanation  can  be  found  in  a  variety  of  references 
[13,14,6]. 

GENERAL  CONFIGURATION 

All  experiments  were  performed  in  the  anechoic  chamber  at  the  Vibration  and  Acoustics 
Laboratories  at  VPI&SU.  The  chamber  measures  4.2  m  x  2.2  m  x  2.5  m  and  has  a 
cut-off  frequency  of  250  Hz.  The  cylinder  was  suspended  from  the  ceiling  of  the  chamber 
with  bungee  cord,  and  a  picture  of  the  cylinder  configured  with  piezoelectric  actuators 
and  circumferential  polyvinylidene  fluoride  (PVDF)  sensors  is  presented  in  Figure  4. 
The  cylinder  was  extruded  from  aluminum  and  measured  1.28  m  long  with  an  outside 
diameter  of  0.254  m  and  a  wall  thickness  of  2.77  mm.  Each  end  cap  was  machined  from 
aluminum  stock,  measuring  27.5  mm  thick,  and  the  diameter  was  machined  to  match 
the  inner  diameter  of  the  cylinder  except  for  a  6  mm  shoulder,  which  had  a  diameter 
consistent  with  the  outer  diameter  of  the  cylinder.  Control  actuators  were  constructed 
from  the  36  piezoelectric  elements  illustrated  on  the  surface  of  the  cylinder  in  Figure  3. 
As  indicated  in  Figure  3,  the  elements  were  configured  in  rings  about  the  circumference 
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Table  2:  Theoretical  resonant  frequencies  of  cylinder  modes. 


Mode 

(m,n) 

Predicted  Frequency 
(Hz) 

(2.1) 

228 

(3,1) 

324 

(3,2) 

415 

(i.i) 

492 

(2.2) 

518 

(4,1) 

591 

(3,3) 

602 

(4,2) 

616 

(4,3) 

684 

(4,4) 

807 

(3,4) 

854 

(2,3) 

882 

(5,1) 

951 

(0,1) 

961 

(5,2) 

962 

of  the  cylinder  and  12  elements  were  placed  in  ring  1,  ring  2  and  ring  3  respectively.  Each 
piezoelectric  element  was  equally  spaced  in  30°  increments  about  the  circumference  and 
was  wired  independently  such  that  the  arrangement  of  the  elements  could  be  altered  for 
different  actuator  configurations.  Ring  2  was  positioned  in  the  center  of  the  cylinder, 
and  ring  1  and  ring  3  were  positioned  63.5  mm  from  each  end  cap  respectively.  Each 
piezoelectric  element  measured  21.5  mm  by  18.5  mm  with  a  thickness  of  1.96  mm.  The 
surface  of  the  aluminum  cylinder  was  machined  flat  at  the  location  of  each  piezoelectric 
element.  The  depth  of  cut  was  such  that  the  actuator  mounted  flat  against  the  cylinder, 
and  the  actuator  was  attached  with  M-bond  200  adhesive  as  previously  outlined  by  Clark 


Microphone  error  sensors  were  implemented  in  the  initial  experiments  to  determine  the 
appropriate  number  of  control  channels  required  for  global  sound  attenuation  for  an  off- 
resonance  disturbance.  A  schematic  diagram  of  the  cylinder  is  presented  in  Figure  5  with 
a  coordinate  system  and  corresponding  details  of  the  position  of  each  microphone  error 
sensor.  As  indicated  in  Figure  5,  the  microphones  were  restricted  to  one  sector  of  the 
cylinder  primarily  due  to  the  finite  dimension  of  the  chamber  with  respect  to  the  cylinder 
dimension.  Three  of  the  microphones  were  placed  in  the  x-y  plane  of  the  cylinder,  and  the 
other  three  were  placed  out  of  the  plane  of  the  cylinder  as  indicated  in  the  table  of  Figure 
5  for  90°  <  0  <  180°.  The  acoustic  directivity  pattern  was  measured  in  9°  increments  in 
the  x-y  plane  of  the  cylinder  over  the  same  region  (90°  <6  <  180°)  to  evaluate  the  level 
of  sound  pressure  attenuation.  The  traversing  microphone  was  controlled  with  a  stepper 
motor,  and  the  sound  pressure  was  measured  at  a  radius  of  1 .65  m  from  the  center  of  the 
cylinder  both  before  and  after  applying  active  structural  acoustic  control. 

The  out-of  plane  vibration  response  of  the  cylinder  was  measured  both  before  and  after 
applying  active  structural  acoustic  control  with  an  Ometron  VPI  scanning  laser  vibrome- 
ter,  having  a  dynamic  range  of  80  dB  and  capability  of  measuring  velocity  between  0  and 


386 


STRUCTURALLY  RADIATED  SOUND  I 


Figure  3:  Schematic  of  filtered-x  LMS  control  approach 

1  m/s  [18].  These  measurements  were  made  to  compensate  for  the  lack  of  detailed  infor¬ 
mation  concerning  the  measured  resonant  frequencies  and  mode  shapes  of  the  cylinder. 
In  general,  agreement  between  the  predicted  and  measured  resonant  frequencies  of  the 
cylinder  were  within  5%  for  the  first  five  modes  of  the  structure.  However,  the  deviation 
increased  with  increasing  frequency.  This  deviation  is  a  result  of  the  mass  loading  of  the 
cylinder  due  to  the  actuators  and  sensors  as  well  as  the  discontinuities  in  the  cylinder 
resulting  from  machining  flat  positions  on  the  surface  for  mounting  the  control  actuators. 
In  addition,  the  cylinder  was  extruded  from  aluminum,  and  thus  variations  in  wall  thick¬ 
ness  and  eccentricities  in  the  circumference  were  observed.  In  performing  the  scan,  a  grid 
of  100  points  along  the  axis  of  the  cylinder  and  10  points  about  the  circumference  was 
utilized  to  obtain  qualitative  and  quantitative  information  about  the  structural  response 
before  and  after  applying  control. 

In  all  test  cases  performed,  control  was  achieved  with  actuators  constructed  from  piezo- 
ceramic  elements.  The  specific  configurations  of  each  of  the  piezoceramic  elements  for 
controlling  the  cylinder  modes  or  accordion  modes  are  detailed  in  the  following  sections. 
The  positions  and  dimensions  of  the  corresponding  PVDF  sensors  selected  for  each  spe¬ 
cific  control  application  are  detailed  as  well. 

ACTUATORS  AND  SENSORS  FOR  ACCORDION  MODES 

A  schematic  diagram  of  the  cylinder  configured  with  PVDF  [16]  sensors  for  active  struc¬ 
tural  acoustic  control  of  the  accordion  mode  response  is  presented  in  Figure  6.  As  in¬ 
dicated,  the  input  disturbance,  which  consisted  of  a  shaker  attached  by  a  stinger,  was 
mounted  on  the  center  of  the  end  cap  external  to  the  cylinder.  (Measurements  of  sound 
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Figure  4:  Picture  of  cylinder  in  anechoic  chamber 


radiation  from  the  shaker  detached  from  the  cylinder  were  40  dB  below  that  of  the  uncon¬ 
trolled  cylinder  at  the  error  microphones  and  traversing  microphone  coordinates.  Thus 
the  overall  contribution  to  the  global  sound  radiation  was  within  the  noise  floor  of  the 
control  system.)  The  PVDF  sensors  were  cut  in  rectangular  elements  measuring  0.5  m 
long  x  25.4  mm  wide  x  28  //m  thick.  The  sensors  were  positioned  about  the  circum¬ 
ference  of  the  cylinder  in  increments  of  120°  and  were  centered  between  ring  2  and  ring 
3  of  the  piezoelectric  elements  as  illustrated  in  Figure  6.  The  accordion  response  of  the 
cylinder  is  dominated  by  extension  and  contraction  over  the  length  of  the  cylinder.  Thus 
the  PVDF  sensors  were  positioned  to  respond  primarily  to  strain  along  this  axis.  Only 
three  sensors  were  implemented  since  three  channels  of  control  proved  sufficient  for  at¬ 
tenuating  the  global  acoustic  response  of  the  cylinder  when  responding  in  the  accordion 
mode.  The  cost  function  for  the  control  algorithm  was  thus  formed  from  the  sum  of  the 
squares  of  the  electrical  output  of  each  of  the  PVDF  sensors. 

The  control  actuators  were  arranged  as  illustrated  in  the  top  portion  of  the  schematic 
diagram  of  Figure  7.  The  shaded  markers  are  utilized  to  represent  the  piezoelectric 
elements  at  ring  1,  ring  2  and  ring  3  which  were  electrically  wired  in  phase  at  each 
respective  ring  to  elicit  extension  and  contraction  of  the  cylinder.  The  entire  ring  of 
piezoelectric  elements  can  be  electrically  wired  in  phase  to  create  a  control  actuator 
if  so  desired;  however,  no  discernible  performance  advantage  was  observed  with  either 
actuator  configuration.  The  actuator  arrangement  illustrated  in  the  top  portion  of  Figure 
7  was  chosen  since  it  was  based  upon  one  of  the  configurations  used  in  controlling  the 
cylinder  modes.  In  light  of  the  fact  that  actuators  will  likely  be  configured  for  multiple 
applications  (i.e.  control  of  accordion  modes  or  cylinder  modes),  one  of  the  actuator 
arrangements  used  in  control  of  the  cylinder  modes  was  implemented  for  control  of  the 
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Figure  5:  Schematic  diagram  of  cylinder  with  microphone  coordinates 

accordion  modes  to  demonstrate  that  the  configuration  could  serve  a  dual  purpose. 

ACTUATORS  AND  SENSORS  FOR  CYLINDER  MODES 

A  schematic  diagram  of  the  cylinder  configured  with  PVDF  sensors  and  piezoelectric 
actuators  for  active  structural  acoustic  control  of  the  cylinder  modes  is  presented  in 
Figure  8.  As  illustrated  in  the  figure,  the  input  disturbance  was  positioned  in  the  x-y 
plane  of  the  cylinder  and  was  located  0.343  m  from  the  end  cap  nearest  ring  3  with 
respect  to  the  coordinate  system  illustrated  in  Figure  5.  The  radial  input  disturbance 
was  achieved  with  a  shaker  attached  by  a  stinger  and  suspended  from  the  ceiling  of  the 
chamber  with  a  bungee  cord  external  to  the  cylinder.  The  acoustic  response  of  the  shaker 
was  40  dB  below  that  of  the  uncontrolled  cylinder  response  and  was  thus  in  the  noise 
floor  of  the  instrumentation  with  respect  to  the  controller.  The  PVDF  sensors  were 
shaped  with  respect  to  the  dominant  circumferential  modes  of  the  cylinder  illustrated  in 
the  top  portion  of  Figure  1.  The  sensors  were  designed  in  pairs  corresponding  to  m  =  3, 
m  =  4  and  m  =  5  modal  indices.  The  structural  response  of  the  cylinder  resulting 
from  modes  with  these  circumferential  indices  were  dominate  over  the  chosen  frequency 
range  for  testing  (i.e.  between  900  Hz  and  1500  Hz).  One  each  of  the  m  =  3,  m  =  4 
and  m  =  5  PVDF  sensors  was  positioned  such  that  a  spatial  anti-node  of  the  sensor 
was  located  on  the  top  surface  of  the  cylinder  with  respect  to  Figure  5.  The  matching 
sensor  was  positioned  adjacent  to  each  respective  circumferential  mode  sensor  and  was 
shifted  spatially  by  90°  to  eliminate  rotation  of  the  modes  with  respect  to  the  cylinder 
under  control  conditions.  The  sensors  were  located  0.152  m  from  the  end  cap  nearest 
ring  1  as  illustrated  in  Figure  8  and  measured  19  mm  wide  each.  The  number  above  each 
respective  sensor  illustrated  in  Figure  8  is  used  to  designate  the  circumferential  modal 
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indice  that  the  sensor  was  designed  to  observe.  The  sensors  were  placed  side  by  side 
but  were  electrically  isolated  from  each  other  except  for  a  common  ground  which  was 
necessary  to  reduce  noise  due  to  electric  fields.  The  cost  function  was  thus  the  sum  of 
the  squares  of  the  electrical  response  of  all  6  PVDF  sensors  in  the  control  approach.  The 
output  of  each  sensor  was  conditioned  such  that  the  electrical  response  was  of  the  same 
order  of  magnitude  for  each  of  the  sensors  implemented.  An  important  aspect  of  this 
approach  is  that  the  sensor  design  does  not  account  for  modal  coupling  between  cylinder 
modes  with  common  circumferential  modal  indices,  and  thus  coupling  between  modes 
with  the  same  circumferential  indices  but  different  axial  indices  can  result. 

The  control  actuators  for  active  control  of  the  cylinder  modes  are  illustrated  in  the  bot¬ 
tom  portion  of  Figure  7.  Two  sets  of  actuators  were  compared  in  the  experiment.  The 
first  set  of  6  actuators,  denoted  the  “modal  actuators”,  were  configured  to  control  the 
third,  fourth  and  fifth  circumferential  modes  of  the  cylinder  as  illustrated  in  Figure  7. 
Piezoelectric  elements  at  each  ring  were  electrically  wired  together  to  create  a  single  ac¬ 
tuator  and  these  elements  are  illustrated  with  black  markers  and  white  markers  at  each 
respective  ring.  The  numbers  at  each  ring  of  the  modal  actuators  presented  in  Figure  7 
are  used  to  define  each  of  the  6  independent  control  actuators  implemented.  The  number 
is  positioned  by  a  dark  marker  or  a  light  marker,  and  all  like  colored  markers  at  each 
respective  ring  were  electrically  wired  in  phase  to  form  a  single  actuator. 

The  second  set  of  control  actuators  are  denoted  the  “helical  actuators”  due  to  the  chosen 
arrangement.  The  actuators  were  not  electrically  wired  to  specifically  drive  the  helical 
waves  on  the  cylinder.  The  term  “helical”  was  chosen  since  each  actuator  pair  utilized 
was  indexed  by  60°  along  the  axis  of  the  cylinder,  visually  flowing  in  a  helical  pattern 
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Figure  7:  Schematic  diagram  of  control  actuator  configurations 


as  illustrated  in  the  bottom  portion  of  Figure  7.  The  structural  response  of  the  cylinder 
supports  helical  standing  waves,  and  thus  an  actuator  configuration  was  chosen  which 
allowed  as  much  flexibility  in  both  the  circumferential  and  axial  direction  as  possible. 
Piezoelectric  elements  were  wired  together  in  pairs  at  each  respective  ring  of  the  cylinder 
and  were  alternated  as  a  function  of  the  axial  position  as  is  readily  observed  when  visu¬ 
ally  scanning  the  lower  portion  of  Figure  7  from  right  to  left  (actuators  1-3)  and  then 
from  left  to  right  (actuators  4-6).  The  piezoelectric  elements  represented  by  the  white 
markers  were  not  utilized  in  this  particular  configuration. 

The  basic  configurations  for  control  will  be  hence  forth  designated  the  accordion  mode 
configuration  and  the  cylinder  mode  configuration.  The  exception  being  that  in  the 
cylinder  mode  configuration,  two  separate  actuator  arramgememts  were  considered,  the 
modal  actuators  and  the  helical  actuators.  All  experimental  results  presented  are  based 
upon  the  basic  configurations  discussed  in  this  section. 

RESULTS 

Results  from  active  structural  acoustic  control  of  the  accordion  mode  are  presented  first 
with  both  on-resonance  and  off-resonance  input  disturbances  at  one  of  the  end  caps 
as  discussed  in  the  previous  section.  Emphasis  is  placed  upon  results  for  off-resonance 
excitation  due  to  the  interaction  of  various  structural  modes.  Thus,  in  the  case  of  ac¬ 
tive  structural  acoustic  control  of  the  cylinder  modes,  only  off-resonance  excitation  test 
cases  axe  presented.  Greater  demands  are  placed  upon  the  controller  for  off-resonance 
excitation  since  the  number  of  degrees  of  freedom  required  to  control  the  system  are 
proportional  to  the  number  of  modes  contributing  to  the  structural  acoustic  response  if 
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Figure  8:  Schematic  diagram  of  cylinder  configured  for  cylinder  modes 


tfthfSSrfSS  ^  .t0,bekef^ective  °ver  a  broad  range  of  frequencies.  On  the  other  hand 

RESULTS  FROM  CONTROL  OF  ACCORDION  MODE 

for  control  of  the  accordion  mode  was  discussed  in  the 

ous  section  AU  fi  !ndlvldual  piezoelectric  elements  as  described  in  the  previ- 

Jr!  *7  ,:  V  ,  ,erve  thi“  the,sound  Pressure  was  attenuated  by  approximately  40  dR  in 

Si*Im  <To: M  Cap  f”d  at  1— 1*  <»  in  theUrrof  the  1  ®t  c 
neid  displayed.  (Acoustic  attenuation  on  the  order  of  15  dB  was  observed  at  various 
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Figure  9:  Control  of  accordion  mode  on-resonance  (958  Hz) 


other  acoustic  field  points  out  of  the  plane  of  the  traversing  microphone.)  Attenuation 
at  each  of  the  6  microphone  coordinates  used  as  error  sensors  was  on  the  order  of  40  dB. 

The  dotted  line  displayed  in  Figure  9  represents  the  control  case  when  implementing 
the  3  PVDF  error  sensors  in  the  control  approach  with  the  same  3  control  actuators. 
The  response  of  each  respective  PVDF  sensor  was  attenuated  by  approximately  50  dB 
upon  achieving  control,  and  the  acoustic  response  of  the  structure  was  minimized  on  the 
order  of  25  dB  at  the  end  cap  and  between  5  dB  and  10  dB  in  the  remainder  of  the 
acoustic  field.  The  discrepancy  in  performance  of  the  controller  when  implementing  the 
PVDF  sensors  as  opposed  to  the  microphone  sensors  is  proposed  to  be  an  artifact  of 
the  interaction  between  the  accordion  mode  and  the  cylinder  modes  at  the  frequency  of 
excitation.  Referring  back  to  table  2,  the  resonant  frequencies  of  the  (5,1),  (0,1)  and  (5,2) 
cylinder  modes  were  all  within  7  Hz  of  the  excitation  frequency.  Results  obtained  from 
the  scanning  laser  vibrometer  for  this  test  case  were  suppressed  since  the  radial  response 
of  the  cylinder  was  in  the  noise  floor  of  the  instrumentation  when  driving  the  accordion 
modes  of  the  cylinder.  However,  the  vibration  response  of  the  end  cap  was  monitored 
with  an  accelerometer  and  levels  of  attenuation  were  proportional  to  that  observed  in 
the  acoustic  field. 

The  off-resonance  test  case  for  the  accordion  mode  excitation  was  conducted  at  an  input 
disturbance  frequency  of  930  Hz.  The  acoustic  directivity  patterns  for  the  uncontrolled 
and  controlled  acoustic  response  are  presented  in  Figure  10.  Again  the  uncontrolled  re¬ 
sponse  is  represented  by  the  dark  solid  line  in  Figure  10.  The  dashed  line  represents 
control  of  the  structural  acoustic  response  with  the  6  error  microphones  discussed  previ¬ 
ously  and  the  3  piezoelectric  control  actuators.  The  dotted  line  illustrates  the  acoustic 
directivity  pattern  achieved  upon  minimizing  the  response  at  the  3  PVDF  error  sensors 
with  the  same  three  control  actuators.  In  this  test  case,  the  performance  of  the  two 
control  approaches  was  very  similar  with  between  15  dB  and  20  dB  of  attenuation  in 
the  acoustic  field  near  the  end  cap  and  between  5  dB  and  10  dB  in  the  remainder  of 
the  acoustic  field.  (Acoustic  attenuation  on  the  order  of  6  dB  was  observed  at  various 
other  acoustic  field  points  out  of  the  plane  of  the  traversing  microphone.)  The  vibra- 
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Figure  10:  Control  of  accordion  mode  off-resonance  (930  Hz) 


tion  response  of  the  end  cap  was  again  monitored  with  an  accelerometer  and  levels  of 
attenuation  were  proportional  to  levels  of  sound  attenuation  measured  at  the  end  cap. 
The  consistency  between  the  controlled  response  when  implementing  either  microphone 
or  PVDF  error  sensors  in  this  test  case  stems  from  the  observation  that  the  excitation 
frequency  is  well  away  from  any  resonant  frequencies  corresponding  to  the  cylinder  modes 
of  the  structure  as  can  be  observed  in  Table  2.  Thus  very  little  interaction  occurs  between 
the  accordion  mode  of  the  structure  and  the  cylinder  modes  at  the  chosen  frequency  of 
excitation. 

RESULTS  FROM  CONTROL  OF  CYLINDER  MODES 

The  structural  acoustic  response  of  the  cylinder  modes  was  controlled  with  two  different 
actuator  configurations.  As  discussed  earlier,  one  configuration  was  denoted  the  modal 
actuators  and  the  other  was  denoted  the  helical  actuators.  The  two  configurations  were 
based  upon  the  physics  of  the  structural  response  which  can  be  represented  in  modal 
coordinates  or  in  terms  of  traveling  waves.  The  helical  actuator  configuration  was  ob¬ 
served  to  yield  better  results  when  implemented  with  microphone  error  sensors  in  terms 
of  the  controlled  structural  acoustic  response  and  thus  were  utilized  in  conjunction  with 
the  PVDF  sensors  for  active  structural  acoustic  control.  Results  from  two  representative 
off-resonance  test  cases  are  presented  below. 

In  the  first  test  case,  the  cylinder  was  driven  at  an  excitation  frequency  of  1090  Hz,  which 
is  between  the  predicted  resonant  frequencies  of  the  (1,2)  and  (4,6)  modes  of  the  cylinder. 
The  acoustic  directivity  pattern  for  the  uncontrolled  and  controlled  response  is  presented 
in  Figure  11.  The  dark  solid  fine  represents  the  acoustic  response  before  applying  control 
while  the  dashed  line  represents  the  structural  acoustic  control  with  the  6  helical  actua¬ 
tors  and  the  6  microphones  outlined  in  the  previous  section.  As  illustrated  in  Figure  11, 
very  little  attenuation  was  obtained  in  the  vicinity  of  the  end  caps;  however,  between  15 
dB  and  20  dB  of  sound  attenuation  was  observed  in  the  remainder  of  the  acoustic  field. 
(Acoustic  attenuation  at  field  points  out  of  the  plane  of  the  traversing  microphone  was 
on  the  order  of  15  dB  in  general.)  The  “notches”  in  the  directivity  pattern  correspond 
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Figure  11:  Control  of  cylinder  modes  off- resonance  (1090  Hz) 


to  coordinates  where  error  microphones  were  positioned. 

Similar  results  were  obtained  when  implementing  the  modal  actuators  as  is  illustrated 
by  the  directivity  pattern  represented  by  the  dotted  line  in  Figure  11.  The  last  test 
case  at  this  excitation  frequency  was  conducted  implementing  the  helical  actuators  in 
conjunction  with  the  6  modal  PVDF  sensors  discussed  in  the  previous  section.  The 
structural  response  at  the  PVDF  error  sensors  was  minimized  by  approximately  50  dB- 
however,  little  if  any  attenuation  was  observed  in  the  acoustic  field.  The  sensors  were 
thus  ineffective  for  active  structural  acoustic  control  in  this  case.  Lack  of  control  with 
the  chosen  PVDF  sensors  is  thought  to  result  from  the  relatively  high  modal  density  and 
the  interaction  between  modes  with  the  same  circumferential  modal  indice  but  different 
axial  modal  indices.  For  example,  the  vibration  response  of  the  (5,4)  mode,  the  (5  3) 
mode  and  the  (5,1)  mode  can  be  phased  to  minimize  the  response  of  the  PVDF  sensors 
without  actually  attenuating  the  total  response  of  each  respective  mode  of  vibration. 

The  velocity  contour  corresponding  to  the  real  part  of  the  uncontrolled  and  controlled 
response  with  the  helical  actuators  and  the  microphone  error  sensors  is  presented  in  Fig¬ 
ure  12.  Approximately  one  quarter  of  the  circumference  of  the  cylinder  was  scanned  as 
is  indicated  m  Figure  12.  This  is  the  largest  region  that  could  be  accurately  scanned 
since  the  laser  vibrometer  measures  only  the  normal  velocity  of  the  cylinder.  The  mea¬ 
sured  response  must  be  corrected  to  account  for  the  angle  of  incidence  on  the  surface 
of  the  cylinder  with  respect  to  the  curvature.  The  profile  of  the  cylinder  is  represented 
by  the  dark  line  surrounding  the  contour  plot.  Regions  characterized  by  a  dark  or  light 
rectangular  discontinuity  result  from  erroneous  measurements  obtained  when  the  laser 
scaimed  across  an  electrical  wire  of  one  of  the  actuators  or  one  of  the  microphone  stands 
which  were  between  the  laser  and  the  structure.  These  data  points  are  out  of  bounds 
with  respect  to  the  scaled  response  of  the  cylinder;  however  editing  them  from  the  data 
set  was  virtually  impossible  since  1000  data  points  were  scanned.  The  characteristic 
most  apparent  in  the  plot  is  that  before  control,  lower  order  structural  modes  dominate 
the  response.  However,  upon  applying  control,  the  structural  response  shifts  to  higher 
order  structural  modes  as  is  evident  upon  comparing  the  contour  plots  in  Figure  12.  The 
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Figure  12:  Velocity  contour  from  scanning  laser  vibrometer  (1090  Hz) 


surface -velocity  amplitude  also  increased  by  around  a  factor  of  2  upon  applying  control 
while  the  sound  radiation  decreased.  This  decrease  in  acoustic  response  results  from  what 
has  previously  been  termed  “modal  restructuring”  [2,4,5].  The  higher  order  structural 
modes  are  less  efficient  acoustic  radiators  and  thus  even  with  an  increase  in  the  structural 
response  the  acoustic  response  of  the  structure  decreased.  This  important  result  distin- 
guishes  the  work  presented  in  this  paper,  which  is  devoted  to  active  structural  acoustic 
control  (AbAOj,  from  previous  research  devoted  to  active  vibration  control  (AVC)  f8  91 
as  a  method  of  controlling  sound  radiation.  The  plot  presented  is  representative  of  the 
results  obtained  with  the  scanning  laser  vibrometer  in  other  off-resonance  test  cases. 

The  final  test  case  presented  was  obtained  for  an  excitation  frequency  of  1460  Hz.  Re- 
^  structural  acoustic  response  are  presented  in  the  directivity  patterns  of 
f  igure  13.  The  uncontrolled  response  is  represented  by  the  solid  line  as  indicated  in 
the  legend  while  the  controlled  response  for  the  helical  actuators  and  modal  actuators 
m  conjunction  with  the  microphone  error  sensors  is  represented  by  the  dashed  line  and 
o  ed  line  respectively.  Between  5  and  10  dB  of  attenuation  in  sound  pressure  was  ob¬ 
served  when  implementing  the  helical  actuators  in  conjunction  with  the  microphone  error 
sensors  However,  when  implementing  the  modal  actuators,  the  acoustic  response  was 

T' lT^Vhe  °rder  f  2  dB  in  the  re*i0”  the  end  cap  of  the  “ 

Due  to  the  high  modal  density  and  choice  of  off-resonance  excitation  frequency,  the  level 

t0LrUl,C  ienU,atl?n  WaS  limited  in  both  test  cases-  This  result  is  representative  of 
tests  performed  at  arbitrary  excitation  frequencies  in  this  frequency  range.  As  observed 
in  previous  studies  conducted  with  piezoelectric  actuators  on  a  simply  supported  plate 
the  structural  acoustic  response  can  be  further  attenuated  by  increasing  the  number  of 
control  channels  or  by  optimizing  the  positions  of  the  control  actuators  to  reduce  the 
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Figure  13:  Control  of  cylinder  modes  off-resonance  (1460  Hz) 


dimension  of  the  controller  with  similar  performance  gains  [5]. 

While  the  response  at  each  of  the  6  PVDF  sensors  were  attenuated  by  approximately  50 
dB  upon  applying  control  with  the  helical  actuators,  the  structural  acoustic  response  of 
the  cylinder  actually  increased  as  illustrated  by  the  dash-dotted  line  in  Figure  13.  Based 
upon  the  high  modal  density  and  the  interaction  between  structural  modes,  this  result 
is  not  surprising.  The  modes  were  simply  rearranged  to  minimize  the  response  at  the 
PVDF  error  sensor  locations  without  actually  attenuating  the  magnitude  of  the  desired 
circumferential  modes.  As  previously  discussed,  two  or  more  modes  with  the  same  cir¬ 
cumferential  modal  indice  and  different  axial  modal  indices,  for  example  the  (3,3)  and 
the  (3,4)  modes,  can  be  appropriately  phased  to  minimize  the  response  of  the  sensors 
designed  for  the  respective  circumferential  modes  without  actually  attenuating  the  vi¬ 
bration  response  and  resulting  acoustic  response  of  each  respective  mode. 

CONCLUDING  DISCUSSION 

Results  from  this  study  demonstrate  that  the  exterior  acoustic  response  of  an  enclosed 
cylinder  excited  by  a  point  force  disturbance  is  dependent  upon  both  the  accordion  modes 
of  the  structure  and  the  cylinder  modes.  Significant  levels  of  sound  attenuation  (between 
15  dB  and  30  dB)  were  observed  upon  controlling  the  fundamental  accordion  mode.  The 
structural  acoustic  response  of  this  mode  is  relatively  easy  to  control  with  piezoelectric 
actuators  and  PVDF  error  sensors  in  conjunction  with  a  feedforward  controller,  even 
with  very  little  a-priori  design  other  than  a  basic  understanding  of  the  physics  of  the 
problem.  Success  in  this  control  case  results  from  the  fact  that  there  is  very  little  in¬ 
teraction  between  each  of  the  accordion  modes  since  the  resonant  frequency  of  the  first 
and  second  mode  are  separated  by  approximately  820  Hz.  Some  interaction  between  the 
accordion  mode  and  the  cylinder  modes  occurs,  explaining  the  necessity  of  three  control 
channels  for  the  on-resonance  and  off-resonance  test  cases. 

The  cylinder  modes  of  the  structure  were  in  general  more  difficult  to  control  than  the  ac¬ 
cordion  modes,  primarily  due  to  the  high  modal  density  in  the  region  of  excitation  (1000 
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5f,  -150?  The°ry  Predicts  16  distinct  modes  within  this  region  of  excitation 

hen  implementing  microphone  error  sensors  m  conjunction  with  the  piezoelectric  actu¬ 
ators  configured  in  the  helical  pattern  on  the  structure,  the  structural  aSus  k  response 
was  attenuated  between  5  dB  and  10  dB  in  the  residud  field  for  a  ^x-input/si^output 
controller.  Results  when  implementing  piezoelectric  actuators  configured  to  couple  with 

l ^  lLC^Zt:L7deS  Were  DOt  “  Pr(TSiDS’  thSat  the  actu: £r  posh 

tions  should  be  designed  from  a  wave  approach  as  opposed  to  a  modal  approach. 

The  modal  PVDF  sensors  which  were  designed  to  observed  the  primary  circumferential 
£*■  dor^D^nt  “  tbe  structural  response  over  the  frequency  range  of  excitation  were 
ally  ineffective  for  active  structural  acoustic  control.  Thus  the  emphasis  of  future 
f  °r^i°u  d  be  devoted  to  methods  of  designing  more  sophisticated  structural  sensors 
for  active  structural  acoustic  control.  Some  preliminary  work  in  this  area  is  currently 
underway  and  shows  much  promise  for  such  applications  [171.  In  terms  of  the  mntr! 

sionalitvS’  f  th  **  decision  of  design  optimization  or  increasing  the  dimen- 

sionahty  of  the  controller.  This  question  is  ultimately  determined  by  the  speed  of  the 

thfsystem  RtheVere fnerfi  comPle»ty  if  modeling  the  structural  acoustic  response  of 
j  •  y>  m.  If  the  necessary  throughput  of  the  control  system  is  not  compromised  for  the 
desired  application  by  increasing  the  number  of  control  channels  t£nt£™  ^ousW 

is  a  vSbkah^r'  Hf°Wever’  lf.s>'st^m  throughput  is  a  constraint,  then  optimal  desigj 

the  °VeraU  perf0m,ance  -rificbg 
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APPENDIX  A:  ASSUMED  MODES  METHOD  FOR  ACCORDION  MODES 
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Expressing  the  system  response  in  modal  coordinates, 
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where  <f>m(x)  is  the  assumed  mode  shape  and  qm{t)  are  the  modal  coordinates.  Lagrange’s 
equations  can  be  expressed  in  terms  of  the  modal  coordinates  as  follows: 


d_ 

dt 


dT  dV 
dqm  dqm 


m  =  1,2, 


M 


(9) 


Substituting  equation  (8)  into  equations  (6)  and  (7)  and  substituting  the  resulting  ex¬ 
pressions  into  Lagrange’s  equations  yields  the  following  expression: 

M  M 

J2  mmnqn{t)  +  ^2  *nrn?n(<)  =  0;  771  =  1,2,  ...A/  (10) 

n=l  n=l 
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qn(t)  =  ancos(ut-ip),  (11) 
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an  is  a  constant  coefficient,  u>  is  the  circular  frequency  and  rp  is  the  phase. 

If  we  choose  the  admissible  functions  to  be  that  of  a  structure  with  free-free  boundary 
conditions,  then 


=  COs(—j—).  (14) 

Substituting  equation  (14)  into  equations  (12)  and  (13)  results  in  the  following  expression 
for  the  elements  of  the  mass  and  stiffness  matrix: 


TYlmn  — 


pAL 


Smn  +  M0  +  ML(-\)m(-\)n. 


(15) 


Ln  —  EA  finm-  (1^) 

Solving  the  following  eigenvalue  problem  yields  the  resonant  frequencies  of  the  system 
and  the  mode  shapes  as  a  function  of  the  assumed  admissible  functions. 

[k)a  =  u>2[m]a.  (17) 


A  number  of  numerical  routines  are  available  for  solving  this  problem. 


r 
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APPENDIX  B:  ASSUMED  MODES  METHOD  FOR  CYLINDER  MODES 

The  boundary  conditions  of  the  cylinder  used  in  this  study  range  somewhere  between 
that  of  clamped-clamped  and  simply  supported- simply  supported  at  each  end  of  the  cylin¬ 
der.  For  such  boundaries,  the  resistance  to  rotation  at  the  boundaries  can  be  modeled 
with  a  torsional  spring  to  approximate  the  physical  boundary  conditions  realized  upon 
bolting  the  cylinder  to  the  end  caps  with  small  bolts  about  the  circumference  of  the  cylin¬ 
der.  A  similar  approach  was  utilized  to  account  for  discrepancies  between  measured  and 
predicted  resonant  frequencies  for  a  plate  with  approximate  simply  supported  boundary 
conditions  by  the  authors  [15].  The  following  analysis  is  based  upon  a  procedure  outlined 
by  Blevins  [10]  and  Gorman  [11]  and  was  previously  assembled  by  Sumali  in  his  thesis 
[9].  The  overall  procedure  for  approximating  the  resonant  frequencies  and  corresponding 
mode  shapes  of  the  cylinder  are  reviewed  here.  However,  the  reader  is  referred  to  the 
previous  references  for  greater  detail. 

The  Flugge  shell  theory  can  be  expressed  in  terms  of  the  following  equations  of  motion: 

du  d2w 

dx  dx 2 

1  dv  z  d2w  t  w 

Rd9  ~  r[R  +  7)W  +  ~R  +  ~z 

1  du  R  +  z  dv  d2w  /  z  z 

R  +  z  d6  R  dx  dxdd  V  R  R  +  z 

=  ^ZZ  =  0, 

where  u  is  the  displacement  in  the  x-direction  (i.e.  along  the  cylinder  length),  v  is  the 
displacement  about  the  circumference  of  the  cylinder  in  the  ^-direction,  w  is  the  displace¬ 
ment  in  the  z-direction  which  is  normal  to  the  surface  of  the  cylinder,  R  is  the  radius  of 
the  cylinder  in  the  mid-plane  and  e  is  used  to  designate  strain  with  subscripts  to  indicate 
direction.  Greater  detail  of  the  equations  of  motion  and  coordinate  system  can  be  found 
in  the  references  [9-11]. 

The  assumed  solution  for  the  above  set  of  equations  of  motion  are  as  follows: 

u  =  A<f>'n(x  /  L)co$(m0)cos(u>t)  (19) 

v  =  Bj>n(x/L)cos(m0)cos(ujt ) 
w  =  C  (j>n{x  /  L)cos(m0)cos(ut) 

where  m  =  0, 1,2, ...,M  and  n  =  1,2, 3,..., N  with  M  and  N  dictating  the  number  of 

modes  included  in  the  solution.  The  x-direction  mode  shape,  ^n(x/L),  is  dependent 
upon  the  boundary  conditions  of  the  structure.  Gorman  [11]  previously  demonstrated 
that  a  torsional  spring  could  be  included  in  the  assumed  mode  shape  if  the  following 
expression  was  applied: 

<j>n(x/L)  =  sin(7„x/L)  -  sinh(7„x/L) -(- An[cos(7nx/T)  -  cosh(7„x/I)  (20) 
-jr  sinh(7„x/I)], 
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cos(7n)  -  cosh(7„)  -  ^  sinh(7w)  ’ 


(21) 
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and  kT  is  the  torsional  spring  stiffness  used  in  the  model.  The  characteristic  equation  for 
the  above  assumed  solution  can  be  expressed  as  follows  [9]: 

rp2  9r  sin(7n)  cosh(7n)  -  cos(7n)  sinh(7n)  272  sin(7n)sinh(7n)  _  Q  (23) 

1  1  1 -cos(7„)cosh(7„)  1 -cos(7n)cosh(7„) 

By  choosing  a  value  for  7\,  the  roots  of  the  characteristic  equation,  7„,  can  be  computed 
and  thus  the  corresponding  mode  shape.  This  mode  shape  can  then  be  utilized  to  solve  for 
the  eigenvalues  of  the  cylinder  with  the  chosen  torsional  spring  constant  by  substituting 
the  assumed  solutions  for  the  response  into  the  equations  of  motion  and  solving  the 
following  characteristic  equation  which  results  from  the  determinant  of  the  equations 
expressed  in  matrix  form. 

Ct2A6  —  A4(an  +  C*2(a22  +  O33))  ~  ^2(al2  +  °13  +  a2(a23  —  a22a33)  —  °lla33  —  ana22)  (24) 

+aj2a33  +  a23an  +  a13a22  ~  alla22a33  —  2ai2a23a13  =  0 


where 


A  =  «%( 1  -  »,)/£),/J,  (25) 

an  =  ffl  +  i(l  +  i)(l  -  >)rn^,  (26) 

a12  =  —vmf}noc\  -  ^(1  -  v)mf}nOL2,  (27) 

ai3  =  +  kfin[-Pl  +  ^(1  -  j/)m2a2],  (28) 

a22  =  m2  +  ^(1  +  3k)(\  -  i /)£2a2,  (29) 

3 

a23  =  m  +  A:m/?2[j/ai  +  -(1  -  i/)a2),  (30) 

a33  =  1  +  k[fi^  +  (nr2  —  l)2  +  2  i/m2^2aj  +  2(1  —  i /)m2$2a2],  (31) 

A  =  T.R/L,  (32) 


r 
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k  12  R2’ 


ai  =  rT  Jo  (34) 


°2  =  IZ  (35) 

and  the  '  indicates  a  derivative  with  respect  to  7„x/Z,.  The  solution  of  the  previous  set  of 
equations  yields  the  corresponding  eigenvalues  of  the  system.  The  torsional  spring  stiff¬ 
ness  constant  7j  can  be  adjusted  until  the  resonant  frequency  of  the  first  mode  matches 
that  measured  for  the  real  structure. 
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OPTIMIZING  ACTUATOR  LOCATIONS  IN  FEEDFORWARD  ACTIVE  CONTROL 
SYSTEMS  USING  SUBSET  SELECTION 


C.  E.  Ruckman  and  C.  R.  Fuller 


ABSTRACT 

This  numerical  simulation  uses  multiple  linear  regression  with  subset  selection  to  optimize 
the  locations  of  control  actuators  in  a  feedforward  active  noise  control  system.  Actuator 
locations  can  have  a  profound  impact  on  controller  performance,  but  a  complex  system  may 
defy  intuition.  Numerical  optimization  approaches  can  be  impractical  for  complex  structures 
or  systems  with  large  numbers  of  actuators  because  of  computation  costs.  By  formulating  the 
feedforward  control  approach  as  a  regression,  subset  selection  can  find  the  actuator  locations 
that  provide  the  best  system  performance.  The  technique  is  general  enough  for  use  on 
complex  structures  that  cannot  be  modeled  analytically,  and  is  efficient  enough  to  allow 
comprehensive  studies  involving  large  numbers  of  actuators.  Numerical  results  are  given  for 
a  simple  system  in  which  radiation  from  a  cylindrical  shell  is  controlled  by  oscillating  forces 
applied  on  the  shell  surface.  [Work  supported  by  Carderock  Division,  NSWC,  and  by  Office 
of  Naval  Research.] 


INTRODUCTION 

With  active  control  techniques  becoming  increasingly  popular  for  solving  low-  to  mid- 
frequency  noise  problems,  there  is  a  growing  need  for  more  formal  ways  of  optimizing 
actuator  layouts.  Implementing  an  active  noise  control  solution  for  a  well-posed  problem  has 
become  quite  practical,  if  not  yet  routine,  given  recent  advances  in  control  algorithms  and 
microprocessor  technology.  However,  the  performance  bottleneck  for  some  systems  involves 
not  controller  or  processor  technology  but  poor  coupling  between  the  actuators  and  system 
response  (poor  controllability).  For  simple  systems  the  designer  can  rely  on  intuition  and 
experience,  but  problem  complexity  has  increased  as  software  and  hardware  have  become 
more  sophisticated.  Geometrically  complex  systems  require  multiple  actuators  whose  optimal 
placement  may  defy  intuition,  and  optimization  by  trial  and  error  can  be  costly  and  time- 
consuming.  This  research  seeks  a  more  general  method  for  optimizing  the  locations  of 
multiple  actuators  in  feedforward  control  in  frequency-domain  numerical  simulations. 


Christopher  E.  Ruckman,  Acoustics  Technology  Dept.,  Carderock  Div.,  NSWC,  Bethesda,  MD  20084-5000 
Chris  R.  Fuller,  Mechanical  Eng.  Dept.,  Virginia  Polytechnic  Institute  &  State  Univ.,  Blacksburg,  VA  24061 
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Figure  1:  Geometry  of  example  problem. 

Two  types  of  approaches  are  possible,  the  first  of  which  can  be  used  when  the  penmabfe 
activations  are  a  continuous  function  in  space.  This  approach  gen«Uy  tnvolves  some 
“  of  numerical  optimization  in  which  the  actuator  locations  are  included  as 
DarameterTn^  31.  For  example,  Wang  et.  at.  [3]  optimize  the  locations  of  piezoelectric 
Lio“  uLd  'to  conuol  acoustic  radiation  tom  a  rectangular  plate.  Such  studies  are 
tosractoe  but  the  high  computational  expense  of  repeated  response  evaluations  limits  the 
approach  to  relatively  small  problems  with  analytical  solutions.  Also,  minimizanon  rounn 
can  become  trapped  by  local  minima  and  fail  to  find  global  minima. 

Anther  possible  approach  can  be  used  for  discrete  problems,  those  in  which  only  certain 
actuator  locations  are  permissible  (see,  for  example,  [4]).  This  approach  is  based  on  discrete 
SStoX  refe^Tu.  as  integer  programming.  I.  is  usually  app bed  to  toss  stoctures 
or  other  systems  for  which  the  permissible  actuator  locations  are  naturally  discrete,  and  to  the 
S  knowledge  has  not  been  used  for  optimizing  structural-acoustic  systems. 

Subset  selection  combines  some  capabilities  of  both  of  the  above  methods,  and  overcomes 
some  of  their  limitations.  The  method  begins  with  an  analogy  between  feedforward  acnv 

sss JSf. sas 
Sstas£T.«rm  ar — ■ =5 

statistical  science  (including  the  concept  of  subset  selection)  can  be  applied  mo 
directly  to  the  feedforward  control  problem. 

To  help  explain  subset  selection,  we  examine  active  stoctural-acousuc  control 

for  a  finite-length  cylindrical  shell,  shown  in  Ftgure  1.  «£££  Xtion 

are  constrained  against  translation  along  the  symmetry  axis.  h  A  ’  „  ,  the 

tom  a  vibrating,  elastic  structure  is  controlled  by  applying  "control  forces  directly  on  the 
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structure  while  minimizing  a  radiation-related  variable  [6-10].  Here,  the  shell  is  disturbed 
into  steady-state  vibration  by  an  oscillating  distributed  axial  force  applied  on  the  shell  surface. 
Control  is  achieved  by  applying  axial  ring-forces  at  other  locations  on  the  shell,  with  the 
objective  of  reducing  the  total  radiated  power.  The  structure  is  a  thin-walled  steel  shell 
submerged  in  water,  and  therefore  exhibits  significant  coupling  between  acoustic  and 
structural  responses.  The  dynamic  response  is  computed  numerically  using  a  finite-element 
approach  coupled  with  a  boundary-element  formulation  [11].  A  similar  numerical  simulation 
of  feedforward  active  control  is  described  by  the  authors  in  [10]  for  a  fluid-loaded  spherical 
shell,  and  is  shown  by  comparison  with  analytical  findings  to  produce  accurate  results. 


THEORETICAL  BACKGROUND 

We  first  review  the  fundamentals  of  multiple  linear  regression  to  introduce  terminology 
that  may  not  be  familiar  to  a  general  acoustics-oriented  or  controls-oriented  audience.  Then 
we  explain  how  a  feedforward  active  control  problem  can  be  expressed  as  a  complex-valued 
regression,  and  describe  how  subset  selection  can  optimize  actuator  locations.  The  section 
concludes  with  a  brief  discussion  of  potential  numerical  difficulties.  Much  of  the  following 
discussion  may  be  found  in  textbooks  and  articles  on  linear  algebra  or  least-squares;  see,  for 
example,  [12]  or  [13].  We  include  the  discussion  to  introduce  terminology  not  normally 
associated  with  active  noise  control,  and  to  better  illustrate  the  analogy  between  and 
regression  feedforward  control. 


Fundamentals  Of  Multiple  Linear  Regression 

In  multiple  linear  regression,  also  known  as  curve  fitting  or  parametric  data  modeling,  one 
typically  seeks  a  model  y  to  approximate  a  dependent  variable  y.  The  model  takes  the  form 
of  a  weighted  sum  of  independent  "variables  Xj,  also  called  predictor  variables.  Suppose  the 
dependent  and  independent  variables  contain  M  observations,  and  we  write  them  as  vectors 


>1' 

V 

yz 

* 

►  and  X.  =  i 

x* 

• 

1 

• 

• 

.V 

A  model  of  human  body  weight,  for  example,  would  have  the  body  weights  of  a  group  of 
people  as  the  data  variable  y,  while  the  predictor  variables  X(  might  be  other  measurable 
characteristics  such  as  height,  age,  etc.  The  general  form  of  the  linear  multiple  regression 
problem  is  to  find  a  set  of  regression  coefficients  b[  such  that 

N 

(2) 

i  =  1 

If  we  also  write  the  regression  coefficients  as  a  vector  B=[b\  •••  &M then  we  can 

define  a  design  matrix  X2  ...  X^}  and  express  the  model  as 

y  =  BX  =  y.  (3) 
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Note  that  the  design  matrix  X  generally  has  many  more  rows  than  columns,  that  is,  there  are 
many  more  observations  of  each  variable  than  there  are  variables,  though  this  need  not  be  the 

case. 

The  most  commonly  used  solution  technique  is  least  squares,  in  which  we  seek  regression 
coefficients  that  minimize  a  weighted  sum  of  the  squared  deviations  between  y  and  y  at  all  of 
the  M  observation  points.  In  other  words,  we  require  that  the  b{  minimize  a  cost  function 

X2  =^i\yi-9i\2  (4) 

1=1 

where  the  w;  are  weighting  coefficients,  usually  set  to  unity.  The  cost  function  is  also  known 
as  the  residual  sum  of  squares  (RSS).  By  defining  a  diagonal  weighting  matrix  W  containing 
the  weighting  coefficients  w,-  and  requiring  that  d%2 /fy  vanish  for  all  i,  we  obtain  the  NxN 
set  of  normal  equations ,  whose  solution  is  the  vector  of  regression  coefficients  B. 

XtWXB  =XTWy.  (5) 


Formulating  Feedforward  Active  Control  as  a  Complex-Valued  Regression 

In  feedforward  control,  we  assume  that  we  know  thd  disturbance  response  P,  that  is,  the 
error  sensor  outputs  that  would  result  from  the  disturbance  force  acting  alone.  We  also 
assume  that  the  system  is  linear:  the  total  response  equals  the  disturbance  response  plus  the 
control  response  P,  defined  as  the  error  sensor  outputs  that  would  result  from  the  actuators 
acting  together  but  without  the  disturbance.  The  path  between  each  individual  actuator  and 
the  error  sensor  outputs  is  represented  as  a  transfer  function,  so  that  the  control  response  is  a 
linear  sum  of  all  the  transfer  functions  weighted  by  the  associated  actuator  strengths  or 
control  forces.  Once  we  specify  the  physical  locations  of  the  actuators  on  the  structure,  we 
must  find  the  control  forces  that  minimize  a  cost  function,  often  taken  to  be  the  total  radiated 

power. 

The  direct  analogies  between  feedforward  control  and  multiple  linear  regression  are  as 
follows.  The  transfer  functions  between  the  actuators  and  error  sensors  are  analogous  to  the 
predictor  variables,  X[.  The  control  forces  are  analogous  to  the  regression  coefficients,  and 
the  desired  control  response  is  analogous  to  the  model  y.  Finally,  dependent  variable  y 
equals  the  negative  of  the  disturbance  response.  By  choosing  control  forces  such  that  y 
approximates  -y ,  we  cause  the  control  response  to  "cancel"  the  disturbance. 

Since  most  quantities  of  interest  in  vibrations  and  acoustics  problems  are  complex-valued, 
we  must  reformulate  the  regression'  using  complex  variables.  This  is  accomplished  by 
defining  a  new  cost  function 

-*X*-*)'  (6) 

««i 

where  the  superscript  *  indicates  the  complex  conjugate.  After  some  algebra  [14],  we  can 
show  that  the  normal  equations  take  the  form 

XT^VXB  =Xr*Wy.  (?) 
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The  physical  significance  of  the  cost  function  depends  on  how  the  variables  and  weighting 
coefficients  are  defined.  In  this  paper  the  disturbance  response  being  canceled  is  the  farfield 
pressures  P=P(Q 0,  /=  1,  2,  ...  M,  where  the  number  of  observations  M  is  the  number  of 
farfield  points  at  which  pressure  is  monitored.  The  predictor  variables  are  transfer  functions 
between  unit  forces  in  various  locations  and  farfield  pressures  Py(0),  j=l,  2,  ...  N.  Consider 
the  following  expression  for  the  radiated  power: 


n=| 


pc 


P  +  P 


M  N 


pc 


(8) 


where  S  is  a  spherical  surface  of  farfield  radius  R  with  the  structure  at  its  center,  and  a/  is  the 
area  on  the  surface  S  associated  with  the  zth  farfield  location.  By  comparison  with  Eq.  (6), 
we  see  that  the  cost  function  will  approximate  the  radiated  power  if  we  specify  weighting 
coefficients  of  the  following  form. 


w;  = 


(9) 


Using  Subset  Selection  To  Optimize  Actuator  Locations 

In  the  statistical  sciences,  one  often  has  access  to  many  more  variables  than  are  necessary 
(or  prudent)  to  include  in  a  model.  One  might  be  tempted  to  include  all  available  variables  in 
hopes  of  devising  the  most  complete  model,  but  practical  concerns  often  prevent  this 
approach.  Some  variables  are  more  expensive  than  others  to  measure;  others  might  duplicate 
information  already  contained  in  other  variables,  or  might  not  contribute  any  new  information 
to  the  fit  For  these  reasons  and  others,  statisticians  have  developed  a  considerable  body  of 
literature  describing  the  concept  of  subset  selection  or  variable  reduction  (see  [15]  for 
detailed  discussion  and  a  bibliography).  The  idea  is  to  pick  out,  from  among  a  large  set  of 
candidate  variables,  some  optimal  subset  of  variables  that  provides  an  adequate  fit  to  the  data. 

Similarly,  in  the  feedforward  control  problem,  there  are  usually  many  possible  locations  for 
the  actuators.  Unfortunately,  cost  and  complexity  preclude  covering  the  entire  structure  with 
actuators  at  every  possible  location.  Since  it  is  neither  necessary  nor  practical  to  use  a  large 
number  of  actuators,  subset  selection  lets  us  choose  an  optimal  subset  of  actuator  locations 
from  among  all  the  candidates,  in  effect  optimizing  their  locations  for  the  given  disturbance 
and  frequency.  To  do  this  we  must  compute  many  transfer  functions  (one  per  candidate 
actuator  location  for  each  frequency  of  interest)  A  numerical  approach  based  on  finite 
elements  is  ideally  suited  for  this:  when  we  compute  the  transfer  function  for  one  actuator 
location,  we  can  compute  transfer  functions  for  all  the  other  candidate  actuator  locations  at 
almost  no  additional  cost 

The  various  approaches  to  subset  selection  have  different  strengths  and  different  levels  of 
complexity;  the  most  straightforward  methods  are  the  exhaustive  search  technique.  In  an 
exhaustive  search,  we  compute  y}  for  every  possible  combination  of  actuator  locations,  and 
keep  track  of  which  combinations  produce  the  smallest  residual  y}  values.  An  exhaustive 
search  is  guaranteed  to  find  the  global  minimum  rather  than  becoming  trapped  in  a  local 
minimum.  However,  the  method  is  not  feasible  for  more  than  approximately  20  variables 
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because  of  long  computation  times.  The  present  work  uses  a  variation  of  exhaustive  search 
which  examines  only  subsets  of  n  or  fewer  variables  where  n  is  specified  by  the  analyst  For 
example  the  analyst  might  examine  all  subsets  of  10  or  fewer  variables  out  of  25  candidates. 
The  method  is  orders  of  magnitude  faster  than  examining  all  subsets  of  all  sizes,  and  allows 
the  use  of  many  more  variables. 

Other  types  of  subset  selection  include  forward  selection,  backward  elimination,  sequential 
replacement  and  various  "stepwise"  methods.  These  are  faster  than  exhaustive  searches,  but 
bring  into  question  whether  the  solutions  found  are  global  minima.  For  purposes  of 
demonstration,  only  exhaustive  searching  is  used  in  this  article. 

Before  describing  the  mechanics  used  to  perform  subset  selection  on  complex-valued 
regressions  a  few  words  of  caution  are  in  order.  As  with  most  forms  of  numerical 
optimization,  one  should  not  treat  subset  selection  as  a  "black  box"  technique  that  will 
produce  the  single  best  configuration  of  actuators.  The  analyst  should  examine  a  large 
number  of  the  better-fitting  subsets  over  a  range  of  frequencies  looking  for  actuator  locations 
that  appear  again  and  again.  This  point  cannot  be  overstated;  one  must  vigilantly  guard 
against  putting  too  much  confidence  in  a  numerical  technique  without  a  good  understanding 

of  the  physics  involved. 

Subset  selection  is  related  to  integer  programming,  that  is,  numerical  optimization  using 
discretized  parameters.  It  is  instructive  to  note  the  different  approaches  used  in  the  subset 
selection  literature  as  opposed  to  the  integer  programming  literature.  Specifically,  studies 
that  use  integer  programming  usually  make  no  mention  of  examining  a  number  of  near- 
optimal  solutions;  they  tend  to  take  a  single  solution  as  the  absolute  optimum.  Also,  there  is 
often  no  mention  of  the  possibility  of  collinearity  or  other  numerical  difficulties. 


Subset  Selection  Using  Exhaustive  Search 

Subset  selection  techniques  examine  many  different  combinations  of  variables  to  find 
which  combination(s)  produce  the  lowest  RSS  (cost  function).  This  suggests  two  ways  of 
reducing  computation  time.  First,  we  should  compute  only  the  RSS  and  not  spend  the  extra 
effort  required  to  solve  for  the  regression  coefficients.  Second,  we  should  choose  a  solunon 
technique  that  allows  us  to  remove  or  add  variables  without  regenerating  the  entire 
computation.  Both  goals  are  accomplished  by  using  a  QR  factorization  as  described  below. 

Gentlemen  [16,17]  gives  an  efficient  computational  method  for  QR  factorization  of  real¬ 
valued  systems  of  normal  equations.  After  performing  the  factorization  and  incu  g  e 
effects  of  weighting  coefficients,  the  normal  equations  may  be  written 

RB  =  Y  (10) 

where  R  is  an  N  by  N  upper  triangular  matrix  and  Y  is  a  vector  of  length  N.  Solving  for  B  is 
trivial  by  back-substitution. 

A  general  set  of  routines  for  weighted  least-squares  regression  is  presented  by  Miller  [18]. 
However,  these  routines  are  for  real-valued  variables  only.  The  routines  can  eas  y 
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modified  to  operate  on  complex-valued  variables;  the  modifications  and  a  sample  application 
are  described  in  Ruckman  [19].  For  further  details  on  exhaustive  search  using  QR 
decomposition,  the  interested  reader  is  referred  to  [15]. 

All  regression  and  subset  selection  computations  for  this  paper  were  performed  on  a 
desktop  computer,  and  none  required  more  than  a  few  minutes  of  computing  time.  (The 
transfer  functions  were  computed  separately,  before  performing  subset  selection.)  The  high 
computational  efficiency  of  the  QR  decomposition  allows  large  systems  to  be  investigated 
economically. 


Collinearity  (Hi-Conditioning) 

Numerical  ill-conditioning  of  the  design  matrix  is  referred  to  in  the  statistics  literature  as 
collinearity.  Collinearity  occurs  whenever  (or  actually,  to  the  extent  that )  one  or  more 
transfer  functions  are  not  mutually  orthogonal.  For  example,  if  two  actuators  in  a  regression 
are  located  too  close  together,  they  will  have  nearly  identical  transfer  functions  which  are  not 
mutually  orthogonal.  Since  the  transfer  functions  for  a  realistic  structure  will  rarely  be 
perfectly  orthogonal  to  each  other,  collinearity  will  always  be  present  to  some  degree. 

Collinearity  degrades  the  accuracy  of  the  regression,  and  if  severe  can  completely  destroy 
the  results.  A  common  result  is  bias  error,  that  is,  an  erroneously  low  or  high  RSS  which  is 
actually  no  more  than  a  numerical  artifact.  Thus  we  see  the  impact  of  collinearity  on  subset 
selection:  if  we  merely  record  the  subsets  with  the  lowest  RSS  values,  many  of  them  may 
actually  be  contaminated  by  collinearity.  We  must  test  a  number  of  near-optimal  subsets  to 
see  which,  if  any,  exhibit  collinearity;  those  that  do  should  be  discarded  or  treated  separately. 

Detecting  collinearity  is  not  difficult,  and  the  subject  of  collinearity  is  treated  at  great 
length  in  the  statistics  literature  [20].  Many  different  diagnostics  are  available  for  detecting, 
analyzing,  and  remedying  collinearity.  Most  diagnostics  stem  from  examining  the  condition 
number  of  the  design  matrix,  but  their  details  are  beyond  the  scope  of  this  paper.  For  the 
present  purpose,  we  use  a  three-step  procedure  whose  derivation  we  omit  for  brevity.  First, 
we  normalize  each  column  of  the  design  matrix  by  the  magnitude  of  its  largest  component. 
Second,  we  estimate  the  condition  number  of  the  normalized  design  matrix.  Third,  if  the 
condition  number  is  greater  than  30,  we  discard  the  regression  being  considered.  The  cutoff 
value  of  30  is,  as  the  reader  may  guess,  subject  to  some  interpretation.  For  more  details,  see 
[20]. 


Even  with  collinearity  present,  we  could  still  find  a  solution  if  needed;  many  approximate 
methods  are  available  for  solving  ill-conditioned  equations.  Most  notably,  singular-value 
decomposition  (SVD)  provides  an  approximate  solution  that  minimizes  the  length  of  the 
solution  vector  [13].  However,  SVD  and  other  approaches  are  not  suitable  for  use  with 
subset  selection  because  of  the  computing  time  involved.  Unlike  QR  decomposition,  normal 
equations  solved  with  SVD  must  be  completely  regenerated  and  solved  from  scratch  each 

time  the  variables  are  rearranged. 


RESULTS  AND  DISCUSSION 

The  example  problem  consists  of  a  finite-length,  fluid-loaded  cylindrical  shell  with  rigid, 
flat  end  caps  as  shown  in  Figure  1.  m  sheU  length  i  is  ten  times  the  sheU  radius  a  and  the 
ratio  of  wall  thickness  to  shell  radius  is  0.005.  The  disturbance  is  an  oscillating  distnbunon  of 
axial  ring-forces  bd.  The  set  of  candidate  actuator  locations,  shown  in  Figure  2,  includes  25 
axisymmetric  ring  forces  evenly  spaced  along  the  length  of  the  cylinder.  They  are  numbered 
sequentially,  with  actuator  1  at  5=0.02,  actuator  13  at  6=0.50,  and  actuator  25  at  6=0.98.  To 
illustrate  the  subset  selection  technique,  we  will  investigate  the  frequency  ^=0.59,  where  ka 
is  the  acoustic  wavenumber. 

Figure  3  shows  the  distribution  of  normal  surface  velocity  due  to  the  disturbance  force, 
which  helps  in  explaining  later  results.  The  horizontal  axis  shows  the  location  coordinate  5 
on  the  shell,  where  the  end  caps  have  been  omitted  and  0.0  <  8  <  1.0.  The  vertical  axis 
shows  the  magnitude  of  the  normal  surface  velocity.  The  surface  velocity  has  local  maxima  at 

8  of  approximately  0.1, 0.5,  and  0.9. 

After  finding  the  75  best  subsets  of  one,  two,  three,  four,  and  five  actuators,  we  must 
examine  the  different  combinations  of  actuators  for  collinearity.  For  subsets  of  one  actuator, 
obviously  only  25  different  subsets  are  possible  (one  for  each  candidate  actuator  location). 
Subsets  of  one  actuator  cannot  display  collinearity,  which  requires  at  least  two  actuators  hi 
this  case  no  collinearity  appears  in  any  of  the  suhsets  of  two,  three,  or  four  actuators. 
However,  all  of  the  first  75  subsets  of  five  actuators  are  contaminated  by  collinearity  and 

must  be  discarded. 


Figure  2:  Locations  of  candidate  actuators 
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Residual  Radiated  Power  Levels  With  Optimized  Actuator  Locations 

Figure  4  shows  the  extent  to  which  radiated  power  is  lowered  by  one,  two,  three,  or  four 
optimally  located  actuators.  The  horizontal  axis  shows  the  rank  among  subsets:  the  best 
subset  of  a  given  size  has  rank  one,  the  second  best  has  rank  two,  etc.  With  one  actuator,  the 
reduction  ranges  from  12  dB  to  less  than  1  dB  depending  on  which  actuator  is  used.  With 
multiple  actuators  reductions  of  over  70  dB  are  possible.  In  general,  each  additional  actuator 
brings  a  substantial  improvement  on  the  order  of  10  dB  or  more. 

Within  a  given  subset  size,  many  near-optimal  subsets  are  available  that  perform  almost  as 
well  as  the  "best"  subset.  (One  notable  exception  occurs  when  using  three  actuators,  in 
which  case  the  best  subset  performs  much  better  than  the  second-best  subset.)  The  designer 
therefore  has  some  freedom  in  choosing  actuator  locations.  This  is  important  in  designing 
systems  for  broadband  control;  one  would  seek  subsets  that  are  near-optimal  at  several  or 
many  frequencies,  rather  than  subsets  that  are  exactly  optimal  for  one  specific  frequency. 


Figure  4:  Reductions  in  radiated  power. 
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Optimal  Locations  For  Actuators 

Figure  5  shows  the  actuator  locations  for  the  15  best  subsets  of  one,  two,  three,  or  four 
actuators  at  kaa= 0.59.  The  horizontal  axis  shows  where  each  actuator  is  located  on  the 
cylinder,  with  6=0  being  the  left  end  cap  and  5=1  being  the  right  end  cap.  Each  row  on  the 
chan  represents  a  different  subset,  with  actuator  locations  for  that  row  appearing  as  squares 
in  the  appropriate  locations.  The  reduction  in  radiated  power  for  each  subset  is  shown  in 
decibels  at  the  left  side.  The  best  subset  is  shown  in  the  top  row,  second-best  in  the  second 
row,  etc. 

For  the  case  of  a  single  actuator,  Fig.  5a,  the  optimal  location  corresponds  to  what  a 
designer  might  anticipate  from  prior  knowledge  of  the  system  dynamics.  Judging  from  the 
distribution  of  surface  velocity  shown  in  Figure  3,  one  could  guess  that  the  most  effective 
location  for  a  single  control  force  would  be  near  one  of  the  "antinodes"  at  8=0.1,  0.5,  and 
0.9.  But  optimizing  for  two  or  more  actuators  leads  to  configurations  that  are  less  intuitive. 
In  past  studies  [3],  a  single  optimally  located  actuator  generally  retained  its  location  when  a 
second  actuator  was  added  and  both  locations  were  optimized.  In  the  present  example,  there 
appears  to  be  little  relation  between  actuator  locations  for  different  subset  sizes.  With  two 
actuators  (Fig.  5b)  the  optimal  placement  does  not  require  actuators  at  the  antinodes;  instead, 
they  are  placed  in  opposed  pairs  on  either  side  of  a  nodal  circle.  With  three  actuators  (Fig. 
5c),  the  optimal  actuator  placement  again  calls  for  actuators  near  the  antinodes. 

With  four  actuators  (Fig.  5d),  all  of  the  best  15  subsets  call  for  actuators  to  be  placed  at 
5=0.08,  0.50,  and  0.92.  The  location  of  the  fourth  actuator  varies,  but  has  almost  no  effect 
on  system  performance.  This  can  also  be  seen  in  Fig.  4,  where  the  reduction  achieved  with 
four  actuators  is  nearly  unchanged  over  the  first  22  subsets.  Only  in  subsets  24  through  75, 
not  shown  here,  do  the  locations  begin  to  affect  the  performance. 

The  results  of  this  particular  example  are  less  important  than  the  fact  that  even  this 
relatively  simple  structure  provides  results  that  are  not  immediately  obvious.  For  more 
realistic  and  complicated  systems,  it  may  be  difficult  or  impossible  to  guess  the  best  actuator 
locations.  The  more  complicated  the  physical  system  is,  the  more  important  it  is  to  have 
formal,  general  methods  for  optimizing  the  system  configuration. 


SUMMARY 

This  report  discusses  a  numerical  method  for  optimizing  actuator  locations  in  a 
feedforward  active  control  system  to  provide  the  best  system  performance.  The  method 
formulates  the  feedforward  controller  as  a  complex-valued  multiple  linear  regression,  and 
uses  subset  selection  to  choose  the  most  effective  subset  of  actuators  from  a  set  of 
candidates.  Computational  efficiency  and  a  logical,  general  approach  make  this  method  ideal 
for  analyzing  complex  systems  with  large  numbers  of  actuators.  Although  presented  here  for 
an  axisymmetric  structure,  the  method  can  be  extended  to  more  general  situations  including 
three-dimensional  structures. 
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Fig.  5a)  Subsets  of  One  Actuator 
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Figure  5:  Optimized  acmator  locations  for  subsets  of  four  or  fewer  actuators. 


The  method  is  illustrated  by  optimizing  a  simple  active  structural-acoustic  control  system 
consisting  of  a  finite-length,  fluid-loaded  cylindrical  shell  with  flat,  rigid,  clamped  end  caps. 
The  locations  of  control  forces  on  the  cylinder  are  optimized  to  reduce  the  total  radiated 
power  caused  by  a  harmonic,  distributed  force.  It  is  shown  that  while  the  optimal  location  of 
a  single  acmator  can  be  predicted  from  examining  system  dynamics,  multi-force 
configurations  can  be  difficult  to  predict  from  intuition  alone. 

Subset  selection  provides  an  efficient,  versatile,  general  way  to  optimize  acmator 
locations.  However,  the  analyst  must  be  sure  to  test  the  results  for  collinearity,  the  numerical 
ill-conditioning  that  can  result  from  poor  choice  of  acmator  locations,  In  the  example 
problem  all  subsets  of  more  than  four  actuators  were  discarded  because  of  collineanty. 
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ABSTRACT 

An  efficient  feedforward  control  system  design  is  presented  for 
attenuation  of  low  frequency  structurally  radiated  sound.  The 
technique  is  based  on  the  modification  of  the  eigenstrucaire  such 
that  the  system  responds  with  the  weakest  set  of  modal  radiators. 
The  approach  is  applicable  to  both  narrowband  and  broadband 
excitations  and  it  is  insensitive  to  the  disturbance  input  location. 
The  formulation  is  demonstrated  on  a  simply-supported  plate 
driven  by  a  point  force  with  white  noise  spectral  content.  The 
sound  radiation  due  to  the  first  three  odd-odd  modes  is  attenuated 
with  single-input  single-output  (SISO)  control  system.  The 
optimum  control  configuration  yields  an  average  overall  global 
sound  reduction  of  up  to  24  dB. 


INTRODUCTION 

In  recent  years,  considerable  effort  has  been  devoted  to  active 
control  techniques  to  reduce  low  frequency  structurally  radiated 
sound.  The  understanding  of  the  physics  of  the  problem  has 
yielded  efficient  control  strategies.  One  such  approach  has  been 
proposed  by  Fuller  (1987)  in  which  the  control  inputs  are  applied 
directly  to  the  vibrating  structure  while  minimizing  radiated  sound 
or  related  variable.  This  technique  is  known  as  active  structural 
acoustic  control  (ASAC).  For  applications  in  which  the  noise  field 
is  due  to  persistent  inputs,  the  potential  of  the  ASAC  technique  in 
conjunction  with  adaptive  feedforward  control  approaches  hag 
been  clearly  demonstrated  (Fuller,  1990,  Metcalf,  1992,  Smith, 
1993). 

The  design  of  feedforward  control  systems  involves  the  selection 
of  the  type,  number,  location  and  size  of  the  actuators  and  of  the 
error  sensors  whose  outputs  are  sought  to  be  The 

traditional  design  approach  in  feedforward  control  is  to  select 
actuators  and  sensors  based  on  some  physical  understanding  of  the 
behavior  of  the  uncontrolled  system.  In  general,  this  empirical 
methodology  yields  satisfactory  results  for  ASAC  when  the  error 


transducers  are  microphones  placed  in  the  acoustic  field  that 
directly  observe  the  quantity  to  be  minimized  and  when  the 
excitation  is  a  single  sinusoid.  However,  this  heuristic  approach 
can  easily  result  in  an  inefficient  control  system  with  an 
unnecessarily  large  number  of  control  channels  even  in  simple 
systems  and  is  exacerbated  when  structural  sensors  are  used. 
(Wang,  1991).  Due  to  rapid  advances  in  specialized  actuator  and 
sensor  materials,  today  research  thrust  is  toward  developing  smart 
or  adaptive  systems  with  actuators  and  sensors  being  an  integral 
part  of  the  structure  (Fuller,  1989).  The  design  of  control  systems 
of  structures  with  integrated  transducers  will  be  even  more  critical 
since  these  error  sensors  will  cot  directly  measure  acoustic 
pressure  which  is  the  quantity  to  be  reduced  and  not  all  structural 
motion  is  well  coupled  to  the  radiation  field. 

Formal  optimization  approaches  (Wang,  1991,  Clark,  1992) 
clearly  demonstrated  that  optimally  located  actuators  and  sensors 
can  have  a  profound  impact  on  the  performance  of  the  active 
control  system.  Even  more  important  is  the  fact  chat  significant 
levels  of  attenuation  can  be  obtained  with  far  less  numbers  of 
properly  located  transducers,  thus  reducing  the  dimensionality  and 
complexity  of  the  controller.  Unfortunately,  these  direct 
optimization  techniques  require  the  evaluation  of  the  radiated 
pressure  at  each  step  of  the  minimization  process.  The  acoustic 
prediction,  that  will  be  certainly  carried  out  numerically  for  real 
structures,  is  a  computationally  intensive  analysis.  Thus,  these 
design  optimization  techniques  can  not  be  realistically 
implemented  to  complex  structures  and  disturbances  in  the  present 
form  due  to  computational  time  aspects. 

Here  an  efficient  design  formulation  for  feedforward  ASAC 
systems  is  proposed.  The  optimum  actuators  and  sensors  are 
determined  such  that  the  controlled  structure  will  respond  with  a 
set  of  weakly  coupled  sound  radiating  mode  shapes.  To  this  end, 
the  formulation  takes  advantage  of  recent  work  that  demonstrated 
that  an  active  feedforward  controlled  structure  will  respond  with 
a  new  set  of  eigenproperties  whether  vibration  or  radiation  is 


being  attenuated  (Burdisso,  1992a  and  1992b).  The  controlled 
resonant  frequencies  and  associated  eigenfunctions  are  a  function 
of  the  selected  control  acmatorfs)  and  error  sensors)  and  are 
independent  of  the  disturbance  input.  Thus,  the  design  approach 
is  based  on  finding  the  actuatorfs)  and  sensors)  configuration 
such  that  the  controlled  structure  will  respond  with  the  weakest 
set  of  modal  radiators.  These  weak  radiators  are  defined  here  as 
the  eigenfunctions  with  the  lowest  radiation  efficiency  and  are 
obtained  by  solving  an  eigenvalue  problem.  The  formulation  is 
valid  for  both  narrow  and  broad  band  excitation  inputs.  The 
design  formulation  is  demonstrated  on  a  simple  supported  plate 
excited  with  band  limiced  white  noise. 


SYSTEM  RESPONSE 

The  s  true  mire  is  assumed  linear  and  subjected  to  a  stationary 
disturbance  input  and  the  analysis  is,  thus,  carried  out  in  the 
frequency  domain.  For  the  sake  of  clarity,  the  formulation  will  be 
presented  for  a  planar  radiator  and  a  SISO  control  system. 
However,  there  is  no  loss  of  generality  in  the  design  methodology 
proposed  here  for  multiple  channels,  complex  structures  and 
disturbances.  A  typical  SISO  feedforward  control  arrangement  is 
shown  in  Fig.  1.  In  feedforward  control  the  undesirableresponse 
of  a  system  due  to  the  "primary"  disturbance  input  is  reduced  by 
applying  a  "secondary"  control  input.  The  control  input  is 
obtained  by  feeding  a  reference  signal  into  the  compensator, 
G(co).  The  compensator  is  designed  such  that  the  ourput  from  an 
error  sensor  is  minimized.  In  feedforward  control  approaches,  the 
reference  signal  should  be  "coherenr  to  the  disturbance  input 
signal,  and  it  is  assumed  here  that  it  is  directly  obtained  by 
tapping  the  disturbance  input. 


number  of  modes,  and  the  q,(co)  is  the  modal  displacement 

^(«) -[•*?<»)  ♦VJCu)  I  H,C»)  (2) 

where  f,  is  the  n“  modal  disturbance  force,  F(m)  is  the  Fourier 
Transfonn  of  the  disturbance  input,  u,  is  fee  a*  modal  control 
force,  U(co)  is  the  Fourier  Transform  of  the  control  input. 
H(coM<-or+j24,o).co)-  is  the  a*  modal  frequency  response 
function,  where  and  ^  are  the  n*  natural  frequency  and  modal 
damping  ratio,  respectively;  and  j  is  the  imaginary  number. 

The  optimum  frequency  content  of  the  control  input  stems  from 
minimizing  a  cost  function,  which  is  the  mean  square  value  of  the 
error  sensor  output  The  error  sensor  output,  in  particular  for 
distributed  transducers,  is  a  weighted  response  of  the  system  and 
can  be  expressed  as 


e(«)  *J"b(x,y)  R[w(x,y,»}  ]ds 


(3) 


where  R(.]  is  a  linear  differential  operator  that  relates  the  system 
displacement  to  any  quantity  of  interest,  b(x,y)  is  a  weighting 
function  related  to  the  properties  of  the  sensors,  and  S  is  the  area 
of  application  of  the  distributed  sensor. 

Replacing  eq.(l)  into  (3),  the  error  variable  can  also  be 
represented  as  the  sum  of  the  linear  contribution  of  each  mode  as 
follows 


(4) 

a»i 

where  q.  is  the  na  modal  error  component  given  by 

So3/b(x,y)  R[$a(x.y)]ds  (5) 

s 

The  modal  error  components,  ^  and  the  modal  control’ forces, 
m  a  measure  of  the  relative  observability  and  controllability 
of  the  modes  by  the  error  sensor  and  control  *:tuator, 
respectively.  For  a  SISO  control  configuration,  the  error  output  is 
theoretically  driven  to  zero  by  the  control  input  at  ail  frequencies. 
Thus,  the  spectrum  content  of  the  control  input  is 

Evai») 

O(u)  ■G(ti>)F(«)  - — F(m)  (6) 

r  *.«.«.(») 


Fig.  1;  Arrangement  of  a  SISO  feedforward  ASAC  system. 
Structural  Response 

The  structural  response  w(x,y,co)  can  be  expressed  as  a  lin-ar 
combination  of  the  modes  as 

a 

w(x.y,  o)  =£  <z,(u)  $n(x,y)  (1) 

a- 1 

where  <fr„(x.y)  is  the  o'*  mass  normalized  eigenfunction.  N  is  the 


where  C((0)  is  the  compensator  that  relates  the  control  input  U(to) 
to  the  disturbance  input  F(co).  The  controlled  response  can  now 
be  computed  by  solving  eq.(6)  for  the  control  input  U(to)  and 
replacing  it  into  eq.(2)  and  this  into  eq.(l).  The  uncontrolled 
response  is  computed  by  setting  U(co)  to  zero  in  eq.(2). 

Acoustic  Response 

The  far-field  pressure  radiated  by  a  harmonically  vibrating 
planar  structure  can  be  computed  from  the  structural  response  by 
using  the  Raleigh  integral  (Fahy,  1985)  as  follows 

* 


P(f,U)  =  J^jPa  r  (  .  _ 

2x  J  — g—  dA  (7) 
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’  re  c  is  the  speed  of  sound  in  the  medium.  Her*_  if  ;* 
yarned  that  the  acoustic  medium  is  air  and  thus  nTfeS^  of 
the  fluid  motion  into  the  structure  takes  place. 

Again  the  radiated  pressure  can  be  expressed  as  a  linear 
contribution  of  the  modes  as  P^ssea  as  a  linear 

V 

P(f,o)  *£  <!„(“)?„(?,«)  (g) 
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pressure  for  a  TT  typically  **  imputation  of  the  radiated 

CONTROLLED  SYSTEM  EIGENPROPERTTES 
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such  that  the  following  equation  is  sLa*  ^  ®mpUteJ 
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(10) 


where  il,=((Oj2  is  the  m*  uncontrolled  system  . 

Hie  controUed  system  eigenfunction  Zx,y) 
eigenvalue  A,  is  easUy  computed  once  *e  c^Ued  “  ** 
eigenvalue  has  been  determined  They  can  be  nTTT  SyStenl 
°f  «“  .isebtocaon,.  “ 1 


♦t(x.y)  -£rto*a(x,y) 


and  the  expansion  coefficients  are 
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where  C,  is  a  constant  that  is  included  since  the  commit 
eigenfunction  are  arbitrary  to  a  constant  multioiier  t,dTT  S 
computed  such  that  {(r„)1+(rc)J+...+r,()-}=I;  ^ 
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DESIGN  APPROACH 
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configuration  that  yields  Y 
e.genproperties  that  satisfy  the  above  conditions. 

e  first  step  tn  the  proposed  design  fonnuiation  is  to  find  the 
*1 


desired  set  of  controlled  system  eigenfunctions  with  which  the 
controlled  structure  should  respond.  The  sought  eigenfunctions 
should  be  weak  modal  radiator  and  this  can  be  mathematically 
formulated  by  requiring  the  desired  eigenfrwctions  to  have  the 
lowest  radiation  efficiency  possible.  Since  the  controlled 
eigenfunctions  are  given  as  a  linear  combination  of  the 
uncontrolled  eigenfunctions,  this  implies  a  search  for  the  desired 
expansion  coefficients  (T^  in  order  to  achieve  this  objective. 

To  compute  the  radiation  efficiency,  the  ratio  of  the  radiated 
power  to  the  average  mean  square  velocity  of  the  radiating 
structure  is  required.  The  radiated  pressure  due  to  the  f* 
controlled  eigenfunction  driven  harmonically  at  frequency  ©  can 
be  computed  using  the  modal  surface  velocity  distribution 
u(x,y)-ioxj)|(x,y)  substituted  into  the  Rayleigh  integral,  eq.(7). 
Considering  eq.(ll),  the  controlled  modal  pressure  distribution  is 
given  in  terms  of  the  unknown  desired  coefficients,  (Tj^  and 
of  the  uncontrolled  modal  pressure  distribution,  p^?,©),  as 

Pt(?,a»  »  £  (rte)d  Ptt(f,«)  03) 

a*l 

The  radiated  sound  power  at  frequency  ©  due  to  the 
controlled  mode  over  the  region  D  in  the  acoustic  field  is 
computed  by  integrating  the  acoustic  time  average  intensity  as 

n,(«)  =/yj£!ildD  (14) 

o  Po  = 

and  replacing  eq.(13)  into  (14)  gives 

.nf(u)  -avJnKwndVa  as) 


|u,(u)|  =  //*i(x,,y.)  dA  (17^ 

X 

where  A  is  the  area  of  the  planar  radiator.  Again,  it  is  straight 
forward  to  show  that  the  average  mean  square  velocity  becomes 

|u,(«)  I1  ={r()4  [V(«)J  (r,}4  (1*) 

where  matrix  (V(o>)]  is  also  symmetric  and  positive  definite  with 

V'»(w)  *Tlff *a<x„y,)  dA  (19) 

X 

Finally,  the  radiation  efficiency  of  the  f“  controlled 
eigenfunction  is  defined  as  (Wallace,  1972) 

s,(«)  -  _  (r,r  [11(a)  Hr,}  (2°) 

A P0CV,(«)  Apudr,}*  (V(«)  ]  (r,i 


The  desired  expansion  coefficients  (rj,  that  yield  the  lowest 
radiation  efficiency  for  the  controlled  modes  are  obtained  by 
minimizing  S^a)  in  eq.(20)  with  respect  to  the  coefficients 
(rjd  with  the  constraint  {r,}/(r,]4=l.  This  constrained 
mmimivMtion  problem  can  be  efficiently  .soived  by  recognizing 
that  the  stationary  values  of  R^cu)  can  be  obcained  by  solving 
the  eigenvalue  problem 

(  CII(u>l  -<J,[V(»)]  )(r^4*(o)  ;  1=1, -,N  (21) 


where  the  elements  of  matrix  rn(o>)J  are 

.  <“> 

the  desired  expansion  vector  is  {ri}d={(rn)*_.,(rw)d;T,  and 
the  superscript  T  denotes  the  vector  transpose. 

Matrix  [ri(co)]  is  symmetric  and  positive  definite  Iwhk.  the 
radiated  power  is  always  positive  for  a  non-trivial  vector  {1“,}*. 
The  term  njm)  represents  the  radiated  power  by  the  *n“ 
uncontrolled  eigenfunction,  while  the  term  IT^fm)  represents  the 
radiated  power  due  to  the  acoustic  coupling  between  the  n*  and 
m“  uncontrolled  eigenfunctions.  If  the  cross  term  n„(CD) 
vanishes,  the  modes  are  said  to  be  acoustically  uncoupled.  The 
important  implication  is  that  the  radiation  due  to  the  n*  mode  can 
not  be  used  to  destructively  interfere  with  the  radiation  due  to  the 
m“  mode  such  that  the  average  radiated  power  over  the  region  D 
is  reduced. 

The  average  mean  square  velocity  for  the  controlled  mode 
oscillating  at  frequency  co  can  be  easily  computed  as 


Because  of  the  symmetry  and  positive  definite  properties  of  the 
matrices,  the  N  eigenvalues  a,  are  all  real  and  positive  such  that 
.71«T.<...<cn.  The  eigenvalue  a,  represents  the  radiation 
efficiency  at  frequency  CD  of  the  f  desired  controlled 
eigenfunction  that  is  given  as  a  linear  combination  of  the 
uncontrolled  modes  by  the  coefficients  of  the  eigenvector  (F } 
Because  the  SISO  controlled  system  has  (N-l)  eigenfunctions, 
the  optimum  set  of  controlled  eigenfunctions  is  that  with  the  (N-l) 
lowest  radiation  efficiency.  Thus,  the  desired  expansion 
coefficients,  (1*^)^,  are  the  first  (N-l)  eigenvectors  in  eq.(21). 

The  desired  eigenfunctions  found  above  are  optimum  in  the 
sense  that  they  have  the  lowest  radiation  resistance  at  the  single 
frequency  to.  For  broad  band  excitation  input,  the  controlled 
eigenfunctions  should  have  low  radiadoo  resistance  in  the 
frequency  range  of  the  excitation  input  This  can  be  accomplished 
by  solving  for  the  minimum  of  the  weighted  radiation  efficiency 


S,(u) 


,  <r(££  BitiKo^]  (iyd 

4- _ W _ _ 

Ap°C  <r,)4  £  b4  [v(ot)  ]  {r,}4 


(22) 


where  B,  is  a  weighting  constant  and  matrices  (nfco^J  and 
[VfcOi)]  are  computed  at  L  frequencies  tq.  The  eigenproblem  of 


eq.(21)  will  then  yield  a  set  of  optimum  eigenfunctions  that  have 

low  radiation  resistance,  in  some  weighted  sense,  at  the  L  * 

frequencies  o^.  Then,  the  computation  of  the  uncontrolled  modes  ^  ^  II  (^a  “  *i)  (25) 

radiated  pressure  is  required  at  L  frequencies.  Hi 


Optimum  Modal  Parameter* 

The  expansion  coefficients,  F*,  are  a  function  of  the  modal 
control  forces,  the  uncontrolled  eigenvalues,  p,,  and  the 
controlled  eigenvalues,  ^  as  depicted  by  eq.(12).  Ihus,  the 
modal  control  forces  and  the  controlled  eigenvalues  can  now  be 
determined  so  they  yield  the  desired  expansion  coefficients  found 
from  the  solution  of  the  above  eigenproblem.  However,  the 
number  of  expansion  coefficients  to  match  is  Nx(N-t)  while  there 
are  2(N- 1)  design  variables,  Le  (N-l)  relative  modal  control  forces 
and  (N-i)  controlled  eigenvalues.  Therefore,  the  desired  expansion 
coefficients  can  be  achieved  only  in  some  least  square  sense.  The 
controlled  eigenvalues,  X*  and  modal  control  forces,  u,  can  then 
be  obtained  by  solving  the  following  least  square  constrained 
minimization  problem 


Min.  F(vV.ElB,E  |<r.>a-=,7i-r 

*-l  a-i  1  a  a  I 

M 

such  that  £  uf^l 

a*l 

(2,,) 


(23) 


where  B,  is  a  weighting  factor  and  the  equality  constraint 
represents  the  normalization  of  the  modal  control  forces  since  the 
relative  controllability  of  the  modes  is  die  only  relevant 
information.  The  upper  and  lower  limits  of  the  inequality 
constraints  on  the  values  for  the  controlled  system  eigenvalues, 
are  selected  based  on  the  characteristic  of  the  spectrum 
content  of  the  disturbance  input.  For  example,  if  the  disturbance 
input  consists  of  multiple  sinusoids,  the  controlled  eigenvalues  are 
selected  such  that  they  are  not  coincident  with  any  of  the 
excitation  sinusoids.  The  solution  of  the  minimization  problem  in 
eq.(22)  yields  the  modal  control  forces,  u„  and  the  controlled 
eigenvalues.  A, 

Recent  work  (Burdisso,  1992c)  has  shown  that  given  u,  and  A, 
the  error  modal  components,  ^  can  be  computed  from  the 
characteristic  equation  of  the  controlled  system  in  eq.(10). 
Replacing  the  optimum  controlled  eigenvalues.  A,  and  modal 
control  forces,  u„,  found  from  the  solution  of  the  above 
optimization  problem  into  eq.(10)  gives 


(24) 


(s)  }  is  the  vector  of  modal  error  components. 

The  homogeneous  linear  system  of  equations  is  such  that  the 
only  relevant  information  is  the  relative  observability  of  the 
uncontrolled  modes  by  the  enror  sensor.  Thus,  assuming  the  N» 
mode  is  observable,  then  by  setting  ^  to  one.  the  modal  error 
components  can  be  obtained  by  solving  the  reduced  Unear  system 
of  equations 


^1  *L2  ~  *1(W-1) 
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’  *a 

*21  *22  ~  *2  (*-L) 
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The  optimal  modal  error,  c„,  and  control,  u,,  components  define 
completely  the  control  system  configuration  in  the  modal  domain 
for  N  modes.  The  design  of  the  control  system  in  the  mnHai 
domain  as  carried  out  in  this  formulation  offers  a  number  of 
advantages.  The  performance  of  the  controUer  can  be  investigated 
with  the  modal  parameters  alone.  Before  the  transducers  are 
selected,  control  issues  such  as  number  of  control  channels  for  a 
required  reduction  can  be  addressed  effectively.  This  approach 
also  allows  for  the  investigation  of  different  kinds  of  actuators  and 
sensors  with  minimum  additional  computational  effort. 

This  modal  information  needs  to  be  transformed  into  physical 
transducers  that  can  then  be  implemented  on  the  structure.  The 
type  of  actuator  and  sensor,  i.e.  discrete  or  distributed,  to  be 
implemented  is  an  application  dependent  problem  and  beyond  the 
mam  focus  of  the  proposed  design  approach.  The  implementation 
of  physical  strain  induced  transducers  is  the  subject  of  another 
paper. 


NUMERICAL  EXAMPLE 

The  appUcability  of  the  design  formulation  is  demonstrated  for 
controlling  the  radiation  due  to  the  (1,1),  (3.1)  and  (1,3)  odd-odd 
modes  of  an  uniform  simply  supposed  plate.  To  this  end.  it  is 
assumed  that  these  are  the  only  modes  excited  by  both  the 
disturbance  and  control  inputs  and  observed  by  the  error  sensor. 
This  implies  that  f„=u,=4.=0  for  all  modes  except  the  odd-odd 
ones.  The  plate  has  density  p=7833  N-sVm',  Young’s  modulus 
E=2.0xl0"  N/m.  Poison’s  ratio  v=0.3,  thickness  b=0.002  m,  and 
dimensions  L,=0.38  m  and  L^^O.3  m.  The  disturbance  input  is  a 
point  force  located  at  the  center  of  the  plate.  The  spectrum  of  the 
disturbance  is  assumed  to  be  white  noise  in  the  [0-600]  frequency 
band.  A  modal  damping  ratio  of  1.0%  is  assumed  for  all  modes 
(£,=0.01).  The  n®  natural  frequency  of  the  plate  is 


“•’v'D/ph  (tJ (27) 


where  the  elements  of  matrix  [A]  are 


where  y^/tn/L,.  D=EhI/l2(l-v-')  is  the  flexural 

rigidity,  and  the  eigenfunction  is 


♦n(x,y)  *Ksin(yxx)  Sia(ryy) 


(28) 


where  are  the  modal  indices  traditionally  used  for 

rectangular  panels  that  are  associated  to  the  n  index  used  in  the 
theoretical  analysis,  n  — ►  (n^),  and  K=(4/I  J  ^hn)172.  is  a 
normalization  constant. 


Desired  Controlled  System  Eigenfunctions 
The  plate  is  assumed  baffled  to  eliminate  the  acoustic  interaction 
between  the  back  and  front  radiation  and  facilitate  the  analytical 
predictions.  The  radiated  far-field  pressure  due  to  each  of  the  plate 
modes  was  first  computed  by  solving  the  Rayleigh  integral  in 
eq.(9).  Assuming  the  observation  point  to  be  in  the  far-field 
(kLs»l  and  kLy»l),  eq.(9)  has  a  closed  form  solution  given  by 
(Wallace,  1972) 


5a(g,g) 

2^11*1^  r 


(29) 


Optimum  Modal  Parameters 

The  optimum  modal  parameters,  i.e.  modal  control  force  u,  and 
error  q,  components,  can  now  be  computed.  The  first  step  is  to 
find  the  modal  control  forces  and  controlled  eigenvalues  that  yield 
the  desired  expansion  coefficients  from  Table  L  This  is  achieved 
by  solving  the  minimization  problem  in  eq{23)  where  the 
controlled  eigenvalues  X,  are  not  constrained  because  the 
spectrum  of  the  excitation  input  is  white  noise.  The  minimization 
process  was  carried  out  by  using  the  optimization  IMSL  routine 
DUNLSF  (non-linear  least  squares  problems)  which  yielded  the 
optimum  modal  forces  u,  shown  in  Table  U  and  the  two 
controlled  eigenvalues  shown  in  Table  EL  Using  these  values  in 
eq.(12)  resulted  in  the  expansion  coefficients  shown  in  Table  TTJt 
which  are  almost  identical  to  the  desired  coefficients  in  Table  L 
The  modal  control  forces  and  controlled  eigenvalues  can  now  be 
used  in  the  linear  systems  of  equations  in  eq.(26)  to  solve  for  the 
modal  error  components  and  they  are  given  in  Table  H 


TABLE  II;  Modal  control  and  error  components. 


where 


(a/iyr)2-! 

(p/ryO1-! 

(30) 


(Ul) 

(3.1) 

(1.3) 

--522 

0.485 

0.702 

4, 

0.929 

0319 

0.188 

a  » kl^sinO  Cos^  ;  p •  kLySinO  sin?  (31) 

Since  the  excitation  input  is  white  noise  from  0  to  600  Hz.  the 
center  frequency  of  300  Hz  was  used  to  solve  for  the 
.eigenproblem  in  eq.(21).  The  modal  far-field  pressure  distribution 
in  eq.(29)  can  now  be  used  in  eq.(16)  to  compute  the  auto  and 
cross  modal  radiation  power  terms.  The  aim  in  thig  control 
example  is  to  attenuate  the  total  radiated  power.  Thus,  the 
numerical  integration  of  the  local  intensity  in  eq.(16)  is  carried  out 
over  one  half  hemisphere.  The  auto  and  cross  modal  mean  square 
velocity  are  computed  by  replacing  eq.(28)  into  (19)  and 
integrating  over  the  surface  of  the  plate. 

The  eigenvalue  problem  in  eq.(21)  was  theo  solved  to  find  the 
set  of  desired  expansion  coefficients  that  yield  the  desired 
controlled  eigenfunctions.  Since  the  SLSO  controller  reduces  the 
number  of  dynamic  DOF  by  one,  the  desired  expansion 
coefficients,  (r*)d,  are  the  first  two  eigenvectors  of  the 
eigenvalue  problem  in  eq.(2I).  Table  I  shows  the  desired 
expansion  coefficients  that  define  the  two  controlled 
eigenfunctions. 


TABLE  I:  Desired  expansion  coefficients,  (TJr 


(nx>nJ) 

(^la)d 

(rg< 

(1.1) 

-.128 

-366 

(3.1) 

0.894 

0357 

(1.3) 

-.427 

0.858 

TABLE  HI;  Controlled  system  eigen  properties. 


Controlled  natural  frequencies,  ] 

1 

/,= 399  Hz 

Ji=70I  Hz 

(OfOy) 

r„ 

r* 

d.l) 

-.217 

-305 

(3.1) 

0.880 

0374 

(U) 

-.423 

0.875 

The  control  system  configuration  is  completely  determined  by 
the  modal  parameters  in  Table  H  and  it  has  modified  the 
eigenstructure  of  the  system  in  such  a  way  that  the  controlled 
structure  will  respond  with  two  weak  radiating  modes.  To 
illustrate  this  phenomena,  the  radiation  efficiency  for  the 
uncontrolled  and  controlled  eigenfunctions  was  computed  and  it 
is  plotted  in  Fig.  Z  This  figure  clearly  demonstrates  that  the 
controlled  modes  have  substantially  lower  radiation  resistance  than 
the  uncontrolled  modes  in  the  bandwidth  of  interest.  It  is  also  very 
interesting  to  note  that,  by  numerical  integration,  the  controlled 
eigenfunctions  are  nonvolumetric.  Since  the  response  is  a  linear 
expansion  of  the  modes,  this  implies  that  the  net  volume  displaced 
by  the  controlled  plate  is  zero  at  all  frequencies.  This  same 
phenomenon  was  observed  by  Burdisso  (1992b)  in  studying  the 
dynamic  behavior  of  feedforward  controlled  systems  using 
microphones  in  as  error  sensors. 


♦n(x,y)  -JCsiatr.x)  Sin(yyy)  (28) 

where  (n,,ny)  are  the  modal  indices  traditionally  used  for 
rectangular  panels  that  are  associated  to  the  n  index  used  in  the 
theoretical  analysis,  n  -4  (n^n,),  and  K=(4/I^rhp)«  *  a 
normalization  constant 


Desired  Controlled  System  Eigenfunction* 

The  plate  is  assumed  baffled  to  eliminate  the  acoustic  interaction 
between  the  back  and  front  radiation  and  facilitate  the  analytical 
predictions.  The  radiated  far-field  pressure  due  to  each  of  the  plate 
modes  was  first  computed  by  solving  the  Rayleigh  integral  in 
eq.(9).  Assuming  the  observation  point  to  be  in  the  far-field 
(kLI»l  and  kLy»l),  eq.(9)  has  a  closed  form  solution  given  by 
(Wallace,  1972) 


paC?,tt)  P1*1**  a'3* 

2wJnxny  r  (a/rx^se)  a-i  (29) 


MJVW-i 

(p/tiy*)2-! 


a  -kZ^sinflcos*  ;  0  •kLySinO  sin*  (30) 


Optimum  Modal  Parameters 

The  optimum  modal  parameter,  i.e.  modal  control  force  u,  and 
etror  C,  components,  can  now  be  computed.  The  fast  step  is  to 
find  the  modal  control  forces  and  controlled  eigenvalues  yield 
the  desired  expansion  coefficients  from  Table  L  This  is  achieved 
by  solving  the  minimization  problem  in  eq.(23)  where  the 
controlled  eigenvalues  X,  are  not  constrained  ^ 

spectrum  of  the  excitation  input  is  white  noise.  The  minimization 
process  was  carried  out  by  using  the  optimization  IMSL  routine 
DUNLSF  (non-linear  least  squares  problems)  which  yielded  the 
optimum  modal  forces  u,  shown  in  Table  H  and  the  two 
controlled  eigenvalues  shown  in  Table  m.  Using  these  values  in 
eq.(12)  resulted  in  the  expansion  coefficients  shown  in  Table  m, 
which  are  almost  identical  to  the  desired  coefficients  in  Table  L 
The  modal  control  forces  and  controlled  eigenvalues  can  now  be 
used  in  the  linear  systems  of  equations  in  eq.(26)  to  solve  for  the 
modal  error  components  q,,  and  they  are  given  in  Table  IL 


TABLE  H:  Modal  control  and  error  components. 


(1.1) 

(3.1) 

(U) 

-.522 

0.485 

0.702 

0.929 

0319 

0.1S8 

The  modal  far-field  pressure  distribution  in  eq.(29)  can  now  be 
.  -used  to  compute  the  auto  and  cross  modal  radiation  power  terms 
in  eq.(16).  The  aim  in  this  control  example  is  to  attenuate  the  total 
radiated  power.  Thus,  the  numerical  integration  of  the  local 
•  intensity  in  eq.(16)  is  carried  out  over  one  half  hemisphere. 

■  Since  the  excitation  input  is  white  noise  from  0  to  600  Hz,  the 
center  frequency  of  300  Hz  was  used  in  eq.(21).  Matrix  (IT(<n)] 
was  computed  for  the  (1.1).  (3,1)  and  (U)  odd-odd  modes  laying 
in  the  excitation  bandwidth  of  interest  The  auto  and  cross  modal 
mean  square  velocity  are  computed  by  replacing  eq.(28)  inm  (19) 
and  integrating  over  the  surface  of  the  plate. 

The  eigenvalue  problem  in  eq.(21)  was  then  solved  to  find  the 
set  of  desired  expansion  coefficients  that  yield  the  desired 
controlled  eigenfunctions.  Since  the  SISO  controller  reduces  the 
number  of  dynamic  DOF  by  one,  the  desired  expansion 
coefficients,  (Tja,  are  the  first  two  eigenvectors  of  the 
eigenvalue  problem  in  eq.(21).  Table  I  shows  the  desired 
expansion  coefficients  that  defines  the  two  controlled 
eigenfunctions. 


TABLE  I:  Desired  expansion  coefficients,  (TJr 


(r,.)d 

(i.D 

-.128 

-366 

(3,1) 

0.894 

0.357 

(1.3) 

-.427 

0.858 

TABLE  HI:  Controlled  system  eigen  properties. 


CoccroIIed  natural  frequencies, 

/,*399  Hz 

/.= 701  Hz 

(Ox.IV) 

r„ 

(1.1) 

-.217 

-.305 

(3.1) 

0.380 

0374 

(U) 

-.423 

0.875 

The  control  system  configuration  is  completely  determined  by 
the  modal  parameters  in  Table  H  and  it  has  modified  the 
eigenstructure  of  the  system  in  such  a  way  thar  the  controlled 
•ttticture  will  respond  with  two  weak  radiating  modes.  To 
illustrate  this  phenomena,  the  radiation  efficiency  for  the 
uncontrolled  and  controlled  eigenfunctions  was  computed  and  it 
is  plotted  in  Fig.  2.  Three  dimensional  perspectives  of  these 
eigenfunctions  are  also  shown  in  the  figure.  Figure  3  dearly 
demonstrates  that  the  controlled  modes  have  substantially  lower 
radiation  resistance  than  the  uncontrolled  modes  in  the  bandwidth 
of  interest.  It  is  also  very  interesting  to  note  that,  by  numerical 
integration,  the  controlled  eigenfunctions  are  nonvolnmetric.  Since 
the  response  is  a  linear  expansion  of  the  modes,  this  that 

the  net  volume  displaced  by  the  controlled  plate  is  zero  at  all 
frequences.  This  same  phenomenon  was  observed  by  Burdisso 
(1992b)  in  studying  the  dynamic  behavior  of  feedforward 
controlled  systems  using  microphones  in  as  error  sensors. 


Fig.  2:  Radiation  efficiency  of  —  uncontrolled  and 
- controlled  eigenfunctions. 


Control  System  Performance 
The  control  system  is  completely  defined  in  the  modal  domain 
in  terms  of  the  optimal  modal  parameters  in  Table  H  The 
performance  of  the*  controlled  structure  can  be  investigated  with 
these  modal  parameters  alone  before  physical  transducers  are 
devised.  To  illustrate  the  dynamic  behavior  of  the  plate  before  and 
after  control  the  far  field  pressure  at  was 

computed  using  eqs.(8)  ar.d  (2).  The  sound  pressure  level  (dB 
reference  20jiPa)  is  shown  in  Fig.  3  as  a  function  of  the 
frequency.  The  dashed  line  is  the  uncontrolled  response  that 
shows  resonant  peaks  at  the  frequencies  of  the  odd-odd  modes 
given  by  eq.(27).  On  the  other  hand,  when  the  control  input  is 
applied  the  response  shows  resonance  behavior  at  the  two 
,  controlled  resonant  frequencies  of  399  and  701  Hz.  It  can  be  seen 
that  the  sound  levels  produced  by  the  controlled  structure  over  the 
bandwidth  are  well  below  the  levels  generated  by  the  uncontrolled 
structure  at  the  natural  frequencies  of  the  odd-odd  modes. 

The  radiation  directivity  on  the  horizontal  x-z  plane  at  a  distance 
of  4-54  was  computed  at  selected  frequencies.  Figure  4  shows  the 
far-field  radiation  at  352  Hz,  corresponding  to  the  uncontrolled 
(3,1)  mode  resonance  frequency,  which  shows  excellent  global 
reduction.  Similar  behavior  was  observed  for  each  of  the 
uncontrolled  resonant  frequencies.  More  interesting  is  to 
investigate  the  radiated  sound  at  the  controlled  system  resonance 
frequencies.  Figure  5  shows  the  far-field  radiation  at  399  Hz 
which  is  the  first  resonance  of  the  controlled  system.  Inspection 
of  this  plot  demonstrates  that  even  though  the  response  of  the 
plate  is  very  large  (because  of  the  resonance)  the  radiatioa  is  not 
increased  significantly  and  is  well  below  the  levels  at  the 
uncontrolled  resonance  frequencies.  This  is  because  the  controlled 
mode  is  non -volume trie  and  has  very  low  radiation  efficiency  or 
in  other  words  the  mode  does  not  strongly  couple  into  the  acoustic 
medium  even  when  it  is  excited  near  resonance. 


Fig.  3:  Far-field  pressure  at  f=(Cr,0o,4J4);  —  uncontrolled 
and - controlled. 
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Fig.  4:  Radiation  directivity  on  x-z  plane  at  352  Hz; 
—  uncontrolled  and - controlled 
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Fig.  5:  Radiation  directivity  on  x-z  plane  at  399  Hz; 
—  uncontrolled  and - controlled. 

!| 


The  overall  radiation  directivity  was  obtained  by  integrating  the 
sound  pressure  spectrum  over  the  bandwidth  from  0  to  600  Hz. 
Total  radiation  directivities  before  and  after  control  were 
computed  for  the  x-z,  Fig.  6.  The  plot  shows  that  an  average 
global  sound  pressure  level  reduction  of  24  dB  is  obtained  over 
die  complete  spectrum,  thus  attesting  to  the  effectiveness  of  the 
design  approach  presented  here. 


Fig.  6:  Overall  radiation  directivity  on  x-z  plane; 
—  uncontrolled  and - controlled. 


The  process  of  designing  structural  actuators  and  sensors  that 
yield  the  optimum  modal  parameter  is  not  a  key  aspect -of 
-formulation  presented  here.  However,  the  interested  reader  is 

®  *e  wo*  by  Burdisso  (1993)  in  the  design  of  strain 
induced  PZT  actuators  and  PVDF  sensors. 

CONCLUSIONS 

A  formulation  has  been  presented  for  the  design  of  adaptive 
structures  for  ASAC  applications.  The  methodology  makeTuL  of 
the  fundamental  concept  that  sound  radiation  can  be  effectively 
reduced  by  changing  the  overall  radiation  efficiency  of  the 
structure.  The  formulation  also  takes  advantage  of  the  fact  that  the 

s^cXTS  C0°?1  SyS“m  Ch“8eS  dynamk  of  the 

structtne.  The  understanding  and  merging  of  these  two  phenomena 

leads  to  an  efficient  method  for  the  design  of  actuators  and 

SIT'  ^  meth°d  “  b3Sed  00  *e  Prem«  **  optimum 
actuatora  and  sensors  will  change  the  eigenstroctnre  of  the  system 

such  that  the  controlled  response  consists  of  a  modal  series  of 

weak  radiators  The  control  configuration  is  first  defined  in  the 

nammeTp1  ^  °°mPutinS  optimum  control  and  error  modal 
parameters.  Using  this  information,  physical  actuators  and  sensors 
can  be  then  constructed.  This  particular  separation  between  the 
modd  and  physical  domain  offers  the  advantage  that  different 
ttansducera  and  configurations  can  be  investigated  with  minim., ^ 
computational  effort.  The  design  approach  was  su“X 
illustrated  on  a  simply  supported  plate  problem.  The  technique  l 
gener  an  could  be  extended  to  multi-input,  multi-output 
systems  and  complex  structures  using  FEM/BEM  technique  to 
define  the  modal  parameters  4 
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Abstract 


The  paper  develops  fundamental  relationships  be¬ 
tween  modal  analysis  techniques  for  traditional 
structures  and  piezostructures.  The  estimation  of 
frequency  domain  modal  parameters  for  piezostruc¬ 
tures  is  formulated  in  a  format  similar  to  those 
traditionally  considered  for  structures.  This  en¬ 
ables  the  modal  testing  of  piezostructures  to  take 
place  within  the  existing  framework  of  modal  anal¬ 
ysis  and  enables  piezostructure  parameters  to  be 
measured  experimentally.  A  transformation  be¬ 
tween  the  pole-residue  model  for  traditional  struc¬ 
tures  and  piezostructures  is  shown  which  relates 
the  structures  modal  matrix  and  its  electromechan¬ 
ical  coupling  (EMC)  matrix.  Piezostructure  modal 
tests  yield  experimental  measurements  of  the  EMC 
matrix,  previously  unmeasurable.  It  is  also  sug¬ 
gested  that  a  piezostructure  modal  test  can  produce 
the  modal  parameters  without  the  need  for  a  shaker 
and  corresponding  input  force  measurements. 


Pi 

eigenvalue 

2 

charge  vector 

s 

Laplace  variable 

V 

voltage  vector 

X 

displacement  vector 

u 

angular  frequency 

U>i 

natural  frequency 

Q 

damping  coefficient 

A**' 

structured  residue 

if-' 

electromechanical  residue 

M 

mass  matrix 

C 

damping  matrix 

CP 

capacitance  matrix 

K 

stiffness  matrix 

0 

EMC  matrix 

© 

modal  EMC  matrix 

$ 

modal  (eigenvector)  matrix 

Bi 

ith  column  of  matrix  B 

Bki 

(i,t)  entry  of  matrix  B 

Os 

sensor  vector 

()a 

actuator  matrix 

0' 

sensor  matrix 

()T 

transpose 

Nomenclature 


a*  modal  constant 

/  force  vector 

*  modal  index  , 

k  sensor  index 

l  actuator  index 

m  number  of  structural  forces 

n  number  of  modes 

p  number  of  structural  displacements 


1  Introduction 


Modal  analysis  is  a  system  identification  technique 
used  to  determine  the  dynamic  behavior  of  elastic 
structures.  The  frequency  domain  method  utilizes 
the  well  known,  second-order  differential  equation 
for  a  single  degree-of-freedom  response  and  assumes 


a  linear  superposition  of  the  responses  according  to 
“  mi  [(W?  -  LJ2)  +  2  j  0  W  Wj]^  ^ 

with  the  assumptions  of  general  viscous  damping, 
modal  coordinates  and  where  w,-  is  the  undamped 
natural  frequency,  C*  is  the  ith  modal  damping  co¬ 
efficient  and  <£{  is  the  natural  basis  for  the  vibrat¬ 
ing  system.  A  vast  area  of  research  has  developed 
in  the  process  of  both  analytical  and  experimen¬ 
tal  validation  of  various  forms  of  Equation  1.  A 
variety  of  parameter  estimation  methods  axe  avail¬ 
able  such  that  the  “modal  parameters”  (resonant 
frequencies,  damping  coefficients,  and  modal  shape 
functions)  can  be  estimated  from  experimental  fre¬ 
quency  response  function  (FRF)  measurements  on 
a  vibrating  structure  [1].  The  techniques  of  modal 
analysis  comprise  a  significant  percentage  of  prac¬ 
tical  system  ID  approaches  for  linear,  elastic  struc¬ 
tures. 

This  paper  is  motivated  by  the  need  for  consistency 
between  piezostructure  measurements  and  existing 
modal  analysis  approaches.  The  rapid  progress  in 
the  field  of  intelligent  material  systems  and  struc¬ 
tures  has  led  to  the  permanent  establishment  of 
piezoelectric  actuators  and  sensors  as  important  el¬ 
ements  for  noise  and  vibration  monitoring  and  con¬ 
trol.  However,  the  recent  emphasis  on  the  use  of 
piezoelectric  transducers  in  the  control  of  structures 
has  resulted  in  some  confusion  about  the  role  that 
modal  testing  system  identification  can  play  in  the 
smart  structure  field.  The  apparent  lack  of  force 
measurements  and  collocated  drive-point  measure¬ 
ments  for  piezostructures  has  diminished  the  em¬ 
phasis  on  traditional  modal  testing  methods. 

The  subject  of  this  paper  is  the  unique  approach 
required  for  modal  testing  of  general  piezostruc¬ 
tures.  An  important  contribution  is  contained 
in  the  development  of  fundamental  relationships 
which  reveal  that  the  existing  framework  of  tra¬ 
ditional  modal  analysis  approaches  can  be  used 
to  estimate  modal  parameters  which  describe  the 
piezostructure  dynamics  within  the  statistical  ac¬ 
curacy  of  the  experimental  methods.  The  long- 
range  benefits  of  this  work  include  generation  of 
experimental  piezostructure  models  for  active  con¬ 
trol,  test-model  correlation,  dynamic  analysis  and 
a  variety  of  other  important  applications. 


A  comparison  of  the  governing  dynamic  equations 
for  a  traditional  test  structure  and  a  piezostruc¬ 
ture  highlights  the  unique  characteristics  of  the 
piezostructure. 

Traditional  structure: 

[-w2M  +  jwC  +  K]x  =  /  (2) 

Piezostructure: 

Actuator  Eqn.  [-u/2M  4*  jwC  +  K]r=0u  (3) 
Sensor  Eqn.  0Tx  +  Cpu  =  q  (4) 


Two  essential  concepts  are  embodied  in  the  com¬ 
parison  of  the  equations  for  the  different  structures. 
First,  the  poles  of  the  two  structural  systems  are 
identical.  Second,  the  zeros  of  the  two  systems 
are  vastly  different  because  of  the  electromechanical 
coupling  (EMC)  between  the  electrical  input  and 
output  vectors  v  and  q  and  the  structural  response 
x  in  Equations  3  and  4.  In  this  paper,  a  deriva¬ 
tion  of  an  appropriate  analog  to  Equation  1  is  pre¬ 
sented  so  that  piezostructure  FRF  representations 
are  compatible  with  existing  modal  analysis  curve- 
fitting  algorithms.  This  is  accomplished  by  using 
collocated,  piezoelectric  sensoriaciuators  in  combi¬ 
nation  with  conventional  piezoelectric  transducers. 
Sensoriaciuators  refer  to  piezoelectric  transducers 
which  are  designed  to  perform  simultaneous  sens¬ 
ing  and  actuation  using  a  single  element.  It  will 
be  shown  that  the  inherent  collocation  of  the  sen- 
soriactuator  configuration  leads  to  fully-populated 
FRF  matrices,  thereby  circumventing  the  charac¬ 
teristic  absence  of  true  drive-point  response  mea¬ 
surements. 

The  feedthrough  effect,  Cpu,  shown  in  the  Sensor 
equation  (Equation  4)  may  be  eliminated  through 
appropriate  analog  circuitry  [2,3].  It  is  important 
to  realize  that  the  existence  of  the  feedthrough  ca¬ 
pacitance  has  drastic  effects  on  the  zeros  of  the 
piezostructure  and  therefore  influences  the  evalu¬ 
ation  of  residues  and  EMC  coefficients.  For  the 
remainder  of  this  paper,  we  will  assume  that  the 
capacitance  can  be  effectively  eliminated  from  the 
output  measurements,  such  that  q  =  0Tr. 

The  following  sections  of  the  paper  will  highlight 
the  use  of  piezostructure  system  measurements 
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such  that  compatibility  with  general  modal  analy¬ 
sis  techniques  is  maintained.  First,  the  pole-residue 
parametric  model  for  conventional  structures  is  re¬ 
viewed  to  establish  a  baseline  for  comparison  to  the 
subsequent  derivation  of  the  piezostructure  pole- 
residue  parametric  model.  Then,  fundamental  rela¬ 
tionships  between  the  new  residue  expression,  the 
structural  modal  matrix,  and  the  piezostructure’s 
EMC  matrix  are  illuminated.  Finally,  piezostruc¬ 
ture  modal  analysis  is  demonstrated  numerically  for 
a  cantilever  beam  using  a  generic  viscous  damping 
curvefitter  developed  at  Virginia  Tech. 


2  Modal  Analysis  Methods 
Using  Piezoelectric  Trans¬ 
ducers 


The  purpose  of  this  section  is  to  develop  the  modal 
parameter  model  for  a  piezostructure.  To  begin, 
we  will  briefly  review  a  common  form  of  the  elas¬ 
tic  equation  of  motion  which  is  used  for  paramet¬ 
ric  modal  analysis  [4].  Next,  the  modeling  results 
for  piezoelectric  sensing  and  actuation  will  be  pre¬ 
sented  without  detail.  The  interested  reader  is  re¬ 
ferred  to  Crawley  &  de  Luis  [5],  Hagood  et  al.  [6], 
and  Cole  [7]. 


plex  modal  matrix  $  of  eigenvectors  6  C71) 
which  occur  in  complex  conjugate  pairs. 


For  an  applied  force  at  a  spatial  position  l  and  a  re¬ 
sponse  measurement  at  spatial  position  k ,  the  FRF 
equation  in  physical  coordinates  is 
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(s-n)  ( s-pr ) 
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Here,  the  residue  has  been  defined  as  Af’1  =  . 

The  pole-residue  form  in  Equation  7  underlies  a 
number  of  modal  analysis  methods  for  structural, 
input-output  measurements.  Iterative  estimates  of 
the  system  poles,  pi,  provide  the  structure’s  reso¬ 
nant  frequencies  and  damping  values.  The  struc¬ 
tural  mode  shapes  are  calculated  from  the  residue 
terms  Af’1.  When  a  drive-point  FRF  (i.e.  k  =  /) 
is  available,  the  residue  yields  the  scaled  eigenvec¬ 


tor  =  y  A1/  at  the  drive-point  location.  This 
quantity  is  then  used  to  generate  the  full  modal 
matrix  for  locations  l  =  1,2, ...,p  and  modes  i  = 


l,2,...,n.  When  the  drive  point  is  not  available, 
the  residue  cannot  be  used  to  directly  generate  the 
experimental  mode  shapes.  Next,  we  will  examine 
the  effect  of  using  piezoelectric  sensors  and  actua¬ 
tors  on  the  modal  model  given  by  Equation  7. 


We  start  with  the  usual  equation  of  motion  for  a 
MDOF  system  with  general,  viscous  damping: 

Mi  +  Ci  +  Kz  =  /  (5) 

where  M  is  a  positive  definite,  symmetric  mass  ma¬ 
trix,  C  is  a  non-proportional,  viscous  damping  ma¬ 
trix,  K  is  a  symmetric  stiffness  matrix,  x  €  Rp  is  a 
vector  of  surface  displacements  in  physical  coordi¬ 
nates,  and  /  6  BP  is  a  vector  of  structural  forces. 
Note  that  in  practice,  there  will  be  many  zero  el¬ 
ements  of  /.  A  finite-dimensional,  complex  eigen¬ 
value  problem  results  from  the  n-dimensional  model 
of  Equation  5.  The  solution  yields  n  pairs  of  com¬ 
plex  conjugate  eigenvalues 

Pi,i+n  =  ± M ^/l  —  C f  »  =  1, 2, , n 

(6) 

where  p<  is  the  ith  complex  eigenvalue  of  the  struc- 
ture.  The  solution  also  yields  a  corresponding  com- 


A  comparison  of  Equation  5  and  the  Actuator 
Equation  shows  that  only  the  forcing  terms  are  dif¬ 
ferent.  Substituting  Qfvi  for  /  in  Equation  5,  the 
receptance  becomes 


’Mfe i  t 
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(8) 


Using  charge  output  (q,  =  ©'  Tx),  the  Sensor 
Equation  can  be  used  to  determine  an  input-output 
relationship  from  the  Ith  piezoelectric  actuator  to 
the  kth  piezoelectric  sensor. 


'ejT<Si$Tef  | 

.  di(s-pi)  a‘{s-p' )  . 


(9). 


We  can  further  simplify  the  above  expression  by 
defining 

=  (10) 

The  k,ltfl  element  of  the  pole-residue  modal  model 
( q/v )  for  conventional  piezoelectric  transducers  can 
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then  be  written  as 


vi 


E 

1=1 

n 

E 

>=i  L 


+ 


©ft*©?/' 


ai(s-pi)  a'(s-p') 


At’* 


(s-pi)  ( s-p •) 


A?’1  ‘ 


(11) 


~k  f  0.  Q«  t  A 

where  A{  ’  =  ~tl .  In  this  representation  0  = 
$r  0  is  the  EMC  matrix  in  the  natural  mode  basis. 
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Figure  1:  Relationships  between  ©,  $  and  0 


It  is  apparent  from  Equation  11  that  the  descrip¬ 
tion  of  a  coupled  structure-piezoelectric  system  re¬ 
quires  knowledge  of  the  system  eigenvalues  pi  and 
the  EMC  matrices  0a  and  &s.  A  comparison 
of  the  residues  from  Equation  7  and  Equation  11 
shows  that  the  influence  of  the  piezostructure  on 
the  modal  model  is  to  modify  the  residue  term. 
The  traditional  residue  expression  A*'1  =  is 

a  spatial  function  whose  numerical  values  are  de¬ 
termined  by  the  sensor/actuator  locations  and  the 
boundary  conditions  of  the  structure.  The  residue 
for  the  piezostructure  A*'1  =  exhibits  the 

same  functional  dependencies,  in  addition  to  afunc¬ 
tional  dependence  on  the  material  properties  and 
piezoelectric  geometries.  The  important  advantage 
for  modal  testing  is  that  0a  =  0J  for  sensoriactua- 
tors,  resulting  in  a  truly  collocated  sensor/actuator 
pair  of  similar  material  properties.  Evaluation  of 
the  scaled  EMC  coefficient  is 


where  A['1  is  the  residue  for  the  Ith  sensoriactuator 
location.  This  quantity  can  then  be  used  to  gener¬ 
ate  the  full  EMC  matrix  for  locations  /  =  1, 2, . . .  ,p 
using  residues  found  from  non-collocated  piezoelec¬ 
tric  measurements. 


3  Relationships  between  0, 
4>  and  0. 

The  residue  expressions  of  Equations  7  and  11 
indicate  the  striking  similarity  between  the  roles 
which  the  $  and  0  matrices  fill  in  modal  de¬ 
scriptions  of  the  traditional  and  piezoelectric  struc¬ 
tures.  The  modal  matrix  $  relates  the  structural 


forces  and  displacements  while  the  modal  EMC  ma¬ 
trix  0  relates  the  applied  piezoelectric  voltage  and 
developed  charge.  Both  quantities  relate  the  re¬ 
spective  input-output  variables  to  the  structural 
modes.  More  importantly,  ©  contains  information 
of  how  the  piezoelectric  charge  q  relates  to  struc¬ 
tural  physical  response  x  via  0  and  how  those  x 
relates  to  the  structure’s  modal  response  r  via 
These  important  transformation  relationships  for 
the  piezostructure  are  summarized  in  the  flow  dia¬ 
gram  of  Figure  1. 

The  previous  analysis  and  the  relationships  high¬ 
lighted  in  Figure  1  lead  to  three  linear  transforma¬ 
tion  equations  which  will  provide  the  framework  for 
conducting  modal  analysis  on  piezostructures.  The 
first  expression  follows  from  the  definition  of  the 
modal  EMC  matrix: 

0=:$r0.  (13) 

The  second  expression  is  from  the  Sensor  Equation 

q  =  &*Tx.  (14) 

The  third  expression  is  simply  the  modal  expansion 

theorem 

x  =  $r  (15) 

where  r  is  the  modal  coordinate  vector.  The  most 

important  of  the  three  relationships  is  Equation  13. 
It  contains  the  three  parameters  necessary  to  define 
the  zeros  of  either  the  mechanical  or  electromechan¬ 
ical  structural  systems.  From  this  expression,  it  is 
clear  that  if  any  two  of  the  three  parameters  are 
known,  then  the  third  parameter  can  be  found.  The 
remaining  equations  indicate  additional  transfor¬ 
mations  which  can  be  used  to  generate  experimen¬ 
tal  measurements  of  ©  or  $.  From  this  point,  the 
designer  has  a  large  degree  of  flexibility  in  designing 
the  structural  system  identification  procedure.  In 
particular,  note  that  the  use  of  non-intrusive  mo¬ 
tion  measurements  (e.g.  laser)  via  Equation  14, 
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Figure  2:  Cantilever  beam  arrangement  for  numer¬ 
ical  experiment 


combined  with  piezostructure  modal  analysis  for  0, 
yields  estimates  of  all  piezostructure  modal  param¬ 
eters  without  using  externally  attached  sensors  or 
actuators. 


Beam 

Value 

Young’s  modulus 
density 

area  moment  of  inertia 

70x  109  Pa 

2710  kg/m3 

8.4683x  10~12  m4 

PZT 

Value 

Young’s  modulus 
density 

coupling  coefficient  (d31) 
thickness 

6.3xl010  Pa 

7600  kg/m3 
190xl0"12  m/V 
0.25  mm 

Table  1:  Piezobeam  material  properties 


4  Numerical  Example:  A 

Cantilever  Beam 


A  numerical  demonstration  of  a  proposed  dual-test 
modal  analysis  approach  is  presented  in  this  sec¬ 
tion.  The  objectives  of  the  numerical  experiment 
include  estimation  of  the  conventional  modal  pa¬ 
rameters  (pi,$)  and  the  EMC  matrix  0  for  the 
piezostructure.  Recall  that  estimation  of  these  vari¬ 
ables  yields  any  desired  input-output  information 
for  the  piezostructure  system  (see  Figure  1).  A  sim¬ 
ple  cantilever  beam  was  used  for  the  following  anal¬ 
ysis.  The  conceptual  approach  remains  the  same  for 
more  complex  piezostructures. 


4.1  Description  of  Experiment 

A  description  of  the  aluminum  cantilever  beam  used 
for  the  modal  test  is  provided  in  Table  1  and  Fig¬ 
ure  2.  The  material  properties  of  the  beam  and 
piezoelectric  transducers  listed  in  Table  1  were  used 
to  generate  a  finite-dimensional  model  using  MAT- 
LAB  software.  Six  PZT  elements  were  spaced  along 
the  beam  as  shown  in  Figure  2.  Element  one,  con¬ 
figured  as  a  sensoriactuator,  was  used  to  excite 
the  beam  for  the  piezostructure  test  measurements. 
The  remaining  elements  were  configured  for  charge 
response  measurements  only  (qs  =  0,T*).  Addi¬ 


tionally,  it  was  assumed  that  position  sensors  were 
available  at  the  beam  locations  coinciding  with  the 
mid-point  of  each  PZT  element.  Note  that  the  po¬ 
sition  measurements  do  not  have  to  be  made  at  the 
same  coordinates  as  the  PZT  elements.  We  also 
make  the  assumption  that  the  position  measure¬ 
ments  were  obtained  without  changing  the  mass 
or  stiffness  of  the  structure;  laser  scanning  would 
be  one  approach  to  accomplish  this.  A  point  force 
excitation  was  placed  at  the  location  correspond¬ 
ing  to  sensor  six  for  acquisition  of  traditional  force- 
displacement  data.  Analysis  results  for  the  recep- 
tance  FRFs  will  be  referred  to  as  the  mechanical 
modal  test  results  and  the  electrical  FRF  analysis 
will  be  called  the  piezostructure  modal  test  results. 

Truncated  modal  models  (six  modes)  of  the  beam’s 
mechanical  and  electromechanical  response  were 
used  to  generate  two  different  sets  of  HI  FRF  es¬ 
timates.  The  two  sets  of  FRF  measurements  were 
used  to  generate  the  mechanical  modal  test  results 
and  the  piezo  modal  test  results,  respectively.  The 
frequency  range  was  0-500  Hz  for  the  modal  analy¬ 
sis.  This  bandwidth  included  five  of  the  six  modes. 
Next,  the  analysis  results  are  presented  for  each  ap¬ 
proach. 
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Actual 

Mech. 

Test  Estm . 

Piezotest  Estm. 

fi 

c. 

n 

c. 

/. 

c. 

7.2 

.01 

7.2 

.00998 

7.2 

.00102 

45.8 

.01 

45.8 

.01003 

45.8 

.00105 

129.3 

.01 

129.3 

.00995 

129.3 

.00990 

Table  2:  Piezotest  pole  estimates:  dual-test  ap¬ 
proach 


4.2  Results 


The  MODHAN  modal  analysis  software  was  used 
to  generate  estimates  of  the  structural  poles  and 
residues  from  the  two  FRF  matrices  described 
above.  Table  2  is  a  comparison  of  the  actual  and  es¬ 
timated  poles  for  both  modal  test  approaches.  The 
curvefit  quantities  are  essentially  identical  to  the 
values  used  for  the  simulation.  This  is  to  be  ex¬ 
pected  for  the  lightly  damped  beam  structure. 


Estimates  of  the  $  matrix  are  shown  in  Table  3. 
As  discussed  earlier,  the  quantities  were  extracted 
from  the  residues  generated  by  the  curvefits  of  the 
mechanical  test  data.  All  of  the  mode  vector  en¬ 
tries  were  estimated  with  less  than  2  percent  error 
as  indicated  by  the  comparison  to  the  modal  ma¬ 
trix  used  for  the  beam  FRF  calculations.  Finally, 
estimates  of  0  are  shown  in  Table  4.  The  modal 
EMC  quantities  were  extracted  from  the  residues 
generated  by  the  curvefits  of  the  piezostructure  test 
data.  Again,  the  errors  in  the  estimated  quantities 
are  generally  very  low. 


Least  squares  solutions  can  be  used  to  generate  the 
EMC  matrix  ©,  if  desired.  The  issues  associated 
with  those  calculations  is  not  within  the  focus  of 
this  paper  and  will  be  addressed  in  future  work. 


5  Conclusion 


This  paper  has  developed  a  technique  for  the  modal 
analysis  of  piezostructures  and  was  motivated  by 
the  need  for  consistency  between  piezostructure 


i 

n 

Curvefit  $ 

Actual 

Error  (%) 

1 

5.647xl0-2 

5.684xl0-2 

6.488xl0-1 

2 

1.191 

1.192 

7.882X10-2 

1 

3 

2.156 

2.169 

6.202xl0-1 

4 

3.805 

3.798 

1.944xl0-1 

5 

6.139 

6.141 

3.S03x  10“2 

6 

7.204 

7.213 

1.226xl0-1 

1 

-3.681  xlO-1 

-3.669X10-2 

3.304X10-1 

2 

-4.348 

-4.351 

9.154X10-2 

2 

3  i 

-5.555 

-5.557 

5.012xl0~2 

4 

-4.281 

-4.285 

1.020X10-1 

5 

2.147 

2.149 

9.245X10-2 

6 

5.869 

5.861 

1.346X10-1 

1 

1.037 

1.049 

1.073 

2 

5.731 

5.741 

1.894X10-1 

3 

3 

2.321 

2.333 

5.175X10"1 

4 

-4.450 

-4.464 

3.185X10-1 

5 

-1.000 

-9.974X10**1 

2.781  xlO-1 

6 

4.789 

4.774 

3.273xl0-1 

Table  3:  Mechanical  test  modal  matrix  estimate 


measurements  and  existing  modal  analysis  ap¬ 
proaches.  The  fundamental  approach  has  been  the 
identification  of  dynamic  equations  which  allow  the 
piezostructure  system  identification  problem  to  be 
cast  within  the  existing  framework  of  modal  anal¬ 
ysis.  While  the  location  of  system  zeros  is  differ¬ 
ent  for  traditional  structures  and  piezostructures, 
a  careful  analysis  of  the  pole-residue  models  of  the 
two  structures  shows  them  to  have  similar  forms. 
The  residues  of  the  traditional  structure  FRFs  yield 
weighted  estimates  of  the  system  eigenvector  ma¬ 
trix  $.  Similarly,  the  residues  obtained  from  piezo¬ 
electric  FRF  measurements  yield  the  piezostruc¬ 
ture’s  modal  EMC  matrix  0.  For  piezostructures, 
©  is  of  similar  importance  as  the  eigenvalue  matrix, 
although  not  as  fundamental  in  its  origin. 


The  relationship  between  the  modal  matrix  and  the 
EMC  matrix  has  been  discussed,  0  =  $T@.  This 
transformation  relationship  forms  the  basis  for  a  va¬ 
riety  of  different  modal  testing  approaches,  which 
not  only  include  the  estimate  of  $  and  0  from 
their  respective  modal  tests  but  also  the  estimation 
of  $  from  a  piezostructure  modal  test  in  combi¬ 
nation  with  structural  displacement  measurements 
(i.e.  laser).  This  approach  provides  the  experimen- 
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E 

E 

Curvefit  0 

Actual  © 

Error  (%) 

1 

1.003xl0"3 

1.011  xio-3 

8.029xl0-1 

2 

7.321x10"* 

6.244x10“* 

1.724x10' 

1 

3 

4.049x10"'* 

4.190x10"* 

3.372 

4 

2.645x10-* 

2.478x10"* 

6.710 

5 

4.699xl0"5 

4.589X10"5 

2.400 

6 

5.191X10-6 

5.361X10"6 

3.162 

1 

4.739xl0-3 

4.722xl0"3 

3.406x10"' 

2 

-2.475xl0"3 

-2.489  xlO"3 

5.571x10"' 

2 

3 

-4.675xl0"3 

-4.703xl0"3 

5.926x10"' 

4 

-4.818xl0"3 

-4.833X10"3 

3.099x10"' 

5 

-1.475xl0"3 

-1.477xl0"3 

1.117x10"' 

6 

-1.720x10-* 

-1.739x10"* 

1.128 

1 

9.378X10-3 

9.396X10"3 

1.840x10"' 

2 

-1.229xl0"2 

-1.228X10"2 

4.773  xlO"2 

3 

3 

-5.329xl0"3 

-5.338xl0"3 

1.732x10"' 

4 

1.243xl0"2 

1.246X10"2 

2.321x10"' 

5 

8.354xl0"3 

8.297X10"3 

8.871x10"' 

6 

9.435X10-4 

9.763x10"* 

3.366 

Table  4:  Piezotest  modal  electromechanical  cou¬ 
pling  matrix  estimate 


tal  measurement  of  parameters  which  previously 
could  only  be  calculated  analytically. 

There  has  been  an  increasing  dichotomy  between 
smart  structures  research  and  modal  analysis  re¬ 
search.  Two  perceived  roadblocks  to  modal  test¬ 
ing  of  piezostructures  have  been  addressed  in  this 
paper:  drive-point  measurements  and  input  force 
measurements.  It  has  been  shown  that  piezostruc¬ 
ture  electrical  FEFs  can  be  generated  so  that  drive- 
point  measurements  and  input  force  measurements 
are  available  from  knowledge  of  the  driving  volt- 
age.  In  addition,  the  coupled  electromechanical  dy¬ 
namic  equations  allow  a  relatively  easy  transforma¬ 
tion  between  traditional  modal  parameters  and  the 
piezostructure  modal  parameters  whether  or  not  a 
customary  shaker-loadcell  modal  test  approach  has 
been  completed.  Thus,  the  proposed  piezostruc¬ 
ture  modal  test  methods  Introduce  a  significant 
shift  in  previous  philosophies  for  modal  testing. 
Modal  parameter  estimation  for  smart  structures 
can  be  accomplished  without  the  addition  of  shaker 
and  sensor  mass  which  traditionally  accompanies 
modal  test  methods.  Hopefully,  the  implications  of 
such  an  approach,  especially  for  lightweight,  flexible 


structures,  will  lead  to  increased  research  in  modal 
testing  of  smart  structures. 
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ABSTRACT 


Actuator  power  factor,  defined  as  the  ratio  of  structural  dissipative  mechanical  power  to  apparent  supplied  electrical 
power,  describes  the  effectiveness  of  the  integrated  actuators  to  convert  supplied  electrical  power  to  mechanical  power  which 
creates  the  intended  structural  response.  A  large  actuator  power  factor  in  the  frequency  range  of  application  indicates  that  the 
corresponding  actuator  (position)  has  a  higher  authority  to  excite  its  host  structure  in  that  frequency  range  than  positions  with 
a  lower  power  factor.  The  use  of  actuator  power  factor  provides  an  alternate  tool  in  the  determination  of  the  optimal  actuator 
locations  and  dimensions  to  theoretical  calculations.  More  importantly,  the  power  factor  can  be  experimentally  measured  on 
large-scale  complex  structures,  thereby  eliminating  the  need  for  sophisticated  theoretical  modeling. 

The  concept  of  an  actuator  power  factor  was  first  introduced  by  the  authors  (Liang  et  al.,  1993a)  and  will  be  briefly 
described  herein.  The  utility  of  using  the  actuator  power  factor  in  optimizing  an  actuator  system  will  then  be  illustrated  using 
a  numerical  case  study.  The  hardware  development  of  the  actuator  power  factor  meter  will  be  presented.  The  application  of 
actuator  power  factor  meter  for  optimal  experimental  actuator  placement  will  be  discussed. 


1.  INTRODUCTION 


The  optimal  actuator  location  for  an  active  control  application  depends  on  the  type  of  objective  functions,  the  nature 
and  magnitude  of  the  disturbance  force,  control  frequency  or  frequency  ranges,  and  certainly  the  structure  itself.  Such 
theoretical  analysis  have  been  conducted  on  simple  structures,  such  as  simply-supported  plates  (Wang  et  al.,  1994;  Wang,  1991; 
Song  et  al.,  1992a;  1992b),  but  extending  such  analyses  technique  to  complex  structures  is  almost  impossible  because  of  the 
difficulty  involved  in  quantifying  the  disturbance  and  structural  dynamic  characteristics. 

The  underlying  philosophy  of  the  method  proposed  by  the  authors  is  that,  if  one  needs  to  use  actuators  to  create  a 
controllable  response  to  minimize  the  overall  vibration  or  structural  acoustic  radiation,  the  structural  response  resulting  from 
the  actuators  must  be  comparable  (at  the  same  magnitude  level)  to  the  structural  response  created  by  the  disturbance  force  alone. 
Therefore,  the  objective  function  for  selecting  the  optimal  actuator  locations  for  active  control  in  this  proposed  technique  is  to 
maximize  the  structural  response  resulting  from  the  actuator  activation.  In  other  words,  to  maximize  the  energy  conversion 
efficiency  from  the  actuators  to  the  host  structures. 

The  energy  conversion  between  an  integrated  actuator  and  its  host  structure  is  a  very  delicate  issue.  Several  parameters 
may  be  used  to  represent  the  conversion  efficiency  (Liang  et  al.,  1994).  The  easiest  and,  most  importantly,  the  measurable 
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index,  is  the  actuator  power  factor. 


i  current  approaches  to  determining  the  optimal  induced  strain  actuator  position  for  active  control  application  may 
[into  two  categories.  One  involves  theoretical  modeling,  while  the  other  approach  uses  an  experimental  triai-and-error 
^  An  example  of  the  latter  approach  is  described  in  the  following  discussion  regarding  active  vibration  control  of  plate 
To  reduce  the  vibration  of  a  plate  structure,  the  first  step  is  to  determine  the  control  frequency  or  control  frequency 
I  select  the  type  of  actuator,  e.g.,  a  PZT  actuator.  To  determine  where  to  place  the  actuator,  several  of  them  may  be 
[to  the  plate  and  activated  individually  to  excite  the  plate  at  the  frequency  or  in  the  frequency  range  determined  during 
;  step.  Whether  this  actuator  position  is  good  or  bad  can  be  determined  based  on  the  magnitude  of  the  structural 
A  large  response  indicates  the  actuator  is  at  a  good  position.  This  means  that  it  is  also  necessary  to  measure  the 
j  of  the  structure,  sometimes  the  response  of  the  entire  structure.  Several  actuator  positions  may  need  to  be  tested  in 
Fto  find  the  most  effective  actuator  location.  However,  if  the  active  vibration  control  is  to  be  applied  in  a  frequency  range 
f  than  at  a  single  frequency,  the  structural  responses  in  that  frequency  range  resulting  from  individual  actuators  at  different 
will  then  be  compared  to  determine  the  most  effective  actuator  position.  In  summary,  to  determine  the  effective 
rposition  based  on  current  techniques,  one  would  need  to  bond  the  actuators  at  several  locations  on  the  structure,  activate 
individual  actuators,  measure  the  structural  response,  and  compare  the  structural  response.  Comparing  the  structural 
:  at  different  locations  and  in  a  frequency  range  can  sometimes  be  very  frustrating. 

The  technique  introduced  herein  to  experimentally  determine  the  actuator  locations  and  dimensions  is  based  on  the 
pt  of  the  actuator  power  factor  (Liang,  Sun,  and  Rogers,  1993a).  The  actuator  power  factor,  defined  as  the  ratio  of 
[  dissipative  mechanical  power  to  apparent  supplied  electrical  power,  describes  the  effectiveness  of  integrated  actuators 
Rbnvert  supplied  electrical  power  to  mechanical  power  which  creates  the  intended  structural  response.  A  large  actuator  power 
■  in  the  frequency  range  of  application  indicates  that  the  corresponding  actuator  position  has  a  higher  authority  to  excite 
\  host  structure  in  that  frequency  range  than  positions  with  a  lower  power  factor.  The  actuator  power  factor  can  be  easily 
from  actuators  integrated  in  large-scale  complex  structures.  The  use  of  the  actuator  power  factor  concept  provides 
£  experimental  tool  in  the  design  of  the  optimal  actuator  locations  and  dimensions  and  is  an  alternative  to  theoretical  modeling 
I  the  present  triai-and-error  experimental  approach.  This  paper  discusses  the  development  of  a  piece  of  electronic  hardware, 
i  actuator  power  factor  meter,  which  can  be  used  to  conveniently  determine  the  optimal  actuator  locations. 

Consider  the  following  scenario  where  an  actuator  power  factor  meter  is  used  to  locate  the  optimal  PZT  actuator 
ations  on  a  plate.  The  meter  is  connected  to  boLh  of  the  electrodes  of  an  actuator  to  measure  the  actuator  power  factor.  This 
Fis  done  by  essentially  measuring  the  current  through  the  actuator  which  is  governed  by  the  structural  impedance  at  the  actuator 
f  location.  Moving  the  actuator  to  another  position  will  yield  another  power  factor  curve  (vs.  frequency),  depending  on  whether 
the  actuator  is  to  be  operated  at  a  particular  frequency  or  in  a  frequency  range.  For  example,  the  power  factor  of  an  identical 
F  actuator  at  three  different  locations  in  a  frequency  range  can  be  measured,  as  shown  in  Fig.  1.  The  best  actuator  position,  which 
f  provides  the  highest  power  factor  overall,  can  be  easily  determined  from  the  results  shown  in  Fig.  1  as  the  second  location. 

2.  INTRODUCTION  TO  ACTUATOR  POWER  FACTOR 


If  a  voltage,  V=  v  sin(cot),  is  applied  against  a  load  (electrical  or  electro-mechanical),  the  current  measured  in  the 
circuit  is  I  =  i  sin(a)t+<f>).  The  voltage  and  current  are  related  by  the  electrical  admittance,  Y=Re(Y)+iIm(Y),  of  the  load,  i.e., 
I  =  YV.  A  measured  electrical  admittance  of  an  integrated  actuator,  such  as  a  PZT,  a  PMN,  a  Terfenol,  and  a  shaker  actuator, 
(referred  to  as  electro-mechanical  admittance)  includes  structural  dynamic  characteristics  and  physical  and  material  properties 
cf  the  integrated  actuator.  There  are  three  types  of  electric  power  defined  as  follows  (Hammond,  1970): 


Figure  1:  Schematic  diagram  of  actuator  power  factor  measured  from  an  actuator  at  three  locations. 


The  apparent  power,  WA: 


^=IeVe=^_|y|  , 


(1) 


where  (.  and  Vc  are  the  RMS  current  and  voltage,  respectively. 


The  dissipative  power,  WD: 


s-j.Re  ( Y) 


(2) 


The  reactive  power,  WR: 


(3) 


SSS 5===52S~~= 

e.™vepoww^ 


The  real  admittance  includes  two  parts:  part  one  is  from  the 
from  the  internal  loss  of  the  induced  strain  actuator  (dielectric  loss 


damping  of  the  mechanical  systems,  and  the  other  part 
and  mechanical  loss  for  a  PZT  actuator).  The  power 
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due  to  the  damping  of  the  mechanical  system,  or  the  structural  dissipative  mechanical  power,  is  associated  with 
vibration.  The  power  due  to  the  internal  loss  of  the  induced  strain  actuators  is  dissipated  in  terms  of  hea:  generated 
actuators,  which  is  an  important  parameter  to  quantify  for  the  thermal  stress  analysis  of  the  system.  The  energy 
of  the  actuator  (actuator  power  factor)  in  driving  the  system,  therefore,  may  be  defined  as: 

_  pissipa  tive  Mechanical  Power  _  Rs  ( Ys )  (4) 

^  Supplied  Electric  Power  \  Y\ 

is  the  coupled  electro-mechanical  admittance  which  does  not  include  the  electrical  loss  of  the  actuators. 

The  actuator  power  factor  defined  in  Eq.  (4)  indicates  the  percentage  of  the  electrical  energy  converted  into  mechanical 
hud  dissipated  within  the  structure  as  a  result  of  the  structural  damping,  acoustic  radiation,  etc.  Consider  the  structural 
which  may  be  defined  as  (Harris,  1988): 


Umo  is  the  dissipative  mechanical  energy  ar.d  UM  is  the  total  mechanical  energy  or  the  total  of  the  mechanical  kinetic 
tial  energy.  A  larger  dissipated  power,  therefore,  indicates  a  larger  vibrational  energy  (or  a  larger  response).  A  higher 
power  factor  means  that  more  electrical  power  has  been  converted  into  mechanical  power,  resulting  in  a  larger 
response  and,  consequently,  a  higher  dissipative  mechanical  power.  Therefore,  the  actuator  power  factor  can  be  used 
nt  the  actuator  effectiveness  or  control  authority. 

The  concept  of  actuator  power  factor  is  similar  to  the  electric  power  factor  used  in  the  theory  of  electricity,  which  is 
the  ratio  of  total  dissipative  electrical  power  to  apparent  electrical  power  for  an  electrical  network  (Hammond,  1970). 
r  power  factor  discussed  herein  is  derived  based  on  a  coupled  electro-mechanical  model  of  induced  strain  actuators  and 
Impedance  method  as  discussed  in  Liang,  Sun,  and  Rogers  (1993a  and  1993b).  A  brief  introduction  to  the  actuator  power 
is  presented  below.  PZT  actuators  are  used  as  an  example  in  this  paper,  however,  the  algorithm  and  experimental  device 
herein  can  also  be  applied  to  determining  the  optimal  actuator  locations  for  other  types  of  actuators,  including 
drostrictive,  magnetostrictive,  electro-magneuc  actuators,  etc. 

3.  INTRODUCTION  OF  PZT  ACTUATOR  POWER  CONSUMPTION 


The  dynamic  interaction  of  a  PZT  actuator  and  its  host  structure  can  generally  be  simplified  as  shown  in  Fig.  2  (PZT 
assumed  to  operate  in  its  3-2  mode).  Using  the  constitutive  relations  of  PZT  (both  piezoelectric  effect  and  its  converse 
),  the  equation  of  motion  of  PZT  (the  dynamic  characteristics  of  PZT  actuator),  and  a  mixed  boundary  condition  at  x=lA, 
ch  is  described  by  force  =  impedance-velocity,  the  stress,  strain,  and  electric  displacement  field  within  the  PZT  actuator 
be  written  as  (Liang  et  alM  1993a): 

-  _  ZAdizE  cos  (icy)  (6) 

°2  ZA+Z  cos(klA) 


the  stress: 


SPIE  Vol.  2190  /  265 


I  =  i  sinfcot  -  o')  Coupled  electro-mechanical 


Mechanical  Impedance,  Z 

Figure  2:  A  schematic  electro-mechanical  representation  of  a  PZT  actuator  driven  mechanical  system. 


za  cos  ( ky ) 


•l)  d,7Y;,E , 


‘2  '  Z,  +  Z  COStJci,)  '  32  22 


and  the  electric  displacement  Field: 


-  Zi^E  cos  iky)  z.d3  g'f  , 


2,-2 


COS  ( Jcl, 


where  "S  2  is  the  strain,  T2  the  stress,  E  the  electric  field,  s  22E  the  complex  compliance  at  a  constant  electric  field,  d32  the 
piezoelectric  constant, Y33T  the  complex  dielectric  constant  at  a  constant  stress  given  by  e33T(l-5i),  5  the  dielectric  loss  factor, 
and  D3  the  electrical  displacement,  p  is  the  density  of  the  PZT,  Y22E  =  Y22E  (1+iTj),  is  the  complex  modulus  of  PZT  at  a 
constant  electrical  field,  and  T|  is  the  mechanical  loss  factor  of  PZT.  The  complex  wave  number  k  is  given  by: 

icf=0)2p/Ff2  .  O) 

The  short-circuit  mechanical  impedance  of  the  PZT  actuator,  ZA,  is  given  by  Liang  et  al.  (1993a): 


Ka  d+Tli) 


tan  (kl j 


v,  here  KA  is  the  static  stiffness  of  the  PZT  actuator. 

The  electric  current  is  calculated  using 

I=iu>eiu,tJ jDdxdy  =  (2-1) 

yielding: 
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(12) 


I=i(oEw.l 


<*22Y*2Za  tan (klA)  _T  --  | 

- 771  fc33  a32jr22  ' 


where  wA  is  the  width  of  the  PZT  actuator. 

Since  the  electric  field,  E  =  V/hA,  (hA  is  the  thickness  of  the  actuator)  the  electro-mechanical  admittance,  V  =  I  A7, 
is  then  found  as: 


y=io> 


WA^A\  ^>2Y22ZA  tan(iciA)  —  r  _  ,2  77l 


g3  3  cj32j:22  * 


Because  tan(klA)/klA  is  close  to  one  in  the  frequency  range  of  interest  in  most  active  vibration  control  applications,  ^q.  (13) 
may  be  further  simplified  as: 


•  WA^a(-tT  _  Z  ^2  yz\ 

-_2u> — - -  — - • 


hA  {  33  32  zz) 


It  is  clear  that  the  coupled  electro-mechanical  admittance  includes  the  capacitance  of  the  PZT  material  and  mechanical 
interaction  represented  by  the  mechanical  impedance  terms.  The  resonance  of  the  electro-mechanical  system  occurs  when  the 
actuator  impedance,  ZA>  and  the  structural  impedance,  Z,  match  (are  complex  conjugate). 

There  are  two  possible  power  factor  definitions:  one  is  referred  to  as  system  power  factor  defined  by: 

.  __  total  dissipative  power  _  Re  ( Y) 


5  total  supplied  power  |L, 

where  the  admittance,  Y,  is  given  by  Eq.  (14).  The  definition  given  by  Eq.  (4)  is  different  from  the  definition  of  the  system 
power  factor  because  it  does  not  include  the  electrical  dissipation  of  the  induced  strain  actuators,  which  is  the  dielectric  loss 
in  the  case  of  PZT  materials. 

The  electro-mechanical  admittance  used  in  Eq.  (4),  Y„  may  be  calculated  from  Eq.  (14)  by  assuming  a  zero  dielectric 
loss  factor  for  the  PZT  actuator.  The  direct  measurement  is  the  system  power  factor,  defined  by  Eq.  (15).  However,  since 
the  dissipation  associated  with  the  electrical  less  of  an  induced  strain  actuator  is  linearly  related  to  the  total  dissipation  and  can 
be  quantified  beforehand,  its  influence  may  be  subtracted  directly  from  the  measured  electrical  admittance,  Y,  to  obtain  Ys  in 
order  to  calculate  the  true  actuator  power  factor  defined  by  Eq.  (4). 


NUMERICAL  CASE  STUDIES 


In  this  case  study,  the  influence  of  actuator  location  on  the  actuator  power  factor  is  investigated.  The  structure  is  a 
simply-supported  beam  with  two  actuators  bonded  on  its  top  and  bottom  surfaces,  as  shown  in  Fig.  3.  The  beam  is  made  of 
aluminum  with  a  density  pB  =  2700  kg/m3,  elastic  modulus  YB  =  69  GPa,  length  1B  =  0.6  m,  width  wB  =  25.4  mm,  and  thickness 
hB=  3  mm.  The  loss  factor  for  the  aluminum  is  assumed  to  be  0.005.  The  PZT  actuator  has  a  width  wA  -  25.4  mm,  length 


C  D\C  \trs\  1  QO  /  7 


1A  =40  mm,  and  thickness  hA  =  0.2  mm.  Four  actuator  locations  have  been  examined.  The  basic  material  properties  for  the 
PZT  material  (G1 195)  are  listed  in  Table  1.  A  detailed  discussion  on  this  case  study  can  be  found  in  Liang  c:  al.  v1^93c). 


PZT 


Figure  3:  A  schematic  of  the  simply-supported  beam  used  in  the  numerical  case  study. 


^Frequency,  Hz 


Figure  4:  Actuator  power  factors  vs.  frequency  for  four  actuator  positions.  Position  #1  (solid  line)  is  20  mm  from  the  left  end 
(to  the  left  end  of  the  actuator)  of  the  beam,  #2  (dashed  line)  is  80  mm,  position  #3  (dash-dotted  line)  is  150  mm.  and  position 
#4  is  280  mm. 


Table  1:  Material  Properties  of  G 1 1 95  PZT  (from  Piezo  System  ,  Inc.) 


d32 

(m/volt) 

Y  E 

1  22 

N/m2 

P 

kg/m3 

£3/ 

Farads/m 

S 

Tj 

-166xl0'!2 

6.3xl010 

7650 

1.5x10  s 

0.012 

0.001 

Four  actuator  locations,  20  mm,  80  mm.  150  mm,  and  280  mm  (c,)  from  the  left  end  of  the  beam  to  the  left  end  of 
the  actuator  (listed  as  location  1,  2,  3,  and  4),  have  been  examined.  The  actuator  power  factors  corresponding  to  these  four 
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;  are  plotted  in  Fig.  4.  The  actuator  power  factor  for  position  1  (20  mm  from  the  left  end)  given  by  the  solid  i.ne  has 
:  resonance  power  factor  (power  factor  at  system  resonance)  at  the  first  mode.  This  indicates  that  an  actuator  at  this 
i  is  not  effective  for  exciting  the  first  mode.  This  conclusion  is  the  same  as  what  has  been  obtained  from  th ^  modal 
l  optimization  approach  (Juang  and  Rodriguez,  1981;  Jia,  1990)  which  shows  that  actuator  at  anti-nodal  line  (curvature 
'  for  bonded  PZT  actuators)  has  the  highest  authority  (or  excites  the  most  of  vibration  for  a  given  voltage),  while  actuator 
fcodal  line  has  the  lowest  authority  to  excite  the  corresponding  mode.  The  power  factor  of  the  actuator  at  location  4  (dotted 
!  ®  ^so  demonstrates  that  a  PZT  aciuator  at  the  curvature  anti-nodes  can  effectively  excite  their  corresponding 

Note,  in  the  case  of  simply-supported  boundary  condition,  curvature  modes  coincide  with  the  normal  modes.  Since 
s  position  4  is  the  antinode  of  the  odd  modes  and  the  node  ot  the  even  modes,  actuator  at  this  location  has  the  highest 
rity  on  the  odd  modes  but  almost  zero  eftect  on  the  even  modes.  The  results  in  Fig.  4  show'  that  the  resonance  actuator 
*er  factor  (position  4)  is  the  maximum  at  the  first  and  third  mode  and  very  small  at  the  second  and  fourth  mode.  The  small 
at  the  fourth  mode  is  caused  by  the  mass  loading  of  the  actuator. 

If  active  vibration  control  is  to  be  applied  to  the  on-resonance  response,  the  design  of  actuator  location  based  on 
[ actuator  power  factor  provides  identical  results  a.v  that  determined  based  on  modal  domain  optimization  approach.  However, 
the  power  factor  approach  can  provide  much  better  options  for  the  actuator  location  for  off-resonance  vibration  control. 
Although  the  results  shown  in  Fig.  4  indicate  that  the  actuator  power  factor  generally  is  much  smaller  than  unity  except  on- 
'  resonance,  it  is  still  meaningful  to  compare  the  small  off-resonance  actuator  power  factor  to  determine  the  most  energy-efficient 
actuator  location.  For  example,  if  the  frequency  range  is  limned  from  200  to  250  Hz,  position  3  (dash-dotted  line)  is  definitely 
the  worst  of  the  four  locations.  Position  2  (dasned  line)  seems  to  be  the  most  efficient  position  of  the  four  locations  considered. 
If,  for  some  reason,  the  actuator  can  only  be  bonded  at  position  3,  other  approaches,  such  as  changing  the  actuator  length  and 
thickness,  need  to  be  explored  to  increase  the  actuator  authority. 

It  is  very  important  to  recognize  that  a  higher  actuator  power  factor  only  indicates  a  higher  energy'  conversion 
efficiency  for  the  actuator.  Whether  the  actuator  is  capable  of  generating  enough  response  to  suppress  what  caused  by 
disturbance  is  dependent  on  the  capability  of  actuator  to  deliver  force  or  stroke. 

DEVELOPMENT  OF  ACTUATOR  POWER  FACTOR  METER 


A  commercial  electrical  impedance  ai  alyzer  may  be  used  to  determine  the  actuator  power  factor.  The  impedance 
analyzer  applies  an  AC  voltage  across  an  actuator  and  measures  the  current  passing  through  the  actuator  at  the  same  ume.  The 
electrical  (or  electro-mechanical)  admittance  or  impedance  can  be  determined  from  the  current  and  voltage.  However,  a 
commercial  impedance  analyzer  costs  more  than  S  10,000  dollars  and  has  extra  functions  which  are  not  needed  for  the  specific 
application  discussed  in  this  paper.  A  commercial  impedance  analyzer  is  also  heavy  and  not  convenient  to  transport.  One  of 
the  most  important  drawbacks  of  the  commercial  impedance  analyzer  currently  available  is  that  the  voltage  supplied  to  an 
actuator  is  very  low  (below  2  volts  RMS)  and  is  not  enough  to  sufficiently  activate  the  actuators  on  very  large  structures, 
especially  the  PZT  actuators  which  need  high  driving  electrical  field,  resulting  in  a  low  signal-to-noise  ratio  in  some  frequency 
ranges  for  large  structures. 


The  lev.  que  of  using  an  aciuator  power  tactor  meter  to  experimentally  determine  the  optimal  actuator  location  will 
rely  on  two  mam:  hardware  components:  die  actuator  power  factor  meter  and  re-attachable  actuator/sensors.  Re-attachable 
flCtuaior/sensors  can  be  easily  attached  to  the  surlace  of  complex  structures  end  have  the  authority  to  generate  an  excitation 
similar  to  the  actuators  of  interest.  For  example,  a  re-attachable  PZT  actuator/sensor  can  be  made  by  bonding  two  PZT  actuator 
patches  to  both  sides  of  a  larger  thin  steel  piece  (base),  as  shown  in  Fig.  5.  The  actuators  generate  in-plane  excitation  when 


activated.  The  steel  base  can  be  attached  to  a  structural  surface  through  mechanical  fastening,  adhesive  bonding,  or  even 
magnetic  attraction,  which  allows  it  to  be  removed  easily  to  put  at  other  locations  without  damaging  the  PZT  patches.  An 
actuator  of  such  design  similar  to  the  one  shown  in  Fig.  5  is  now  being  investigated. 


Aiiacn  10  Attach  to 

Structure  Structure 


Figure  5:  A  schematic  of  a  re -attachable  PZT  actuator. 


The  power  factor  meter  being  developed  is  a  self-contained  unit,  as  shown  in  Fig.  6.  It  consists  of  a  signal  generator 
capable  of  frequency  sweeping,  a  power  amplifier,  power  factor  calculation  module,  a  data  display,  and  a  PC  RS-232  interface. 
When  measuring  the  power  factor,  the  power  factor  meter  is  connected  to  an  actuator  (PZT,  Terfenol,  PMN  actuator,  and  even 
an  electro-magnetic  shaker),  and  the  function  generator  is  set  at  a  particular  frequency  or  allowed  to  sweep  a  particular 
frequency  range.  The  display  screen  of  the  meter  will  then  plot  the  power  factor  vs.  frequency  curve.  The  power  factor  meter 
will  also  be  able  to  transfer  data  to  a  personal  computer  for  further  data  processing  and  printing. 


Figure  6:  A  schematic  of  the  design  of  the  actuator  power  factor  meter. 
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Figure  7  shows  the  block  diagram  of  the  circuit  used  to  determine  the  system  power  factor,  y,.  The  electrical  voltage 
i  and  the  current  passing  through  an  actuator  (or  a  re-attachable  actuator/sensor)  are  measured  first.  The  voltage  is 
neasured  as  V  =  v  sin  (cot)  =  I/Y  =  I  Z.  The  current  is  I  =  i  sin  (cot+6).  The  measured  voltage  and  current  are  fed  to  a 
Boltiplier  (commercial  chips  available)  which  outputs  a  signal  y  =  i2|Z!  cosft)  -  i2|Z|  cos  (2cot).  This  output,  y,  consists 
1/1  a  DC  and  an  AC  component.  The  DC  component  can  be  obtained  using  a  low-pass  filter.  The  amplitude  of  the  AC 
“nponent  can  also  be  obtained  using  a  corn:  Ination  of  high-pass  filter  and  peak  detector  circuit.  The  DC  component 
oesents  the  real  or  dissipative  power  (dissipated  within  the  structure  and  actuator)  (Clayton,  1977).  The  amplitude  of  the 
.  component  provides  the  apparent  electrical  power.  The  signals  obtained  after  the  low-pass  filter  and  peak  detector,  i.e., 
s  real  and  apparent  power,  are  fed  to  a  divider  to  determine  the  system  power  factor  or  cos(<)>).  The  analog  output  of  the 
ator  power  factor  can  then  be  processed  to  display  or  to  an  RS-232  board  to  transfer  the  data  to  a  personal  computer. 


Figure  7.  A  schematic  of  the  circuit  diagram  to  determine  system  (actuator)  power  factor. 


f  Theoretical  prediction  of  the  actuator  power  factor  may  distinguish  the  dissipative  power  resulting  from  the  actuator 

-electrical  loss  and  structural  mechanical  loss.  A  direct  experimental  measurement  of  the  power  factor  will  include  the  influence 
. from  energy  loss  of  the  actuator  (its  dielectric  loss),  which  causes  a  slight  increase  in  the  power  factor,  especially  at  off- 
|  resonance.  Circuit  compensation  must  be  made  to  isolate  the  influence  of  the  loss  of  the  actuator  itself.  For  example,  a  simple 
•' circuil  may  be  added  t0  compensate  the  DC  component  of  the  signal  y  so  that  the  actuator  electrical  loss  can  be  subtracted. 
|  This  can  be  easily  performed  if  the  measured  electrical  voltage  and  current  are  processed  digitally,  which  is  the  next  goal  of 
this  research. 

j,  MEASUREMENT  RF.Strr.TS 


Figure  8  shows  a  power  factor  meter  prototype  which  contains  the  calculation  module  illustrated  in  Fig.  7.  An  external 
function  generator  and  power  amp  are  used  with  the  power  factor  meter.  A  LCD  panel  is  used  to  display  the  measured 
auuaior  power  factor  value.  Shown  in  Fig.  8  aiso  includes  a  simply-supported  aluminum  panel  bonded  with  a  PZT  actuator 
of  which  the  actuator  power  factor  (in  this  case  system  power  factor,  y,)  is  measured. 

The  measured  actuator  (system)  power  factor  is  plotted  in  Fig.  9.  The  dashed  line  is  the  theoretical  prediction  which 
is  documented  in  detail  in  Zhou  et  al„  (1994).  The  theoretical  prediction  generally  agrees  with  the  power  meter  measurement 

except  at  the  fifth  and  seventh  mode.  The  difference  is  caused  by  the  use  of  ideal  simply-supported  boundary  conditions  in 
the  theoretical  predictions. 


power  factor  meter 


7.  SUMMARY 


This  paper  presents  a  technique  and  associated  hardware  devices  to  experimentally  determine  the  optimal  actuator 
dons  for  structural  vibration  and  acoustic  control.  The  proposed  technique  and  devices  can  be  used  with  any  types  of 
s,  including  PZT,  Terfenol,  PMN,  and  even  electro-magnetic  shakers.  The  proposed  technique  has  a  clear  advantage 
ating  the  optimal  actuator  positions  on  complex  structures  where  vitiation  testing  and  theoretical  modeling  are  difficult. 

Besides  further  hardware  development,  one  of  the  major  issues  to  be  addressed  in  the  future  is  to  develop  an  algorithm 
[help  locate  multiple  optimal  actuator  positions.  If  the  multiple  actuator  system  is  driven  by  one  control  channel,  the  multiple 
or  system  may  be  treated  as  one  single  actuator  and  the  technique  presented  in  this  paper  can  still  be  applied.  If  the 
•mle  actuator  system  is  to  be  controlled  by  several  channels,  more  investigation  is  still  needed  in  order  to  quantify  the 
actuator  locations  using  the  proposed  technique  and  hardware  devices. 


8,  ACKNOWLEDGEMENT 

* 

The  authors  would  like  to  express  their  gratitude  to  the  Office  of  Naval  Research,  Grant  ONR  NOOO  14-92-1*1170,  Dr. 
i  Ng,  the  program  monitor. 


9.  REFERENCES 

^Gayton,  G.  B.,  1977,  Linear  Integrated  Circuit  Applications,  Blue  Ridge  Summit,  PA. 

II  - 

£ 

>  Hammond,  S.  B.,  1970,  Electrical  Engineering..  McGraw-Hill,  NY. 

t 

^Harris,  C.  M.,  3rd  Edition,  1988,  Shock  and  Vibration  Handbook.  McGraw-Hill  Inc.,  NY. 

:  Juang,  J.  N.  and  Rodriguez,  G.,  1981,  "Formulation  and  Application  of  Large  Structure  Actuator  and  Sensor  Placements," 
Proceedings  of  3rd  VPI  and  SU/AIAA  Symposium  on  Dynamics  and  Control  of  Large  Flexible  Spacecraft.  Blacksburg,  1981. 

Jia,  J.  H.,  1990,  "Optimization  of  Piezoelectric  Actuator  Systems  for  Vibration  Control  of  Flexible  Structures",  Ph.D. 
Dissertation,  Department  of  Mechanical  Engineering,  Virginia  Polytechnic  Institute  and  State  University,  Blacksburg. 

Liang,  C.,  Sun,  F.  P.,  and  Rogers,  C.  A.,  1993a  "Coupled  Electric-Mechanical  Analysis  of  Piezoelectric  Ceramic  Actuator 
Driven  Systems  -  Determination  of  the  Actuator  Power  Consumption  and  System  Energy  Transfer,"  Proceedings  of  Smart 
Structures  and  Materials’93,  Albuquerque,  NM,  Jan.  31  to  Feb.  4,  1993,  pp.  286-298. 

Liang,  C.,  Sun,  F.  P.,  and  Rogers,  C.  A.,  1993b,  "An  Impedance  Method  for  the  Dynamic  Analysis  of  Active  Material  Systems," 
Proceedings  of  34th  SDM  Conference,  LaJolla,  CA,  April  19-21,  1993,  pp.  3587-3599. 


Liang,  C.,  Sun,  F.  P.  and  Rogers,  C.  A.,  1993c,  "Determination  of  the  Optimal  Actuator  Location  and  Configurations  Based 
on  Actuator  Power  Factor,"  Proceedings,  Fourth  International  Conference  on  Adaptive  Structures,  Cologne,  Germany,  Nov.  2-4, 
1993,  in  press. 


Liang,  C.  Sun,  F.  P.,  and  Rogers,  C.  A.,  1994, "  An  Investigation  of  the  Energy  Consumption  and  Conversion  of  Piezoelectric 
Actuators  Driving  Active  Structures,"  an  invited  paper  to  the  Second  International  Conference  on  Intelligent  Materials, 
Williamsburg,  Virginia,  June  5-8,  1994,  in  press. 

Song,  T„  Fuller,  C.  R.,  and  Burdisso,  R.  A.,  1992a,  "Optimization  of  Actuator  Locations  for  Active  Control  of  Sound  Radiation 
from  Structures  Under  Multiple-Frequency  Excitation,"  submitted  to  Journal  of  Acoustical  Society  of  America. 

Song,  T„  Burdisso,  R.  A.,  and  Fuller,  C.  R.,  1992b,  "Optimization  of  Actuator  Location  and  Controller  Robustness  Analysis 
for  Active  Structural  Acoustic  Control",  submitted  to  Journal  of  Acoustical  Society  of  America. 

Wang,  B.  T.,  1991,  "Active  Control  of  Sound  Transmission/Radiation  from  Elastic  Plates  Using  Multiple  Piezoelectric 
Actuators",  Ph.D.  Dissertation,  Dept  of  Mech.  Eng.,  Virginia  Polytechnic  Institute  and  State  University,  June. 

Wang,  B.  T,  Burdisso,  R.  A.,  and  Fuller,  C.  R.,  1994,  "Optimal  Placement  of  Piezoelectric  Actuators  for  Active  Structural 
Acoustic  Control",  Journal  of  Intelligent  Material  Systems  and  Structures,  No.  1,  Vol.  5,  pp.  67-77. 

Zhou,  S.  W„  Liang,  C.,  and  Rogers,  C.  A.,  1994,  "An  Electro-Mechanical  Impedance  Analysis  to  Predict  Power  Consumption 
of  Piezoelectric  Actuators  Integrated  with  Thin  Plates",  Proceedings  of  35th  SDM  Conference,  in  press. 


274  ISP  IE  Vol.  2190 


C-42  Special  Considerations  in  the  Modeling  of  Induced  Strain  Actuator  Patches  Bonded  to 
Shell  Structures,  Z.  Chaudhry,  F.  Lalande  and  C.  A.  Rogers,  Proceedings  of  SPIE  Smart 
Structures  and  Materials  Conference,  Orlando,  FL,  SPIE  Vol.  2190,  pp.  563-570,  13-18 
February  1994. 


C-42 


Special  considerations  in  the  modeling  of  induced  strain  actuator  patches 

bonded  to  shell  structures 


Z.  Chaudhry,  F.  Lalande  and  C.  A.  Rogers 
Center  for  Intelligent  Material  Systems  and  Structures 
Virginia  Polytechnic  Institute  and  State  University 
Blacksburg,  Virginia  24061-0261 


ABSTRACT 

E/,o  "?  a?°"  • >f  dir“  w"“d  «— r  ■»**. 

due  ,o  the  out-of-phase  actuation  and  Ihe^n-pl^ie  strains^ne^f/rpfi^ln^6  estimates  of  the  curvature 

£S3"£  IcEri'r/e  r "  °l7  -~ef« 

proposed.  The  action  of  the  actuator  is  then  representedbv  WUh  ?  sysftem  of  self-equihbratmg  forces  is 

pressure  applied  in  the  region  of  the  actuator  patch  Finite  element^ Va  e-^  in'plane  f°rce  and  a  transverse  distributed 
The  displacements  due  tS  tL  acTual  icfuator^»aHAo  ve?cafa  of  the  proposed  model  is  presented, 

agreement  is  found.  aCtUat,on  3re  Compared  with  the  proposed  model,  and  very  good 


INTRODUCTION 

E/dSE/^  shape,  vibration  and  acoustic  control  of  shoe, urns 

from  conventional  hydraulic  and  electrical  actuators  and^makec  ,2  3  °yS'  W.!a[  distinguishes  induced  strain  actuators 

ability  to  change  their  dimensions td  uTu?n  an,  mS  oarif T  ’°'  f""  ‘S  ,teir 

and  expand  just  like  the  muscles  in  the  human  br>Hv  whn  ■  f  \  a  ovin®  parts-  These  actuator  materials  contract 

through  surface-bonding),  they  apply  localized  strains  and  dLntl^m^  ,M0  ,1 StruCture  (either  throu8h  embedding  or 
the  structural  elements.  Because  of  the  absence  nf  mpohu  ^  ^uen^e  ,be  e*tensional  and  bending  responses  of 
structure.  Integration  within  the  struck  °  T  nT**  partS^ey  can  be  easily  integrated  into  the  base 

deforming  structure,  thus  precluding  any  rigid  body  forces^nd  to^ues.6^  betWee"  ^  f°rCi"g  aCtUat0r  and  the 

EonceEed'rrtot  S/rfS/amE0"  itcE  T“  °'  ’  “T*’  8e"er3K  3 

rEmS^ 

actuator  forces  derived  from  srn*  and  Sme  bounE co idi.m  f  "  S,iffness  «  and 

small  and  thin  patches  of  actuators  Also  for  the  case  oNmStllf  i  used)' g,vf*  reasonably  accurate  results  for 
pose  any  problems  such  as  the  equivaTen ,t  LVuatoff^^jS  structura‘ mkem^rs  like  beams  and  plates,  it  does  not 
however,  due  to  their  curvature,  i^SL"8!^  T ^  sheI1‘type  structures> 

phase  actuation  refers  to  the  case  when  the  iL  ,  0l appropnate  f°r  the  case  of  in-phase  actuation.  In¬ 

activated  to  produce  strains  in  the  same  direction  Because^*?^  t0f  the  fop  and  bottom  surface  of  the  shell  are 
the  actuator  are  not  co-lnear^  circumferential  forces  used  to  represent  the  action  of 

modifications  must  £  ^  "T  °"  lhe  ShelL  Thus’  certain  special 

structures.  The  modification  proposed  and  verified  in ,  5  accommodate  the  special  characteristics  of  the  shell 
across  the  footprint  of  the  actuator.  paper  is  the  application  of  a  uniform  transverse  pressure 

To  date,  a  number  of  models  to  represent  the  action  of  actuators  on  beams  and  plates  have  been  proposed.1'5  For 


shells,  the  only  models  that  have  been  developed  are  based  on  layered  shell  theory,  i.e.,  the  analytical  model  assumes 
that  the  induced  strain  actuator  material  comprises  a  total,  distinct  layer  of  the  shell.6’7  In  the  work  that  has  been 
reported  on  vibration  and  acoustic  control  of  shells  using  piezoelectric  actuators,  plate  models  are  often  adapted  to 
shells.8’9  At  first  sight,  this  adaptation  seems  perfectly  reasonable  because  the  shell  is  thin  and  rih  is  large.  This  does, 
however,  pose  a  problem  for  the  representation  of  in-phase  actuation  forces  because  the  actuator  forces  are  no  longer 
co-linear  as  in  the  case  of  beams  and  plates,  and  as  stated  earlier,  this  results  in  a  rigid-body  force  being  applied  to  the 
shell  (see  Fig.  1).  If  this  is  not  recognized,  then  the  action  of  in-phase  actuation  of  even  a  small  actuator  patch  will 
result  in  an  erroneous  response  and  can  lead  to  a  totally  wrong  solution.  In  a  recent  model  for  curved  piezoelectric 
actuators,  Sonti  and  Jones ^  also  recognized  this  fact  and  showed  the  necessity  of  including  a  uniform  transverse 
pressure,  in  addition  to  the  axial  and  tangential  forces,  to  correctly  represent  the  action  of  in-phase  actuation. 

A  model  has  been  developed  to  compute  the  equivalent  forces  and  moments  applied  by  a  pair  of  symmetrically-bonded 
actuator  pairs,  and  is  described  here.  This  is  followed  by  a  discussion  of  the  special  considerations  for  shell-type 
structures.  The  development  of  the  model  is  similar  to  the  work  of  Crawley  and  Lazarus1  for  plates,  and  relies  on 
classical  lamination  theory  (CLT). 


Fig.  1.  Non-equilibrium  of  discrete  tangential  forces  in  shell  structures. 


Fig.  2.  Thin  circular  cylindrical  shell  coordinate  system. 

MODEL  FORMULATION 

A  model  describing  the  interaction  between  surface-bonded  actuators  and  a  circular  cylindrical  shell  has 
developed  based  on  Donnel's  theory.  For  completeness  a  short  derivation  of  the  accompanying  equations  of  me  ' 
also  presented.  Consider  a  thin  circular  cylindrical  shell,  as  shown  in  Fig.  2.  We  start  with  the  following  ~ 

assumptions  ( 1  +  —•  =  1,  r  -> R )  for  the  kinematics  of  deformation: 

A 
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u(x,d,z)  =  u°(x,9)-:~ — 

dx 


(I) 


v(x,e,z)  =  v°(x,6)-. 


dw° 

to# 


H'(AT,0,2)=>v‘,(jr,6') 


(2) 

(3) 


**  ^  Ar2  ’ 

£«  = —-  +  —  =  £*’ +  ZK-  •  C»-  ■  W  ^vv" 

**  *  £‘+^’  9;^+t:  **=-^ 

Y 1$  —  ~T~  H - —  =  y°  +  2JC  y"  _  ^ 
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”*  rcsultant  forced, „  relations  for  a  layered  composite  laminate  are  gtven  by  tell 
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are  the  equivalent  of  thermal  forces  in  n  t  w,-.  ,k  .  • 

response  to  an  applted  ,oltage  (A,  .  .  I*,/,).  TS  &  g^X^^Se:'"  ""  ““  h 


{Na}  -  j[Q]{A}dz 
{M  a)  =  1[Q]{A}z  dz 
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+  -_n 

and  <3r  ’  (jj) 

(12) 

with  boundary  conditions  at  x=±L/2  and  ft-+nn  c 

forces  or  moments,  i.e.,  At.  A/=ft,  a,.  (7)  reduces  rc:  “  “ncons,ra',,ed  symmetric  panel  with  no  externally  applied 


WL»  o\ 

For  a  symmetric  shell  «f.O).  the  above  equations  arc  uncouple 


(13) 


(14) 


M  =  [£>]-' {AfA}  . 


(15) 


To  obtain  simplified  expressions  for  the  induced  curvature,  we  assume  that  the  shell  is  isotropic  and  has  the  same 
Poisson's  ratio  as  the  actuator.  For  such  a  case,  the  [A]  and  [D]  matrices  reduce  to: 


[a]=E^2  Ej. 
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(l--2) 
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(17) 


Rewriting  in  a  more  convenient  way, 
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With  these  assumptions,  the  following  expression  forahe  curvature  induced  due  to  the  out-of-phase  actuation 
obtained  from  Eq.  (15)  ( ts  =  shell  thickness,  ta  =  actuator  thickness): 


where 


K, 

6fl  +  — > 

l  Ty 
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k$ 
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ta 

A  , 
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(21j 


and  for  in-phase  actuation,  the  following  expression  for  induced  middle-surface  strains  is  obtained  from  Eq.  (14):  : 


fe;' 

T 

£°e 

2 

1 

2  +  \f/ 

0 

The  above  expressions  for  the  middle-surface  strains  for  the  case  of  in-phase  actuation  and  the  curvatures  for  theJ 
of  out-of-phase  actuation  are  the  same  as  those  obtained  for  plates;  however,  the  circumferential  strain  is  now  coff 
with  the  out-of-plane  displacement  (Eq.  (5)). 


566  /SPIE  Vol.  2190 


To  solve  a  plate  or  a  shell  problem,  an  expression  for  a  set  of  equivalent  forces  is  often  developed.  These  forces  when 
applied  along  the  edges  of  the  footprint  of  the  actuator,  on  the  structure  result  in  the  same  degree  of  curvatures  and  in¬ 
plane  middle-surface  strains  as  those  obtained  from  Eqs.  (20)  and  (22).  For  out-of-phase  actuation,  the  equivalent 
moments  are  found  to  be:  4 

1*1  H)  (;i. 

\Me\  ~i-v~ - m  1  A  -  (23) 

KL,  6+^  +  7T+y(oJ 

and  for  in-phase  actuation,  the  following  expression  for  the  equivalent  axial  and  tangential  force  is  obtained: 

X]  r 

•  Ne  2  1A,  (24) 

l-v2  +  w 

M«,  [oj 

Tlte  tangential  force  obtained  from  the  above  equation,  when  applied  to  the  shell  along  the  two  circumferential  edges 
of  the  actuator  will  not  be  co-lmear,  due  to  the  curvature  of  the  shell,  and  will  have  an  erroneous  component  resulting 
in  a  rigid  body  mode.  This  situation  has  already  been  illustrated  in  Fig.  1.  This  occurs  due  to  the  simplifying 

thC  above  formulation.  In  actuality,  a  set  of  self-equilibrating  stresses  are  developed  between  the  shell 
and  the  bonded  actuator,  and  there  is  no  rigid  body  force  developed. 


Figure  3.  Adequate  equivalent  loading  to  maintain  equilibrium. 

To  remedy  this  situation,  we  have  proposed  the  application  of  an  equilibrating  uniform  radial  pressure  applied  across 
w/imti?  of  the  actuator  The  magnitude  of  the  uniform  pressure  is  obtained  from  simple  statics  and  is  equal  to 
a,K  (Hg-  J)-  Thls  set  of  forces’  ,  e-  an  equivalent  tangential  force  given  by  Eq.  (24)  and  a  uniform  radial  pressure, 
now  provide  a  convenient  means  of  representing  the  action  of  surface-bonded  actuators  which  are  actuated  in-phase 
lo  verify  whether  this  set  of  forces  results  in  approximately  the  same  displacement  field  as  a  true  actuator  bonded  to  a 
cylindrical  shell  (a  comparison  with  a  finite  element  model)  a  description  of  which  follows,  is  made. 

FINITE  ELEMENT  MODELING  AND  VERIFICATION 

Two  finite  element  models  have  been  constructed  to  verify  the  equivalent  loading  scheme.  A  6"  radius.  0.032"  thick 
and  1  deep  ring  with  piezoelectric  actuators  1/6  of  the  ring  thickness  and  covering  an  arc  10°  long  (B)  have  been  used. 
Making  use  of  symmetry,  only  the  top  half  needs  to  be  modeled.  The  first  model,  shown  in  Fig.  4a,  consists  of  beam 
e  ements.  First,  the  actuation  is  simulated  by  specifying  a  coeffiecient  of  thermal  expansion  for  the  elements  in  the 
actuator  region  and  then  applying  a  known  temperature  to  the  model.  Second,  an  equivalent  self-equilibrating  load, 
a"d .  ta"g®ntial  force*  corresponding  to  the  temperature,  is  applied.  The  radial  and  tangential 
displacements  obtained  from  the  above  analysis  are  identical  and  therefore  not  shown.  It  must  be  noted  that  the 
Prff?“rf  oading  must  1x5  transformed  to  nodal  forces  only  (lumped  loading).  The  lumped  loading  is  often  better  for  Oat 
c!rJTo  *i  representing  a  curved  surface  (De  Salvo  and  Swanson,  1979).  The  second  finite  element  model  uses  plane 
SS.eKfm.ents  in  *he  actuator  region  to  include  the  actuator’s  stiffness  and  uses  beam  elements  for  the  rest  of  the  shell 
(  g.  b).  Again,  thermal  expansion  is  used  to  simulate  the  static  action  of  the  actuators  on  the  shell. 


4a.  Beam  flraie  eiement  model 


4b.  Plane  stress  finite  eiement  model 


Figure  4.  Finite  element  models  used  to  verify  the  theoretical  model. 


The  radial  and  tangential  displacements  are  shown  in  Fig.  5.  Discrepancies  between  the  equivalent  loading  model  and 
the  plane  stress  finite  element  model  exist  since  no  assumptions  about  the  actuator  stiffness  or  about  the  equivalent 
loading  are  made  in  the  latter  model.  Even  though  displacement  differences  are  present,  the  plane  stress  finite  element 
model  validates  the  derived  model  since  it  gives  results  of  the  same  order  of  magnitude  with  similar  deformed  shapes 
as  opposed  to  when  only  point  tangential  forces  (without  a  transverse  pressure)  are  used.  The  deformed  shape  of  the 
analytical  model  and  the  plane  stress  finite  element  model  are  shown  in  Fig.  6.  Also  shown  in  Fig.  5  are  the 
displacements  of  the  same  ring  if  only  discrete  tangential  forces  are  applied  (without  transverse  pressure).  This  model 
using  only  tangential  forces  does  not  satisfy  the  ring's  self-equilibrium.  Major  displacement  discrepancies  between  the  y 
proposed  equivalent  loading  model  and  the  case  using  only  tangential  forces  are  observed  both  in  shape  and  magnitude.* 
Using  the  tangential  forces  alone  overpredicts  the  displacements  by  a  factor  of  up  to  1000,  as  seen  on  the  right  vertical 
axis  of  Fig.  5  (note  that  the  scales  of  the  two  vertical  axis  are  different).  Also,  a  reaction  force  in  the  x-direction  at  the* 
clamped  boundary  is  present  if  uniform  pressure  is  not  applied.  This  reaction  force  should  not  be  present  since  the 

fn^A  n!r  W|th  actuators  ts  in  self-equilibrium.  Adequate  equivalent  loading  did  not  show  any  reaction  force  ■ 

in  the  x-direcuon  at  the  clamped  boundary. 


^.Equivalent  loading  model 


w  .Plane  stress  model 


|  1.000  10 


*3  5.000  10'5 

B 


-5.000  I0‘5 


Actuator  _ 
Region 


Figure  5.  Comparison  of  the  displacements  predicted  by  the  proposed  self-equilibrating  equivalent  forces,  the  p 
stress  finite  element  model  and  the  tangential  force  alone  (no  pressure). 
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Figure  6.  Deformed  shape  of  the  ring  with  and  without  the  self-equilibrium  loading  using  plane  stress  elements. 


z/h 

Figure  7.  Radial  stress  distribution  through  the  thickness  in  the  actuator  region. 


circular ^cyfindrical^hell0  ^de^elopedf b^se^on^ Donnells  T'"  p3tCheS  b°nded  ‘°  the  surface  of  a 

moments  have  been  developerfor  shells  and  S  f  ExPressions  t0  represent  the  actuator  forces  and 

eaui valent  «*t  nf  fnrrZ —T*  *  .  ?  d  ^  found  t0  1x5  the  same  as  those  obtained  for  plates.  However  this 

forces  due  to  the  shell  curvatim^Vo^voidlhis  rigid  bodv  mode  reSUlfting  from  the  n<>colinearity  of  the  tangential 
actuator  patch.  This  soiution  me, he.  is  verified 
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Structural  modal  analysis  using  collocated 
piezoelectric  actuator/sensors  -  an  electromechanical  approach 

F.  P.  Sun,  C.  Liang  and  C.  A.  Rogers 

Center  for  Intelligent  Material  Systems  and  Structures 
Virginia  Polytechnic  Institute  and  State  University 
Blacksburg,  Virginia  24061-0261 

Abstract 

A  single  piezoceramic  (PZT)  patch  bonded  to  a  structure  may  be  used  as  a  collocated  actuator/sensor  for  structural  modal 
analysis.  When  activated  by  a  voltage  signal,  the  PZT  element  excites  the  structure  as  a  result  of  its  induced  strain.  The 
interaction  between  PZT  and  its  host  structure  is  governed  by  the  mechanical  impedance  of  the  structure.  If  the  applied 
electrical  voltage  and  resulting  electrical  current  (or  the  electrical  transfer  function)  of  the  collocated  PZT  actuator/sensor  are 
known,  the  mechanical  impedance  of  the  structure  can  be  determined  through  an  appropriate  electromechanical  model. 

This  paper  presents  a  modal  analysis  technique  based  on  the  measurement  of  electric  admittance  of  collocated  actuator/sensors. 
The  technique  utilizes  thin  piezoelectric  patches  bonded  on  structures  as  both  sensor  and  actuator.  A  commercial  electrical 
impedance  analyzer  is  used  to  measure  the  electrical  admittance  of  the  PZT  patch.  An  SDOF  model  governing  the 
electromechanical  interaction  is  derived  and  then  used  to  extract  the  mechanical  impedance  of  the  structures  from  the  measured 
electrical  admittance.  Two  corresponding  algorithms,  revised  inverse  Nyquist  plane  curve  fitting  and  admittance  matching-half 
power  bandwidth  approaches  are  presented  for  the  extraction  of  modal  parameters.  Both  approaches  exclude  the  stiffening 
effect  of  PZT  on  structure  yielding  better  estimations  of  extracted  structure  natural  frequencies.  The  placement  of  PZT  on 
structure  is  also  studied.  An  experimental  example  is  given  on  a  small  flexible  beam.  The  results  show  the  advantages  of  this 
technique  in  modal  test  of  light-weight  and  flexible  structures  whose  modal  parameters  are  extremely  sensitive  to  the  stiffening 
of  the  transducers  and  shaker. 


1.  Introduction 

Experimental  modal  test  has  now  become  a  mature  and  standard  technique  in  structure  dynamic  analysis.  It  usually  consists  of 
several  independent  stages,  structure  excitation,  measurement  of  driving  force  and  vibrational  response,  formation  of  Frequency 
Response  Function  (FRF),  and  modal  parameter  extraction.  The  entire  process  needs  a  set  of  sophisticated  equipment,  such  as  a 
multi-channel  signal  analyzer,  force  and  response  transducers,  shakers,  and  various  types  of  signal  conditioners.  Typical 
transducers  used  in  a  modal  test  are  piezoceramic  force  gauges,  accelerometers  and  shakers.  The  attachment  of  conventional 
transducers  onto  a  testing  structure  may  result  in  considerable  errors  in  the  extracted  system  parameters,  especially  with  light¬ 
weight  and  flexible  structures.  The  use  of  Laser  Doppler  Vibrometer  and  eddy  current  sensor  provide  a  non-contact 
measurement  technique,  but  they  still  need  attachment  of  force  gauge  and  shaker  to  the  structure. 

A  piezoceramic  patch,  on  the  other  hand,  may  serve  as  both  sensor  and  actuator 1,2  at  the  same  time  as  a  result  of  piezoelectric 
effect  and  its  converse.  When  bonded  to  a  structure  and  driven  by  an  alternating  voltage,  it  imposes  a  bending  moment  on  the 
structure  through  its  longitudinal  expansion  and  contraction,  causing  the  structure  to  vibrate.  This  vibration  then  in  him 
"modulates"  the  current  flowing  through  the  patch.  Consequently,  the  electric  admittance  of  the  bonded  patch,  defined  as  the 
ratio  of  the  current  to  the  voltage,  is  physically  in  a  same  position  as  its  mechanical  counterparts,  such  as  compliance  and 
mobility,  in  representing  the  transfer  characteristics  of  a  structure  between  the  excitation  and  the  response.  As  a  pure  electric 
quantity,  the  electric  admittance  is  much  easier  to  measure  than  a  mechanical  transfer  function.  Because  of  the  light  weight  and 
the  low  flexural  stiffness  of  a  PZT  patch,  the  mass  loading  effect  can  usually  be  neglected  and  its  stiffening  effect  can  be  easily 
compensated. 

This  paper  presents  a  technique  of  structure  modal  test  using  surface-bonded  piezoceramic  patch  as  a  collocated  sensor-actuator. 
The  electric  admittance  or  impedance  of  the  bonded  piezoceramic  patch  versus  frequency  is  measured  with  a  sine-sweeping 
impedance  analyzer.  A  generic  model  governing  the  electromechanical  interaction  of  the  actuator  and  the  structure  is  derived 
and  used  to  extract  the  structure  admittance,  or  mobility  at  the  position  where  the  PZT  is  bonded.  Two  algorithms  of  modal 
parameter  extraction  associated  with  the  technique  are  presented.  One  uses  electric  admittance  match  /  half-power  band  width 
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method,  and  the  other  employs  inverse  Nyquist  plane  curve  fitting.  Both  algorithms  can  extract  a  structure’s  modal  dampingB 
coefficients,  natural  frequencies  and  curvature  mode  shapes  of  the  structure.  The  model  has  considered  the  stiffening  effect  of* 
the  actuator  on  the  structure,  yielding  refined  estimations  of  extracted  structure  natural  frequencies.  This  is  important  when  the 
test  piece  is  flexible  and  small.  In  addition,  the  influence  of  the  location  and  size  of  the  sensor/actuator  on  the  results  is  also* 
disHiss/v)  The  method  is  proven  to  be  effective  in  conducting  modal  test  on  a  structure  extremely  sensitive  to  the  stiffening  otJ| 
transducers. 

2.  Modeling  of  electromechanical  interaction  of  piezoelectric  sensor-actuator  | 

A  piezoceramic,  most  commonly  known  as  PZT,  short  for  Lead  (Pb)  Zirconate  Titanate,  exhibits  a  bi-directional  "piezoelectric" 
effect  When  motion  in  only  one  direction  is  considered  and  the  stress  T  and  the  electric  field  E  are  chosen  as  the  intensive* 
variables,  the  electromechanical  interaction  between  the  stress,  strain,  the  electric  field  and  flux  density  is  governed  by  theg 
following  constitutive  equations : 

S2  =472+^32£3  0>  l 


^3  *”^32^2  “^£33(1 


K  (1+iq)  I 

f  I 


where,  as  shown  in  Figure  1,  SS  is  the  strain  and  Ti  the  stress  in 
PZT  along  the  y-axis,  £5  the  electric  field  and  £3  electric  flax 

density  along  the  z-axis  between  two  parallel  surfaces.  S22  the 
complex  mechanical  compliance  at  zero  electric  field,  d^2  the 

piezoelectric  constant  at  zero  stress,  £33  the  dielectric  constant 

at  zero  stress  and  8  the  dielectric  loss  tangent  of  PZT.  Assume 
that  the  PZT  actuator  is  fixed  at  one  end  and  the  other  end  is 
connected  to  a  structure  represented  by  a  mass-spring-damper, 
the  velocity  of  the  moving  end  under  voltage  Vj  may  be 
expressed  as 


Figure  1  SDOF  model  of  electromechanical  interaction  % a  +  Zs 

of  PZT  with  structure 

and  the  driving  force  on  the  mechanical  system 

F*  =Z'v  =  7TFf“  (4) 

where  Zs  is  the  mechanical  impedance  of  the  structure  and  Za  the  short-circuit  mechanical  impedance  of  PZT  actuator, 
respectively.  F 2b  is  the  force  when  PZT  is  blocked,  which  can  be  obtained  from  Eq.  (1)  by  simply  letting  =  0  as 


_  “32^3 


where  =  1  /  S22  is  the  complex  modulus  of  PZT,  and  wa  and  ha  are  the  width  and  thickness  of  PZT,  respectively. 
Differentiating  the  electric  flux  density  with  respect  to  time  and  integrating  it  over  the  electroded  area  yields  the  total  electric 
current  flowing  through  the  PZT 
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/j  =  ico  JjDjdxdy 

a 

Substituting  Eqs.(2),  (4)  and  (5)  in  it  and  using  the  relation  E3  =  V3  / haand  T2  =  F2  /  (waha )  result  in 


(6a) 


(6b) 


or  the  coupled  electric  admittance  of  PZT 


(7a) 


where  la  is  the  length  of  PZT.  Note  that  a  uniform  distribution  of  electric  flux  density  in  PZT  is  assumed  in  the  integration.  It 
is  obvious  that  the  first  term  in  Eq.(7a)  is  the  capacitance  admittance  and  the  second  term  is  the  result  of  the  electromechanical 
interaction  of  PZT  with  the  structure.  The  mechanical  frequency  response  function  of  the  structure,  or  the  mobility,  defined  as 
the  ratio  of  velocity  response  to  excitation  force  (the  reciprocal  of  the  mechanical  impedance  Zs)  may  then  be  easily  solved  from 
Eq.  (7a)  as 


FRF  =  —  =  — 

Zn 

s  a 


d2  ye 


T  Yh 

£3r3<'-'«- 

a  a 


--i 


(7b) 


The  significance  of  Eq.(7b)  lies  in  that  a  pure  mechanical  parameter  of  a  structure  can  be  determined  from  the  electric 
admittance  of  the  actuator/sensor  bonded  to  the  structure.  This  provides  a  convenient  alternative  to  the  shaker-impedance  head 
approach  for  determining  a  frequency  response  function  of  a  mechanical  structure,  which  constitutes  the  basis  of  experimental 
modal  analysis.  Although  most  modal  analysis  approaches  are  applicable  to  Eq.(7b),  the  extraction  algorithms  presented  in  this 
paper  are  different  due  to  the  involvement  of  the  actuator  impedance  Za  in  the  structure  impedance  expression. 


3.  Modal  parameter  extraction  with  SDOF  model 


To  demonstrate  the  application  of  this  electromechanical  approach  to  modal  analysis,  an  SDOF  model  for  extraction  is 
developed.  The  mechanical  impedance  of  the  PZT  element  in  Fig.  1  may  be  expressed  as 


(8) 


where  ka  is  the  short-circuit  stiffness  of  PZT  along  the  y-axis.  The  effect  of  PZTs  mass  along  the  y  direction  is  neglected, 

assuming  that  the  stress  wavelength  is  much  larger  than  PZTs  characteristic  dimension  under  normal  operating  frequency  3. 
The  mechanical  impedance  of  an  SDOF  system  with  a  structure  damping  is  given  by 


2, 


i(mtco 


CO 


(9) 


where  ms  is  the  modal  mass,  ks  the  modal  stiffens  and  r|  the  modal  damping.  Substituting  Eqs.(8)  and  (9)  in  Eq.  (7)  yields  the 
electric  admittance  in  term  of  the  modal  parameters 


Y  =  coa[sS+ 


ckaksjj 


(k*n)2  +(K  +ka  ~ms®2)2 


+i(s-c  + 


cka(ks  +ka  -msa>2 ) 
(ksrj)2  +(ks+ka-msco2)2 


)] 


(10) 
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where  a  =  wala  /  ha  and  c  =  (<i32  )2  Yj2  ■  The  real  and  imaginary  parts  of  the  mechanical  compliance  (reciprocal  of  the" 
mechanical  impedance)  can  then  be  deduced  as: 


KKn 


coa 


r-  -(15©-,-,)/,= 


(ksrj)z  +(ks+ka-m3a}2)2 

KiK+K  ~WX) 


coo 


(ks7jf  +(kj+ka -msQ}2)2 


(ID 


(12) 


As  a  PZT  actuator  usually  has  a  size  much  smaller  than  that  of  the  host  structure,  its  mechanical  damping  can  be  ignored. 
Equations.(l  1)  and  (12)  traces  out  a  non-closing  circle  in  Nyquist  plane  as 


(Y  — -2— )2 +Y 
'  “■  2k3rj  " 


2*,  17 


(13) 


This  is  the  locus  of  the  mechanical  compliance  of  an  SDOF  system  with  proportional  damping  connected  in  parallel  with  a1 
massless  spring  Ka 


3.1  Inverse  Nyquist  plane  curve  fitting  (INPCF) 

As  Eqs.  (11)  and  (12)  are  highly  nonlinear  functions  of  the  modal  parameters,  it  is  much  easier  to  conduct  the  curve  fitting  in 

inverse  Nyquist  plane  than  to  do  direct  parameter  extraction  with  the 
mobility.The  mechanical  impedance  of  SDOF  with  structural  damping  takes 
simple  form  4  as 


lm(z) 


1  ©  max 

©r 

Cj  t/> 

J3 

'  O  min 

•Re(z) 


z  = 


1  k,  .k.+ka-m,6)~ 

- =  —  rj-i— - - - 1 — 

ymr  ka  ka 


(14) 


|  Figure  2  Mechanical  Impedance  of  SDOF 
in  inverse  Nyquist  plane 


It  traces  out  a  straight  line  on  the  inverse  Nyquist  plane  as  shown  in  Fig.  2. 
Note  that  due  to  the  stiffening  effect  of  PZT  to  structure,  the  intersection  of  the 
line  with  the  real  axis  determines  the  natural  frequency  of  the  joint  system  rather 
than  that  of  SDOF  system  alone.  Curve  fitting  the  measurement  data  to  the 
imaginary  part  of  Eq.  (14)  generates  two  quantities  fcs/ka  and  rn//ka  Note  that 
they  are  the  structure  modal  stiffness  and  mass  normalized  to  the  actuator 
modal  stiffness,  and  none  of  them  has  a  physical  meaning.  However,  structural 
natural  frequency  can  be  determined  as 


*>r  = 


kjkn 


s 

\m.  \lm./k„ 


(15) 


Another  independent  curve  fitting  to  the  real  part  of  the  measurement  data  yields  a  refined  estimation  of  Re(Z),  and  from  it  the 
structural  modal  damping  can  be  calculated 


Re(Z) 

ks!k 


Equations  (14),  (15  )  and  (16)  constitute  the  revised  inverse  Nyquist  plane  curve  fitting  approach  which  will  be  referred  to  as 
INPCF  later. 
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J.2.Admittance  match/  half  power  bandwidth  (  AM/HPB  ) 

Equation(12)  provides  an  alternative  approach  to  the  determination  of  r|  and  eor  Take  the  partial  derivative  of  Eq.(12)  with 
respect  to  co  and  let  it  be  zero 


~2Kms [(*, 7) 2  ~ (k,  +  ka  - mX )] 

5(0  l(ksTjf +(kt+ka-mto)2)2  ]2 

This  leads  to 

kirJ=  (ks  +ka -msca2) 
k,n=-(ks+ka-msa)\) 


(17) 

(18) 
(19) 


where  <V1  and  (02  correspond  to  the  peak  and  valley  of  Ymj  .respectively.  Addition  of  Eqs.(18)  and  (19)  results  in  the  modal 
damping 


where 


2  cot 


(20) 


a;  =  ks  Ims 

&\ \=(Ktt”Tj)+ka)ms  (21) 


Equation  (20)  is  very  similar  to,  but  different  from,  conventional 
half  power  band  width  approach  in  the  determination  of  the  natural 

frequency  COr.  As  the  mechanical  impedance  of  the  structure  Zs 
drops  nearly  to  zero  at  structure  resonance,  Eq.(7)  presents  the 
electric  admittance  of  the  free  PZT  sensor/actuator  (a  capacitor 
without  piezoelectric  effect) 


Ytf  =  coa^  (S+i)  (22) 

and  the  electric  admittance  of  a  blocked  actuator  is  obtained  by 
letting  Zs  be  «  • 


=*»(4<J+/(4-c))  (23) 

The  imaginary  parts  of  both  admittance  intersect  with  Im(Y),  as  is 
illustrated  in  Fig.  3.  It  is  apparent  by  definition  that  it  is  the 
intersection  of  Im  (Yej)  with  Im  (Y)  that  determines  the  natural 
frequency  of  the  structure  (impedance  match).  By  checking 
Eq.(10),  it  is  not  difficult  to  see  that  the  intersection  of  Im  (Yefj) 
with  Im(Y)  happens  to  correspond  to  the  natural  frequency  of  the 
joint  system  of  PZT  and  SDOF 
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(Or  = 


•  _  \K±K 


m. 


(24) 


at  which  RefYJ  peaks  and  Im(Y)' s  interaction  term  vanishes.  The  physical  interpretation  of  this  seeming  coincidence  is  that  at 


&>r,  there  is  no  mechanical  reactive  power  going  into  the  joint  system  from  PZT.  For  PZT,  this  is  as  if  it  is  blocked  by  a  still 
structure.  Note  that  in  Eq.(20),  cor  is  a  characteristics  of  the  structure  alone  and  coj,  ©2  are  those  of  the  joint  system  This 
distinguishes  it  from  the  conventional  half  power  band  method  and  it  will  be  referred  to  as  Admittance  Match  /  Half  Power 
Band  ( AM/HPB )  approach  later. 

3.3.Modal  shapes 

Equations.(ll)  and  (12)  also  provide  a  way  of  eigenvector  extraction  when  applied  to  a  multi -degree -of-freedom  or  continuum 
system.  At  the  system  resonance  COr,  Ymi  =  0  and 


(25a) 


where  y  is  the  modal  displacement  response  to  a  unit  force  excitation  (y  =  1  /  ks).  For  a  continuum  structure,  this  modal 
displacement  is  a  function  of  measurement  coordinate  and  mode.  However,  PZTs  modal  stiffness  ka  and  structure  modal 

damping  T]  for  a  particular  mode  is  independent  of  the  coordinate.  When  measurements  of  Ymr  are  made  at  m  coordinates  along 
the  structure  for  each  of  its  n  modes,  the  eigenvector  is  obtained  and  its  element  takes  the  form  of 

Jr  (i\ 

ymrOJ)  =  ^yOJ)  (25b) 

7(0 

where  /  =  1,2,.. .m  and  j  =  1,2. ..n.  This  can  also  be  directly  deduced  from  the  fact  that  kQ  /  ksTj  is  the  diameter  of  the  modal 
circle  in  Nyquist  plane.  However,  it  should  be  understood  that  this  is  an  approximation  with  an  acceptable  accuracy  only  when 
PZT  is  trivial  in  size  to  the  structure. 


4.  Placement  of  sensor/actuator  on  structure 

Modal  test  requires  appropriate  placement  of  transducer  and  shaker  on  a  structure  to  ensure  accurate  results.  The  placement  of  a 
surface-bonded  collocated  sensor-actuator  requires  special  considerations  because  high  activation  and  detection  sensitivity  are 
desired  simultaneously.  Unlike  electromagnetic  shaker,  a  surface-bonded  PZT  patch  excites,  and  senses  the  structure’s  in-plane 
motion  rather  than  the,  transverse  motion.  In  addition,  a  PZT  patch  is  a  distributed  actuator  and  sensor.  Its  measured  electric 
admittance  reflects  the  overall  vibration  response  over  the  area  of  the  structure  underneath  the  PZT  patch.  From  Eq.(2)  through 
(6a),  a  more  general  form  of  a  PZTs  electric  admittance  can  be  found  as 


Y  =  -i^-4  d-iS)+~jjd32T2dxdy  (26) 

a  a 

As  mentioned  previously,  the  second  integration  is  the  result  of  electromechanical  interaction.  In  the  SDOF  model,  a  uniform 
stress  and  strain  distribution  is  assumed.  It  is  correct  when  PZT  is  attached  to  the  structure  only  at  its  end  and  the  wavelength  of 
stress  is  much  larger  than  the  PZT  geometry.  However,  a  PZT  is  actually  bonded  on  a  flexurally  deflected  surface  with  a 
distributed  area.  The  stress  amplitude  and  sign,  and  then  the  resultant  local  electric  current  density  is  a  function  of  location  and 
mode  shape  of  the  structure.  For  a  PZT  bonded  to  a  beam,  this  stress  can  be  related  to  the  beam’s  curvature  by 
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T2=-Yi{^Y^K{x)-d,2E,)  (27) 

where  the  K(x)  is  the  curvature  of  the  structure  at  location  x  and  tg  the  thickness  of  the  structure.  Equation  (26)  may  then  be 
expressed 


ha  2V  JXj 


(28) 


Obviously,  if  a  PZT  happens  to  straddle  on  or  near  the  "curvature  node"  of  certain  modes,  as  is  the  case  of  mode  3  and  6  shown 
in  Fig.  6,  the  coupling  term  vanishes,  the  influence  of  these  particular  modes  virtually  disappears  in  the  admittance  (Fig.4).  In 
contrast,  a  mode  will  be  detected  with  a  maximum  sensitivity  when  PZT  is  placed  in  the  middle  of  a  convex  or  concave  where 
the  curvature  peaks,  as  illustrated  by  mode  2,  4,  5  and  7  in  the  same  figures.  Similarly,  the  activation  of  PZT  is  also  a  function 
of  its  location.  The  effective  moment  applied  to  structure  are  nearly  zero  for  mode  3  and  6,  and  reaches  maximum  for  mode  2, 
4,  5  and  7.  This  compatibility  of  the  two  opposite  functions  of  PZT  simplifies  its  placement  as  a  collocated  sensor-actuator.  As 
a  consequence,  a  collocated  PZT  actuator/sensor  should  always  be  placed  away  from  "curvature  node"  of  all  modes  of  interest 
when  it  is  used  to  determine  natural  frequencies  and  damping  of  a  structure.  This  differs  from  a  conventional  modal  test  in 
which  shakers  and  out-of-plane  motion  transducers  are  often  placed  away  from  the  flexural  deflection  node  lines. 


In  contrast  to  the  location,  the  length  of  PZT  affects  its  behavior  as  a  sensor  differently  than  as  an  actuator.  Generally,  a  longer 
PZT  provides  larger  activation  and  higher  detection  sensitivity.  However,  the  measured  admittance  always  represents  the 
average  strain  of  the  structure  underneath  the  PZT  patch.  It  may  be  biased  lower  or  higher  than  the  central  strain  depending  on 
the  shape  of  the  curvature  as  long  as  PZTs  length  is  not  zero.  This  will  reduce  the  spatial  resolution  of  modal  analyse  and 
affect  accuracy  of  the  extracted  natural  frequencies  and  damping.  Therefore,  as  a  sensor,  a  shorter  PZT  is  preferable,  especially 
when  measuring  high  vibration  modes.  But  as  an  actuator,  a  longer  one  always  provides  larger  moment  as  long  as  it  is  in  a 
region  of  constant  strain  sign.  This  is  important  in  measuring  a  relatively  large  structure  with  medium  damping  when  a 
measurable  structure  response  is  a  major  issue  and  the  activation  needs  to  be  as  large  as  possible.  However,  in  practice,  the 
decision  is  usually  compromised  to  cope  with  both  requirements. 


5.  Modal  test  of  a  free-free  beam 


System  identification  of  a  small  size  and  lightly  damped  structure  is  usually  a  challenge  as  the  extracted  structure's  modal 
parameters  are  extremely  sensitive  to  the  stiffening  and  mass  loading  of  the  attachment  of  sensor  and  actuator.  As  an  example, 
a  test  of  proof-of-concept-is  conducted  on  a  aluminum  beam  of  153.0  x  25.7  x  0.8  mm.  A  thin  PZT  patch  (32x  19x  0. 19  mm)  is 
bonded  on  the  beam  52.3  mm  from  its  end  and  the  beam  is  suspended  in  air  by  vety  thin  wires  to  simulate  a  free-free  boundary 
condition  and  to  avoid  introducing  external  damping.  The  electric  impedance  of  the  PZT  is  measured  over  a  broad  frequency 
band  by  an  HP  4 194  A  Impedance  Analyzer. 

Figure  4  is  the  electric  admittance  spanning  from  100  Hz  to  7000  Hz,  in  which  the  beam's  first  9  flexural  vibration  modes  are 
clearly  identifiable  except  mode  6.  Note  that  each  mode  is  well  separated  from  the  others.  This  qualifies  the  application  of  the 
SDOF  model  to  the  data.  For  the  actual  parameter  extraction,  each  mode  is  zoomed  in  to  obtain  a  much  higher  frequency 
resolution  and  amplitude  accuracy.  Figures  5a  through  5d  are  examples  of  several  typical  modes.  Table  1  shows  the  natural 
frequencies  and  modal  damping  of  the  beam  extracted  respectively  by  the  two  algorithms  previously  discussed.  To  verify  the 
algorithms'  capability  of  eliminating  the  stiffening  effect,  the  original  PZT  patch  is  replace  by  a  tiny  one  (4  x  6  x  0.19  mm  )  at 
the  same  center  location.  It  is  assumed  that  the  stiffening  is  negligible  as  its  length  is  less  than  1/6  of  the  original  one. 
Therefore,  the  frequencies  of  the  beam  thus  measured  are  considered  as  the  "true"  structure  natural  frequencies.  Table  2  lists 
these  true  structure  natural  frequencies  verses  the  natural  frequencies  of  the  beam-PZT  joint  system.  Table  3  is  the  relative 
errors  of  the  extracted  and  predicted  frequencies  with  respect  to  the  structure  natural  frequencies.  Table  4  shows  the  material 
constants  of  the  actuator  used. 


sun  y> 
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Table  1  Natural  frequencies  and  modal  damping  of  the  beam  extracted  with  the  two  algorithms 


Mode 

1 

2 

3  * 

5 

6  * 

7 

8 

9 

fn(Hz) 

185.9 

498.3 

982.0 

ESH 

3457.6 

4588.5 

5893.8 

6820.0 

ETVZH 

0.37 

0.37 

0.22 

0.13 

0.16 

0.17 

0.17 

fr7(H2) 

187.6 

497.2 

982.2 

1628.0 

2439.9 

3456.0 

4588.2 

5891.7 

6813.8 

ri7  (%) 

0.21 

0.31 

0.095 

0.15 

0.18 

0.064 

0.15 

0.17 

0.16 

Subscript  1 — AM/HPB  and  Subscript  2 —  ENPCF 

Table  2  Natural  frequencies  of  the  beam-PZT  system,  the  structure  natural  frequencies  and  their  relative  difference 


Mode 

1 

2 

3  * 

4 

5 

6  * 

7 

8 

9 

fri  (HZ) 

189.3 

516.7 

983.0 

1656.8 

2493.1 

3459.9 

4622.5 

5913.3 

6830.3 

!I£hx££I 

183.3 

494.7 

982.5 

1621.8 

2437.5 

3455.2 

4580.6 

5863.4 

6786.4 

Ejc  (%) 

+3.2 

+4.4 

+0.05 

+2.2 

+2.3 

+0.14 

+0.9 

+0.85 

+0.65 

where:  fjj  —  PZT- beam  joint  system  resonance  frequencies 

fpg  —  The  measured  natural  frequencies  of  the  beam  alone. 

Ejs  =  ( fij  -  frS)  /  *rs>  Ejs  max.  =  4.4  %  and  EJS  average  =  1.62  %. 

Table  3  The  relative  errors  of  the  extracted  and  predicted  frequencies  with  respect  to  the  structure  natural  frequencies 


Mode 

1 

2 

3  * 

4 

5 

6  * 

7 

8 

9 

E,(%) 

+1.40 

+0.67 

-0.05 

+0.33 

0 

+0.07 

+0.17 

+0.51 

+0.49 

E?(%) 

+2.30 

+0.51 

+0.03 

+0.38 

+0.10 

+0.02 

+0.17 

+0.48 

+0.41 

frr(Hz) 

180.3 

497.0 

r974.2 

1610.4 

2405.7 

3360.1 

4474.4 

7177.5 

E  r(%) 

+1.64 

+0.46 

-0.48 

-2.32 

-2.33 

+5.50 

where : 


Ei~  (frj-  fjg)  /  f^  ,  Ejmax  =  +1.40  %  and  Ejaverage  =  0.41  % 

^2”  ffr2“  *rs)  !  ^rs  >  E2max  =  +2.30  %  and  E2average  =  0.49  % 

Ec=  (frc“  W 1  frs  »  Ecmax  =  +5.50  %  and  E^verage  =  0.16% 

♦  Two  special  modes  that  are  not  stiffened  by  PZT. 

Table  4  Material  constants  and  geometry  of  PZT 


d32 

y22 

4* 

5  * 

wa 

*a 

m/v 

N/m2  . 

F/m 

mm 

mm 

mm 

■  -166e-12 

6.30el0 

1.50e-8 

0.02 

19.0 

32.0 

0.19 

*  nominal  values  published  by  the  manufacturer 

In  order  to  obtain  the  curvature  mode  mode  shape,  a  tiny  (4  x  6x0. 19  mm)  PZT  was  bonded  to  5  uniformly  spaced  locations  on 
the  beam  respectively  (  see  Fig.6b.).  It  was  removed  after  each  measurement  of  the  electric  impedance  so  that  the  impact  on  the 
shape  is  minimized.  Due  to  the  limited  spatial  resolution,  only  the  first  5  mode  shapes  are  meaningful.  Figure  6c  is  the 
normalized  curvature  shapes  of  these  5  modes  and  Figure  6d  is  their  mountain  plot 

6.  Analysis  of  Results 

Figure  4  shows  an  overall  electric  admittance  of  the  PZT  covering  the  first  9  modes  of  the  beam.  It  gives  approximate 
estimations  of  the  natural  frequencies.  However,  they  are  consistently  higher  than  the  true  natural  frequencies  of  the  beam  alone 
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as  listed  in  Table  2.  This  bias  can  be  up  to  4.4  %  with  an  average  of  1.62  %  for  the  first  9  flexural  modes.  Obviously,  the® 
stiffening,  rather  than  mass  load,  of  PZT  to  the  beam  dominates  within  this  frequency  range,  and  it  generally  introduces  more® 
impact  on  low  modes  than  high  modes  in  term  of  the  relative  shift  in  natural  frequencies.  This  demonstrates  the  need  of 

correction  for  the  stiffening  effect  when* 

1 - -77^  - * — -y> — ^ -  using  surface -bonded  PZT  for  a® 

05  y^L  '  I  precision  modal  test  of  structure. 

0  — 3; — -l— — lv- - — - - V —A — Table  1  shows  the  beam's  natural® 

\  4\  j  /  /  \  \  y  s'"  /  frequencies  and  modal  damping® 

.  \7  X%\T  ~y\ ““ T7*  extracted  using  the  two  algorithms. 

.1 - i - - - -  ** — ...r ; - -  Table  3  lists  the  relative  errors  of  these* 

0  0.02  0.04  |  0.06  0.08  0.1  0.12  0.14  natural  frequencies  with  respect  to  the | 

!  measured  data.  Note  that  the  maximum 
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Analytical  curvature  shapes  of  the  beam  b.  Locations  of  sensor/actuator  on  the  beam 


c  Normalized  curvature  shapes  of  the  first  5  modes 


Figure  6a-c  Placement  of  PZT  and  the  curvature  mode  shapes  of  the  beam 


The  demand  for  this  frequency 
correction  varies  with  each  mode  at  a 
particular  PZT  location.  As  one  can  see 
in  Fig.  4,  the  strength  of  each  mode 
varies  significantly.  Figure  5  lists  four 
typical  modes  of  the  nine.  For  mode  1 
and  mode  2  (  Fig.5a  and  5b  ),  lm(Yej) 
intersects  with  Im(Y)  before  the  system 
resonance,  which  implies  the  motion  of  j 
the  beam  is  stronger  than  that  of  a  free 
PZT.  In  other  words,  PZT  is 
constraining  or  stiffening  the  beam,  j 
There  is  substantial  stiffening.  For 
mode  3  (  Fig.  5c  ),  the  two  motions  are 
completely  compatible,  neither  of  them 
imposes  constraint  on  the  other.  This  is  < 
indicated  by  the  tangency  of  the  two 
curves.  As  for  Fig.5d,  mode  6  is 
marginally  activated.  The  motion  of  I 
PZT  for  this  particular  mode  is  nearly  | 
being  blocked  by  the  beam,  or  in  other 
words,  the  PZT  is  "stiffened”  by  the  , 
beam  rather  than  vice-versa.  This  I 
variation  of  the  stiffening  with  mode  is 
also  shown  in  Table  2  where  the  relative 
frequency  errors  for  mode  3  and  mode  6 
are  much  smaller  than  the  other  modes. 
Obviously,  there  is  no  need  for 
frequency  correction  at  all  for  those  i 
modes.  Therefore,  the  application  of  j 
algorithms  should  be  selective. 
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Figure.  6c  is  the  normalized  curvature 
shapes  of  the  first  5  modes  extracted  from 
the  mechanical  mobility.  They  are  in  good 
agreement  in  the  amplitudes  with  the 
analytical  results  obtained  using  transfer 
matrix  method.  They  can  be  integrated 
twice  with  respect  to  the  spatial  link  to 
obtain  the  flexural  mode  shapes.  However, 
due  to  limited  spatial  resolution,  higher 
modes  are  not  identifiable  in  this  case. 

SDOF  modal  parameter  extraction 
algorithm  is  based  on  the  assumption  that 

stiffness  of  the  actuator  ka  in  Eq.  (14)  makes  the  individual  extraction 
of  the  modal  stifi&iess  kj  and  mass  ms  very  difficult,  not  to  say 
impossible.  Finally,  because  of  the  limits  of  the  energizing  voltage  of 
the  impedance  analyzer  (typically  1  volt  rms  for  HP  4 194 A  )  and  the 
high  electric  impedance  of  PZT,  this  approach  may  be  less  effective  for 
a  highly-damped  structure  than  a  lightly  damped  one,  as  for  a  high 

damping  case,  a  much  larger  power  is  required  to  obtain  Ymr  with  an 
acceptable  signal  to  noise  ratio  at  each  mode. 
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Figure  7  Measured  dielectric  constant 
and  loss  tangent  of  PZT 


It  has  been  noted  during  the  beam  test  that  both  INPCF  and  AM/HPB 
approaches  are  sensitive  to  the  dielectric  constant  of  PZT  in  the  modal 
damping  and,  especially,  frequency  extraction.  From  Eqs.(l  1)  and  (12), 

one  can  see  that  deviation  of  s\3  from  its  true  value  may  considerably 
shift  the  mechanical  mobility  from  its  SDOF  characteristics,  making  the 
curve  fitting  with  INPCF  marginal  .  For  AM/HPB,  the  impact  of  this 
deviation  on  the  extracted  frequencies  can  be  easily  seen  from  Fig.  3. 

Figure  7  shows  e33  and  S  deduced  from  measured  electric  admittance 
of  a  free  PZT  (G1195)  based  on  Eq.(22).  They  are,  instead  of  a 
constant  as  claimed,  functions  of  frequency,  and  can  be  perfectly 
represented  by  third  order  polynomial.  Therefore,  it  is  preferable  to  use 
the  curve  fitting  data  of  the  same  PZT  (before  bonded  to  stmcture)  to 
improve  the  extraction  accuracy. 
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It  should  be  understood  that  applying  the  two  algorithms  to  the  modes  which  are  not  stiffened  by  PZT  will  introduce  error  ratheiB 
than  improve  the  accuracy.  Modes  3  an  6  are  the  example  in  which  an  underestimation  of  the  natural  frequencies  may  be* 
obtained  if  imposing  the  algorithms  to  the  measured  data.  Generally,  for  these  "tiny  modes",  the  resonant  frequencies  of  the 
joint  system  fjj  may  be  considered  as  the  structure's  natural  frequencies  without  correcting.  | 

,  Conclusion 

A  complete  modal  analysis  of  structure  can  be  conducted  with  surface  bonded  piezoceramic  patch  as  a  collocated  sensor-H 
actuator.  The  measurement  of  electric  admittance  of  PZT  is  quicker,  more  convenient  and  needs  less  experience  and  skill  than* 
that  of  mechanical  frequency  response  function.  Applying  either  of  the  extraction  algorithms  to  the  measurement  data  leads  to 
refined  estimations  of  modal  damping  and  structure  natural  frequencies  free  of  the  stiffening  effect  of  PZT.  The  curvature  mode* 
shapes  of  structure  can  also  be  extracted  with  this  technique.  The  beam  example  demonstrates  the  effectiveness  of  the  | 
approaches  in  removal  of  the  impact  of  PZT  on  the  natural  frequencies.  This  makes  it  an  alternative  approach  to  the  noncontact 
modal  test  of  small  structure  sensitive  to  the  stiffening  and  mass  loading  of  the  transducers.  The  techniques,  despite  their  SDOF  _ 
nature,  may  also  be  applicable  to  more  complicated  structures.  The  identification  of  the  sign  of  curvature  mode  shape  needs  to  ■ 
be  addressed  in  the  future  work.  The  effect  of  mass  loading  of  PZT  sensor/actuator  may  also  need  to  be  considered.  * 
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MODELING  CONSIDERATIONS  FOR  IN-PHASE  ACTUATION 
OF  ACTUATORS  BONDED  TO  SHELL  STRUCTURES 
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Abstract 

A  model  to  represent  the  in-phase  actuation  of 
induced  strain  actuators  bonded  to  the  surface  of  a  circular 
shell  is  developed.  Due  to  the  inherent  shell  curvature, 
the  equivalent  discrete  tangential  forces  generally  used  to 
represent  the  in-phase  actuation  of  the  actuators  (such  as 
in  pin-force  models)  are  not  co- linear  and  result  in  the 
application  of  rigid  body  forces  on  the  shell.  This  non- 
equilibrium  state  violates  the  principle  of  self-equilibrium 
of  fully  integrated  structures,  such  as  piezoelectrically 
actuated  shells.  The  solution  to  this  non-equilibrium 
problem  is  to  apply  a  uniform  transverse  pressure  over  the 
actuator  region  to  maintain  equilibrium.  Using  this 
adequate  equivalent  loading  scheme  for  in-phase 
actuation,  a  deformation  model  for  a  circular  ring  is 
derived  based  on  shell  governing  equations. 

To  verify  the  deformation  model,  finite  element 
analysis  is  performed.  A  perfect  match  between  the  in- 
phase  actuation  deformation  model  and  the  finite  element 
results,  when  the  actuator  mass  and  stiffness  are 
neglected,  validates  the  derived  analytical  model.  A 
deformed  shell  comparison  between  the  point  force 
model,  often  used  to  represent  the  actuator  in-phase 
actuation,  and  the  derived  analytical  model  showed  major 
displacement  disparities.  Thus,  by  simply  applying  a 
uniform  transverse  pressure  along  with  the  discrete 
tangential  forces  in  order  to  maintain  the  self-equilibrium 
of  the  shell,  the  shell  deformation  can  be  modeled 
accurately. 


Introduction 

Piezoelectrics  actuators  have  been  used  for  active 
shape,  vibration  and  acoustic  control  of  structures  because 
of  their  adapdbility  and  light  weight.  Their  ability  to  be 
easily  integrated  into  structures  makes  them  very 
attractive  in  structural  control  since  all  moving  parts 
encountered  with  conventional  actuators  are  eliminated. 
Structural  control  is  implented  by  simply  embedding  PZT 
actuators  in  the  structure  or  bonding  them  on  the  structure. 
In  structural  control,  the  desired  deformation  in  the 
structure  is  obtained  by  the  application  of  localized  line 
forces  and  moments  generated  by  the  expanding  or 
contracting  bonded  or  embedded  PZT  actuators.  In  the 
case  of  vibration  and  acoustic  control,  the  piezoelectric 
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actuators  will  change  the  impedance  of  the  structure  to 
reduce  the  unwanted  dynamic  effects  at  given  frequencies. 

Previous  research  performed  on  PZT- actuated  beam 
and  plate  structures  has  led  to  models  describing  their 
response  (Crawley  and  de  Luis,  1987;  Crawley  and 
Anderson,  1990;  Wang  and  Rogers,  1991;  Dimitriadis  et 
al.,  1991;  Zhou  et  al..,  1994;  Liang  et  ah,  1993).  Simple 
but  efficient  models  were  proposed  to  describe  the 
response  of  a  plate  structure  to  the  piezoelectric  actuators 
(Crawley  and  Lazarus,  1989).  By  simply  replacing  the 
PZT  actuator  with  line  forces  and  moments  on  its  edges, 
very  accurate  results  are  produced  even  though  this  type 
of  model  is  approximate  since  the  mass  and  stiffness  of 
the  actuator  is  not  considered.  However,  much  less 
research  has  been  performed  on  structures  with  curvature. 
Some  experimental  work  (Fuller,  1990)  and  adaptations  of 
flat  structure  models  to  curved,  structures  have  been  made 
(Sonti  and  Jones,  1991;  Lester  and  Lefebvre,  1991). 
Models  based  on  shell  equations  have  also  been  proposed 
(Rossi  et  al.,  1993;  Sonti,  1993;  Zhou  et  al.,  1993;  Larson 
and  Vinson,  1993). 

In  a  recent  paper,  Chaudhry,  Lalande  and  Rogers 
(1994)  considered  the  modeling  of  piezoelectric  actuator 
patches  on  circular  cylinders.  When  the  piezoelectric 
actuators  are  actuated  in-phase,  it  is  found  that  the  point 
force  model  used  to  represent  the  actuator  creates  a  rigid 
body  motion  since  the  equivalent  line  forces  are  not 
collinear  due  to  the  curvature  of  the  shell.  Since  the  PZT 
actuators  are  integrated  within  the  structure,  self¬ 
equilibrium  must  be  satisfied.  This  equilibrium 
discrepancy.-  between  the  actual  structure  and  the 
equivalent  loading  scheme  will  produce  serious  errors 
when  the  shell  deformation,  based  on  the  line  force 
representation  of  the  actuator,  is  calculated.  Until  now,  no 
models  take  account  of  this  non-equilibrium  application 
of  the  equivalent  line  forces.  The  solution  proposed  to 
solve  this  problem  is  to  apply  a  uniform  transverse 
pressure  over  the  actuator  location  to  eliminate  the  rigid 
body  mode.  Good  agreement  between  the  equivalent 
loading  model  and  the  actual  deformation  of  the 
piezoelectrically -actuated  structure  was  found. 

In  this  paper,  an  analytical  deformation  model  of  a 
piezoelectrically -actuated  circular  ring,  which  takes  into 
account  the  non-collinear  equivalent  line  forces,  is 
proposed. 


Shell  equivalent  loading  model 

The  first  step  in  this  paper  is  to  repeat  the  conclusions 
established  by  Chaudhry,  Lalande  and  Rogers  (1994).  In 
that  paper,  an  equivalent  loading  scheme  for  shell 
structures  was  presented.  It  was  shown  that  in  the  case  of 
in-phase  actuation,  a  rigid  body  mode  was  present  due  to 
the  fact  that  the  equivalent  line  forces  L$  are  not  collinear 
(Fig.  1). 


Figure  1 .  Non-equilibrium  of  discrete  tangential  forces 
in  shell  structures . 


Figure  2.  Adequate  equivalent  loading  to  maintain 
equilibrium. 


To  eliminate  this  non-equilibrium  state  of  the 
structure,  a  transverse  uniform  pressure  is  added  (Fig.  2). 
The  magnitude  of  the  transverse  pressure  from  simple 
statics  is  then: 


when  the  Poisson’s  ratio  of  the  shell  and  the  piezoelectric 
actuator  are  assumed  to  be  the  same.  E,  t,  L  and  a  are  the 
Young’s  modulus,  the  thickness,  the  free  induced  strain 
and  the  radius  of  the  ring,  respectively,  while  the 
subscripts  s  and  a  stand  for  shell  and  actuator, 
respectively.  If  a  circular  ring  is  considered,  the  Poisson's 
effect  disappears  since  there  are  no  constraints  in  the  axial 
direction.  Thus,  for  the  case  of  a  ring,  the  Poisson  s  ratio 
in  Eq.  (2)  is  set  to  zero.  Based  on  this  equivalent  loading 
scheme,  a  deformation  model  for  a  circular  ring  with  two 
discrete  tangential  forces  and  a  uniform  radial  pressure 
will  be  derived 


Derivation  of  governing  equations 

In  the  current  literature  (Soedel,  1981;  Flugge,  1973), 
the  governing  shell  equations  are  limited  to  shells 
subjected  to  external  pressure  loading  only.  Since  the 
proposed  equivalent  loading  model  involves  discrete 
tangential  forces,  the  available  shell  equations  are  not 
adequate.  To  simplify  the  governing  equations,  the  added 
mass  and  stiffness  of  the  actuators  are  neglected.  Thus, 
the  governing  equations  of  a  uniform  stiffness  circular 
ring  subjected  to  radial  pressure  and  discrete  tangential 
loading  will  be  derived  using  the  approach  proposed  by 
Soedel  (1981).  In  the  case  of  a  thin  circular  ring,  only  the 
in-plane  stress  resultants  Ne,  Me  and  Qer  are  present  The 
stress  resultants  in  the  axial  direction,  Nx,  Mx,  the  shear 
stress  resultant  Nxe,  the  twisting  moment  resultant  MXq 
and  the  transverse  shear  force  are  all  zero  since  the 
displacements  are  constant  in  the  axial  direction  and  the 
axial  displacements  are  zero. 

Starting  with  the  classical  theory  of  elasticity,  the 
polar  strain-displacement  relations  are  given  by 
Timoshenko  and  Goodier  (1951): 
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A  neutral  surface  system  of  coordinates  is  used  instead  of 
the  global  polar  coordinates  to  simplify  the  equations. 
Thus,  the  change  of  variable  is: 

r  =  a  +  z  =  a{l  +  j/a'j,  (5) 

where  a  is  the  radius  of  the  ring.  Combining  the  polar 
strain-displacement  relations  Eq.  (4)  and  the  change  of 
coordinate  system  Eq.  (5),  the  strain-displacement 
relations  in  the  neutral  surface  coordinate  system  become: 


(10c) 


<9w 

£r"  *" 


«*  — 


7  9  r 


'("/a. 

_ 1_ 

a(l  + 


(6a) 

dv 

(6b) 

w  +  — — 

de 

y[£— C^)fj 

(6c) 

Since  the  ring  is  thin,  a  linear  variation  in  the  tangential 
direction  and  a  constant  radial  displacement  through  the 
thickness  are  assumed  (Kirchhoffs  assumption;  Soedel, 
1981): 


V  =  v°  +  z/3 


w  =  w 


(7a) 

(7b) 


where  P  is  the  rotational  displacement  and  v°  and  w°  are 
the  neutral  surface  tangential  and  radial  displacements, 
respectively.  If  the  shear  deflection  is  neglected  (y9r  = 

0),  the  expression  of  P  is  obtained  from  Eqs.  (6c)  and  (7): 


P  = 


v°- 


d»° 

d6 


(8) 


Even  though  we  assumed  the  shear  strain  y^to  be  zero, 

this  does  not  imply  that  the  transverse  shear  force  is 
neglected.  When  the  ring  is  thin,  the  z/a  term  can  be 
neglected  since  it  is  much  less  than  one.  Thus,  the  strain- 
displacement  relations  become: 
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The  membrane  force,  bending  moment  and  transverse 
shear  force  resultants  are  obtained  by  integrating  through 
the  thickness  of  the  ring: 
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where  the  membrane  stiffness  is: 
K  =  Ets, 

and  the  bending  stiffness  is: 


Et  3 
12 


(11a) 


(Hb) 


It  must  be  noted  that  the  Poisson's  ratio  is  not  present  in 
the  stiffnesses  expressions  Eq.  (11)  since  the  ring  is  free 
to  deform  in  the  axial  direction. 

The  equilibrium  equations  derivation  is  based  on  the 
energy  method.  Using  Hamilton's  principle,  the  Love  ring 
equations  for  the  equivalent  loading  scheme  will  be 
developed.  Hamilton's  principle  is  given  by: 


^[8{U-Eb-EL)-SK\dt  =  0, 


(12) 


where  8(U-Eb-E|J  is  the  total  variational  potential  energy 
and  5K  is  the  variational  kinetic  energy.  Since  the  ring  is 
subjected  to  static  loading,  the  kinetic  energy  term  is 
equal  to  zero. 

The  first  term  involved  in  the  total  potential  energy  is 
the  strain  energy.  The  infinitesimal  ring  element  is 
subjected  to  tangential  stress  <r0  and  to  a0r  only.  Thus, 
the  strain  energy  stored  in  this  infinitesimal  element  is: 

dU  =  ^(<jgeg+ceryer)ad9dxdz.  (13) 

The  transverse  shear  term  is  retained  in  order  to  obtain  an 
expression  for  b,  even  though  it  was  assumed  that  yer  =  0 
Eq.  (9c).  The  previous  equation  is  integrated  over  the 
volume  of  the  ring  to  obtain  the  total  strain  energy: 

u=  JJJ  \(<ygeg  +  c9rygr)adedxdz.  (14) 

x$z  L 

The  free  body  diagram  of  the  ring  is  shown  in  Fig.  3. 
The  possible  externally  applied  boundary  forces ‘and 
moment  resultants  introduce  energy  into  the  ring.  This 
second  type  of  potential  energy  is  given  by: 


due  to 


Eb=l(Ng'v0+Qgr\°  +  M9’p)dx. 

X 

te  term  of  potential  energy  introduced  in  the  ru 
external  loading  is  due  to  a  radial  pressure  and 


(15) 


discrete  tangential  load  (Fig.  4).  The  external  loading 
energy  is  given  by: 


EL  =  JJ  prw°  ad9dx  +  j L6v°  dx.  (16) 

x$  x 


Rewriting  the  previous  equation  under  a  unique  double 
integral  by  introducing  a  Dirac  function: 


EL  =  \\[^-8(9-epy  +  pr»°\adedx. 


(17) 


x9\ 


where  0p  is  the  location  of  the  applied  line  load.  The 
loads  are  assumed  to  be  applied  on  the  neutral  surface  of 
the  ring. 


Introducing  the  variational  operator  in  the  potential 
energy  expressions,  one  can  obtain  the  variational  strain 
energy: 

&r  =  jjj[crd8e6+(J$r&dr]cid9dxdz.  (18) 

x9  z 


Substituting  the  strain-displacement  relationships  Eq.  (9) 
and  using  the  zero  normal  shear  strain  Love 
simplification,  Eq.  (18)  is  rewritten  as: 


su=jjj 

rxd 


<*8 


r9Sv°  dsp  .  0 


aBr 


8Pa- 


dSv° 

B6  99 


d9dxdr.  (19) 


Integrating  by  parts,  the  above  expression  for  the 
variational  strain  energy  becomes: 


5v°  +  Me  Sp  +  Qa.  5»°}dx 

(20a) 


The  variational  form  of  the  energy  introduced  by  the 
external  boundary  forces  is: 

SEb  =  J  (NqSv0  +Qer'd»°  +  M0m8p)dx,  (20b) 

X 

and  the  variational  external  loading  energy  is: 


Figure  4 .  External  loading  applied  to  the  ring. 


8Ei  -  ff(—S(9-9p')Sv°  +  pr&vc 

■xfk  a 


adBdx.  (20c) 


Substituting  the  expressions  of  the  different  types  of 
energy  involved  in  the  total  variational  potential  energy 
Eq.  (20)  in  Hamilton's  principle  Eq.  (12),  we  obtain 


(21) 


Rewriting  the  previous  equation: 


u. 


99 


+  QSr  +  LdS(e  -  +  Ne  +apr)3w°  +  Qera)sp 


99 


d9dxdt  + 


llt\  fr* -N&)Sv°  +  (&►*  - Qer)*"0  +  [Mi  -Md]sp}dxdt  =  0 


(22) 


To  be  satisfied,  each  integral  term  of  Hamilton's  principle 
must  be  individually  zero.  Since  the  variational 
displacements  cannot  be  zero  due  to  their  arbitrariness, 
the  Love  circular  ring  equations  are: 


-j^  +  Qer  +  LeS[9-9p^  =  0, 

(23a) 

jq  Nd  +  apr-  0, 

(23b) 

and 

d 

II 

f 

sfi* 

(23c) 

Substituting  Eq.  (23c)  in  Eqs.  (23a)  and  (23b),  the 
equilibrium  equations  of  the  circular  ring  are  found  to  be: 

(24a) 

Jz  }  aNe{9)+a2pr{9)  =  0. 

(24b) 

The  derived  equilibrium  equations  Eq.  (24)  are  very 
similar  to  those  obtained  by  Soedel  (1981)  and  Flugge 
(1973).  The  difference  appears  in  the  tangential  loading 

term  aLg S(0-0p)  which  replaces  the  a2 pQ( 8)  term 

when  tangential  pressure  loading  is  considered. 

By  setting  the  line  integrals  to  zero  in  Eq. 
necessary  boundary  conditions  for  the  ring  are: 

(22),  the 

Ng  =  Ne *  or  v°  =  v°  , 

(25a) 

Mg=Mg'0X  p  = 
and 

(25b) 

Q-Q  OT  W°  =  w°  . 

(25c) 

Derivation  of  the  Tn-Phase  Actuation 

■Pefarmatimi  Morifl 

With  the  governing  equations  now  derived,  the  next 
step  is  to  apply  them  to  the  particular  problem  shown  in 
Fig.  5.  To  simplify  the  analytical  model  derivation,  the 
actuator  stiffness  will  be  neglected. 


ring. 


As  established  previously,  the  ring  is  subjected  to  discrete 
tangential  forces  at  the  end  of  the  modeled  actuator  and  to 

a  uniform  radial  pressure  of  magnitude  (— )  Eq.  (1),  to 

a 

ensure  equilibrium  of  the  ring.  The  loading  of  the  ring  is 
expressed  using  Dirac  and  Heaviside  functions: 


L0(9)  =  Le[s--8+] 

(26) 

Pr(9)  =  pr[H~  -  H+\  =  -i±[/r  -  tf+]  , 

(27) 

where 

9-=9-(n-90) 

(28a) 

9+  =  e-(a  +  90) 

(28b) 

<r=s[<r] 

(29a) 

5+  =  <5[a+] 

(29b) 

/r  =  //[$"] 

(30a) 

//+  =  //[e+]. 

(30b) 

5 


The  integration  constants  will  be  determined  from  the 
continuity  conditions  at  0=  0,  2:t : 


wo(0)=wo(2x) 

(31a) 

v°(0)  =  v°(2n) 

(31b) 

P(Q)  =  P(2tc). 

(31c) 

From  the  rotational  displacement  expression  Eq.  (8),  it  is 
possible  to  rewrite  the  continuity  conditions  of  Eq.  (31c), 
by  making  use  of  Eq.  (31a),  as: 


For  thin  rings,  the  £  term  is  neglected  since  its  value 
Ka 2 

is  much  less  than  one.  The  radial  displacement  equation 
is  obtained  using  Laplace  transform: 


w°(6)  =  - 


Cx  (l-  CosB)  +  ^-{Sin9  -  9  Cos9) 

+  ~2~{9 Sin9)  +  w° (0)Cos9  +  w°  (0 )Sin9 

+^[(l  -  Cos9~)H~  -  (l  -  C*ry] 

(37) 


wfO(0)  =  w'°{2n).  (3  Id) 

Combining  the  equilibrium  equations  Eq.  (24),  the 
differential  equation  for  the  moment  in  the  ring  is 
obtained  as  follows: 


£MM). 

d9 3 


dM0{6)  2 

d9 


L6(9) 


+  P'r(9) 


=  0.  (32) 


Substituting  the  loading  expressions  Eqs.  (26)  and  (27)  in 
the  previous  equation  (Eq.  (32)),  it  can  be  seen  that  the 
right  hand  side  of  the  equation  will  be  zero.  Solving  the 
differential  equation  (Eq.  (32)),  an  expression  of  the 
moment  distribution  in  the  ring  is  obtained: 


Introducing  Eq.(37)  in  Eq.  (10a),  the  tangential 
displacement  differencial  equation  is 


dv°(fl)  _  q2 
d9  ~  D 


-Ci  (1  -  Cos 9)  -  &  ( Sin9  -  9  Cos9) 

^2.(9  Sind) -w°(0)Cos9-w°  (0 )Sin9  • 

+2h.\Cos9~H~  - Cosd+H*] 

K  *•  J 

(38) 


Solving  this  equation  using  Laplace  transformation  and 
applying  continuity  conditions  Eq.  (31),  the  equations  of 
the  radial  and  tangential  displacements  are  found  to  be: 


Mq(0 )=  C\  +  CoSind  +  C^CosQ . 


(33) 


Combining  the  two  stress-displacement  equations  Eq. 
(10),  the  following  differential  equation  is  obtained: 


dV(fl)  a2  (  Nd{9)D 


w°(9)+ - y 

d92 


Ka 


-Mg(9)\.  (34) 


Rewriting  the  second  equilibrium  equation  (Eq,  (24b)): 
Ax 


Ngie)=l.±J^l+apA9). 


a  d9 


(35) 


V°{9): 


a2  Pr 

K 


SinQ0 

n 


(Sind-QCosQ) 


+\Sin9~  H~  -Sin9+  H+ 


(39) 


and 


wo{e)=i^\ 


SinQi 


it 


— 9  Siud  + 


(l  -  Cos9~)h~  -  (l  -  Cos0+)//+] 


(40) 


Finite  Element  Verification 


Substituting  the  expression  of  the  moment  Eq.  (33)  and 
the  tangential  force  Eq.  (35)  into  Eq.  (34),  the  following 
differential  equation  in  w°(8)  is  obtained: 


w°{9)  + 


d2w(9)  a2 

d92  D 


Ci+C2 


1  +  - 


Ka 


f 


C3 

L  V 


1  + 


LSi/i  9  + 


D 


Ka1 


Cos9-  —  pr{9) 


(36) 


The  developed  in-phase  actuation  deformation  model 
is  verified  using  finite  element  analysis.  A  ring  of  6” 
radius,  0.032"  thickness  and  1"  deep,  and  piezoelectric 
actuators  1/6  of  the  ring  thickness  and  covering  an  arc  30° 
long  (20o),  are  used.  Making  use  of  symmetry,  the  finite 
element  model  consists  of  beam  elements  only  in  the 
upper  half,  as  shown  in  Fig.  6.  Two  loading  cases  are 
considered:  i)  temperature  contraction  equivalent  to  1000 
p. strain  of  the  beam  elements  modeling  the  actuator 
region;  and  ii)  equivalent  discrete  forces  and  uniform 
pressure  loading  from  Eqs.  (1)  and  (2).  The  finite  element 
analysis  results  are  shown  in  Fig.  7,  as  well  as  the  in- 
phase  actuation  deformation  model  results.  A  single 


curve  can  be  observed  since  the  curves  match  perfectly. 
Also  shown  in  Fig.  7  are  the  displacements  of  the  same 
ring  if  only  discrete  tangential  forces  are  applied  (point 
force  model).  The  point  force  model  does  not  satisfy  the 
ring's  self-equilibrium.  Major  displacement  discrepancies 
between  the  in-phase  actuation  deformation  and  the  point 
force  model  occur  both  in  shape  and  magnitude.  The 
point  force  model  overpredicts  the  displacements  by  a 
factor  up  to  1000,  Fig.  8  shows  the  deformed  shape  of  the 
self-equilibrium  loading  and  the  non-equilibrium  loading 
with  the  displacements  magnified  by  a  500  and  2  factor, 
respectively.  It  can  be  seen  again  that  when  a  uniform 
pressure  is  not  applied  to  maintain  equilibrium,  the 
deformed  shape  is  erroneous.  Also,  a  reaction  force  in  the 
x-direction  at  the  clamped  boundary  condition  is  present  if 
the  uniform  pressure  is  not  applied.  This  reaction  force 
should  not  be  present  since  the  actual  ring  with  bonded 
actuators  is  in  self-equilibrium.  The  adequate  equivalent 
loading  did  not  show  any  reaction  force  in  the  x-direction 
at  the  clamped  boundary  condition.  The  verification  of 
the  results  also  have  been  made  with  10°  and  60°-long 
piezoelectric  patches,  and  the  coincidence  is  still  perfect 
between  the  in-phase  actuation  deformation  model  and  the 
finite  element  analysis. 


Figure  6.  Beam  finite  element  model. 


Figure  8.  Deformed  shape  of  the  ring  with  and  without 
self-equilibrium  loading. 

However,  it  must  be  mentionned  that  the  deformation 
of  the  ring  is  very  sensitive  to  the  applied  load  in  the  finite 
element  model.  An  error  of  0.1%  in  the  magnitude  of  the 
applied  equivalent  line  force  will  completely  change  the 
response  of  the  ring.  This  sensitivity  of  the  nodal 
displacements  is  due  to  the  low  stiffness  of  the  ring 
(0.032"  thick  only).  The  application  of  a  tangential  line 
force  of  0.1%  magnitude  of  the  applied  equivalent  line 
force  on  the  ring  will  produce  nodal  displacements  of  the 
same  order  as  the  self-equilibrium  loading  nodal 
displacements. 

Also,  the  pressure  loading  must  be  transformed  to 
nodal  forces  only  (lumped  loading).  The  lumped  loading 
is  often  better  for  flat  elements  representing  a  curved 
surface  (De  Salvo  and  Swanson,  1979). 
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figure  7.  Match  of  displacements  between  the  analytical  model  and  the  beam  finite  element  model. 


Figure  9.  Plane  stress  finite  element  model. 


Up  to  this  point,  the  added  stiffness  of  the  actuators 
has  been  neglected  both  in  the  analytical  model  and  the 
finite  element  analysis.  A  second  finite  element  model, 
using  plane  stress  elements  in  the  actuator  region  to 
include  the  actuator's  stiffness,  is  made  to  compare  the 
actual  behavior  of  the  system  to  the  derived  analytical 
model  (Fig.  9).  To  keep  the  FE  model  small,  the  actuator 
size  is  reduced  to  10°  (280).  The  radial  and  tangential 
displacements  are  shown  in  Fig.  10.  Disparities  between 
the  analytical  model  and  the  plane  stress  finite  element 
model  are  present  since  no  assumptions  on  the  actuator 
stiffness  or  on  the  equivalent  loading  are  made  on  the 
latter  one.  Even  though  displacement  differences  are 
present,  the  plane  stress  finite  element  model  validates  the 
derived  analytical  model  since  it  gives  results  of  the  same 
order  of  magnitude  with  similar  deformed  shapes  as 
opposed  to  the  point  force  model  previously  discussed. 
The  deformed  shape  of  the  analytical  model  and  the  plane 
stress  finite  element  model  is  shown  in  Fig.  11. 
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Figure  11.  Deformed  shape  of  the  ring  with  and  without 
self-equilibrium  loading  using  plane  stress 
elements. 


The  discussion  of  in-phase  actuation  of  induced  strain 
actuators  symmetrically  bonded  on  shells  can  be  extended 
to  unsymmetric  actuation.  Unsymmetric  actuation  is 
obtained  when  the  actuators  on  each  side  of  the  shell  are 
submitted  to  voltages  of  different  magnitudes,  or  when  a 
single  actuator  is  bonded  on  one  side  of  the  shell. 
Unsymmetric  actuation  is  a  combination  of  extension  and 
bending  of  the  shell  and  can  be  solved  using  simple 
superposition.  Thus,  for  unsymmetric  actuation,  the 
equivalent  loading  will  consist  of  discrete  tangential 
forces  and  moments  at  the  ends  of  the  actuator(s)  and  a 
distributed  transverse  pressure  over  the  actuator(s) 
footprint  to  maintain  the  self-equilibrium  of  the  shell. 


Angle 


Figure  10.  Match  of  displacements  between  the  analytical  model  and  the  plane  stress  finite  element  model 


Conclusion 

In  this  paper,  a  deformation  model  for  a  circular  ring 
subjected  to  in-phase  actuation  was  derived.  The  actuator 
equivalent  loading  includes  a  uniform  transverse  pressure 
to  maintain  the  self-equilibrium  of  the  shell  structure.  The 
results  of  the  in-phase  actuation  deformation  model  are  in 
exact  agreement  with  the  finite  element  results  the  when 
actuator  stiffness  is  neglected.  If  the  actuator  stiffness  is 
considered,  the  analytical  model  gives  a  good 
approximation  of  the  shell's  deformed  shape.  If  the  self¬ 
equilibrium  is  not  maintained  (point-force  model),  the 
predicted  deformed  shape  is  completely  different  from  the 
actual  shell  response  to  in-phase  actuation.  Thus,  to 
obtain  accurate  results,  a  uniform  transverse  pressure 
should  be  applied  to  maintain  the  shell  self-equilibrium. 
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INTRODUCTION 

The  objective  of  Active  Structural  Acoustic  Control  (AS AC)  is  to  minimize 
the  sound  radiating  from  a  vibrating  structure  with  integrated  actuators  and 
sensors.  The  need  for  high  performance,  compact  and  lightweight  noise  control 
systems  has  motivated  researchers  to  investigate  the  use  of  porous  layers  and 
piezoelectric  materials  for  sound  transmission  and  reflection  control.  Kang  et  al. 
[1]  studied  the  effect  of  foam  anisotropy  and  mounting  on  the  normal  incidence 
reflection  coefficient  offered  by  finite-depth  polyimide  foam  layers.  A  porous 
layer  can  absorb  a  significant  amount  of  acoustic  energy  only  if  its  thickness  is 
comparable  to  the  wavelength  of  incident  sound.  It  inevitably  becomes  a  less 
effective  sound  absorber  as  the  frequency  is  decreased.  The  use  of  active 
methods  to  extend  the  frequency  range  of  sound  absorbers  to  lower  frequencies 
has  been  investigated  by  Guicking  et  al.  [2]  and  Wenzel  [3].  Similarly,  Bolton  et 
al.  [4]  presented  a  theory  which  allowed  the  required  force,  displacement  and 
control  power  to  be  calculated  for  "smart  foams"  allowing  active  absorption  of 
sound.  They  showed  that  at  any  angle  of  incidence,  the  solid  phase  of  the  foam 
may  be  forced  so  as  to  create  a  perfect  impedance  match  with  the  incident  plane 
wave,  thus  causing  the  sound  to  be  completely  absorbed.  "Smart"  acoustic 
control  systems  may  be  manufactured  by  incorporating  piezoelectric  materials.  A 
high  AC  voltage  applied  to  a  piezoelectric  material  causes  it  to  vibrate  in 
response  to  the  forces  produced  by  the  piezoelectrically  induced  expansion  or 
contraction.  Conversely,  when  an  external  force  applied  to  the  piezoelectric 
material  results  in  a  compressive  or  tensile  strain,  a  proportional  voltage  is 
generated.  This  phenomena  allows  the  material  to  be  utilized  as  an  actuator  and  a 
sensor.  An  active  acoustic  coating  has  been  developed  by  Howarth  et  al  [5,6] 
which  prevents  an  incident  sound  wave  from  reflecting  off  a  submerged  object. 
The  elastomer  coating  consists  of  a  piezocomposite  actuator  and  piezoelectric 
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polymer  sensors.  Lafleur  et  al.  [7]  were  succesful  in  using  a  multi-layer 
piezoelectric  composite  of  piezorubber  to  control  reflected  and  transmitted  sound 
in  a  fluid-filled  tube. 

Very  little,  if  any  work  has  been  carried  out  to  develop  active  foams  for 
radiation  control.  In  this  study,  Polyvinylidene  fluoride  (PVDF),  a  piezoelectric 
polymer  film,  is  encapsulated  in  partially-reticulated  polyurethane  foam  creating 
an  “adaptive  foam  “element  The  active  foam  element  is  driven  in  such  a  way  as 
to  minimize  the  radiated  sound  from  a  vibrating  piston  as  well  as  reflection  from 
its  surface  depending  upon  the  application.  The  objective  of  this  study  is  to 
investigate  the  potential  of  adaptive  foam  for  radiation  and  reflection  control. 

ADAPTIVE  FOAM  ACTUATOR 

The  active  foam  element  used  in  this  study  is  comprised  of  a  circular  piece  of 
partially  reticulated  polyurethane  foam  internally  lined  with  PVDF  as  in  Figure.  1. 
To  manufacture  the  active  element,  a  sine  wave  is  cut  in  a  50  mm  by  150  mm  (2 
in  by  6  in)  circular  piece  of  foam.  A  sheet  of  28  yon  Ag  rretalized  PVDF  is 
fabricated  to  fit  the  entire  cross-sectional  area  of  the  foam  Approximately  2  mm  of 
the  silver  electrodes  are  removed  from  the  periphery  of  the  PVDF  to  prevent  arcing,. 
To  facilitate  the  application  of  a  voltage  to  the  actuator,  wires  are  soldered  to  the  top 
and  bottom  surface  of  the  PVDF  using  copper  foil  tape  backed  with  conductive 
adhesive.  This  wire  attachment  is  reinforced  by  applying  Ag-epoxy  around  the  copper 
foil/PVDF  interface.  Using  silicon  glue  or  spray  adhesive,  the  PVDF  actuator  is 
bonded  in  between  the  two  foam  halves  forming  an  active  PVDF  foam  elerrent.  To 
investigate  the  feasability  of  a  combined  actuator  and  sensor  arrangement,  a 
circular  piece  of  28  \im  Al  metallized  PVDF  film,  approximately  50  mm  (2  in)  in 
diameter,  is  mounted  on  top  of  the  active  foam  surface  using  spray  adhesive.  This 
PVDF  sensor  measures  the  rate  of  surface  strain  induced  by  structural  vibrations 
and  acoustic  radiation.  The  Al  metallization  provides  a  higher  sensitivity  and  is 
well  suited  for  sensing  applications.  Conversely  the  Ag  metallization  can  sustain 
higher  voltages  needed  for  actuator  applications. 


PVDF 


Figure  1.  Adaptive  foam  element 
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Experimental  Setup 

The  experimental  arrangement  is  illustrated  in  Figure  2.  The  noise  source  is  a 
metal  piston  enclosed  in  a  casing  which  stands  0.76  m  (2.5  ft)  tall  and  has  a  0.30 
m  (1.0  ft)  circular  cross  section.  On  top  of  the  casing  is  a  50  mm  by  150  mm  (2  in 
by  6  in)  circular  cavity  which  exposes  the  piston's  head  and  determines  the  size  of 
the  active  foam  element  to  be  used.  During  the  experiment,  the  noise  source  is 
mounted  inside  a  rigid  baffle  located  in  an  anechoic  chamber,  while  all  auxiliary 
test  equipment  is  placed  outside  this  chamber.  Pure  tones  from  a  Wavetek  signal 
generator  are  used  to  drive  a  mechanical  shaker  located  underneath  the  piston 
creating  a  radiation  pattern  that  is  comparable  to  a  monopole  radiating  in  half 
space  at  the  test  frequencies  studied.  A  1/2"  B&K  microphone  is  mounted  on  a 
stepper  motor  traverse  at  a  1.5  m  (5  ft)  distance  from  the  noise  source  to 
measure  the  farfield  acoustic  directivity.  The  controller  consists  of  a  single 
channel  filtered-x  LMS  control  algorithm  implemented  on  a  Spectrum 
TMS320C30  DSP  board  resident  in  a  personal  computer.  A  B&K  2032 
Spectrum  Analyzer  displays  the  sound  pressure  levels  with  and  without  control 
applied  indicating  the  effectiveness  of  the  passive  and  passive-active  control 
treatment. 


Figure  2.  Radiation  control  experimental  arrangement. 

I 

The  experimental  procedure  consists  of  two  parts.  In  the  first  part,  the 
pressure  response  measured  by  the  farfield  traverse  microphone,  located  at  0°,  is 
the  error  to  be  minimized  and  is  used  in  the  system  identification  process.  This  j 

} 
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error  signal  is  conditioned  by  an  Ithaco  filter  and  amplified  prior  to  being 
incorporated  in  the  filtered-x  LMS  algorithm  along  with  a  reference  signal  from 
the  disturbance.  The  sampling  rate  is  1000  Hz.  The  resulting  control  signal  is 
amplified  and  used  to  drive  the  PVDF  actuator  with  AC  voltage  levels  of  up  to 
300  V  producing  a  strain  in  the  piezoelectric  material  and  corresponding  acoustic 
radiation.  Once  the  farfield  pressure  is  minimized  at  0°,  the  coefficients  of  the 
adaptive  filter  are  fixed  and  the  directivity  pattern  is  measured  from  -90°  to  90° 
with  and  without  control  applied.  The  response  of  the  surface  mounted  PVDF 
sensor  is  monitored  while  minimizing  the  pressure  level  at  the  farfield  microphone 
location.  In  the  second  part  of  the  experiment,  the  response  from  the  PVDF 
sensor  is  now  considered  the  error  signal  to  be  minimized.  Again,  the  acoustic 
directivity  pattern  is  measured  -90°  to  90°  using  the  traverse  microphone. 
Comparing  the  sound  pressure  level  before  and  after  control  gives  an  indication 
of  the  acquired  global  sound  attenuation. 

Experimental  Results 

Several  test  frequencies  between  70  Hz  and  400  Hz  have  been  studied.  A 
typical  result  corresponding  to  a  340  Hz  drive  frequency  is  shown  in  Figure  3. 
The  resulting  sound  pressure  level  dB(SPL)  has  been  recorded  at  21  discrete 
locations  as  the  traverse  microphone  shifted  from  -90°  to  90°. 


-  Untreated  Piston 

- AF:  No  Control 

9  =  0°  - AF:  Control 


Figure  3.  Radiation  control  using  PVDF  layered  Adaptive  Foam  (AF)  with 
microphone  error  sensor,  f  =  340  Hz. 

The  acoustic  radiation  efficiency  of  the  piston  noise  source  is  significantly 
increased  after  placement  of  the  unactivated  adaptive  foam.  Reasons  for  the 
increase  in  sound  pressure  level  are  not  fully  understood  at  the  moment  but  are 
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most  likely  due  to  the  adaptive  foam  increasing  the  radiation  coupling  of  the 
piston.  The  results  do  indicate  that  much  care  must  be  taken  in  designing  active 
passive  systems.  However,  minimizing  the  sound  pressure  level  at  0°  using  the 
farfield  microphone  results  in  a  global  sound  attenuation  of  approximately  20  dB, 
compared  with  the  untreated  noise  source.  The  adaptive  foam  accomplishes  the 
global  noise  cancellation  by  changing  the  radiation  impedance  seen  by  the  piston. 
Experiments  performed  using  the  surface  mounted  PVDF  film  as  an  error  sensor 
exhibit  no  farfield  pressure  reduction.  In  fact,  farfield  pressure  minimization  tends 
to  increase  the  signal  measured  by  the  PVDF  sensor.  Conversely,  the  farfield 
sound  pressure  level  detected  with  the  traverse  microphone  is  increased  if  the 
signal  from  the  surface  bonded  PVDF  sensor  is  minimized  in  the  process  of 
adaptation.  However,  using  a  microphone  in  the  vicinity  of  the  foam  surface 
results  in  global  farfield  sound  attenuation.  Potential  reasons  for  this  phenomena 
are  due  to  the  complex  dynamics  between  the  PVDF  actuator,  the  partially- 
reticulated  polyurethane  foam  and  the  PVDF  sensor.  The  sensor  is  mounted  to 
the  surface  of  the  foam  and  is  able  to  detect  acoustic  pressure  fluctuations  as  well 
as  structural  vibrations  generated  by  the  piston  and  the  PVDF  actuator 
transmitted  into  the  solid  phase  of  the  foam.  Acoustical  disturbances  propagating 
within  the  liquid  phase  of  the  foam  must  follow  tortuous  passages.  Tortuosity 
reduces  the  phase  speed  of  airborne  waves  within  the  foam  and  increases  the 
viscous  and  inertial  coupling  between  the  fluid  and  solid  phases  of  the  foam  [1]. 
It  is  desired  that  the  PVDF  sensor  bonded  to  the  foam  only  detect  pressure 
fluctuations  in  the  nearfield  of  the  complex  secondary  source,  but  the  viscous  and 
inertial  coupling  between  the  liquid  and  solid  phase  is  prominent.  Accordingly, 
the  phase  information  of  the  desired  acoustic  error  signal  is  distorted,  which 
prevents  farfield  cancellation  when  using  a  surface  mounted  sensor. 

During  the  process  of  system  identification,  which  is  essential  for  application 
of  the  filtered-x  LMS  algorithm,  the  output  spectrum  of  the  farfield  error 
microphone  is  monitored  yielding  an  indication  of  the  actuator  characteristics. 
The  adaptive  foam  exhibits  a  nonlinear  distortion  in  the  frequency  range 
investigated.  A  second  harmonic  of  the  excitation  frequency  is  observed  having  a 
magnitude  of  approximately  20  dB  below  the  fundamental  drive  frequency.  The 
presence  of  this  nonlinear  distortion  is  influenced  by  the  attachment  of  the  PVDF 
actuator.  This  characteristic  is  not  fully  understood.  However,  these  properties 
are  currently  being  investigated. 

REFLECTION  CONTROL 


Experimental  Setup 

The  efficiency  of  ‘  smart”  adaptive  foams  has  also  been  applied  to  minimize 
the  reflected  plane  wave  intensity  of  low  frequency  sound.  A  thin  28  \xm  Ag 
metallized  PVDF  layer  is  embedded  in  partially-reticulated  foam,  which  has  been 
used  in  the  radiation  control  experiments.  The  adaptive  foam  has  a  circular  cross 
section  of  90  mm  (3.5  in)  and  is  50  mm  (2  in)  thick  and  is  positioned  at  one  end 
of  a  B&K  4002  standing  wave  tube  with  a  cutoff  frequency  of  1600  Hz  as  shown 
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in  Figure  4.  The  two  microphones  for  estimating  the  reflected  intensity  in 
accordance  with  the  ASTM  standard  E  1050-90  [8]  are  positioned  at  a  distance 
of  100  mm  (4  in)  and  150  mm  (6  in)  from  the  foam  surface.  A  B&K  2032 
Spectrum  Analyzer  provides  the  frequency  domain  estimates  of  the  microphone 
spectra  needed  to  calculate 'the  reflected  sound  wave  intensity,  as  well  as  the 
driving  input  signal  to  a  loudspeaker  which  is  located  at  the  opposite  end  of  the 
standing  wave  tube  and  acts  as  the  primary  noise  source.  An  analog  wave 
deconvolution  circuit,  which  has  been  used  by  Elliott  [9],  provides  a  real  time 
domain  estimate  of  the  reflected  sound  wave.  This  signal  is  used  as  an  error  input 
to  modify  the  weights  of  an  adaptive  filter.  The  control  is  accomplished  using  the 

“l*  LN?S  dgonthm-  1116  resulting  control  signal  activates  the  embedded 
RVDF  film  after  being  lowpass  filtered  and  amplified. 


Figure  4.  Reflection  control  experimental  arrangement. 


Experimental  Results 

The  efficiency  of  a  smart  foam  for  minimizing  the  reflected  sound  intensity  has 
.  J"vef5gated  USU1S  a  sinusoidal  tone  for  the  frequency  range  of  100  Hz  to 
1UU0  Hz.  The  experimental  results  are  summarized  in  Figure  5.  Reflection  control 
is  ased  on  the  process  of  actively  creating  an  impedance  at  the  surface  of  the 
team  which  matches  the  impedance  seen  by  the  incident  plane  wave  propagating 

pvnc  °m  1116  TS0UrCe‘  This  “npedance  niatch  is  generated  by  the  embedded 
PVDF  actuator.  In  Figure  5,  the  amount  of  passive  attenuation  is  indicated  by  the 
difference  between  the  “reflected  wave”  and  “incident  wave”  amplitude  and  is 
negligible  below  300  Hz.  The  attenuation  achieved  with  the  active  foam  (i.e. 
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both,  active  and  passive)  is  given  by  the  difference  between  “reflected  wave 
under  control”  and  the  “incident  wave.”  Up  to  40  dB  of  attenuation  is  achieved 
at  frequencies  above  600  Hz  with  the  adaptive  foam.  The  attenuation  efficiency  is 
markedly  improved  in  comparison  to  the  passive  attenuation  of  the  pure  foam.  At 
low  frequencies  between  150  and  300  Hz,  where  the  passive  attenuation  tends  to 
be  less  efficient,  the  adaptive  foam  still  provides  about  10  dB  attenuation. 


Figure  5.  Minimization  of  the  reflected  sound  intensity. 


CONCLUSION 

Our  experiments  prove  the  efficiency  of  composite  active  foam  layers  for 
controlling  low  frequency  sound.  These  adaptive  foams  are  effective  in  reducing 
reflected  sound  energy  and  also  capable  of  reducing  the  radiated  sound  power  of 
a  vibrating  structure.  Standing  wave  tube  experiments  reveal  that  the  reflected 
sound  intensity  of  an  incident  plane  wave  can  be  minimized  by  as  much  as  55  dB 
for  frequencies  below  1  kHz.  Experimental  results  prove  that  a  20  dB  attenuation 
of  the  farfield  sound  pressure  level  can  be  achieved  for  a  vibrating  piston.  These 
results  are  typical  for  drive  frequencies  below  400  Hz.  The  increase  in  radiation 
efficiency  observed  when  investigating  the  passive  properties  of  the  adaptive 
foam  element  indicates  the  need  for  careful  active-passive  control  design 
approaches.  An  attempt  was  made  to  monitor  and  cancel  the  nearfield  sound 
pressure  using  a  PVDF  sensor  mounted  on  the  surface  of  the  foam.  This  setup 
was  unsuccessful  and  further  research  is  needed. 
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ABSTRACT 


A  single  piezoceramic  (PZT)  patch  bonded  to  a  structure 
may  be  used  as  a  collocated  actuator/sensor  for  structural 
modal  analysis.  The  frequency  response  function  (FRF)  of 
the  structure  can  be  deduced  from  the  electric  admittance 
of  PZT  as  a  result  of  the  electromechanical  interaction. 
This  paper  presents  a  modal  analysis  technique  based  on 
the  electric  admittance  measurement.  A  generic  model 
governing  the  electromechanical  interaction  is  used  to 
extract  FRF  of  structures  from  the  measured  electrical 
admittance.  Two  corresponding  modal  parameter 
extraction  algorithms  are  presented.  Both  exclude  the 
stiffening  effect  of  PZT  on  the  structure,  yielding  better 
estimations  of  natural  frequencies  and  modal  damping.  A 
new  approach  is  introduced  of  identifying  structural  modal 
shapes  by  measuring  both  the  self-admittance  of  a  single 
sensor  and  transfer-admittance  between  two  sensors  in 
parallel.  The  results  show  the  advantages  of  this  technique 
in  modal  test  of  light-weight  and  flexible  structures  whose 
modal  parameters  are  extremely  sensitive  to  the  stiffening 
of  the  transducers  and  shaker. 


■l.  INTRODUCTION 

■Experimental  modal  testing  has  now  become  a  mature  and 
Standard  technique  in  structure  dynamic  analysis.  It 
usually  consists  of  several  independent  stages:  structure 
^xcitation,  measurement  of  driving  force  and  vibration 
Besponse,  formation  of  Frequency  Response  Function 
®FRF),  and  modal  parameter  extraction.  The  entire  process 
needs  a  set  of  sophisticated  equipment,  such  as  a  multi- 

Ihannel  signal  analyzer,  force  and  response  transducers, 
hakers,  and  various  types  of  signal  conditioners.  Typical 
transducers  used  in  a  modal  test  are  piezoceramic  force 

Fuges,  accelerometers  and  shakers.  The  attachment  of 
nventional  transducers  onto  a  structure  may  result  in 
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considerable  errors  in  the  extracted  modal  parameters, 
especially  with  light-weight  and  flexible  structures.  The 
use  of  Laser  Doppler  Vibrometer  and  eddy  current  sensor 
provide  a  non-contact  measurement  technique,  but  they  still 
need  attachment  of  force  gauge  and  shaker  to  the  structure. 

A  piezoceramic  patch,  on  the  other  hand,  may  serve  as  both 
sensor  and  actuator  I1*2!  at  the  same  time  as  a  result  of 
piezoelectric  effect  and  its  converse.  When  bonded  to  a 
structure  and  driven  by  an  alternating  voltage,  the  PZT 
imposes  a  bending  moment  on  the  structure  through  its 
longitudinal  expansion  and  contraction,  causing  the 
structure  to  vibrate.  This  vibration  then  in  turn 
"modulates"  the  current  flowing  through  the  patch. 
Consequently,  the  electric  admittance  of  the  bonded  patch, 
defined  as  the  ratio  of  the  current  to  the  voltage,  is 
physically  in  the  same  position  as  its  mechanical 
counterparts,  such  as  mobility,  in  representing  the  transfer 
characteristics  of  a  structure  between  the  excitation  and  the 
response.  As  an  electric  quantity,  the  admittance  is  much 
easier  to  measure  than  a  mechanical  transfer  function. 
Because  of  the  light  weight  and  the  low  flexural  stiffness  of 
a  PZT  patch,  the  mass  loading  effect  can  usually  be 
neglected  and  its  stiffening  effect  can  be  easily 
compensated  when  necessary. 

This  paper  presents  a  technique  of  structure  modal  testing 
using  a  surface-bonded  piezoceramic  patch  as  a  collocated 
sensor-actuator.  The  electric  admittance  or  impedance  of 
the  bonded  piezoceramic  patch  versus  frequency  is 
measured  with  a  sine-sweeping  impedance  analyzer.  A 
generic  model  governing  the  electromechanical  interaction 
of  the  actuator  and  the  structure  is  derived  and  used  to 
extract  the  frequency  response  function,  or  mobility  of  the 
structure  at  the  position  where  the  PZT  is  bonded. 

Two  algorithms  of  modal  parameter  extraction  associated 
with  the  technique  are  presented.  One  uses  electric 
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admittance  match/half-power  band  width  method,  and  the 
other  employs  revised  Nyquist  plane  curve  fitting.  Both 
algorithms  can  extract  the  modal  damping  coefficients, 
natural  frequencies  and  curvature  mode  shapes  of  the 
structure.  TTie  model  has  considered  the  stiffening  effect  of 
the  actuator  on  the  structure,  yielding  refined  estimations  of 
extracted  structure  natural  frequencies.  This  is  critically 
important  when  the  test  piece  is  flexible  and  small. 

As  identified  in  a  previous  paper,  an  inherent  problem  with 
this  approach  is  that  the  modal  shapes  extracted  from  the 
admittance  of  collocated  sensors  will  lose  their  spatial 
phase  information  because  of  the  "point"  nature  of  the 
collocated  sensor-actuator.  Introduced  in  this  paper  is  a 
new  method  of  identifying  the  phase  of  modal  shapes  by 
measuring  "transfer-admittance"  of  two  sensors  in  parallel 
with  a  single  impedance  analyzer.  This  results  in  a 
complete  description  of  the  modal  shapes. 


2.  MODELING  OF  ELECTROMECHANICAL 
INTERACTION 

A  piezoceramic,  most  commonly  known  as  PZT,  short  for 
Lead  (Pb)  Zirconate  Titanate,  exhibits  a  bi-directional 
"piezoelectric"  effect.  When  motion  in  only  one  direction 
is  considered  and  the  stress  T  and  the  electric  field  E  are 
chosen  as  the  intensive  variables,  the  electromechanical 
interaction  between  the  stress,  strain,  the  electric  field  and 
flux  density  is  governed  by  the  following  constitutive 
equations: 

S2=4T2+d32E3  (l) 

D3=d32T2+er33{\-iS)E3  (2) 

where,  as  shown  in  Figure  1,  S2  is  the  strain  and  T2  the 
stress  in  PZT  along  the  y-axis,  Ei  the  electric  field  and  D3 
electric  flux  density  along  the  z-axis  between  two  parallel 

surfaces.  s22  the  complex  mechanical  compliance  at  zero 

electric  field,  d32  the  piezoelectric  constant  at  zero  stress, 

£33  the  dielectric  constant  at  zero  stress  and  o  the 
dielectric  loss  tangent  of  PZT.  Assume  that  the  PZT 
actuator  is  fixed  at  one  end  and  the  other  end  is  connected 
to  a  structure  represented  by  a  mass-spring-damper,  the 
velocity  of  the  moving  end  under  voltage  V3  may  be 
expressed  as 


v  = 


Za+Z, 


(3) 


where  Zs  is  the  mechanical  impedance  of  the  structure  and 
Za  the  short-circuit  mechanical  impedance  of  PZT  actuator, 
respectively.  F2b  is  the  force  when  PZT  is  blocked,  which 
can  be  obtained  from  Eq.  (1)  by  simply  letting  S2  =  0  as 

P*  =  -^T^A  =  -di2E3Y^2waha 

S21  (5) 

where  Y ^  =  1  /  sf2  is  the  complex  modulus  of  PZT,  and 
wa  and  1^  are  the  width  and  thickness  of  PZT,  respectively. 
Differentiating  the  electric  flux  density  with  respect  to  time 
and  integrating  it  over  the  electroded  area  yields  the  total 
electric  current  flowing  through  the  PZT 


/3  =  iQ)  jjD,dxdy 


(6a) 


Substituting  Eqs.(2),  (4)  and  (5)  in  it  and  using  the  relation 
E3=V3/ frfland  T2  =  F2/ (yvaha  )  results  in 


/,  =  /<d^L[4  (1  -  iS)  -  -=Zf—  (d„ )’  Y£  K(6b) 

ha  Zs+Za 

or  the  coupled  electric  admittance  of  PZT 

r=E=i<ia[/]j(i-is)--^-(d>2yy£] 

*3  (7a) 


where  la  is  the  length  of  PZT,  and  a  = 


Note  that  a 


uniform  distribution  of  electric  flux  density  in  PZT  is 
assumed  in  the  integration.  It  is  obvious  that  the  first  term 
in  Eq.(7a)  is  the  capacitance  admittance  and  the  second 


and  the  driving  force  on  the  mechanical  system 


term  is  the  result  of  the  electromechanical  interaction  of 
PZT  with  the  structure.  The  mechanical  frequency 
response  function  of  the  structure,  or  the  mobility,  defined 
as  the  ratio  of  velocity  response  to  excitation  force  may  then 
be  easily  solved  from  Eq.  (7a)  as 


H  .=■ 


d2  Ye 

U32J  22 


4(1 


-1 


10X3 


(7b) 


Y=axil€S+ - J  ' - 

(ksTj)2+(ks+ka-msa>2)2 

(ksTj)  +(ks+ka-msa)~yn  (10) 

where  a  =  wala  I ha  and  c  =  The  real  and 

imaginary  parts  of  the  mechanical  mobility  can  then  be 
deduced  as: 


The  significance  of  Eq.(7b)  lies  in  that  the  mechanical 
frequency  response  function  of  a  structure  can  be 
determined  from  the  electric  admittance  of  the 
actuator/sensor  bonded  to  the  structure.  This  provides  a 
convenient  alternative  to  the  shaker-impedance  head 
approach  for  determining  a  frequency  response  function  of 
a  mechanical  structure,  which  constitutes  the  basis  of 
experimental  modal  analysis.  Although  most  modal 
analysis  approaches  are  applicable  to  Eq.(7b)  in  general, 
the  extraction  algorithms  presented  in  this  paper  are 
different  due  to  the  involvement  of  the  actuator  impedance 
Za  in  the  structure  impedance  expression  and  the 
"collocated"  nature  of  the  sensor. 


HrH^H-sS)lc  = 


0X3 


(ksrj)2  +(k,+ka-mso)2)2 
(11) 


H ; 


(Im(r)  -  c)/c=  ka(ks  +  ka-msor) 
on  (*,  V)2  +  (K  +  ka-  ms0)2  )2 


(12) 


As  a  PZT  actuator  usually  has  a  size  much  smaller  than 
that  of  the  host  structure,  its  mechanical  damping  can  be 
ignored.  Equations.(ll)  and  (12)  traces  out  a  non-closing 
circle  in  Nyquist  plane  as 


3.  MODAL  PARAMETER  EXTRACTION  WITH 
SDOF  MODEL 


=(£-)'  <B) 


2  Kv 


2ksrj 


To  demonstrate  the  application  of  this  electromechanical 
approach  to  modal  analysis,  an  SDOF  model  for  extraction 
is  developed.  The  mechanical  impedance  of  the  PZT 
element  in  Fig.  1  may  be  expressed  as 


where  ka  is  the  short-circuit  stiffness  of  PZT  along  the  y- 
axis.  The  effect  of  PZTs  mass  along  the  y  direction  is 
neglected,  assuming  that  the  stress  wavelength  is  much 
larger  than  PZTs  characteristic  dimension  under  normal 
operating  frequency  PI.  The  mechanical  impedance  of  an 
SDOF  system  with  a  structure  damping  is  given  by 


Z, 


CO 


(9) 


where  ms  is  the  modal  mass,  ks  the  modal  stiffness  and  q 
the  modal  damping.  Substituting  Eqs.(8)  and  (9)  in  Eq.  (7) 
yields  the  electric  admittance  in  term  of  the  modal 
parameters 


This  is  the  locus  of  the  mechanical  compliance  of  an  SDOF 
system  with  proportional  damping  connected  in  parallel 
with  a  massless  spring  Ka 

3,1  Revised  Nyquist  plane  curve  fitting 


As  Eqs.  (11)  and 
(12)  are  highly 
nonlinear  functions 
of  the  modal 
parameters,  it  is 
much  easier  to 
conduct  the  curve 
fitting  to  the 
impedance  plot  in 
the  Nyquist  plane 
than  to  extract 
parameter  from  the 
mobility.  The 
mechanical 
impedance  of  SDOF 
with  structural 


damping  takes  the  simple  form  f4l  as 


(14) 


where 


(20) 


Z- 


1L  +fym 


k,  ,ks+ka-msco 

=t'-  K 


It  traces  out  a  straight  line  on  the  inverse  Nyquist  plane  as 
shown  in  Fig.  2.  Note  that  due  to  the  stiffening  effect  of 
PZT  on  the  structure,  the  intersection  of  the  line  with  the 
real  axis  no  longer  defines  the  natural  frequency  of  SDOF 
system  alone  but  the  natural  frequency  of  the  PZT-SODF 
joint  structure.  Curve  fitting  the  measurement  data  to  the 
imaginary  part  of  Eq.  (14)  generates  to  two  quantities, 
k/ka  and  m//ka  Note  that  they  are  the  structure  modal 
stiffness  and  modal  mass  normalized  to  the  actuator  modal 
stiffness,  and  none  of  them  has  a  physical  meaning. 
However,  the  natural  frequency  of  the  structure  can  be 
determined  as 

cor  =  Jks  Tms  =  yj(ks  l ka)  I (ms  Tka )  (15) 

Another  independent  curve  fitting  to  the  real  part  of  the 
measurement  data  yields  a  refined  estimation  of  Re(Z),  and 
from  it  the  structural  modal  damping  can  be  calculated 


co2r=ks/ms 

G>\  =(*,(!+ 7)  +  *„K  (21) 

The  natural  frequency  of  the  structure  a>r  can  be  determined 
by  the  special  point  of  the  coupled  electric  admittance  Y  At 
resonance  of  the  structure,  the  mechanical  impedance  Zs 
decreases  nearly  to  zero  and  Eq.(7)  is  deduced  to  the 
electric  admittance  of  the  "free"  PZT  actuator 

V  =  <2*4  (S+i)  (22) 

and  similarly,  the  electric  admittance  of  a  blocked  PZT 
actuator  can  be  obtained  by  letting  Zj.be*> 

^=a»(4*+/(4-c))  (23) 


7  = 


Re(Z) 

kjka 


(16) 


Equations  (14),  (15  )  and  (16)  constitute  the  revised 
Nyquist  Plane  Curve  Fitting  approach  which  will  be 
referred  to  as  NPCF  later. 


3.2.  Admittance  matching/half  power  bandwidth 

Equation(12)  and  (7a)  together  provide  a  new  approach  to 
the  determination  of  r\  and  cor  Take  the  partial  derivative 
of  Eq.(12)  with  respect  to  co  and  let  it  be  zero 


£ W )  _  -2kamM[(kt  7)2  -  +  K  ~  )]  _  Q 

(17) 

This  leads  to 


ksn=(k'+ka-mtG)\)  (18) 

KT?=-(ks+K-msal)  (19> 

where  co j  and  a>2  correspond  to  the  peak  and  Valley  of 

Ymi  .respectively.  Addition  of  Eqs.(18)  and  (19)  results  in 
the  structural  modal  damping 


The  imaginary  parts  of  both  admittance  intersect  with  the 
imaginary  part  of  the  coupled  admittance  Im(Y),  as  is 


illustrated  in  Fig.  3.  It  is  apparent  by  definition  that  it  is 


the  intersection  of  Im  (Yep  with  Im  (Y)  that  determines  the 
natural  frequency  of  the  structure  (impedance  matching). 
By  checking  Eq.(10),  it  is  not  difficult  to  see  that  the 
intersection  of  Im  (Yeij)  with  Im(Y)  happens  to  correspond 
to  the  natural  frequency  of  the  joint  system  of  PZT  and 
SDOF 


CD 


k.  +  k„ 


m. 


(24) 


at  which  Re(Y)  peaks  and  Im(Y)'s  interaction  term  vanishes. 
The  difference  between  the  two  frequencies  is,  once  again, 
caused  by  the  stiffening  of  the  PZT  sensor.  Note  that  in 
Eq.(20),  ©r  is  the  characteristic  of  the  structure,  alone  and  © 
„  ©2  are  those  of  the  joint  system.  This  distinguishes  it 
from  the  conventional  half  power  band  method  and  it  will 
be  referred  to  as  Admittance  Matching  /  Half  Power  Band  ( 
AM/HPB )  approach  later. 


3.3  Modal  shapes  extraction 


From  Eqs.(ll)  and  (12),  the  modal  response  of  the 
structure,  or  the  modal  shape  when  applied  to  a  continuum 


I 

I 

I 

I 

I 


system,  can  be  determined.  At  the  system  resonance  d)r, 
H;  =  0  and 


k  k 

Hr  =  H;  =  ft-  =  ^y 
r] 


(25a) 


1 

I 


where  y  is  the  modal  response  to  a  unit  force  excitation 

O'  =  1/ ks).  For  a  continuum  structure,  this  modal 
response  is  a  function  of  measurement  coordinate  and  the 
mode.  The  modal  stiffness  of  the  sensor  ka  and  structure 
modal  damping  T]  for  a  particular  mode  is  independent  of 

the  coordinate.  When  m  measurements  of  H*r  are  made 
along  the  structure  for  each  of  its  n  modes,  the  mode  shapes 
(eigenvectors)  can  be  obtained  and  its  element  takes  the 
brm  of 


KVJ)  =  ~ydJ) 

w) 


(25b) 


Ertiere  /  =  l,2,...m  andy  =  l,2...n.  This  can  also  be  directly 
educed  from  the  fact  that  ka  /  ks  Tj  is  the  diameter  of  the 
modal  circle  in  Nyquist  plane.  It  should  be  understood  that 
Bhe  modal  shapes  thus  obtained  are  also  contaminated  by 


i 

i 


the  stiffening  of  the  PZT  as  their  are  extracted  at  0)r , 

rather  than  at  0)r.  However,  this  approximation  has  a 
sufficient  accuracy  when  the  modal  coupling  is  weak  and 
the  stiffening  is  not  severe. 

Equation  (25a)  reveals  an  inherent  problem  of  this 
approach  in  determining  the  modal  shape  of  a  structure,  as 
identified  in  a  previous  paperJ5!  The  collocated  sensing- 
actuation  results  in  a  "point"  frequency  response  function  of 
the  structure.  Consequently,  the  modal  response  given  by 
Eq.(25b)  is  always  positive  regardless  of  the  measurement 
coordinates.  The  physical  interpretation  is  straightforward 
that  when  in  structural  resonance,  the  response  at  excitation 
point  has  a  constant  phase  with  the  driving  force 
regardless  of  its  spatial  location  (for  mobility,  this  phase  is 
always  0).  To  obtain  complete  modal  shapes,  auxiliary 
measurements  are  made  of  the  transfer  admittance  of  two 
PZT  sensor  in  parallel.  Figure  4  is  the  schematic  diagram. 
When  two  bonded  PZT  patches  are  electrically  connected  in 
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Figure  4  Measurement  of  transfer  admittance  between 
two  PZT  sensor-actuators 

parallel,  the  total  electric  admittance  can  be  expressed  as 


Y  =  L-+Ll+!±* 


‘21 


V  V  V  V 

-  ^1!  +^22  +^12  +^21  (26) 

where  J^,  and  Y^  are  the  admittance  of  the  PZT  sensors  1 


and  2  measured  individually,  and  Yl2  is  the  additional 
admittance  of  sensor  1  induced  by  the  excitation  of  actuator 
2.  As  the  mechanical  transfer  frequency  response  function 
of  a  structure  between  two  locations  is  reversible,  the 

transfer  electric  admittance  Yn  and  Y2l  can  also  be 
considered  as  identical  if  the  stiffening  effect  of  the  PZT 
sensor  is  ignored,  161  and  therefore,  it  can  be  simply 
expressed  as 


(27) 


which  differs  from  the  mechanical  transfer  mobility  HI2  by 
only  a  real  constant  l6!  Equation  (27)  can  be  used  to 
determine  the  phase  of  the  modal  response  at  each  spatial 
location  with  respect  to  the  excitation.  Equations  (25b)  and 
Eq.  (27)  together  yield  a  complete  description  of  modal 
shape.  For  instance,  a  positive  real  part  of  Y12  indicates 
that  the  response  at  location  2  is  in  phase  with  the 
excitation  at  location  1,  and  a  negative  value  corresponds  to 
the  out-of-phase. 


4.  MODAL  TEST  OF  A  FREE-FREE  BEAM 

System  identification  of  a  small  and  flexible  structure  is 
usually  a  challenge  as  the  extracted  structural  modal 
parameters  are  extremely  sensitive  to  the  stiffening  and 

or  and  actuator.  By 
using  surface- 

bonded  PZT 
sensor-actuator, 
these  effects  can  be 
minimized.  As  an 
example,  a  test  of 
proof-of-concept-is 
conducted  on  a 
aluminum  beam  of 
153.0  x  25.7  x  0.8 
mm.  A  PZT  patch 
of  32xl9x  0.19 
mm  is  bonded  on 
the  beam  52  mm 
from  the  end  of  the 
beam.  The  size  of  the  PZT  is  considerable  compared  with 
that  of  the  beam  so  that  its  stiffening  effect  to  the  beam  can 
be  fully  demonstrated  and  the  performance  of  the  proposed 
algorithms  be  properly  investigated.  The  beam  is  suspended 
in  air  by  very  thin  wires  to  simulate  a  free-free  boundary 
condition  and  to  minimize  the  possibility  of  introducing 
external  damping.  The  electric  impedance  of  the  PZT 
patch  is  measured  over  a  broad  frequency  band  by  an  HP 
4 194 A  Impedance  Analyzer.  Figure  5  is  the  schematic 
diagram  of  the  experimental  setup. 

Figure  6  is  the  electric  admittance  of  the  PZT  patch  from 
100  Hz  to  7000  Hz,  in  which  the  first  9  flexural  vibration 
modes  of  the  beam  are  clearly  identifiable.  Note  that  each 
mode  is  well  separated  from  the  others.  This  qualifies  the 
application  of  the  SDOF  model  to  the  data.  For  the  actual 
parameter  extraction,  each  mode  is  zoomed  in  to  obtain  a 
much  higher  frequency  resolution  and  amplitude  accuracy. 
Table  1  shows  the  natural  frequencies  and  modal  damping 
of  the  beam  extracted  respectively  by  the  two  algorithms 
previously  discussed. 
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Figure  5  Experimental  setup 


To  obtain  the  uncontaminated  natural  frequencies  of  the 
beam,  the  original  PZT  patch  is  replaced  by  a  tiny  one  (4  x 
6  x  0.19  mm  )  and  its  admittance  is  measured.  It  is 
assumed  that  the  stiffening  of  this  tiny  PZT  is  negligible  as 
its  length  is  less  than  1/6  of  the  original  one.  Therefore, 
the  resonant  peaks  in  its  admittance  may  well  represent  the 
"true"  natural  frequencies  of  the  beam. 


Table  1 


Mode 

1 

2 

3  * 

4 

185.9 

498.3 

982.0 

ETV35S 

0.37 

0.37 

0.15 

0.20 

187.6 

497.2 

982.2 

1628.0 

E W35M 

0.21 

0.31 

Mode 

5 

6* 

7 

8 

KfflliHB 

2437.5 

5893.8 

ETItZE 

0.22 

0.13 

0.16 

0.17 

2439.9 

3456.0 

0.18 

0.064 

0.15 

0.17 

Subscript  1 — AM/HPB  and  Subscript  2 —  NPCF 
Table  2  lists  the  natural  frequer  es  of  the  beam  thus 
obtained  verses  the  resonant  ffeqv  ties  of  the  beam-PZT 
joint  structure  as  well  as  their  relative  difference. 


Table  2 


Mode 

1 

2 

3  * 

4 

141(131 

189.3 

516.7 

983.0 

1656.8 

urns 

183.3 

494.7 

982.5 

1621.8 

Ej<(%) 

+3.2 

+4.4 

+0.05 

+2.2 

Mode 

5 

6* 

7 

8 

WM5M 

2493.1 

3459.9 

4622.5 

5913.3 

3455.2 

4580.6 

5863.4 

mtsm 

+2.3 

+0.14 

+0.9 

+0.85 

fjj — natural  frequencies  of  PZT-beam  joint  structure 
fjg — natural  frequencies  of  the  beam 


Ejs  =  (  fri  •  frs)  I  ^rs’  E;s  max.  =  4.4  %  and  E;s  average  = 
1.62%. 

To  verify  the  algorithms'  capability  of  correcting  the  natural 
frequencies  for  stiffening  effect,  the  relative  errors  of  the 
corrected  natural  frequencies  with  respect  to  the  beam 
natural  frequencies  are  calculated  and  listed  in  Table  3. 


Table  3 


Mode 

1 

2 

3  * 

4 

Ei(%) 

+1.40 

+0.67 

-0.05 

+0.33 

E,(%) 

+2.30 

+0.51 

+0.03 

+0.38 

Mode 

5 

6* 

7 

8 

E,(%) 

0 

+0.07 

+0.17 

+0.51 

.£?.(%) 

+0.10 

+0.02 

+0.17 

r+0.48 

Ej=  (frj-  ffg)  /  fre  ,  Ejmax  =  +1.40  %  and  E]average  = 
0.41  % 

E2=  (fr2*  f^  /  frs  ,  E2tnax  =  +2.30  %  and  E2average  = 
0.49  % 


Figure  7  Mountain  plot  of  first  4  curvature  mode  shapes 
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Figure  8  Curvature  mode  shapes  of  the  beam 
a.  measured  b.  calculated 

In  order  to  obtain  the  curvature  mode  shape.  7  tiny  ( 4  x  6x 
0.19  mm)  PZT  were  bonded  to  the  beam  at  7  locations 
uniformly  spaced  along  the  length  of  the  beam  (the  two 
ends  are  ignored  as  their  curvature  are  known  to  be  zero, 
see  Fig.  8).  The  admittance  of  each  individual  sensor  as 
well  as  the  transfer  admittance  between  sensor  2  and  4.  3 
and  4,  and  3  and  5  are  measured.  The  results  are  given  in 
Appendix  1  and  2.  Figure  7  is  the  first  4  curvature  modal 
shapes  of  the  beam  extracted  from  the  "point  mobility"  data 
in  Appendix  1.  Figure  8  is  these  modal  shapes  with  their 
phase  corrected  by  the  transfer  admittance  given  in 
Appendix  2.  Due  to  the  limited  spatial  resolution,  only  the 
first  4  mode  shapes  are  meaningful.  Table  4  is  the  material 
constants  of  PZT  sensor  used. 


Table  4 
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5.  RESULT  ANALYSIS 

Although  the  electric  admittance  of  the  PZT  gives 
approximate  estimations  of  the  natural  frequencies  of  the 
beam,  they  are  consistently  higher  than  the  "true  values". 
As  illustrated  in  Table  2,  this  bias  can  be  up  to  4.4  %  with 
an  average  of  1.62  %  for  the  first  8  flexural  modes. 
Obviously,  the  stiffening,  rather  than  the  mass  loading,  of 
PZT  to  the  beam  dominates  within  this  frequency  range. 
This  stiffening  generally  introduces  more  impact  on  low 
modes  than  high  modes  in  term  of  the  relative  shift  in 
natural  frequencies.  This  demonstrates  the  need  of 
correction  for  the  stiffening  effect  when  using  surface- 
bonded  PZT  for  a  precision  modal  test  of  structure. 

Table  3  lists  the  relative  errors  of  the  corrected  natural 
frequencies  with  respect  to  the  true  natural  frequencies  of 
the  beam.  Note  that  the  maximum  errors  reduce  to  1.4  % 
and  2.3  %  at  the  first  mode,  and  average  errors  reduce  to 
0.41  %  and  0.49  %,  respectively.  Although  the  results 
from  two  algorithms  vary  slightly,  both  of  them  produce 
better  estimations  of  the  true  values  of  the  natural 
frequencies  in  the  sense  that  average  error  decreases  by 
75%. 


The  demand  for  this  frequency  correction  varies  with  each 
mode  at  a  particular  PZT  location.  As  one  can  see  in  Fig. 
5,  the  strength  of  each  mode  varies  significantly.  Figure  8 
lists  four  typical  cases  of  different  stiffening  levels.  For 
mode  1  and  mode  2  (  Fig.  9a  and  9b  ),  Im(Yej)  intersects 
with  lm(Y)  before  the  resonance  of  the  joint  structure, 


which  implies  the  in-plane  vibration  at  this  particular  beam 
location  is  stronger  than  the  free  stroke  of  the  PZT  actuator. 
In  other  words,  the  PZT  actuator  is  constraining  the  beam. 
There  is  substantial  stiffening.  For  mode  3  (Fig.  9c),  the 
two  motions  are  completely  compatible,  neither  of  them 
imposes  constraint  on  the  other.  This  is  indicated  by  the 
tangency  of  the  two  curves.  As  for  Fig.  9d,  mode  6  is 
marginally  activated.  The  motion  of  PZT  for  this  particular 
mode  is  nearly  being  blocked  by  the  beam,  or  in  other 
words,  the  PZT  is  "stiffened"  by  the  beam  rather  than  vice- 


.  ■  ■  -  -■ 

versa.  This  variation  of  the  stiffening  with  mode  can  also 


be  seen  from  Table  2  where  the  relative  frequency  deviation 
for  mode  3  and  mode  6  are  much  smaller  than  that  of  the 
other  modes.  Obviously,  there  is  little  need  for  frequency 
correction  for  these  two  modes.  Therefore,  the  application 
of  frequency  correction  algorithms  should  be  selective. 

The  phase  correction  for  the  mode  shapes  in  Fig.  7  is  fairly 
straightforward  once  the  transfer  admittance  of  proper  pairs 
of  sensors  are  available.  As  the  first  mode  exhibits  positive 
phase  in  y24>  y3J  and  Y3  6*  the  modal  response  at  2,  3,  4 
and  5  are  all  positive  without  doubt  For  mode  2’  Y36 
shows  a  negative  phase,  therefore,  the  response  at  location 
6  must  be  out  of  phase  with  location  2.  The  negative  phase 
of  mode  3  at  location  5  is  indicated  by  y35.  the  phase  of 
mode  4  at  location  4  and  6  can  be  determined  by  Y24  and 
y36>  their  are  negative  and  positive  respectively.  Figure  8a 
is  the  normalized  curvature  shapes  of  the  first  4  modes  after 
phase  correction.  They  are  in  good  agreement  with  the 
analytical  results  in  Fig.  8b  obtained  using  transfer  matrix 
method.  It  should  be  noted  that  both  mode  shape 
magnitude  and  phase  can  be  extracted  from  the  transfer 
admittance  in  theory.  However,  for  some  reasons  which  are 
still  not  clear,  the  extracted  magnitudes  are  not  as  accurate 
as  those  from  the  point  mobility.  Practically,  separate 
determination  of  amplitude  and  phase  by  point  mobility  and 


transfer  admittance  is  necessary  for  rebuilding  mode 
shapes. 

Several  issues  must  be  addressed  in  order  to  have  a 
comprehensive  view  of  this  approach.  First  of  all,  to  obtain 
better  estimation  of  mode  shapes,  a  proper  placement  of 
PZT  on  a  structure  is  critical.  However,  this  requires  some 
knowledge  of  the  curvature  mode  shapes  of  the  structure 
prior  to  the  test.  This  is,  unfortunately,  not  straight  forward 
even  with  a  simple  structure.  Second,  because  of  the 
involvement  of  the  modal  stiffness  of  the  actuator  kg  in 
deduced  mechanical  mobility,  the  individual  extraction  of 
the  modal  stiffness  k$  and  mass  becomes  very  difficult. 
Finally,  due  to  the  limits  of  the  energizing  voltage  of  the 
impedance  analyzer  (typically  1  volt  rms  for  HP  4 194 A )  as 
well  as  the  high  electric  impedance  of  PZT  sensor,  this 
approach  may  be  less  effective  for  a  highly-damped 
structure  than  a  lightly  damped  one,  as  for  a  high  damping 

case,  a  much  larger  power  is  required  to  obtain  Hr  with  an 
acceptable  signal  to  noise  ratio  at  each  mode. 


CONCLUSION 

A  complete  modal  analysis  of  structure  can  be  conducted 
more  conveniently,  accurately  and  economically  with 
surface-bonded  piezoceramic  patch  as  a  collocated  sensor- 
actuator.  The  measurement  of  electric  admittance  of  the 
PZT  sensor-actuator  is  proven  to  be  an  efficient  and  simpler 
method  to  acquire  mechanical  frequency  response  function 
of  a  structure.  Applying  the  proposed  extraction  algorithms 
to  the  measurement  data  removes  the  stiffening  of  PZT 
actuator  to  structure,  yielding  refined  estimations  of  modal 
damping  and  structure  natural  frequencies.  With  the 
assistance  of  the  transfer  admittance,  both  the  magnitude 
and  phase  of  curvature  mode  shapes  of  structure  can  be 
obtained.  The  beam  example  reveals  the  needs  for  natural 
frequency  correction  under  some  circumstances  and 
demonstrates  the  effectiveness  of  the  approaches  in  removal 
of  the  impact  of  PZT  on  the  natural  frequencies.  These 
advantages  make  it  an  alternative  approach  to  the 
noncontact  modal  test  of  small  structure  sensitive  to  the 
stiffening  and  mass  loading  of  the  transducers. 
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ABSTRACT 

A  design  procedure  for  the  location  and  shape  of  the  control  transducers  for  feedforward 
controlled  active  systems  is  outlined.  The  procedure  is  based  upon  the  relationship  of  the  controlled 
eigenvalues  and  eigenfunctions  of  the  controlled  system  to  the  control  load  and  optimal  compensator 
characteristics.  The  use  of  the  design  procedure  is  illustrated  through  modification  of  dynamics  of  a 
beam  and  radiation  control  from  a  plate.  The  extension  of  the  method  to  complex  structures  using 
numerical  techniques  such  as  FEM/BEM  and  the  impact  of  random  broadband  disturbances  is  briefly 
discussed.  The  method  provides  a  basis  by  which  feedforward  controlled  systems  can  be  designed  for 
specified  performance  requirements  in  contrast  to  the  largely  "ad  hoc"  methods  presently  used. 

INTRODUCTION 

Feedforward  active  control  has  shown  much  potential  to  alleviate  problems  in  sound  and 
vibration  at  audio  frequencies  [1,2].  The  design  of  feedforward  controllers  is  traditionally  defined  by  an 
"ad  hoc"  selection  of  the  number  and  location  of  actuators  and  sensors  based  upon  a  physical 
understanding  of  the  behavior  of  uncontrolled  and  controlled  systems.  This  empirical  design  contrasts 
with  the  large  number  of  analytical  tools  available  to  designers  of  feedback  controllers.  Techniques  such 
as  pole  allocation,  various  state  space  design  methods,  optimal  control  and  so  forth,  are  extensively  used 
in  feedback  control  applications  [3].  The  lack  of  mathematically  based  design  formulations  in 
feedforward  control  stems  from  the  small  amount  of  research  carried  out  on  understanding  the  behavior 
of  feedforward  controlled  systems.  The  prevailing  view  in  the  feedforward  control  community  is  that 
the  control  "cancels"  the  disturbance  an  observation  which  is  certainly  true  in  a  mathematical  sense  for 
steady  state  disturbances.  However,  it  has  been  demonstrated  in  a  number  of  different  systems  that, 
physically,  the  disturbance  source  "sees"  a  modified  input  or  radiation  impedance  (see  for  example  the 
work  by  Snyder  and  Hansen  [4]). 

Recent  analytical  work  by  the  authors  has  demonstrated  that  this  change  in  input  impedance 
is  a  result  of  the  feedforward  controlled  structure  or  system  having  new  eigenvalues  and  eigenvectors 
[5,6],  It  should  be  stressed  here  that  these  new  eigen  characteristics  only  appear  for  inputs  which  are 
coherent  with  the  feedforward  disturbance.  In  contrast  to  feedback  control,  the  system  will  respond  with 


the  uncontrolled  eigenvalues  to  any  other  uncorrelated  disturbance.  The  analysis  outlined  in  reference 
5  suggests  a  design  approach  for  feedforward  control  systems.  That  is,  given  a  desired  set  of  modal 
properties,  a  feedforward  controller  can  then  be  designed  to  force  or  adapt  the  controlled  system  to  have 
those  characteristics. 

In  this  paper  we  summarize  work  in  which  a  design  formulation  is  developed  for  a  single-input, 
single-output  (SISO)  feedforward  controller  to  actively  modify  the  dynamics  of  a  distributed  elastic 
system.  Although  the  formulation  is  written  in  terms  for  a  structural  system,  it  is  equally  applicable  to 
acoustic  systems.  The  design  formulation  is  applied  to  a  problem  in  dynamics  and  then  the  extension 
to  the  control  of  sound  radiation  is  outlined.  The  paper  finishes  with  a  brief  discussion  of  the  extension 
of  the  method  to  discretized  complex  systems,  i.e.  FEM/BEM  analysis,  and  broadband  disturbances. 

The  work  described  in  this  paper  is  largely  a  summary  and  combination  of  previous  work  by 
the  authors  published  in  a  number  of  papers  [5, 7, 8,9]. 

FEEDFORWARD  CONTROLLED  EIGENPROPERTIES 

The  structural  system  is  assumed  to  be  an  undamped,  linear,  time  invariant,  distributed 
parameter  system.  Thus,  the  equations  of  motion  can  be  written  in  the  form  of  a  partial  differential 
equation  as 


L[W(D,t)]  +  m(D)  52W(D,t)  =  f(D)  F(t)  +  u(D)  U(t)  (D 

5t2 

where  W(D,t)  is  the  displacement  in  the  domain  D,  L[J  is  a  self-adjoint  linear  differential  operator,  and 
m(D)  is  the  mass  distribution.  The  disturbance  or  "primary"  input  is  defined  by  the  time  dependent 
amplitude  F(t)  and  its  spatial  distribution  f(D).  The  system  is  controlled  by  a  coherent  "secondary" 
control  input  defined  by  the  amplitude  U(t)  and  its  spatial  distribution  u(D)  as  shown  in  Figure  1. 
Feedforward  control  approaches  are  used  in  applications  where  the  disturbance  excitation  is  stationary, 
i.e.  single  and  multiple  frequencies  as  well  as  random  inputs.  Then,  the  disturbance  input  F(t)  is 
assumed  stationary  and  thus  W(D,t)  and  U(t)  are  also  stationary  variables.  By  taking  the  Fourier 
Transform,  the  analysis  can  be  carried  out  on  the  frequency  domain.  That  is, 

L[W(D,co)]  -  to2  m(D)  W(D,a)  =  f(D)  F(co)  +  u(D)  U(ffl)  (2) 

Solving  for  the  eigenvalues  and  eigenfunctions  of  the  homogeneous  part  of  Eq.  (2),  the  response 
of  the  system  can  be  written  in  terms  of  the  mode  shape  functions  by  using  the  expansion  theorem  as 

W(D,co)  =  £  qB(co)  4>„(D)  (3) 
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Figure  1-Schematic  of  a  SISO  feedforward  control  system 


where  qn(co)  is  the  nlh  generalized  coordinate,  <t>0(D)  is  the  nUl  eigenfunction,  and  N  is  the  number  of 
modes  included  in  the  analysis.  The  eigenfunctions  satisfy  the  orthogonality  conditions 

/<t.0(D)m(D)<t.n)(D)dD=8na  ; 

where  5^  is  the  Kronecker  delta  function,  and  con 
eigenfunction  4>n(D), 

The  generalized  coordinate  q^co)  is  obtained  by  replacing  Eq.  (3)  into  (2),  premultiplying  by 
<t>m(D)  and  using  the  orthogonality  conditions  of  Eq.  (4).  Then, 

qn(co)  =  [f0F(co)  +  u0U(co)]  H„(co)  (5) 

where  Ha(co)=(co02-Q)2+j2pnca0coy1  is  the  n*  modal  frequency  response  function,  j  is  the  imaginary 
number,  is  the  n*  modal  damping  ratio  included  here  to  bound  the  response  at  resonance,  and  fD  and 
Un  are  the  n*  modal  disturbance  and  control  forces  defined  by  the  inner  products 

fD  =  J  <|>n(D)  f(D)dD  ;  u„  =  J  «t>D(D)  u(D)dD  (6a,6b) 


/, 


<t>  0CD)  L[<|>  m(D)]dD  =  5^  co  ^ 


(4a,4b) 


is  the  n"1  natural  frequency  associated  to  the 


In  the  SISO  feedforward  control  system  considered  here,  the  optimum  frequency  component 
of  the  control  input  stems  from  driving  to  zero,  a  response  of  the  system  which  is  referred  here  as  the 
error  variable.  The  error  variable  can  also  be  represented  as  the  linear  contribution  of  each  modal 
response  as  follows 


e(co)  =  £qo(<o)  So 

n-1 


(7) 


where  is  the  n*  modal  component  of  the  error  variable  that  is  a  function  of  the  physical 
; characteristics  of  the  error  transducer  implemented.  The  modal  error  component  indicates  the  relative 
importance  assigned  to  each  mode. 

Replacing  Eq.  (5)  into  (7),  the  error  signal  can  then  be  set  to  zero  to  solve  for  the  optimum 
control  input  in  terms  of  the  modal  quantities.  That  is 

U(co)=  -£  $nfaH(co)/£  ^nuDHn((D)  F(co)  =  G(co)  F(to)  (8) 

0*1  0*1 


where  G(co)  is  the  feedforward  compensator.  In  this  analysis  the  control  system  is  assumed  to  be  causal, 
and  thus  the  compensator  G(co)  is  realizable  [10],  For  noncausal  or  non-minimum  phase  control  systems, 
the  ideal  compensator  is  not  implementable  as  discussed  later.  However,  the  approach  presented  here 
can  still  be  used  as  a  design  tool.  For  single  frequency  and  multiple  frequencies  disturbances,  where 
causality  is  not  an  issue,  the  proposed  design  formulation  is  also  applicable. 

The  feedforward  compensator,  G(co),  is  the  transfer  function  that  relates  the  control  input  U(co) 
to  the  disturbance  input  F(co).  The  controller  or  compensator  G(co)  in  Eq.  (8)  is  defined  as  the  ratio  of 
two  transfer  functions,  where  the  numerator  is  the  transfer  function  between  the  disturbance  or 
"primary”  input  and  the  error  variable  T^co),  while  the  denominator  is  the  transfer  function  between 
the  "secondary"  control  input  and  the  error  variable  T^co).  The  controller  G(co)  can  provide  valuable 
information  as  to  the  performance  of  the  control  system.  For  example,  the  poles  of  G(co)  would  indicate 


the  frequencies  at  which  the  control  effort  would  be  unbounded  if  no  damping  was  present  in  the  system. 

The  traditional  view  of  feedforward  control  techniques  is  of  "active  cancellation"  where  the 
uncontrolled  modes  excited  by  the  "primary”  input  are  canceled  by  a  "secondary"  input  of  appropriate 
magnitude  and  phase  driving  the  same  uncontrolled  modes.  This  view  arises  from  the  fact  that  the 
system  response  can  be  obtained  by  superimposing  the  response  of  the  disturbance  and  control  inputs 
as  suggested  by  Eq.  (2).  The  unwanted  consequence  of  this  view  is  that  the  design  of  feedforward 
controllers  has  become  an  empirical  technique  based  largely  on  a  physical  understanding  of  the 
uncontrolled  system.  Recent  work  has  shown  that  the  mechanisms  for  acoustic  control  (for  example) 
with  stationary  disturbances  is  that,  in  general,  the  active  source  modifies  the  radiation  impedance  of  the 
disturbance  source,  thus  leading  to  less  power  radiated  [4],  For  active  vibration  control  (AVC)  as  well 
as  active  structural  acoustic  control  (ASAC),  the  authors  have  recently  demonstrated  that  feedforward 
controlled  systems  have  new  eigenvalues  and  eigenfunctions  as  in  feedback  control  [6,11].  For  the  sake 
of  brevity,  only  the  main  concepts  of  the  controlled  system  eigen-analysis  are  presented  here,  while  a 
complete  description  of  this  formulation  can  be  found  in  Reference  5. 

For  this  analysis  the  controlled  system  is  assumed  to  be  undamped.  The  dynamic  behavior  of 
the  controlled  system  is  governed  by  the  characteristics  of  the  controller  G(co).  Multiplying  and  dividing 
Eq.  (8)  by  the  product  of  the  modal  frequency  response  functions  H^co),  G(co)  can  be  written  as  the 
ratio  of  two  polynomials  as  follows  [5,6] 

G(a>)  =  —  N(co)  /  P(co) 

with 

P(<0)=E^oUn  II  (“m”®2) 

n»l  in®  1 


(9) 


GO) 


The  polynomial  P(co)  in  the  denominator  can  be  shown  to  be  the  characteristic  polynomial  of 
the  controlled  system.  Thus,  the  eigenvalues  of  the  controlled  system,  (to,)2,  are  obtained  by  solving 
for  the  roots  of  P(co),  P(co,)=0.  It  is  not  difficult  to  show  that  P(co)  is  the  numerator  of  die  transfer 
function  T«(co)  and,  thus,  the  controlled  system  eigenvalues  are  the  zeros  of  T^co)  [6].  This  implies  that 
we  are  canceling  the  zeros  of  Tce(co)  with  the  poles  of  G(co).  The  order  of  the  polynomial  in  Eq.  (10) 
is  (N-l)  in  the  variable  to2,  and  thus  the  controlled  system  has  (N-l)  new  eigenvalues.  It  can  be  shown 
that  the  controller  has  reduced  the  dynamic-degree-of-ffeedom  of  the  system  by  one  through  the 
constraint  imposed  on  the  structure  by  driving  the  error  signal  to  zero.  The  controlled  system 
eigenfunction  <p4(D)  associated  with  the  natural  frequency  to,  is  easily  computed  once  the  controlled 
system  eigenvalues  have  been  determined.  They  are  obtained  as  a  linear  combination  of  the  uncontrolled 
modes,  since  they  have  been  used  as  an  expansion  basis.  Then, 

<t>,0»  = 


where  the  expansion  coefficients  are 

r^c, 


E  r**o(D) 
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(id 


(12) 


The  constant  C,  in  Eq.  (12)  is  included  since  the  controlled  mode  shapes  are  arbitrary  to  a 
constant  multiplier,  and  it  can  be  computed  by  requiring  Xn(F*t)2=l-  It  is  worth  while  mentioning  that 
Eq.  (12)  is  identical  to  the  relationship  found  in  the  computation  of  the  modified  eigenfunctions  in 
dynamic  local  modification  techniques  [12],  Thus,  feedforward  control  can  also  be  used  to  actively 
modify  the  dynamics  of  a  structure  without  the  drawback  of  the  unwanted  increase  in  system  mass 


generally  associated  with  structural  modification  methods  [12].  Another  important  observation  is  that 
from  Eqs.  (11)  and  (12)  it  can  be  observed  that  the  eigenproperties  of  the  controlled  system  are  a 
function  of  only  the  control  input  through  u„  and  of  the  error  variable  to  be  minimized  through  the 
modal  error  components  ^  and  they  are  independent  of  the  disturbance  input  This  conclusions  are 
again  similar  to  those  as  found  in  feedback  controlled  systems. 

EIGENVALUE  ASSIGNMENT  DESIGN  APPROACH 

The  theory  in  the  previous  section  shows  that  a  system  under  feedforward  control  has  different 
modal  properties  from  the  uncontrolled  system  with  respect  to  the  excitation  F(co).  This  implies  that  by 
proper  control  design  a  structure  could  be  actively  modified  to  behave  with  new  dynamic  properties  as 
required  by  the  analyst  The  design  of  feedback  control  systems  is  related  to  the  computation  of  the 
feedback  gains,  where  techniques  such  as  eigenvalue  assignment,  eigenvector  assignment,  linear  optimal 
control,  and  others  are  extensively  used  to  this  end.  On  the  other  hand,  the  general  design  of  a  SISO 
feedforward  control  systems  involves  the  selection  of  the  control  input  distribution,  determined  by  the 
modal  components  u„,  and  of  the  error  quantity  to  be  minimized  defined  by  the  modal  error  components 
1^.  In  contrast  to  feedback  control  where  a  substantial  number  of  mathematical  design  formulations  are 
available,  analytical  feedforward  design  approaches  are  effectively  non-existent  in  the  literature.  In  the 
following,  a  feedforward  control  design  procedure  based  on  the  eigenvalue  assignment  technique  will 
be  presented.  Here,  it  is  assumed  the  control  load  is  fixed  and  thus  the  modal  control  inputs  14  are 
known.  The  design  approach  will  then  focus  on  the  selection  of  the  proper  error  sensor,  whose  output 
will  be  minimized,  in  order  to  drive  the  closed  loop  behavior  as  required. 

In  the  eigenvalue  assignment  technique,  the  controlled  system  eigenvalues  are  selected  in 
advance  and  then  the  error  sensor  is  designed  so  as  to  match  the  desired  controlled  system  poles.  This 
implies  that  the  (N-l)  controlled  eigenvalues  (to,)2  as  well  as  the  N  modal  control  forces  u„  are  known 
quantities  and  the  modal  components  of  the  error  variable  are  to  be  computed.  Substituting  the 
selected  controlled  system  eigenvalues  into  the  characterisdc  polynomial  in  Eq.  (10),  we  can  write 

1- i.-.cn-d  (i3) 
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which  can  also  be  written  in  matrix  form  as  follows 
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The  dimension  of  the  matrix  in  Eq.  (14)  is  (N-l)xN.  Careful  observation  of  Eq.  (14)  shows 
that  if  one  of  the  controlled  eigenvalues  is  identical  to  one  of  the  uncontrolled  system  eigenvalues,  i.e. 
CDj=(D,  only  the  term  S„  in  the  s'"  row  in  the  above  matrix  does  not  vanish.  Therefore,  to  satisfy  the 
s'*  equation  £.  must  also  be  zero.  This  implies  that  the  s111  eigenfunction  is  unobservable  by  the  error 
sensor  and  thus  it  can  not  be  affected  by  the  control  input  The  linear  system  in  Eq.  (14)  is  such  that 
any  multiple  of  the  vector  {^l42,...,§N}T  is  a  solution,  and  therefore  the  only  relevant  information  is 
the  relative  value  between  the  modal  error  components.  Assuming  the  N"1  mode  is  observable,  is  set 
to  unity  and  by  suitably  partitioning  the  matrices  in  Eq.  (14),  the  modal  components  can  be  obtained  by 
solving  the  reduced  linear  system  of  equations 
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The  vector  {£„§2„..,£N.|,1}T  defines  the  error  sensor  in  the  modal  domain.  Thus,  this  modal 
information  needs  to  be  transformed  into  a  physical  sensor  on  the  structure,  and  to  this  end  two  basic 
approaches  can  be  implemented.  One  method  utilizes  an  array  of  discrete  point  sensors,  i.e. 
accelerometers,  strain  gages  and  so  forth.  The  error  variable  is  obtained  by  summing  the  weighted 
discrete  sensor  signals.  Assuming  N,  discrete  point  displacement  sensors,  the  modal  error  component 
becomes 


=  /  £  b*  S(Dj-D)  <t>n(D)  dD 

U  i-l 


(16) 


where  is  the  weight  of  the  i*  point  sensor  located  at  Di;  and  5(DrD)  is  the  Dirac  delta  function.  Then, 
Eq.  (16)  reduces  to 


N, 
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(17) 


Equation  (17)  can  also  be  written  in  matrix  form  as 

[A]  (b)  =  {^) 


(18) 


where  the  components  of  matrix  [A],  which  relates  the  error  quantity  in  the  physical  domain  to  the 
modal  domain,  are  AJJi=<t>n(Di),  and  {b]={b„b2,..„bN}T  is  the  weighting  vector.  Assuming  N  >  N,  the 
solution  of  Eq.  (18)  can  be  obtained  by  the  pseudo-inverse  technique  [13].  That  is, 

ft>)  =  ([A]t  [A])  '  [A]t  {];}  (19) 


The  sum  of  the  output  of  Ns  discrete  point  sensors  is  a  design  approach  applicable  to  any 
complex  structure.  However,  implementation  of  this  approach  could  result  in  considerable  signal 
conditioning  effort,  particularly  in  "real-time"  digital  control  where  all  calculation  must  be  completed 
in  one  sampling  period.  The  use  of  distributed  sensors  has  recently  gained  acceptance  in  the  control 
community  for  their  inherent  built  in  filtering  capability  of  the  system  response.  The  flexibility,  light 
weight  and  toughness  properties  of  polyvinylidene  fluoride  polymer  (PVDF)  films  have  found 
application  as  distributed  structural  sensors  in  active  control  [14-18].  The  PVDF  film  sensor  is  mounted 
on  the  surface  of  the  structure  and  yields  a  response  proportional  to  the  integral  of  the  strain  over  the 
surface  of  application.  In  particular,  one  dimensional  problems  are  ideally  suited  for  the  use  of  PVDF 
distributed  sensor  because  any  desirable  weighted  response  can  be  obtained  by  varying  the  width  and 
polarity  of  the  sensor  as  a  function  of  the  axial  coordinate.  The  design  of  a  physical  PVDF  sensor  from 
the  modal  error  components  ^  will  be  presented  for  a  beam  problem.  Thus,  the  domain  D  becomes  the 
x  coordinate  in  the  following  derivation. 

Since  PVDF  film  is  a  strain  sensor,  the  modal  error  component  becomes  [7,14] 


(20) 


where  h  is  the  distance  of  the  upper  beam  surface  to  the  neutral  axis  here  assumed  constant  for  the  sake 
of  clarity  in  the  presentation;  a  is  a  constant  of  proportionality  that  relates  the  film  electrical  and 
mechanical  properties  to  the  surface  strain;  and  b(x)  is  the  function  that  weights  the  strain  along  the 
beam,  and  it  is  determined  by  the  PVDF  film’s  geometry.  This  function  dictates  the  width  of  the  film 
and  can  take  either  positive  or  negative  values.  The  negative  effective  width  can  be  implemented  by 
segmenting  the  film  with  out-of-phase  wiring  of  the  negative  segments,  i.e.  inverting  the  polarity  of  the 
sensors.  In  order  to  take  advantage  of  the  orthogonality  conditions  of  the  modes,  the  weight  function 
b(x)  is  expanded  as  follows 
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To  solve  for  the  unknown  expansion  coefficients  bm,  Eq.  (21)  is  replaced  into  Eq.  (20)  and  using  the 
orthogonality  condition  of  Eq.  (4b)  gives 
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(22) 


That  yields  the  weight  function  in  term  of  the  computed  modal  error  components  as  follows 


A  £n  d2  <f>(x) 

b(x)  EI(x) 


(23) 


dx2 


In  this  design  formulation,  the  control  input  was  assumed  fixed  and  the  error  sensor  is  then 
configured  to  achieve  the  sought  controlled  system  characteristics.  However,  inspection  of  the 
characteristic  polynomial  in  Eq.  (13)  reveals  that  the  design  process  could  have  also  been  stated  as: 
assuming  the  error  sensor  fixed,  the  control  input  distribution  is  then  designed  to  obtain  the  desired 
poles.  This  is  simply  accomplished  by  replacing  ^  by  Uq  and  vice  versa  in  Eqs.  (13)  through  (23). 
These  two  eigenvalue  assignment  design  concepts  differ  only  in  that  the  associated  controlled 
eigenfunctions  are  different  since  the  expansion  coefficients  rm  in  Eq.  (12)  are  determined  by  un. 
Greater  design  flexibility  is  possible  if  both  the  control  load  distribution  and  the  weighted  error  variable 
are  designed  simultaneously,  as  it  will  be  discussed  later. 

Design  Example:  Control  of  motion  of  a  simply  supported  beam 

The  applicability  of  the  design  formulation  presented  here  is  demonstrated  for  a  uniform  simply 
supported  beam.  The  beam  is  made  of  steel  and  has  bending  stiffness  EI=93  Nm2,  mass  per  unit  length 
m=2.181  N.set^/m2,  and  beam  length  L=0.38  m.  To  compute  the  response  of  the  system,  it  is  assumed 
a  modal  damping  ratio  of  0.1%  in  all  modes  ((^=0.001),  and  only  the  first  four  modes  are  included  in 
the  analysis.  The  beam  is  excited  by  a  concentrated  force  located  at  x^O.lL,  and  the  response  is 
controlled  by  another  point  force  placed  at  x^O.bSL.  In  this  example,  the  error  sensor,  whose  output  is 
minimized,  is  a  distributed  PVDF  shaped  film  mounted  on  the  beam  surface.  This  sensor  is  designed 
to  induce  the  desired  dynamic  characteristics  of  the  structure.  Since  the  proposed  design  formulation  is 
based  on  the  modal  representation  of  the  system’s  response,  the  eigenproperties  of  the  uncontrolled  beam 
to  be  used  in  the  analysis  are  given  by 


coo=  (nn/L)2  v/EI/m 


<J) a(x)  =  y2/m  L  Sin(n7ix/L) 


(24a,24b) 


In  this  example  problem,  we  seek  to  arbitrarily  shift  the  natural  frequencies  of  the  system  in 
the  frequency  range  of  the  first  four  modes.  As  mentioned  before,  the  controlled  system  has  one  less 
dynamic  degree  of  freedom  due  to  the  constraint  imposed  in  the  system  as  result  of  driving  the  error 
signal  to  zero.  Thus,  the  number  of  controlled  modes  is  three  and  the  desired  beam-control  system 
natural  frequencies,  to,,  (which  are  arbitrarily  chosen)  are  shown  in  Table  1.  The  uncontrolled  natural 
frequencies  are  also  shown  in  the  same  table.  These  desired  natural  frequencies  are  replaced  into  Eq. 
(15)  to  compute  the  coefficients  of  the  matrix  and  independent  vector.  Solving  this  linear  system  of 
equations  for  the  modal  error  components  1^,  defines  the  error  sensor  in  the  modal  space.  To  convert 
this  into  a  PVDF  distributed  sensor,  the  modal  components  are  replaced  into  Eq.  (23)  where  the 
weight  function  b(x)  is  computed.  This  function  determines  the  width  profile  of  the  PVDF  sensor  which 
is  shown  in  Figure  2. 


Table  1-Uncontrolled  and  Controlled  System  Natural  Frequencies 
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Figure  2--PVDF  film  sensor  geometry 


To  illustrate  the  dynamic  behavior  of  the  beam  before  and  after  control,  the  acceleration 
response  at  the  input  force  location  was  computed.  The  acceleration  response  is  obtained  by  multiplying 
Eq.  (3)  by  coJ.  Assuming  a  unit  amplitude  of  the  input  force,  the  magnitude  of  the  acceleration  before 
and  after  control  at  x^  are  shown  in  Figure  3  as  function  of  the  frequency  to.  The  dashed  line  is  the 
analytical  response  of  the  uncontrolled  beam  obtained  by  using  Eqs.  (3)  and  (5)  and  setting  U(ta)  to 
zero.  The  continuous  line  corresponds  to  the  controlled  system  calculated  from  Eqs.  (3),  (5)  and  (8)  and 
shows  resonance  behavior  at  the  preselected  frequencies  to,.  Thus,  upon  driving  the  weighted  response 
output  from  the  PVDF  sensor  to  zero,  the  beam-control  system  has  the  desired  eigenvalues.  Note  that 
the  results  of  Figure  3  were  calculated  in  the  frequency  domain  and  the  curves  were  obtained  by 


Figure  3--AcceIeration  at  disturbance  force  location;  Uncontrolled  —  Analytical,  aaa  Experimental 
Controlled - Analytical,  ooo  Experimental 


Figure  4-Controlled  system  eigenfunctions; - Analytical,  ooo  Experimental. 


evaluating  at  discrete  frequencies.  The  results,  thus,  represente  the  best  possible  attenuation  achievable 
over  the  bandwidth.  Whether  this  is  physically  realizable  depends  upon  the  time  domain  response  of  the 
controlled  system,  i.e.  wether  it  is  causal,  non-minimum  phase  etc.  The  associated  controlled 
eigenfunctions,  computed  using  Eqs.  (11)  and  (12),  are  shown  in  Figure  4. 

The  above  numerical  example  was  also  experimentally  verified  as  described  in  reference  7.  The 
experimentally  determined  values  are  plotted  in  Figures  3  and  4  and  good  agreement  with  the  theory  is 
seen.  It  should  be  noted  that  the  computed  mode  shapes  in  Figure  5  were  calculated  from  the  individual 
eigenfunction  expressions  in  eq.(ll)  and  (12),  rather  than  the  total  response  of  the  system  at  the 
resonance  points.  A  similar  approach  has  demonstrated  how  it  is  possible  to  design  the  controller  to 
cause  a  homogeneous  beam  to  behave  exactly  as  a  beam  (both  eigenvalues  and  eigenvectors)  with  an 
attached  mass-spring  system  [19]. 


EIGENVALUE-EIGENFUNCTION  ASSIGNMENT  DESIGN  APPROACH 


In  this  case,  the  controlled  system  eigenfunctions  as  well  as  the  eigenvalues  are  preselected  in 
advance  using  an  eigenvalue-eigenfunction  assignment  technique.  The  main  application  of  this  approach 
would  be  in  active  structural  acoustic  control  (ASAC)  where  the  radiation  efficiency  of  the  controlled 
mode  shapes  are  as  important  as  the  resonance  conditions  [20]. 

The  main  goal  in  ASAC  is  for  the  control  system  to  render  a  controlled  response  that  poorly 
couples  with  the  acoustic  medium,  thus  resulting  in  minimum  radiated  sound  power.  This  objective  can 
be  accomplished  if  two  conditions  are  met  as  follows: 

(i)  Firstly,  the  resonant  frequencies  of  the  controlled  structure  must  lay  away  from  the  dominant 
part  of  the  disturbance  input  spectrum.  In  other  words,  the  controlled  system  resonances  should 
be  detuned  from  the  excitation  input 

(ii)  Secondly  and  more  important  the  controlled  or  residual  structural  response  should  be 
dominated  by  a  linear  contribution  of  weak  radiating  modes,  i.e.  the  new  eigenfunctions. 

As  mentioned  in  the  previous  section,  the  controlled  system  has  new  resonant  frequencies  and 
associated  eigenfunctions  that  are  only  a  function  of  the  selected  actuator  and  sensor.  Thus,  this  concept 
can  be  merged  with  the  above  conditions  to  yield  an  efficient  design  approach.  The  design  formulation 
proposed  here  can  be  stated  as  to  find  the  optimum  actuator  and  sensor  configuration  that  yields  a 
controlled  structure  with  eigenproperties  that  satisfied  the  above  two  conditions.  The  work  summarized 
here  is  reported  in  detail  in  reference  9. 

We  thus  seek  the  optimum  expansion  coefficients  r„  that  will  render  the  controlled 
eigenfunctions  <|>,(D)  to  have  a  minimum  radiation  efficiency.  To  achieve  this  requirement,  we 
minimi7P.  the  controlled  modal  radiation  efficiency  at  frequency  to  [9] 

c(q>).  i  (25) 
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such  that  {ri}T{Tl}=l.  In  Eq.  (25),  (TT(co)]  is  the  uncontrolled  power  radiated  matrix  with  the  (n,m) 
element  is  given  by 
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where  pn  is  the  complex  modal  pressure  computed  over  the  hemisphere  A;  [V(ci))]  is  the  uncontrolled 
mean  square  velocity  matrix  with  the  (nan)  element  given  by 

VQffl(co)=JJ<t)Q(D)<t.[n(D)dD  (27) 

Ar 

where  A,  is  the  area  of  the  radiator;  and  pc  is  the  impedance  of  the  acoustic  medium. 

The  desired  expansion  coefficients  that  yield  the  lowest  radiation  efficiency  for  the  controlled 
modes  are  obtained  by  minimizing  o,(co)  in  Eq.  (25)  with  respect  to  the  TB  with  the  constraint 
{F,}T{ri}=l.  This  constraint  minimization  problem  can  be  efficiently  solved  by  recognizing  that  the 
stationary  values  of  o,(co)  can  be  obtained  by  solving  the  eigenvalue  problem 


(tn(co)]  -o,[V((D)]Ap0c){ri}(1-{0)  1=1,-, N 


(28) 


The  orthogonality  condition 


{r.flTK®)]^)*^..  (29) 

implies  that  the  controlled  modes  are  uncoupled  with  each  other  with  respect  to  the  far-field  radiation. 

As  depicted  in  Eq.  (12),  the  expansion  coefficients  are  a  function  of  the  modal  control 
forces  and  both  the  uncontrolled  and  controlled  natural  frequencies.  Thus,  once  the  optimum  expansion 
coefficients  Tm  are  obtained  from  the  eigensolution  in  Eq.  (28),  the  modal  control  forces  and  the 
controlled  eigenvalues,  (co,)2,  can  be  determined  by  solving  the  least  square  constrained  minimization 
problem 
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such  that 


Eu  n  =  1 
a*  l 


(30) 


where  the  equality  constraint  represents  the  normalization  of  the  modal  control  forces  since  the  relative 
controllability  of  the  modes  is  the  only  relevant  information.  The  upper  and  lower  limits  of  the  inequality 
constraints  on  the  values  for  the  controlled  system  eigenvalues  (to,)2  are  selected  based  on  the 
characteristic  of  the  spectrum  of  the  disturbance  input 


The  error  sensor  modal  components  ^  are  determined  from  the  characteristic  equation  of  the 
controlled  system  in  Eq.  (13).  Again  assuming  ^=1,  the  modal  components  ^  are  obtained  by  solving 
the  linear  system  of  equations  in  Eq.  (15). 


The  controlled  system  is  completely  defined  in  terms  of  the  optimum  modal  parameters,  u„  and 
It  is  then  convenient  to  study  the  performance  of  the  ASAC  system  before  these  modal  parameters 
are  translated  in  realizable  actuators  and  sensors. 

Design  Example:  Radiation  control  from  a  plate 

As  an  example  calculation,  the  design  formulation  is  applied  to  control  the  sound  radiation  from 
a  baffled  simply  supported  steel  plate  of  size  L*=0.38m  x  L^O.SOm  x  h=2  mm  thick.  Thus,  the  domain 
D  becomes  the  (x,y)  coordinates  in  this  example.  The  input  disturbance  is  assumed  to  be  a  point  force 
acting  at  the  center  of  the  plate  with  white  noise  in  0-600  Hz  frequency  band.  In  this  example,  the 
objective  is  to  control  the  volumetric  modes  (1,1),  (3,1)  and  (1,3)  modes  in  the  0-600  Hz  bandwidth  with 
a  SISO  controller.  The  eigenproperties  of  the  simply  supported  plate  are  given  by 


°WD p/Pph  (Y*+Y2) 


$n(x,y)  =  (4/LxLyhpp),/2sin(y:ix)  sin(yyy) 


(31) 


where  yx=TmJ/Lx,  yy=7cn/Ly,  D=Eh/12(l-v2)  is  the  flexural  rigidity,  pp  is  the  plate  density,  and  (n,,^) 
are  the  modal  indices  traditionally  used  for  rectangular  panels  that  are  associated  to  the  n  index  in  the 
theoretical  analysis. 

The  first  step  in  the  design  process  is  to  find  the  desired  controlled  system  eigenfunctions.  The 


single  frequency  of  300  Hz  was  selected  to  compute  the  matrices  [FI(co)]  and  [V(to)]  to  form  the 
eigenvalue  problem  of  Eq.  (28).  The  solution  of  the  eigenvalue  problem  yielded  three  eigenvalues  and 
associated  eigenvectors.  Since  the  SISO  controller  reduces  the  number  of  dynamic  degree-of-ffeedoms 
by  one,  the  desired  expansion  coefficients,  (r„)d,  are  the  first  two  eigenvectors.  The  radiation 
efficiency  at  300  Hz,  eigenvalues  ae  and  associated  expansion  eigenvectors,  {T,}d,  of  the  desired 
controlled  eigenfunctions  are  given  in  Table  2. 

The  optimum  modal  parameters,  i.e.  modal  control  and  error  components,  can  now  be 
computed.  The  next  step  is'to  find  the  modal  control  forces,  u„,  and  controlled  eigenvalues,  (co,)2,  that 
yield  the  desired  expansion  coefficients  of  Table  2.  This  is  achieved  by  solving  the  minimization 
problem  in  Eq.  (30)  where  the  controlled  eigenvalues  (to,)2  are  not  constrained  as  in  Eq.  (30)  because 
the  spectrum  of  the  excitation  input  is  white  noise.  The  minimization  process  was  carried  out  by  using 
the  optimization  IMSL  routine  DUNLSF  (non-linear  least  squares  problems)  which  yielded  the  optimum 
modal  forces  14  shown  in  Table  3  and  two  controlled  resonant  frequencies  at  399  and  700  Hz  as  shown 
in  Table  4.  These  values  yielded  the  expansion  coefficients  shown  in  columns  2  and  3  of  Table  4.  These 
coefficients  are  almost  identical  to  the  desired  coefficients  obtained  from  the  solution  of  the  eigenvalue 
problem  in  Eq.  (28)  and  presented  in  Table  2.  The  modal  control  forces  and  controlled  eigenvalues  can 
now  be  used  in  the  linear  system  of  equations  in  Eq.  (15)  to  solve  for  the  modal  error  components, 
and  they  are  given  in  Table  4.  Note  that  this  procedure  could  be  used  with  any  number  of  included 
modes;  increasing  the  number  of  modes  will  simply  increase  the  amount  of  computations  required. 


Table  2--Radiation  efficiency  and  expansion  coefficients  of  desired  eigenfunctions 


Radiation  Efficiency,  opt  10° 


.239 

1.13 

Desired  Coefficients,  {r4}d 

(i,d 

-.367 

0.128 

(3,1) 

0361 

-.893 

(1,3) 

0.857 

Table  3-Modal  control  and  error  components. 


Mode 

(nx>ny) 

Modal  Parameters 

u0 

(1,1) 

-.534 

0.924 

(3,1) 

0.479 

0.329 

(13) 

0.697 

0.192 

The  resulting  modal  parameters  listed  in  Table  3  define  completely  the  control  system.  The . 
controller  has  modified  the  eigenstructure  of  the  system  in  such  a  way  that  the  controlled  structure  will 
respond  with  two  weak  radiating  modes.  To  illustrate  this  fact,  the  radiation  efficiency  for  the  three  odd- 
odd  uncontrolled  eigenfunctions  and  the  two  new  controlled  eigenfunctions  was  computed  and  they  are 
plotted  in  Figure  5.  This  figure  shows  clearly  that  the  controlled  modes  have  substantially  lower 
radiation  efficiency  than  the  uncontrolled  modes.  It  is  also  very  interesting  to  note  that,  as  calculated  by 
numerical  integration,  the  controlled  eigenfunctions  are  nonvolumetric.  Since  the  response  is  a  linear 
expansion  of  the  modes,  this  implies  that  the  net  volume  displaced  by  the  controlled  plate  is  zero  at  all 


frequencies.  This  same  phenomenon  was  observed  by  the  authors  in  studying  the  dynamic  behavior  of 
feedforward  controlled  systems  using  microphones  in  the  far-field  as  error  sensors  [11].  This  observation 
suggest  an  alternative  control  approach  in  which  all  the  closed  loop  modes  are  chosen  to  be  non- 
volumetric.  Such  a  procedure  would  eliminate  the  lengthy  radiation  coupling  equations  and  is  the  topic 
of  present  research. 

The  sensitivity  of  the  controlled  eigenfunctions  to  the  selected  frequency  used  in  Eq.  (28)  is 
an  important  issue.  Solving  the  eigenproblem  in  Eq.  (28)  for  different  values  of  the  frequency  within 
the  excitation  band,  showed  that  the  desired  expansion  coefficients  did  not  vary  substantially  even 
though  the  design  frequency  and  the  excitation  bandwidth  limit  is  close  to  the  plate  critical  frequency. 
This  behavior  is  due  to  the  new  eigenvalues  being  independent  of  frequency  as  in  all  distributed  elastic 
systems.  Although  this  is  not  a  general  conclusion,  the  result  suggests  that  in  the  proposed  design 
approach  the  solution  of  the  modal  acoustic  field  could  be  efficiently  carried  out  at  a  small  number  of 
frequencies.  Since  this  analysis  is  the  most  computational  intensive  process,  the  proposed  design 
approach  has  clear  computational  benefits  over  direct  optimization  methods  for  complex  structures  and 
excitations. 


Table  4-Controlled  system  eigenproperties 


Resonant  Freq.  fetojln  [Hz] 

/.= 399 

f 2=100 

Expansion  coefficients 

r.o 

r* 

(1.1) 

0224 

-.314 

(3,1) 

-.877 

0.371 

(1.3) 

0.424 

0.874 

Figure  5-Radiation  efficiency  of  —  uncontrolled  and 


controlled  eigenfunctions. 


The  control  system  is  completely  defined  in  the  modal  domain  in  terms  of  the  optimal  modal 
parameters  in  Table  3.  The  performance  of  the  controlled  structure  can  be  investigated  with  these  basic 
modal  parameters  before  physical  transducers  are  devised.  The  effectiveness  of  the  control  system  was 
evaluated  for  a  disturbance  input  consisting  of  a  point  force  located  at  x=0.5L*  and  y=0.5Ly.  To  illustrate 
the  dynamic  behavior  of  the  plate  before  and  after  control,  the  acceleration  response  of  the  plate  at  the 
disturbance  location  was  computed.  The  amplitude  is  shown  in  Figure  6  as  a  function  of  the  frequency. 
The  dashed  line  is  the  uncontrolled  response  and  shows  peaks  at  the  resonant  frequencies  of  the  plate. 
On  the  other  hand,  when  the  control  input  is  applied,  the  response  shows  resonance  behavior  at  the  two 
controlled  resonant  frequencies  given  in  Table  4.  The  vibration  levels  of  the  controlled  structure  are 
slightly  lower  than  the  uncontrolled  system,  i.e.  amplitude  of  the  second  controlled  mode  is  the  same 
as  the  (1,1)  uncontrolled  mode.  The  corresponding  the  before  and  after  control  far-field  pressures  at 
r=(0°.0°,4_5Lx)  was  also  computed.  The  sound  pressure  level  in  decibels  (dB  reference  20pPa)  is  shown 
in  Fig.  7  as  a  function  of  the  frequency.  This  figure  shows  that  the  sound  levels  produced  by  the 


Figure  6--Acceleration  at  disturbance  force  location;  —  uncontrolled  and - controlled. 


Figure  7-Far-field  pressure  at  r=(4.5L*,0,0);  —  uncontrolled  and - controlled. 


controlled  structure  are  well  below  the  level  generated  by  the  uncontrolled  one.  This  is  due  to  the  low 
radiation  efficiency  of  the  controlled  modes  that  results  in  a  weak  coupling  of  the  controlled  response 
with  the  acoustic  medium.  This  phenomenon  takes  place  in  spite  of  the  plate  vibration  levels  being 
comparable  to  the  uncontrolled  response  levels. 

The  results  demonstrate  that  the  controller  configuration  gives  good  performance.  The  next  step 
is  to  translate  the  optimum  modal  parameters,  and  into  realizable  transducers.  Here  we  assume 
the  actuator  and  sensor  will  be  rectangular  piezoelectric  distributed  strain  devices.  Previous  work  [21] 
has  shown  that  the  modal  control  forces,  u,,,  are  related  to  the  location  and  configuration  of  the  patches 
such  that 


U„  =  £  p,ll —  [Cos(yx(xe.+pt))  -Cos(Yx(xd-Pl»] 

i"l  Yx  Y  y 

[Cos(Yy(yd+py)) -Cos(Yy(ya-py))] 


(32) 


where  P,=±l  is  the  relative  polarity  of  the  N,  patches,  (xd,yd)  are  the  center  coordinates  of  the  patch, 
2px  and  2py  are  the  patch  dimensions.  These  can  be  determined  by  minimizing  the  cost  function  (for 
fixed  sized  actuators) 


F(Pi,xd,yd)  =  £  j  (u.)  -  uB(P.,xd,yd)  j 

n*l  I  I 


(33) 


A  similar  expression  can  be  written  for  finding  the  configuration  of  the  strain  sensor  [9]. 

Figure  8(a)  shows  the  optimum  PZT  actuator  which  consists  of  four  piezoelectric  actuators 
driven  in  phase.  Figure  8(b)  shows  the  single  optimum  piezoelectric  sensor.  Note  that  these 
configurations  are  designed  to  be  optimum  across  the  complete  bandwidth  of  0<f<600  Hz.  Experimental 
testing  of  such  system  have  recently  validated  the  ASAC  design  approach  and  will  be  reported  in  the 
future. 


Figure  8-Optimum  (a)  PZT  control  actuator  and  (b)  PVDF  film  error  sensor. 


EXTENSION  TO  DISCRETIZED  SYSTEMS 


The  most  computationally  intensive  process  in  the  proposed  eigenfunction  design  approach  for 


AS  AC  systems  is  the  evaluation  of  the  matrices  [TI(co)]  and  [V(to)].  These  matrices  will  be  computed 
at  a  few  frequencies.  A  realistic  structure  will  certainly  required  the  numerical  prediction  of  both  the 
structural  and  the  acoustic  responses  by  FEM/BEM  techniques.  The  computation  of  these  matrices  using 
numerical  predictions  is  presented  here. 

A  FEM/BEM  model  of  the  structure  is  first  constructed  and  used  to  compute  the  structural 
eigenproperties.  i.e.  natural  frequencies  and  mode  shape  vectors  (4>n}.  The  (non)  element  of  matrix 
[V(co)j  given  in  Eq.  (27)  can  then  be  approximated  as 

VJco)  =  -2L  £  4>0(s)  <(>m(s)  A,  (34) 

"  $-1 


where  <}>n(s)  is  the  component  of  the  mode  shape  vector,  A*  is  the  area  associated  to  the  s*  node;  A 
is  the  total  area  of  the  radiator  (AsIA,);  and  Nre  is  the  number  of  nodes  in  the  FEM/BEM  model. 

The  acoustic  response  can  be  computed  by  using  the  mode  shape  vectors,  obtained  from  the 
FEM/BEM  analysis,  in  conjunction  with  an  acoustic  FEM/BEM  code.  The  velocity  profile  vector  at 
frequency  co  due  to  the  n *  mode,  {\)q(cd)},  is  first  computed  as 

h)  )  =  ico{<t>  }  (35) 

D  '  0 


which  in  turn  is  input  into  an  acoustic  FEM/BEM  code  to  compute  the  complex  modal  far-field  radiated 
pressure  over  a  surface  enclosing  the  structure,  i.e.  a  hemisphere. 

The  (n,m)  component  of  matrix  [II(co)]  can  then  be  computed  using  the  modal  far-field  pressure 
distribution  as  follows 


iu®) =£ 

5-1 


P„(s)  p;(s) 

_ A 


(36) 


where  pD(s),  s=l,...,NBE,  is  the  complex  pressure  computed  at  the  s'*  node  in  the  far-field;  A,  now 
represents  the  area  associated  to  pn(s);  and  the  asterisk  denotes  the  complex  conjugate. 

The  matrices  [TI(co)]  and  [V(cd)],  evaluated  as  in  Eqs.  (34)  and  (36),  are  then  used  to  solve  the 
eigenproblem  in  Eq.  (28).  From  this  eigenanalysis,  the  design  process  to  find  the  optimum  modal 
control  parameters  continuous  in  the  same  way  as  presented  in  the  previous  section.  It  is  worth  to 
mention  that  these  matrices  can  also  be  estimated  from  experimental  measurements  carried  out  on  the 
same  system  to  be  controlled. 


BROADBAND  DISTURBANCES 


The  previous  analysis  and  design  procedure  has  been  based  upon  a  frequency  domain  approach. 
This  form  is  appropriate  where  the  disturbance  is  narrow  band,  multiple  frequencies  or  the  response  is 
dominated  by  behavior  at  discrete  frequencies  (i.e.  system  resonances).  However,  in  many  applications 
the  disturbance  is  of  a  random  broadband  nature.  Recently,  Alberts  and  Pota  [22]  have  investigated  the 
broadband  implementation  of  feedforward  control  to  minimize  the  disturbance  response  at  some  point 
on  a  vibrating  flexible  structure.  Alberts  and  Pota  have  shown  that  the  optimal  compensator  for  the 
problem  of  Figure  1  is 


G(s)  =  - 


TJs) 

T«(s) 


(37) 


where  T^s)  is  the  transfer  function  from  the  disturbance  input  to  the  error  point  while  Tw(s)  is  from 
the  control  to  the  error  point  and  s  is  the  Laplace  variable.  Alberts  and  Pota  have  extended  the  previous 
frequency  domain  results  summarized  in  this  paper  and  have  shown  that  for  broadband  excitation  (or 
time  domain  analysis)  the  controlled  system  will  have  as  it’s  new  eigenvalues  (to  the  correlated 
disturbance  force  or  forces),  the  zeros  of  T„  and  that  all  of  the  original  eigenvalues  are  exactly  canceled 
by  the  zeros  of  G(s). 

However,  many  realistic  systems  have  non-minimum  phase  zeros  (for  example  control  systems 
with  non-collocated  actuators  and  sensors)  and  this  implies  that  the  optimum  compensator  G(s)  is 
unrealizable  without  leading  to  control  instability.  As  discussed  in  the  frequency  domain  approach  of 
this  paper,  Alberts  and  Pota  show  that  it  is  possible  to  arbitrarily  assign  the  eigenvalues  of  the 
compensated  system  in  the  time  domain  and  then  derive  the  optimal  controller  to  provide  this  required 
behavior.  They  developed  a  design  technique  by  which  the  compensator  nearly  cancels  the  original 
system’s  poles  and  simultaneously  minimizes  the  disturbance  response  at  the  error  point  while  remaining 
stable  over  the  complete  bandwidth.  Through  simulations  Alberts  and  Pota  demonstrate  that  using  the 
approach  leads  to  only  a  slight  reduction  in  control  attenuation  of  the  error  signal  over  the  bandwidth 
when  compared  to  the  performance  calculated  using  the  frequency  domain  approach  (which  predicts  the 
maximum  possible  broadband  attenuation). 

CONCLUSIONS 

A  design  technique  based  upon  the  eigen  behavior  of  feedforward  controlled  systems  has  been 
developed.  The  technique  has  been  applied  to  both  vibration  modification  and  radiation  control  of 
structures.  The  extension  to  complex  bodies  using  numerical  FEM/BEM  techniques  and  broadband 
disturbances  has  been  discussed.  The  method  provides  a  very  useful  tool  for  designing  the  components 
of  feedforward  controlled  systems  based  upon  a  required  behavior. 
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ABSTRACT 

In  its  most  basic  form,  a  frequency-domain  simulation  of  feedforward  active  noise  control  can  be  described 
by  a  multiple  linear  regression  in  which  the  predictor  variables  are  transfer  functions  and  the  data  being  modeled 
are  the  open-loop  responses  of  the  system  being  controlled  Linear  least-squares  regression  may  be  used  to  find 
control  inputs  that  minimize  a  radiation-related  cost  function,  but  the  results  are  subject  to  a  type  of  numerical  ill- 
conditioning  known  as  collinearity  This  article  explores  how  collinearity  enters  an  active  control  system,  and 
describes  a  basic  set  of  numerical  diagnostic  procedures  that  can  be  used  to  detect  and  analyze  collinearity 
problems.  Techniques  are  adapted  from  existing  diagnostics  developed  in  the  statistics  literature.  Numerical 
results  are  given  for  a  simple  active  structural-acoustic  control  system  in  which  radiation  from  an  axisymmetric 
cylindrical  shell  is  controlled  by  oscillating  forces  applied  on  the  shell. 

INTRODUCTION 

Recent  work  by  the  authors  [1,2]  examines  feedforward  active  noise  control  from  a  statistical  viewpoint, 
using  tools  developed  in  the  statistics  literature  for  linear  least-squares  regression  Feedforward  active  noise 
control  can  be  simulated  the  frequency  domain  using  the  same  mathematical  formulation  used  for  regression 
The  primary  difference  is  that  in  active  noise  control  the  regression  variables  are  comp  lex -valued  transfer 
fractions  rather  than  real-valued  sequences  of  observations;  in  other  words,  each  predictor  variable  is  a  complex¬ 
valued  frequency-domain  transfer  function  between  an  control  input  (actuator)  and  a  set  of  observations  (error 
sensor  outputs)  Given  this  similarity,  one  might  logically  assume  that  numerical  difficulties  commonly 
associated  with  regression  might  also  appear  in  active  noise  control  simulations  Such  is  the  case  with 
collinearity,  the  topic  of  the  present  work.  Collinearity  is  a  type  of  numerical  ill-conditioning  that  occurs  when 
one  or  more  transfer  functions,  which  can  be  thought  of  as  vectors  in  Af -dimensional  space,  are  not  orthogonal  to 
one  another.  For  example,  if  each  actuator  excites  only  one  mode  of  the  system  with  no  spillover  into  other 
inodes,  then  all  the  transfer  functions  will  be  mutually  orthogonal  Since  it  is  unlikely  that  the  transfer  functions 
in  a  real  dynamic  system  will  all  be  mutually  orthogonal,  collinearity  is  usually  present  to  some  degree  In  fact, 
control  simulations  are  perhaps  more  prone  to  collinearity  than  other  regressions 

This  paper  describes  how  collinearity  enters  an  active  control  system  and  how  it  can  affect  a  feedforward 
control  simulation  Also  given  is  a  basic  diagnostic  procedure  for  detecting  and  analyzing  collinearity  The 
diagnostic  procedure  is  presented  as  a  step-by-step  outline  It  is  shown  that  when  the  goal  is  only  to  detect 
collinearity  rather  than  provide  a  detailed  analysis,  the  procedure  simply  examines  the  condition  number  of  a 
special  scaled  design  matrix  Two  references  that  provide  a  comprehensive  discussion  of  collinearity  diagnostics 
for  real-valued  regressions  are  Belsley,  Kuh,  and  Welsch  [3]  and  by  Belsley  [4]  All  of  the  concepts  presented  in 
the  present  work  are  based  on  [4],  The  extensions  to  complex -valued  regressions  are  given  in  Miller  [5] 
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For  purposes  of  illustration,  results  are  presented  for  an  active  structural-acoustic  control  (ASAC)  problem 
in  wtiich  radiation  from  a  cylindrical  shell  is  reduced  by  applying  time-harmonic  control  forces  and  moments  on 
the  structure  itself  The  shell,  shown  in  Fig  1,  is  a  finite-length  cylinder  with  damped,  rigid  end  caps,  material 
properties  are  chosen  to  represent  a  steel  shell  submerged  in  water.  The  entire  analysis  is  conducted  in  the 
frequency  domain,  and  the  time  dependence  is  omitted  for  brevity  of  notation  Structural  dynamic  response 
information  for  the  fully  coupled  structure-fluid  system  is  incorporated  as  frequency-domain  transfer  functions 
that  are  obtained  numerically  using  a  finhe-element/boundary-element  computer  program 

j  clamped,  rigid  ends  — ^ 

tf* 0.1  m- 

J- 


Figure  1:  Example  problem  for  collinearity  diagnostics  Structure  is  a  finite-length  cylindrical  shell 
with  flat,  rigid  end  caps  that  are  clamped  such  that  they  cannot  translate  along  the  symmetry  axis. 
Material  properties  are  chosen  to  represent  a  steel  shell  submerged  in  water. 

FEEDFORWARD  CONTROL  AS  A  MULTIPLE  LINEAR  REGRESSION 

In  multiple  linear  regression,  one  typically  seeks  a  model  y  to  approximate  a  dependent  variable  >  The 
model  takes  the  form  of  a  weighted  sum  of  predictor  variables  Xj  Suppose  the  dependent  and  predictor 
variables  contain  a  total  of  M  observations  written  in  vector  form  as  y={y\  yi  yu)T  and  X,-{Xtl  Xa  ... 
XiM}t  .  We  seek  a  set  of  regression  coefficients  bj  such  that 

bA-y.  (1) 

/  =  1 

Writing  the  regression  coefficients  as  a  vector  £={6]  ...  6//}^,  we  can  define  a  design  matrix  X={X]  Xn 

...  Xtf)  and  express  the  model  as 

y  =  BX~y.  (2) 

The  most  commonly  used  solution  technique  in  statistical  regressions  is  least  squares,  which  seeks  regression 
coefficients  that  minimize  a  weighted  sum  of  the  squared  deviations  between  y  and  y  at  the  M  observation 
points.  In  other  words,  the  regression  coefficients  must  minimize  a  cost  function 

z5=Xw'Ik_><I2  o) 

where  the  w,  are  weighting  coefficients,  usually  set  to  unity.  By  defining  a  diagonal  weighting  matrix  W 
containing  the  weighting  coefficients  wj  and  requiring  that  the  derivatives  of  x ^  with  respect  to  each  of  the  b( 
vanish,  we  obtain  the  Nx  N  set  of  normal  equations  shown  below,  solution  of  which  gives  the  desired  regression 
coefficients  B. 

XtWXB  -  XTWy.  (4) 

In  feedforward  control  we  know  the  disturbance  response  P ,  that  is,  the  error  sensor  outputs  from  the 
disturbance  acting  alone  Also,  we  assume  that  the  system  is  linear  the  total  response  equals  the  disturbance 
response  plus  the  control  response  P,  defined  as  the  error  sensor  outputs  from  the  actuators  acting  together  but 
without  the  disturbance  The  path  between  each  individual  actuator  and  the  error  sensor  outputs  is  represented 
as  a  transfer  function  The  control  response  is  a  linear  sum  of  all  the  transfer  functions  weighted  by  the 
associated  actuator  strengths  or  control  inputs ,  we  seek  control  inputs  that  minimize  a  radiation-related  cost 
function.  The  direct  analogies  between  feedforward  control  and  multiple  linear  regression  are  as  follows  The 
transfer  functions  between  the  actuators  and  error  sensors  are  analogous  to  the  predictor  variables,  Xj  The 
control  inputs  are  analogous  to  the  regression  coefficients,  and  the  desired  control  response  is  analogous  to  the 
model  y.  Finally,  dependent  variable  y  equals  the  negative  of  the  disturbance  response  By  choosing  control 
forces  such  that  y  approximates  -y ,  we  cause  the  control  response  to  "cancel"  the  disturbance 

Since  most  quantities  of  interest  in  vibrations  and  acoustics  problems  are  complex -valued,  we  must  formulate  the 
regression  using  complex  variables.  It  is  straightforward  to  show  [5]  that  the  normal  equations  take  the  form 
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XHWXB=XHWy.  (5) 

The  physical  significance  of  the  cost  function  depends  on  how  the  variables  and  weighting  coefficients  are 
defined  If  the  error  sensors  measure  ferfield  pressure,  the  cost  function  being  minimized  can  be  made  to 
approximate  the  total  radiated  power  by  appropriate  choice  of  sensor  locations  and  weighting  coefficients 

Various  statistical  procedures  used  in  statistical  regressions  have  significance  in  simulating  feedforward 
active  control,  for  example,  the  F-test  may  be  used  to  test  the  statistical  significance  of  the  simulation  as  a  whole 
[I].  Of  particular  interest  here  is  the  idea  that  the  variances  of  individual  control  input  estimates  may  be 
calculated  If  we  assume  the  presence  of  Gaussian  measurement  noise  in  the  error  sensor  data,  we  can  calculate 
variances  for  each  of  the  regression  coefficients  in  the  regression  (which  correspond  to  control  inputs  in  an  active 
control  simulation )  The  variance  of  the  magnitude  of  the  control  input  is 

=  F  (6) 

where  is  the  diagonal  of  the  variancx<ovariance  matrix 

V{b)  =  o2f(XHWXy'  (7) 

and  Gp  is  the  variance  of  the  error  sensor  measurement  noise.  Note  that  a  value  for  the  error  variance  op  would 
be  required  to  actually  calculate  the  variances.  For  the  present  analysis  it  is  not  necessary  to  calculate  variances 
directly,  so  the  issue  of  choosing  a  value  for  ap  is  not  addressed  here. 

COLLINEARITY  IN  FEEDFORWARD  CONTROL 

This  section  presents  a  brief  example  to  show  how  collinearity  can  affect  the  results  of  an  AS  AC  simulation, 
and  discusses  the  role  of  approximate  solution  techniques  in  overcoming  collinearity  problems 

How  coHinearity  enters  a  feedforward  control  problem 

Suppose  we  apply  two  control  forces  at  exactly  the  same  location  on  the  structure  Obviously  their  transfer 
functions  are  identical  to  each  other,  the  normal-  equations  are  singular,  and  we  have  no  unique  solution  for  the 
control  force  magnitudes.  Now  suppose  the  two  control  forces  are  close  together,  but  not  quite  collocated 
Their  transfer  functions  are  similar,  but  not  identical;  the  normal  equation  are  ill-conditioned,  but  not  quite 
singular  In  feet,  the  possibility  for  such  near-dependencies  to  cause  ill-conditioning  exists  whenever  the  transfer 
functions  are  not  all  mutually  orthogonal. 

Suppose  we  plunge  forward  and  solve  the  normal  equation;  what  son  of  solution  can  we  expect'’  Often  the 
adjacent  (and  partially  redundant)  control  forces  have  opposite  phases  and  very  large  magnitudes  In  some 
circumstances  this  is  purely  a  numerical  artifact,  the  result  of  ill -conditioning  of  the  normal  equation  In  other 
circumstances  such  results  could  be  interpreted  as  a  force  couple  approximating  a  concentrated  moment,  and 
there  might  be  no  indication  of  whether  the  solution  was  genuine  or  spurious  This  disturbing  ambiguity  is  the 
motivation  for  investigating  collinearity  diagnostics. 

Control  forces  need  not  be  located  next  to  each  other  to  produce  collinearity  If  the  modal  density  is  low 
and  the  structure  is  very  lightly  damped,  there  may  be  several  locations  at  which  applied  forces  would  produce 
oeariy  the  same  response.  Control  forces  applied  at  two  or  more  such  locations  would  produce  collinearity  even 
though  they  were  distant  from  each  other.  Another  source  of  collinearity  arises  when  one  control  force  can  be 
replaced  by  a  linear  combination  of  other  control  forces  in  the  system 

^...samp.lg,shc>win&  thg  gffeas  of  poihngyity 

A  simple  example  shows  how  collinearity  can  affect  even  a  relatively  simple  simulation.  Consider  the 
damped  cylinder  (Fig.  1)  with  a  disturbance  force  Ad,  where  b d  is  a  unit -magnitude,  radially-directed, 
axisymmetric  ring  force  applied  near  the  left  end  cap.  The  disturbance  excitation  frequency  is  95,  where 
k0  is  the  acoustic  wavenumber  and  a  is  the  cylinder  radius  Consider  three  control  actuators  £j,  b2,  and  £3,  with 
locations  to  be  discussed  after  performing  a  brief  numerical  experiment  The  regression  predicts  that  the  control 
inputs  reduce  the  radiated  power  by  23  dB  Since  the  F-test  and  /-test  results  appear  reasonable,  we  accept  as 
aignificant  the  following  complex  control  inputs 

*1=  (-18.1,-08)  62  =(-213,-2.2)  A,  « (1319,1 1.4) 
where,  for  example,  6j-(-l 8. 1,-0  8)  means  that  Re{ij)«-1 8.1  //and  lmiby  }*M)  8  N. 


(8) 
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The  purpose  of  the  numerical  experiment  is  to  see  how  measurement  noise  in  the  error  sensor  data  y={v‘], 
>fcl}  affects  the  regression  results  The  method  is  to  simulate  the  presence  of  measurement  noise  by 
artificially  injecting  various  amounts  of  random  noise  into  Y,  recomputing  the  regression,  and  examining  the 
control  input  magnitudes.  The  results  are  summarized  in  Table  1.  The  first  pair  of  columns,  labeled  "No 
simulated  noise,"  contains  the  original  regression  results  given  in  Eq  (8)  Next  each  error  sensor  output  y,  is 
perturbed  with  0.5%  simulated  measurement  noise,  that  is,  a  noise  component  with  random  phase  and  random 
magnitude  up  to  0.5%  of  the  maximum  value  in  F,  and  the  regression  is  recomputed  using  the  perturbed  Y  As 
shown  in  the  second  pair  of  columns  in  Table  1,  0.5%  simulated  measurement  noise  did  not  significantly  change 
the  predicted  control  inputs  Next  we  increase  the  simulated  measurement  noise  to  5%  and  recompute  the 
regression  As  shown  in  the  third  pair  of  columns  in  Table  1,  the  control  input  magnitudes  are  changed  by  less 
than  2%.  In  fact,  we  can  increase  the  simulated  measurement  noise  to  25%  or  more  before  the  control  inputs 
change  substantially  Thus  the  regression  appears  relatively  insensitive  to  measurement  noise 

Now  consider  another  example  in  which  we  add  a  fourth  control  input  b+  to  the  configuration  (For  the  sake 
of  illustration  we  choose  a  particularly  bad  location  for  £4.)  For  the  new  configuration  with  no  simulated 
measurement  noise,  we  predict  that  the  control  inputs  reduce  the  radiated  power  by  29  dB,  an  improvement  of  6 
dB  over  the  previous  9ase  Again  the  F'-test  and  /-test  results  appear  reasonable,  so  we  accept  as  significant  the 
control  inputs  shown  in  the  first  pair  of  columns  in  Table  2.  As  in  the  previous  example,  we  add  simulated 
measurement  noise  to  Y  and  recompute  the  regression  But  now,  even  with  an  error  of  only  0  5%,  we  see 
changes  of  up  to  5%  in  the  predicted  control  inputs.  If  we  increase  the  simulated  measurement  noise  to  5%,  the 
control  inputs  are  all  but  unrecognizable,  although  somehow  the  third  input  seems  less  drastically  affected  Still, 
the  F-tesi  and  /-test  show  no  signs  of  trouble,  and  the  subroutine  used  to  solve  the  normal  equation  gives  no 
warning  or  error  messages  Why  is  the  solution  so  sensitive  to  measurement  noise9  The  reason,  of  course,  is 
collinearity  between  the  particular  control  forces  we  chose 


Tabic  1 :  Effect  of  simulated  measurement  noise  without  collineanty 


No  simulated  noise 

0  5%  simulated  noise 

5  0%  simulated  noise 

5/ 

AIM  | 

b, 

AM 

b) 

(-18.1,-08) 

- 

(-18.0-0.8) 

(-17.7,-08) 

2% 

b2  j 

(-21. 3,-2  2) 

- 

(-213,-2.2) 

<0.5% 

(-210,-2.2) 

1% 

bj 

(131.9.11  4) 

_ 

(131.9,11.4) 

0.5% 

(131  8,11.3) 

1% 

Table  2: 

Effect  of  simulated  measurement  noise  with  collmeantv 

No  simulated  noise 

0.5%  simulated  noise 

i 

5.0%  simulated  noise 

bi 

b, 

AM 

b , 

AM 

bf 

(•£27.7,-37.0) 

- 

(-604 .3, *4 9.0) 

5% 

(-195.1,-78.9) 

67% 

b2 

(613.5,36.1) 

- 

(589.7,48.5) 

2% 

(164  9,78.2) 

70% 

b3 

(117.3,9.6) 

- 

(118.1,9.4) 

1% 

(128.2,9.6) 

9% 

bj 

(24.1,1.4) 

- 

(23.2,1.9) 

2% 

(7.0,31) 

68% 

If  we  now  examine  the  locations  of  the  control  inputs,  shown  in  Fig.  2,  we  can  clearly  see  why  we  encounter 
numerical  difficulties.  The  first  two  inputs,  b]  and  b2y  are  axi symmetric  ring-forces  at  5=0  17  and  5=0  31, 
respectively,  while  is  a  distributed  axisymmetric  ring-force.  But  the  control  input  used  in  the  second  example, 
£4,  is  an  axisymmetric  ring-moment  applied  at  5=0.25,  exactly  between  and  b2  The  two  ring-forces,  when 
combined  with  opposite  phases,  produce  a  force  couple  that  has  nearly  the  same  effect  as  the  ring-moment  The 
ring-moment  is  redundant,  and  in  this  simple  example  can  easily  be  seen  as  the  cause  of  the  numerical  problems 
The  collinearity  diagnostics  presented  in  the  next  section  provide  a  general  method  that  could  be  used  to  detect 
and  analyze  collinearities  in  more  complicated  systems  where  relations  between  actuators  might  not  be  so  clear. 

The  role  of  approximate  solution  techniques 

Generally  some  redundancy  between  the  variables  is  unavoidable,  and  must  be  expected  and  planned  for  in 
one  of  several  ways.  One  method,  discussed  in  the  next  section,  uses  collinearity  diagnostics  to  analyze  sources 
of  collinearity  and  suggest  strategies  for  removing  collinearity  from  the  problem.  Another  method  is  to  simply 
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Figure  2:  Locations  of  actuator  forces.  Axisymmetric  ring-forces  b<\  and  b 2  are  applied  at  5=0.25 
and  5=0.31.  An  axisymmetnc  distributed  force  b3=cos(3n5)  is  distributed  over  the  length  of  tne 
cytinder.  An  axisymmetric  ring  moment  64  is  applied  at  ^0.31 . 
circumvent  the  effects  of  coliinearity  by  employing  an  approximate  solution  method  to  solve  the  normal 
equations  Tbe  former  method  appears  to  be  the  more  appropriate  merely  solving  the  normal  equations  does 
not  eliminate  the  coliinearity  problem,  and  does  nothing  to  illuminate  its  causes  and  possible  solutions  However, 
if  the  situation  at  hand  requires  no  more  than  workable  solutions  to  the  normal  equations,  the  latter  method  may 
be  used  Two  examples  exist  in  the  literature,  and  are  described  below 

Rosenthal  [6]  finds  approximate  solutions  to  the  normal  equations  by  using  singular-value  decomposition 
(SVD)  Tbe  SVD  approach,  described  in  [7],  provides  an  approximate  solution  that  minimizes  the  length  of  the 
solution  vector  This  has  an  interesting  interpretation  in  the  context  of  ASAC,  since  the  length  of  the  solution 
vector  is  a  measure  of  the  amount  of  control  effort  expended  The  SVD  method  also  provides  convenient  access 
to  the  covariances.  A  drawback  of  using  SVD  is  that  one  must  manually  decide  on  a  threshold  beyond  which 
singular  values  are  discarded,  and  the  threshold  is  somewhat  problem-dependent.  Nevertheless,  the  SVD 
provides  a  way  to  solve  the  normal  equations  in  the  presence  of  coliinearity,  and  the  singular  vectors  may  have 
interesting  physical  interpretations  as  well. 

Nelson  and  Elliott  [8]  discuss  the  use  of  iterative  gradient  descent  techniques  as  an  approximate  solution 
technique  for  time-domain  problems.  Iterative  techniques  are  able  to  find  a  reliable  and  stable  solution  to  the 
normal  equations  even  in  the  presence  of  coliinearity.  They  are  computationally  efficient  for  practical 
applications,  in  which  the  problem  parameters  may  be  slowly  varying  in  time  Also,  they  do  not  require  the  user 
to  select  a  threshold  value  as  in  SVD,  although  the  user  must  determine  when  to  discontinue  the  iterations 

A  COLLENEARITY  DIAGNOSTIC 

Rather  than  trying  to  present  a  comprehensive  review  of  coliinearity  diagnostics  and  their  possible 
applications  in  studying  feedforward  control,  this  section  presents  one  diagnostic  method  with  some  basic 
example  results  For  more  detail  the  reader  is  refened  to  Belsley  [4], 

Background  discussion 

Recall  the  normal  equation  for  a  feedforward  control  system  with  M  sensors  and  N  actuators, 

[XhWX)B  =  XhWY  .  (9) 

As  the  reader  might  expect,  most  coliinearity  diagnostics  involve  the  condition  number  of  X^WX,  the  matrix 
product  found  in  the  left-hand  side  of  Eq  (5).  Clearly  a  large  condition  number  announces  the  presence  of  ill- 
conditioning,  but  simply  examining  the  condition  number  leaves  unanswered  three  questions  First,  how  can  we 
detect  whether  more  than  one  near-dependency  is  present?  Second,  how  large  a  condition  number  can  we 
tolerate  and  still  have  confidence  in  the  regression  results7  And  third,  how  can  we  determine  which  variables  (or, 
in  the  context  of  feedforward  control,  which  control  inputs)  are  involved  in  near -dependencies7  We  will  briefly 
discuss  these  three  questions  before  presenting  the  diagnostic  method 

The  first  question,  regarding  the  number  of  near  -dependencies  present,  is  answered  by  examining  not  just  the 
condition  number  ofA^JfXbut  the  eigenvalues  of  XPWX  We  accomplish  this  by  examining  the  singular-value 
decomposition  of  W^^X,  aince  the  lingular  values  of  W^X  are  the  positive  square  roots  of  the  eigenvalues  of 
XHWX  A  zero  angular  value  indicates  a  perfect  linear  dependency  in  W^Xy  a  "small"  singular  value  indicates  a 
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near-dependency  that  may  cause  conditioning  problems  Furthermore,  as  discussed  below,  the  number  of  "small’ 
angular  values  indicates  how  many  near -dependencies  are  present  in  the  problem  The  second  question  seeks  a 
way  to  make  quantitative  comparisons  to  determine  whether  the  condition  number  is  too  large,  or  equivalent  I  y, 
whether  a  given  singular  value  is  too  small  The  answer  lies  in  scaling  the  columns  of  W^^X  before  computing 
the  singular  values,  with  proper  scaling,  the  singular  values  may  be  interpreted  in  a  way  that  permits  quantitative 
comparisons.  To  answer  the  third  question  of  determining  which  variables  are  involved  in  near-dependencies,  we 
turn  to  a  result  from  least-squares  regression.  As  described  above,  standard  regression  procedures  may  be  used 
to  calculate  the  variances  of  the  individual  control  inputs  One  of  the  effects  of  collmearity  is  variance  inflation 
when  two  or  more  actuators  are  involved  in  a  near-dependency,  their  variances  become  large  The  variances  can 
be  expressed  in  a  form  that  illuminates  their  relationships  with  the  singular  values  of  ft^X  By  examining  these 
relationships,  it  is  possible  to  determine  which  actuators  are  involved  in  near-dependencies 

The  following  sections  describe  the  diagnostic  method  in  somewhat  of  a  cookbook  fashion  The  intent  is  not 
to  present  a  detailed  derivation,  but  rather  to  outline  the  method  and  show  a  simple  numerical  example  related  to 
feedforward  control.  The  techniques  of  [4]  are  modified  slightly  to  account  for  complex-valued  variables  and 
weighted  least  squares,  which  are  not  included  in  [4], 


Step  1 :  Determine  WV2X 

Each  column  of  W^X  represents  a  transfer  function  between  a  given  control  input  and  the  array  of 
observation  points  (error  sensor  outputs)  These  may  be  obtained  via  analytical  approximations,  numerical 
calculations,  or  any  other  means  available  For  N  actuators  and  M  sensors,  X  has  the  form 

X  =  {A'j  X2  -  X„]  (10) 

where  Xj  is  a  complex  vector  of  length  M  containing  the  transfer  function  for  the  y1*1  actuator,  and  W  is  the 
weighting  matrix.  In  our  example  the  columns  of X  are  transfer  functions  between  the  four  control  inputs  and  the 
farfield  pressure  at  25  sensor  locations,  thus  N=4  and  A^=25  Transfer  functions  for  the  fluid-loaded  cylindrical 
shell  were  obtained  by  numerical  modeling  of  the  structure-fluid  system  using  a  finite-element/boundary-element 
approach. 

Step  2:  Apply  column-eouilibration  to  Wv 2 X 

The  purpose  of  column-equilibration  is  to  produce  a  set  of  singular  values  that  do  not  depend  on  the  units  of 
the  problem.  We  scale  each  column  in  W^X  to  have  unit  vector  length  after  scaling  This  produces  a  new 
matrix  7,  the  scaled  weighted  design  matrix: 

Z  =  Q’V2WV2X,  01) 

where  is  a  diagonal  matrix  whose  diagonals  are  OjV2  =  {xjfWXj}  The  relation  between  7  and  the 
original  problem  may  be  seen  from 

XhWX  =  ZhQZ  (12) 


Step  3'  Obtain  scaled  condition  indexes  and  variance-decomposition  proportions 
First  we  generate  the  singular-value  decomposition  of  7, 

7  =  UDVh,  (13) 

where  V  is  column-orthogonal,  Kis  column-  and  row-orthogonal,  and  D  is  non-negative  and  diagonal  (Note  the 
distinction  between  the  matrix  V  and  the  variance  V).  The  elements  of  D  are  the  singular  values  p*,  *=1,2.,.^, 
which  are  real  and  non-negative  since  7  is  Hermitian.  The  scaled  condition  indexes  are  then  defined  as 

r\k=— .  k  =  \X  N.  (14) 


If  we  express  the  elements  of  the  matrix  V  as  we  can  write  the  variances  in  the  following  useful  form 


V{K) 


(15) 


The  utility  of  Eq  (15)  lies  in  the  fact  that  each  term  in  the  summation  is  associated  with  only  one  scaled 
condition  index  .  By  noting  which  of  the  "large"  scaled  condition  indexes  affect  which  variances,  we  can  pick 
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out  near  “dependencies  among  the  columns  of  W^^X.  To  this  end,  Jet  us  define  variance-decomposition 
proportions, 


where 


n  ’ 


*  =  .AT.. 


r*EXy*> 


06) 

(17) 


The  variance-decomposition  proportions  are  interpreted  as  follows  njk  is  the  portion  of  the  variance  for  the 
regression  coefficient  that  is  associated  with  the  scaled  condition  index 

Table  3  contains  the  scaled  condition  indexes  and  variance-decomposition  proportions  for  the  example 
problem  of  Fig  2  The  second  column  contains  the  scaled  condition  indexes  ranked  by  size,  with  the  largest 
shown  in  the  last  row-  The  remaining  four  columns  contain  the  variance-decomposition  proportions  for  each  of 
the  control  forces  6j,  b2,  by  and  b4.  The  next  sections  explain  how  to  interpret  Table  3 


Table  3:  Variance  decomposition  proportions  for  example  problem 


nj 

Jlj4 

i 

1.0 

.000 

.000 

.000 

.000 

2 

1.1 

.000 

.000 

.000 

.000 

3 

63 

.000 

.000 

.871 

.000 

4 

11502.1 

.999 

.999 

.129 

999 

Step  4:  Determine  the  number  of  near-dependencies. 

The  method  for  counting  the  number  of  near-dependencies  involves  choosing  a  threshold  fj *  such  that  when 
H  ,  the  columns  of  W^X may  be  said  to  be  free  of  collinearity.  The  value  suggested  by  Belsley  [4], 

*f  =  30,  (18) 

is  used  in  the  present  work  although  slightly  larger  or  smaller  values  could  also  be  argued  for.  Having  chosen  a 
threshold  value  for  fj  ,  we  now  have  the  most  basic  collinearity  diagnostic  whenever  fj^  <fj\  at  least  one 
near-dependency  is  present  and  the  regression  should  not  be  used  without  further  examination  of  its  collinearity 
properties  Thus,  fj^  should  be  computed  as  a  routine  part  of  every  regression  Note  that  the  matrices 
involved  are  of  order  N ,  where  N  is  usually  small  enough  that  negligible  effort  is  required  to  compute  rjm4X 

If  more  than  one  scaled  condition  index  exceeds  the  threshold  fj\  then  multiple  near-dependencies  are 
present  The  number  of  near-dependencies  is  determined  according  to  the  so-called  “progression  of  10/30"  the 
first  near-dependency  corresponds  to  the  first  tj  >30;  the  second  near-dependency  corresponds  to  fj  >100,  the 
third  to  rj>300,  the  fourth  to  rj>  1000,  and  so  forth  For  example,  the  sequence  of  scaled  condition  indexes  (1, 
9,  33,  35)  indicates  only  one  near-dependency  since  there  is  at  least  one  index  greater  than  30  On  the  other 
hand,  the  sequence  (1,  9,  33,  105,  108)  indicates  two  near-dependencies  because  there  are  indices  greater  than 
30  and  greater  than  100 

Referring  to  the  first  column  of  Table  3,  it  is  evident  that  only  one  scaled  condition  index  exceeds  rj*,  so  we 
conclude  that  only  one  near-dependency  is  present  in  the  example 

Step  5:  Determine  actuator  involvement 

To  determine  which  actuators  are  affected  by  a  near -dependency,  we  examine  the  variance-decomposition 
proportions  nJk.  Having  associatedi  particular  fj  with  a  near-dependency,  we  examine  the  njk  in  that  row  of  the 
table  If  two  or  more  actuators  have  itjk  in  that  row  larger  than  some  threshold  value  rt*,  then  those  actuators  are 
involved  in  the  near-dependency.  The  value  of  n*  suggested  by  BelsJey  [4]  and  used  in  our  example  is 

**  =  05.  (19) 

In  Table  3  we  examine  the  last  row  since  that  row  is  associated  with  a  near-dependency  Noting  that  the  Kjk 
for  £j,  b2 ,  and  are  all  well  above  it*,  h  appears  that  these  actuators  are  involved  in  the  near-dependency 
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(Recall  that  and  b2  are  the  ring-forces  and  bA  is  the  ring-moment  )  The  third  actuator  by  with  rtyi=0  129,  is 
not  involved  in  the  near-dependency.  When  multiple  near-dependencies  are  present,  the  rules  for  determining 
actuator  involvement  are  somewhat  more  complicated  and  need  not  be  discussed  here  to  illustrate  the  basic 
technique.  Again,  the  interested  reader  is  invited  to  examine  Belsley  [4] 

Step  6:  Determine  auxiliary  regressions 

Once  it  is  known  which  actuators  are  involved  in  a  near-dependency,  the  individual  transfer  functions  can  be 
regressed  against  each  other  to  determine  the  relationships  between  them  Here  the  actuators  bh  b2<  and  bA  are 
involved  in  a  near-dependency  Setting  up  a  new  regression  using  bA  as  the  disturbance  input  with  b  j  and  b2  as 
control  inputs  would  show  that  b\  and  b2  together  can  reproduce  bA  almost  exactly  (as  is  obvious  from  physical 
considerations.)  Thus  the  control  input  £4  could  be  removed  to  obtain  a  more  stable  regression  result 

Step  7:  Determine  unaffected  actuators 

When  an  actuator  associates  most  of  its  variance  with  "small"  values  of  rj,  we  can  consider  that  actuator  to 
be  uninvolved  with  any  near-dependency.  To  be  more  precise,  when  the  total  proportion  of  variance  associated 
with  "small"  rj  is  less  than  ft*,  that  actuator  is  not  involved  with  any  near-dependency  In  the  example  problem, 
the  variance  of  b$  is  associated  almost  entirely  with  the  first  three  small  rjf ,  and  therefore  we  conclude  that  it  is 
not  involved  in  any  near-dependency  This  is  supported  by  the  fact  that  Z>3  was  the  least  affected  by  the 
simulated  measurement  noise  introduced  in  the  example  discussed  earlier 

SUMMARY 

The  collinearity  problems  common  in  multiple  linear  regressions  can  occur  when  regression  is  used  for  a 
numerical  simulation  of  feedforward  active  control  in  the  frequency  domain.  Without  proper  collinearity 
diagnostics,  numerical  problems  can  go  undetected  and  produce  results  that  are  very  sensitive  to  measurement 
noise  in  the  error  sensors  Collinearity  diagnostics  can  detect  and  analyze  numerical  ill-conditioning  Collinearity 
diagnostics  for  complex-valued  regressions  follow  directly  from  their  real -valued  counterparts,  which  are 
developed  in  considerable  detail  in  the  statistics  literature. 

The  primary  collinearity  diagnostic  is  the  scaled  condition  number.  Scaling  allows  for  a  quantitative 
comparison  between  the  scaled  condition  number  and  a  predetermined  threshold  value  to  determine  whether  or 
not  collinearity  is  present  Even  when  no  other  collinearity  diagnostics  are  performed,  the  analyst  may  compute 
the  scaled  condition  number  for  each  regression  and  compare  it  to  the  threshold  value  in  a  somewhat  mechanical 
fishion.  If  the  scaled  condition  number  exceeds  the  threshold,  the  regression  should  be  discarded  because  of 
collinearity.  More  detailed  diagnostics  are  available  for  determining  the  number  of  near-dependencies  and  which 
control  forces  are  involved.  These  diagnostics  are  less  mechanical,  requiring  more  interaction  on  the  part  of  the 
analyst,  however,  they  may  provide  insights  when  investigating  complicated  control  systems. 
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INTRODUCTION 

Active  structural  acoustic  control  (ASAC),  where  the  acoustic  response  produced  by  a  vibrating  structure 
is  minimized  by  applying  the  control  inputs  directly  to  the  structure  [1],  has  been  demonstrated  to  be 
more  effective  than  traditional  active  noise  control  (ANC)  approaches  for  the  abatement  of  structurally 
radiated  noise  [2],  The  typical  ASAC  design  approach,  in  particular  for  simple  structures,  consists  in 
selecting  the  actuators  and  sensors  based  on  some  physical  understanding  of  the  uncontrolled  system 
such  as  placing  the  control  inputs  at  the  antinodes  of  the  most  efficient  modes  [3-6].  More  recent 
investigations  have  shown  that  using  this  simplistic  design  approach  for  the  case  of  more  complex 
structures  could  result  in  a  inefficient  control  system  with  a  large  number  of  control  inputs  [7-8].  Wang 
et.  al.  investigated  the  optimum  location  of  rectangular  PZT  actuators  with  fixed  microphones  as  error 
sensors  to  minimize  the  radiation  from  a  simply  supported  plate  excited  at  a  single  tone  [7].  It  is 
demonstrated  in  this  work  that  optimally  located  actuators  provide  a  far  better  sound  reduction,  at  both 
on  and  off  resonance  excitations,  than  actuators  whose  position  are  chosen  based  in  some  physical 
consideration.  In  the  same  way,  Clark  and  Fuller  studied  the  optimization  of  location  of  PZT  actuators 
and  both  the  size  and  location  of  Polyvilydene  Fluoride  (PVDF)  structural  sensors  [8].  Analytical  and 
experimental  results  confirm  the  previous  results  from  Wang  et.  al.  [7].  A  single  optimally  located 
actuator/sensor  pair  rivals  the  sound  reduction  obtained  with  three  arbitrarily  located  actuators  and 
sensors  and  three  error  microphones.  However  it  is  clear  from  Clark’s  results  using  PVDF  sensors  that 
in  order  to  implement  structural  sensors  for  ASAC  applications  an  efficient  design  procedure  is  critical 
due  to  the  inability  of  structural  sensors  to  measure  directly  the  acoustic  response,  which  is  the  variable 
to  minimize  in  structural  acoustic  applications. 

There  are  several  drawbacks  in  these  optimization  procedures  that  prevent  the  same  approaches  to  be 
implemented  in  complex  realistic  structures.  First,  only  simple  systems,  where  analytical  predictions  for 
structural  and  acoustic  response  exist,  have  been  used.  Real  industrial  structures  will  require  numerical 
approaches  to  obtain  the  necessary  responses.  Both  Wang  and  Clark  have  used  the  mean  square  value  of 
the  sound  pressure  as  a  function  of  the  physical  characteristics  of  the  transducers  as  a  cost  function  and 
finite  differences  techniques  in  the  sensitivity  computation.  Therefore,  the  acoustic  response  needed  to 
be  computed  many  times  during  the  optimization  process.  The  estimation  of  the  acoustic  response  by 
numerical  techniques  represents  a  lengthy  procedure,  hence  their  approach  resulted  in  an  inefficient  and 
impractical  design  formulation  for  complex  structures  and  excitations. 
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In  this  paper,  an  efficient  design  formulation  for  feedforward  ASAC  of  complex  structures  and 
disturbances  is  presented.  The  approach  consists  in  a  two-stage  multi-level  optimization  scheme.  The 
formulation  takes  advantage  of  the  fact  that  both  the  structural  response  and  the  acoustic  radiation  from  a 
controlled  structure  can  be  completely  defined  in  terms  of  modal  quantities.  All  the  physical  parameters 
that  define  the  control  inputs  and  the  error  sensors  have  their  counterpart  in  the  modal  domain  through 
the  unit  modal  control  forces  and  the  modal  error  sensor  components,  respectively.  Therefore,  the  upper 
level  of  the  optimization  is  defined  in  the  modal  domain  and  solves  for  the  optimum  unit  modal  control 
forces  and  modal  error  sensor  components  that  minimize  the  total  radiated  power,  expressed  in  terms  of 
modal  quantities.  Then,  these  optimum  unit  modal  control  forces  and  modal  error  components  are  used 
in  a  set  of  lower  level  optimization  problems  to  determine  the  physical  characteristics  of  the  actuators 
and  sensors  to  be  implemented.  A  finite  element  model  is  used  to  obtain  the  natural  frequencies,  mode 
shapes  and  modal  disturbance  forces  of  the  system.  The  computed  mode  shapes  are  used  in  turn  in  a 
boundary  element  model  to  provide  the  acoustic  radiation  due  to  each  mode.  This  modal  domain 
information,  i.e.  natural  frequencies,  mode  shapes,  modal  disturbances  and  modal  acoustic  pressures,  is 
the  only  input  that  is  needed  to  formulate  the  problem  in  the  upper  level  optimization  and  has  to  be 
computed  only  once  during  the  design  process.  Therefore,  the  formulation  permits  that  any  complex 
structure  could  be  analyzed  in  an  efficient  manner.  The  proposed  approach  is  demonstrated  for  the  case  of 
a  simply  supported  cylinder  excited  by  a  point  force.  Several  different  control  system  configurations  are 
investigated.  It  is  shown  that  the  proposed  approach  represent  an  efficient  way  of  designing  ASAC 
systems. 


FEEDFORWARD  STRUCTURAL  ACOUSTIC  CONTROL 

In  feedforward  structural-acoustic  control,  the  response  of  a  system  due  to  an  input  disturbance  F((o)  is 
reduced  by  applying  secondary  control  inputs  £/*(<»)  as  shown  in  figure  1.  The  control  inputs  are  obtained 
by  feeding  forward  a  reference  signal  fully  coherent  to  the  input  disturbance  into  the  compensators  G( co). 
This  reference  signal  is  assumed  to  be  obtained  by  tapping  the  disturbance  input.  The  compensators  are 
designed  such  that  the  output  from  the  error  sensors  £Xco)  is  minimized.  Assuming  that  the  disturbance 
input  is  stationary,  the  analysis  is  performed  in  the  frequency  domain  by  taking  the  Fourier  Transform  (FT) 
of  any  time  dependent  variable. 

Structural  Response.  The  structural  response  can  be  obtained  by  modal  superposition  after  solving  the 
eigenvalue  problem,  i.e.  natural  frequencies  and  mode  shapes.  For  the  case  of  a  complex  system,  these 
natural  frequencies  and  mode  shapes  can  be  obtained  by  using  numerical  techniques  such  as  the  finite 
element  method  (FEM).  For  the  case  of  sound  radiation  from  structural  systems  submerged  in  light  fluids 
(e.g.  air),  it  is  necessary  to  consider  only  the  vibration  in  which  the  response  normal  to  the  radiating  surface 
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is  dominant  [9].  After  solving  for  the  natural  frequencies  and  mode  shapes,  the  FT  of  the  response  in  the 
normal  direction  at  any  location  rs  over  the  structural  domain  can  be  obtained  as  a  linear  combination  of 
the  modes  as 

N 

w(r„(o)  =  ^9ji(o))^(rJ)  (1) 

n=l 

where  4>„  (Fs)  is  the  component  normal  to  the  surface  of  the  nh  mass  normalized  mode  shape,  qfa)  is  the 

FT  of  the  n  modal  displacement,  N  is  the  total  number  of  modes  included  in  the  analysis,  and  00  is  the 
excitation  frequency.  The  modal  displacement  qfa)  is  expressed  as 


W-/„  + 


"c 


■Ufa) 


(2) 


where  F(®)f„  and  Ufa)-u^  are  the  modal  domain  forces  applied  to  the  rih  mode  due  to  the  disturbance 
force  and  the  k  control  input,  respectively,  and  Nc  is  the  total  number  of  control  inputs.  The  unit  modal 
forces  (fn  and  )  serve  as  weighting  coefficients  that  dictate  how  much  force  is  applied  to  each  mode  and 
are  related  to  the  physical  implementation  of  the  forces.  For  example,  point  forces  will  result  in  the  unit 
modal  forces  to  take  the  value  of  the  mode  shape  at  the  force  location.  Similarly,  distributed  strain  induced 
actuators  will  yield  modal  parameters  related  to  the  first  derivative  of  the  mode  shapes  [10].  Finally,  Hfa) 
is  then  modal  frequency  response  function  which  is  defined  as 


-  (co^-co2  +  2y  P„conto)  '  (3) 

where  a>„  is  the  n,h  natural  frequency,  P„  is  the  rih  modal  damping  ratio,  and  j  is  the  imaginary  number. 
Equation  (1)  represents  the  controlled  response  of  a  vibrating  structure.  The  uncontrolled  response  is 
obtained  by  simply  setting  the  control  inputs  Ufa)  to  zero  in  eq.  (2). 


Optimum  Control  Inputs.  The  complex  amplitude  of  the  control  inputs  Ufa)  are  obtained  by  minimizing 
a  quadratic  cost  function  of  a  measurable  response  quantity.  This  cost  function,  which  is  referred  here  as 
the  control  cost  function,  is  defined  as  the  sum  of  the  mean-square-value  (msv)  of  the  error  sensor  outputs 
That  is 


Ns  « 

*=1 


(4) 


where  Efa)  is  the  Fourier  transform  of  the  s,h  mot  sensor  output,  Ns  is  the  total  number  of  error  sensors, 
and  (*)  denotes  the  complex  conjugate. 

It  is  assumed  that  only  structural  error  transducers  are  considered.  Thus  the  error  variable  can  always  be 
expressed  as  a  linear  combination  of  modal  terms  as  [  1 1 , 1 2] 


&(<*>)  =  (5) 

xh 

where  is  the  n  modal  error  component  of  the  s‘h  error  sensor.  Again,  the  modal  error  components  are 
related  to  the  physical  implementation  of  the  transducers.  A  discrete  sensor  such  an  accelerometer  will 
yield  a  modal  error  component  that  is  the  value  of  the  mode  shape  at  the  sensor’s  location. 

As  it  is  shown  in  the  literature,  the  control  cost  function  in  eq.  (4)  is  a  positive  definite  function  with 
respect  to  Ufa),  and  therefore  there  exists  only  one  minimum  [13].  By  differentiating  eq.  (4)  with  respect 
to  the  real  and  imaginary  part  of  the  control  forces  Ufa)  and  setting  them  to  zero,  it  can  be  shown  that  the 
set  of  the  optimum  control  inputs  at  a  single  frequency  is  the  solution  of  the  following  linear  system  of 
equations 
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pWF(“)}  =  -K<»){iKu)  («) 

where  matrix  [7(a))]  contains  the  transfer  functions  between  the  control  inputs  and  error  outputs  and  has 
dimension  NpiN„  and  the  elements  of  vector  {.8(a))}  are  the  transfer  functions  between  the  disturbance  and 
the  error  outputs.  The  (sjc)  element  of  matrix  [7(co)]  and  the  s  element  of  vector  (8(o))}  are  computed  as 

N 

r(s,*)=^]u^„/7n( <d) 

Z'  (7a,b) 

B(s)  =  Y^fAnsHn( co) 

rt=l 

From  eqs.  (1)  and  (6),  it  is  clear  that  the  response  of  both  the  controlled  and  uncontrolled  system  can  be 
expressed  in  terms  of  modal  parameters  where  the  control  inputs  and  error  sensors  are  defined  in  terms 
of  the  unit  modal  control  forces  and  the  modal  error  sensor  components  respectively. 


Acoustic  Response.  The  acoustic  radiation  from  a  vibrating  structure  can  be  estimated  after  solving  the 
boundary  integral  formulation  of  the  Helmholtz  wave  equation.  For  the  case  of  complex  structures  this 
equation  is  solved  using  numerical  techniques.  The  Indirect  Boundary  Element  Method  (IBEM) 
estimates  the  acoustic  radiation  at  any  external  field  point  of  the  vibrating  structure  after  solving  the 
modified  integral  equation  [14] 

p(r,®)=  J  [l(rs,(o)  ^^^—G(rs,r)-a(rs,03)dS  (8) 

s 

where  p(rJ,co)and  a(rs,  co)  represent  the  differences  or  “jumps”  of  the  acoustic  pressure  and  the  normal 
velocities  between  the  external  part  and  the  internal  part  of  the  structural  surface  S,  respectively;  ft  is  an 
outward  normal  directional  vector  and  G(fs,r )  is  the  3-D  Green’s  function  that  has  the  form 


G(?s,r)  = 


4it  ■  \r  -r.\ 


(9) 


in  which  k=(o/c  is  the  acoustic  wave  number,  c  is  the  phase  speed  in  the  fluid,  and  \r  -rs\  is  the  distance 
between  the  external  field  points  and  the  points  over  surface.  Equation  (8)  is  usually  solved  in 
conjunction  with  the  Neumann  and  Sommerfeld  boundary  conditions  [14].  The  Neumann  condition 
relates  the  gradient  of  the  acoustic  pressure  over  the  surface  of  the  structure  to  the  normal  structural 
velocity  as 


dpt/s*  p) 

3  n 


pa2w(rs,a) 


(10) 


where  p  is  the  fluid’s  density.  The  Sommerfeld  boundary  condition  implies  that  energy  can  only  flow 
from  the  vibrating  structure  towards  infinity.  In  order  to  estimate  the  acoustic  radiation  at  any  field  point 
p(r, co),  the  formulation  first  compute  the  quantities  |i(r,,co)  and  o(rJ,co)on  the  basis  of  the  known 
Neumann  boundary  condition. 

By  substituting  the  modal  expansion  solution  of  eq.  (1)  into  the  Neumann  boundary  condition  in  eq. 
(10),  the  acoustic  pressure  field  can  also  be  obtained  as  a  linear  contribution  of  the  structural  modes  as 

N 


*?,«)= x 


(11) 


n=l 


where  for  a  particular  frequency  co  the  modal  pressure  pn(r,c o)  can  be  easily  estimated  from  the  BEM 
code  considering  the  modal  distribution  4>„  (rs)  as  the  surface  normal  response  in  eq.  (10). 
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The  total  acoustic  radiated  power  can  be  estimated  by  integrating  the  acoustic  time  average  intensity 
over  a  sphere  of  area  A  that  surrounds  the  structure  as 


Replacing  eq.  (1 1)  into  (12)  gives 


n(co)= 


n(co )={?(©)}"  [K(co  )]{?(© )} 

where  //implies  conjugate  transpose  and  the  elements  of  matrix  [K(co)J  are 


(12) 

(13) 


,(©) 


-  [P_  w(F/,(o)/>*(r/>a) 


2  p  c 


■dA 


(14) 


The  diagonal  elements  of  the  matrix  [K(co)]  represent  the  power  radiated  by  each  one  of  the  modes  while 
the  off-diagonal  terms  is  the  radiated  power  due  to  the  coupling  of  the  modes. 

Equation  (13)  defines  the  total  radiated  power  at  a  single  frequency.  The  general  case  of  multiple 
frequency  excitations  is  expressed  as  a  linear  combination  of  the  contributions  due  to  each  frequency  as 

NF 

nT  =  2]  ({?(“ , )}"  [K(© ,  )]{?(© , )})  =^n(©,)  (15) 

i-l  i=l 


where  NF  is  the  total  number  of  frequencies. 

As  can  be  seen  from  eqs.  (11)  and  (13)  the  acoustic  response  is  directly  affected,  through  the  modal 
displacements  q„( co),  by  the  vibration  of  the  structure.  This  relationship  between  the  structural  and 
acoustical  responses  contains  the  essence  of  the  ASAC  technique,  that  is  the  acoustic  radiation  is 
controlled  by  modifying  the  vibration  behavior  of  the  structure.  Therefore,  the  main  task  in  the  ASAC 
design  is  the  proper  selection  of  the  type,  size,  number  and  location  of  the  actuators  and  sensors  that  will 
modify  the  structural  response  in  such  way  that  the  desired  acoustic  response  is  minimized.  In  the  next 
section  a  multi-level  optimization  procedure  is  proposed  for  the  optimum  selection  of  these  control 
system  components. 


DESIGN  APPROACH:  MULTI-LEVEL  OPTIMIZATION 

In  multi-level  optimization  a  complex  problem  is  broken  into  a  set  of  simpler  problems  that  offers 
computational  advantages.  The  process  of  decomposition  consists  of  separating  the  optimization  process 
in  an  upper  level  problem,  in  which  a  global  cost  function  is  minimized  with  respect  to  global  design 
variables,  and  a  set  of  lower  level  problems,  in  which  a  set  of  local  design  variables  are  related  to  each 
global  design  variable.  From  eqs.  (1),  (6),  (11)  and  (15),  it  is  clear  that  the  structural  and  acoustic 
responses,  both  before  and  after  control,  can  be  computed  without  any  knowledge  of  the  physical 
characteristics  of  the  transducers,  i.e.  only  modal  domain  information  is  required.  Based  on  this,  a  two- 
level  optimization  formulation  is  ideal  for  the  design  of  feedforward  control  systems.  Since  the  physical 
design  variables  of  the  control  system  can  be  completely  defined  as  modal  quantities  it  brings  out  the 
possibility  of  separating  the  design  process  into  an  upper  level  or  modal  domain  optimization  and  a  set  of 
lower  level  or  physical  domain  optimizations. 

The  total  radiated  acoustic  power  expressed  in  terms  of  the  modal  quantities  and  ^as  in  eq.  (15), 
is  selected  as  the  global  cost  function  to  be  minimized  in  the  upper  level  or  modal  domain.  The  global 
design  variables  in  the  upper  level  are  the  unit  modal  control  forces  u ^  and  the  modal  error  sensor 
components  The  physical  parameters  that  define  the  actuators  and  sensors  to  be  implemented,  i.e. 
size,  location,  etc.,  are  the  local  design  variables  in  the  lower  level  or  physical  domain  problems.  Each 
lower  level  problem  will  consist  in  finding  the  optimum  physical  parameters  or  local  variables  for  each 
actuator  and  sensor  that  best  match  the  optimum  unit  modal  control  forces  unk  and  modal  error  sensor 
components  respectively. 
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Some  of  the  advantages  of  this  approach  over  the  previous  optimization  attempts  could  be 
summarized  as  follows:  (1)  the  design  process  is  broken  into  two  simpler  problems;  (2)  since  the  upper 
level  optimization  is  performed  in  the  modal  domain,  the  formulation  is  applicable  to  any  structure 
modeled  using  FE/BE  codes;  (3)  the  highest  computational  cost  in  this  upper  level  is  related  to  the 
estimation  of  the  matrices  [K(©j)]  in  eq.  (15)  and  is  carried  out  only  once;  (4)  the  optimum  modal 
control  parameters  are  determined  after  solving  a  simple  continuos  optimization  problem,  therefore 
different  arrangements  in  the  number  of  control  and  error  signals  (control  system  configurations)  can  be 
investigated  with  a  low  computational  cost;  and  finally  (5)  once  these  optimum  modal  quantities  are 
obtained  in  the  upper  level,  different  types  of  actuators  and  error  sensors  can  be  investigated  in  the  lower 
level  optimization  without  the  need  of  any  further  expensive  computation.  The  focus  of  this  paper  is  to 
present  the  upper  level  or  modal  domain  design  formulation.  The  lower  level  optimization  will  be 
addressed  in  future  publications. 


Modal  Domain  or  Upper  Level  Optimization.  As  mentioned  before,  the  modal  domain  or  upper  level 
optimization  consists  in  solving  for  the  optimum  modal  control  forces  u ^  and  the  modal  error  sensor 
components  that  will  minimize  the  total  radiated  power.  A  straightforward  approach  to  solve  this 
problem  could  be  to  minimize  the  expression  in  eq.  (15)  as  a  function  of  the  design  variables  w^and 
This  results  in  a  continuous  unconstrained  optimization  problem  that  could  be  solved  by  any  gradient  search 
technique  such  as  a  Newton  or  Quasi-Newton  Method  [15].  The  major  drawback  of  this  approach  is  that  it 
does  not  provide  any  bound  in  the  amount  of  the  required  control  input.  It  is  most  likely  that  the  optimum 
solution  of  this  unconstrained  problem  will  be  at  the  expense  of  a  great  amount  of  input  energy  through  the 
control  forces,  which  is  an  aspect  of  major  concern  if  an  optimum  control  system  is  desired. 


The  modal  domain  optimization  problem  is  better  expressed 

as 

Min  nR  =  nTC 

nTO 

luJtojXuJ2 

such  that:  )  - - j—  <  X 

k  =  l,. 

.,Nc;i  =  l,..,NF 

H 

rVjS 

k  =  l,. 

;NC 

ts.-> 

s  =  l,. 

„NS 

(16) 


n=I 

This  formulation  seeks  to  minimize  the  ratio  nR  of  the  total  radiated  power  of  the  controlled  system  nTC  to 
the  total  radiated  power  of  the  uncontrolled  system  fl-nj.  The  inequality  constraints  impose  restrictions  in 
the  control  effort  in  the  modal  domain.  By  having  the  penalty  parameter  X  with  a  value  less  than  one  it  is 
implied  that  the  modulus  square  of  each  one  of  the  modal  control  forces  (UjfaQ-  u^)  will  be,  in  average, 
less  than  the  modulus  square  of  the  modal  disturbances  (f((Oi)^,).  There  is  an  inequality  constraint  of  this 
type  for  each  one  of  the  Nc  control  inputs  at  each  one  of  the  NF  frequencies  ( m=NcxNF ).  The  equality 
constraints  imply  a  normalization  of  the  design  variables  since  the  only  relevant  information  is  their  relative 
values,  which  defines  the  relative  controllability  and  observability  of  the  modes,  respectively. 

By  minimizing  the  ratio  nR  in  eq.  (16),  instead  of  minimizing  directly  the  radiated  power  of  the 
controlled  system  nTC,  the  cost  function  will  always  acquire  a  value  between  zero  and  one.  In  the  same 
way,  the  equality  constraints  will  keep  the  values  of  the  design  variables  between  -1  and  1.  The  reason  for 
these  normalizations  is  related  to  the  implementation  of  numerical  algorithms  to  solve  optimization 
problems.  Within  optimization  routines,  convergence  tolerances  and  other  criteria  are  necessarily  based 
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upon  an  implicit  definition  of  “small”  and  “large”,  and  thus  variables  with  widely  varying  orders  of 
magnitude  may  cause  difficulties  for  some  algorithms  [15]. 

This  upper  level  or  modal  domain  optimization  is  solved  using  the  Goal  Attainment  Method  of 
Gembicky  [16].  This  method  is  a  multi-objective  optimization  procedure  in  which  the  cost  function  and  the 
constraints  are  both  expressed  as  design  objectives  with  individual  goals  to  reach.  The  advantage  of  this 
method  over  other  conventional  nonlinear  constrained  optimization  routines  is  that  instead  of  having  to 
satisfy  hard  constraints  it  allows  the  design  goals  to  be  under  or  over  achieved.  Therefore,  it  is  always 
possible  to  obtain  a  solution  even  if  the  constraints  are  violated. 

NUMERICAL  EXAMPLE 

The  applicability  of  the  formulation  presented  here  is  demonstrated  for  the  ASAC  of  a  simply  supported 
cylinder  driven  by  a  multiple-frequency  point  disturbance  as  shown  in  figure  2.  In  order  to  keep  the 
solution  of  the  numerical  acoustics  problem  simple,  and  avoid  any  irregular  frequency  [14],  the  cylinder 
is  assumed  to  be  open.  The  analysis  of  a  cylindrical  structure  is  interesting  from  the  point  of  view  that  it 
represents  a  structure  of  involved  complexity  on  its  vibration  and  acoustic  response  that  is  not  tractable 
under  previous  design  approaches.  The  disturbance  force  is  located  at  x=0.00m,  y=0.30m  and  z=0.00m 
with  frequency  components  at  180Hz,  240Hz  and  300Hz.  The  amplitude  of  the  disturbance  force  at  the 
three  frequencies  is  ION,  15N  and  2N  respectively.  This  combination  of  disturbance  frequencies  and 
amplitudes  has  been  chosen  in  order  to  have  more  than  one  mode  producing  significant  contributions  to 
the  total  radiated  power  in  eq.  (15).  The  analysis  includes  the  first  eight  modes  that  will  be  excited  by 
that  force,  i.e.  symmetric  with  respect  to  the  axial  direction.  The  respective  natural  frequencies,  mode 
shapes  and  modal  disturbances  are  computed  using  the  FE  code  IBM-CAEDS  using  720  thin-shell 
quadrilateral  linear  elements.  The  results  are  presented  in  Table  I  where  “a”  and  “b”  are  the  modal 
indices  in  the  circumferential  and  axial  direction,  respectively.  A  constant  modal  damping  ratio  of 
0.05%  (P„=0.005)  is  assumed  in  all  the  modes. 

The  modal  acoustic  radiation  at  each  one  of  the  disturbance  frequencies  is  obtained  using  the 
boundary  element  code  SYSNOISE  in  conjunction  with  the  same  mesh  used  in  the  finite  element 
analysis  [14],  From  the  estimated  modal  acoustic  pressures,  the  modal  power  matrices  [K(oo,)]  in  eq. 
(15)  are  generated.  The  contribution  of  each  one  of  the  modes  and  the  cross  coupling  between  the 
modes,  including  the  dynamics  of  the  structure,  to  the  total  radiated  power  given  by  eq.  (15)  can  be 


Figure  2.  Simply-supported  cylinder  with 
disturbance. 
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observed  in  figure  3.  The  dark  and  white  bars  represent  positive  and  negative  contributions  (dB  of  the 
absolute  values)  to  the  total  radiated  power.  It  can  be  noticed  that  even  though  modes  2  and  4  are  near 
on-resonance  conditions,  it  is  mode  5  who  dominates  the  contributions  to  the  total  radiated  power  (75.7 
dB).  This  result  is  of  no  surprise,  since  the  radiation  efficiency  of  this  mode  is  the  highest  compared  to 
the  other  modes  included  in  the  analysis.  From  figure  3,  it  is  observed  that  most  of  the  radiated  power  is 
due  to  the  direct  contributions  of  modes  2  and  5  and  the  coupling  between  modes  4  and  5. 

The  next  step  is  to  perform  the  upper  level  or  modal  domain  optimization  to  investigate  different 
control  system  configurations.  In  particular,  we  are  interested  in  six  different  combinations:  1110,  1120, 
1130,  2120,  2130  and  3130  where  “I”  and  “O”  denote  control  inputs  and  error  sensor  outputs, 
respectively.  Therefore,  we  need  to  compute  the  optimum  unit  modal  control  forces  and  modal  error 
sensor  components  related  to  each  one  of  the  control  and  error  channels  for  each  one  of  the  mentioned 
configurations.  These  modal  domain  optimization  problems  are  solved  using  Matlab’s  Goal  Attainment 
subroutine  [17],  in  conjunction  to  previously  developed  analytic  sensitivity  formulations  [18],  in  a 
personal  computer. 

The  reductions  in  the  total  radiated  power,  An=nTC-nTU,  due  to  each  one  of  the  optimum  control 
configurations  as  a  function  of  the  control  effort  penalty  parameter  X  (the  same  vaiue  for  all  constraints)  are 
presented  in  figure  4.  Notice  that,  since  at  this  stage  all  the  formulations  are  expressed  in  terms  of  modal 
quantities,  these  results  will  be  the  same  regardless  of  the  type  of  transducer  that  is  implemented.  This 
represents  one  of  the  greatest  advantages  of  this  approach  over  previous  optimum  ASAC  design 
formulations  which  require  a  different  formulation  for  each  different  type  of  transducer  [7,8].  From  this 
information,  the  designer  is  allowed  to  decide  which  particular  configuration  is  more  suitable  early  in  the 
design  process  with  a  relative  low  computational  cost. 

Inspection  of  figure  4  shows  that  the  single  control  input  cases  seem  to  approach  slowly  an  upper  bound 
in  the  reduction  of  the  total  radiated  power  of  around  8  dB.  On  the  other  hand,  when  the  number  of  control 
inputs  is  equal  or  greater  than  two,  there  is  a  significant  reduction  in  the  total  radiated  power  with  less 
control  effort,  i.e.  small  X.  This  result  is  due  to  the  fact  that  there  are  two  modes  (2  and  5)  responsible  for 


Figure  3.  Modal  contributions  to  total  radiated  power.  Radiated  power:  77.3 
dB. 
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most  of  the  total  acoustic  power  and  at  least  two  control  inputs  are  needed  to  effectively  control  their 
responses. 

Another  relevant  aspect  in  the  results  in  figure  4  is  related  to  the  number  of  error  signals.  According  to 
the  results,  there  is  no  apparent  advantage  in  using  more  error  channels  than  control  inputs.  As  can  be 
observed  from  the  chart,  for  a  particular  number  of  control  inputs,  the  reduction  in  the  total  radiated  power 
will  be  the  same  regardless  the  number  of  error  signals. 

As  can  be  noticed,  there  are  thirty  different  control  system  configurations  that  were  investigated  in  figure 
4.  For  the  sake  of  brevity  the  results  for  the  case  of  2120  and  k=0.4  are  presented.  Table  II  contains  the 
optimum  unit  modal  control  forces  and  modal  error  sensor  components.  As  could  be  expected,  the 
optimum  unit  modal  control  forces  show  that  in  order  to  reduce  the  total  acoustic  power,  modes  2  and  5 
must  be  controlled.  On  the  other  hand,  the  results  show  that  the  optimum  modal  error  sensor  components 
do  not  necessarily  need  to  “observe”  those  modes  that  contribute  more  to  the  total  radiated  power.  The 
outcome  of  this  results  is  explained  as  follows.  The  contribution  to  the  total  radiated  power  in  eq.  (15)  by  a 
particular  mode  or  its  combination  with  any  other  mode  (cross-coupling)  is  related  to  both  the  radiation 
efficiency  of  the  involved  mode(s),  through  the  elements  of  matrices  [K(coO],  and  its  (their)  related  modal 
displacements  ?„(©().  In  particular,  the  contribution  due  to  modal  cross-coupling  could  be  either  positive  or 
negative.  Thus,  reduction  in  the  total  radiated  power  is  achieved  by  either  minimizing  the  modal 
displacements  related  to  the  highest  contributors  or  increasing  the  values  of  the  modal  displacements  related 
to  negative  cross  terms.  By  inspecting  eq.  (2)  it  could  be  seen  that  if  the  values  of  the  control  inputs  are 
fixed,  as  is  the  case  when  the  inequality  constraints  in  eq.  (16)  are  active,  the  only  parameters  that  change 
from  mode  to  mode,  besides  the  modal  disturbances  are  the  unit  modal  control  forces.  Therefore,  the  total 
radiated  power  is  minimized  by  assigning  values  to  the  unit  modal  control  forces  that  will  allow  to  control 
the  most  effective  modes.  However,  the  relevance  of  the  modal  error  sensor  components  stands  in 
providing  the  allowed  amplitudes  for  the  control  inputs  in  eq.  (6)  and  not  in  observing  a  particular  mode  due 
to  its  radiation  characteristics.  This  also  explains  why  is  that  there  is  no  improvement  in  the  reduction  in  the 


Figure  4.  Reductions  in  total  radiated  power . 
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radiated  power  by  increasing  the  number  of  error  signals.  This  will  only  provide  different  means  to  obtain 
the  required  control  inputs. 

After  applying  the  2I20-X=0.40  control  configuration  the  total  radiated  power  is  reduced  by  18.8  dB. 
Figure  5  presents  the  modal  contributions  to  the  total  radiated  power  of  the  controlled  structure.  When 
these  results  are  compared  to  the  ones  in  figure  3,  it  can  be  noticed  that  the  direct  contributions  due  to 
modes  2  and  5  were  significantly  reduced.  In  particular  the  radiated  power  due  to  modes  2  and  5  have  been 
reduced  by  14  dB  and  3 1  dB,  respectively. 

Finally,  it  is  also  possible  to  investigate  the  reduction  in  the  far-field  pressure  after  applying  the  2120- 
X=0.40  control  configuration.  Figures  6  and  7  present  the  before  and  after  control  sound  pressure  levels 
(ref  20pPa)  at  5.00m  from  the  center  of  the  structure.  Figure  6  presents  the  radiation  directivity  in  a  plane 
parallel  to  the  axial  direction  of  the  cylinder  while  figure  7  includes  a  plane  perpendicular  to  the  axial 


Table  II.  Optimum  modal  parameters  for  2I20-X=0.40. 


Mode 

Unit  Modal  Control 

Modal  Error  Sensor 

Forces 

Components 

Un2 

%nl 

\n2 

1 

-0.011 

0.184 

0.056 

0.258 

2 

0.671 

-0.658 

0.023 

0.378 

3 

-0.002 

0.001 

0.027 

-0.037 

4 

-0.048 

0.049 

-0.005 

-0.000 

5 

0.740 

-0.751 

0.753 

0.101 

6 

-0.000 

-0.000 

-0.198 

0.272 

7 

-0.003 

-0.004 

0.594 

0.838 

8 

-0.000 

-0.000 

0.193 

0.052 

Mode 


Figure  5.  Modal  contribution  to  radiated  power  after  2I20-X=0.40.  Total 
radiated  power:  58.5  dB. 
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0° 


F  igure  6.  Radiation  directivity  cmfhezry  half 
plane; - uncontrolled — controlled 


F  igure  7.  Radiation  directivity  on  tie  x-y  half 
plane; - uncontrolled —  controlled 


direction  atz=0.00m.  The  figures  show  that  the  controlled  structure  produce  global  sound  reduction.  Again 
these  plots  can  be  obtained  using  only  the  modal  information  of  the  system.  The  next  step  is  to  use  the 
lower  level  design  optimization  to  implement  the  transducers  that  will  yield  the  modal  parameters  in  Table 
II.  This  will  be  the  topic  of  a  future  paper,  however  an  example  of  this  procedure  for  a  planar  radiator  has 
been  given  by  Burdisso  and  Fuller  [19]. 


CONCLUSIONS 

An  efficient  formulation  for  the  optimum  design  of  ASAC  of  complex  structures  has  been  presented.  The 
approach  is  based  in  a  multi-level  optimization  scheme  that  allows  the  implementation  of  numerical 
techniques,  such  as  FE  and  BE,  during  the  analysis.  The  utilization  of  such  numerical  techniques  permits 
the  applicability  of  the  proposed  approach  to  complex  systems  that  are  not  tractable  under  previous 
optimum  ASAC  design  formulations.  The  upper  level  optimization  of  the  design  approach  has  been 
demonstrated  for  the  ASAC  design  of  a  simply  supported  cylinder  under  a  multiple  frequency  excitation. 
Several  different  control  system  configurations  were  investigated  in  this  upper  level  analysis.  The  results 
showed  that  an  optimum  control  configuration  consists  of  equal  number  of  error  signals  and  control  inputs. 
In  addition,  the  optimum  values  of  the  unit  modal  control  forces  show  a  preference  for  those  modes  that  are 
related  to  the  highest  contributions  to  the  total  radiated  power.  On  the  other  hand,  the  optimum  modal  error 
sensor  components  will  tend  to  observe  those  modes  that  lead  to  the  required  amplitudes  of  the  control 
inputs.  A  sample  of  one  of  the  optimum  configurations  was  presented  in  detail  showing  very  good 
reductions  in  the  total  radiated  power. 
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INTRODUCTION 

Recently,  much  research  has  been  conducted  in  the  area  of  active  control  of  sound  radiated  from  a 
vibrating  structure.  The  minimization  of  the  radiated  sound  can  be  accomplished  using  different 
approaches.  Active  Structural  Acoustic  Control  (ASAC)  changes  the  radiation  characteristics  of 
the  vibrating  structure  by  applying  forces  or  moments  directly  to  the  structure.  In  contrast.  Active 
Noise  Control  (ANC)  involves  additional  noise  sources  usually  by  means  of  loudspeakers  to 
superimpose  a  secondary  sound  field  which  attenuates  the  primary  noise.  The  effectiveness  of 
ASAC  techniques  has  successfully  been  reported  by  Fuller  using  point  actuators  [1].  More 
recently,  Smith  [2]  has  demonstrated  the  potential  attenuation  of  broadband  sound  radiation  from 
a  simply  supported  plate  by  means  of  piezoelectric  actuators  directly  mounted  on  the  vibrating 
structure.  ASAC  effectively  reduces  the  control  effort  needed  to  minimize  the  sound  radiation  by 
forcing  the  structure  to  vibrate  in  non-volumetric  modes  which  are  inefficient  radiators  [3]. 
Structural  time  domain  wavenumber  sensing  has  successfully  been  demonstrated  by  Maillard  and 
Fuller  [4,  5].  They  have  developed  a  technique  to  estimate  the  sound  radiated  in  the  farfield  using 
time  domain  structural  wavenumber  sensors  based  on  out-of-plane  acceleration  signals  measured 
directly  on  the  structure.  This  eliminates  the  need  of  microphones  in  the  farfield  to  obtain  error 
signals  needed  to  optimize  the  impulse  response  of  a  feedforward  adaptive  controller. 

The  implementation  of  an  Active  Noise  Control  System  for  controlling  the  sound  radiation 
from  a  vibrating  structure  requires  the  selection  of  suitable  reference  signals.  Causality  and 
coherence  considerations  have  to  be  taken  into  account  with  respect  to  the  reference  signal 
filtered  through  a  representation  of  the  control  and  error  path.  This  filtering  is  inevitable  to 
feedforward  control  implementations  based  on  adaptive  filtering.  Sensing  of  the  reference  signals 
from  the  vibrating  structure  is  inevitable  for  real  applications  since  in  most  cases  the  original 
disturbance  signal  is  either  unknown  or  cannot  be  measured  directly.  This  will  effectively  result 
in  a  structural  filtering  of  the  unknown  noise  source  and  limit  the  bandwidth  of  the  measured 
reference  signals.  Most  feedforward  control  algorithms  used  for  adapting  the  coefficients  of  an 
FIR  filter  rely  on  certain  assumptions  concerning  the  statistical  properties  of  the  provided 
reference  signals.  However,  these  do  not  hold  for  real  applications  and  results  in  non-optimal 
convergence  properties  of  the  implemented  adaptation  algorithm. 
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The  deficiencies  of  stochastic  gradient  type  algorithms  for  non-white  input  data  have  been 
overcome  by  exact  recursive  least  squares  type  algorithms  which  converge  independently  of  the 
statistical  properties  of  the  input  or  reference  signal.  In  active  noise  control  applications  the 
secondary  path  transfer  functions  have  to  be  taken  into  account  within  the  update  loop  of  the 
adaptive  filter.  The  commonly  used  Filtered-X  approach  applies  only  to  algorithms  which 
convergence  in  a  stochastic  sense.  This  paper  describes  the  modifications  needed  to  make  exact 
recursive  least  squares  algorithms  feasible  for  active  noise  control  applications.  Experiments  for 
controlling  the  sound  radiated  from  a  vibrating  plate  have  been  carried  out  using  a  stabilized 
version  of  the  Fast  A-priori  Error  Sequential  Technique  (SFAEST)  algorithm^  This  paper 
discusses  design  issues  for  development  and  implementation  of  an  active  noise  control  system 
based  on  fast  feedforward  control  algorithms.  It  presents  a  method  which  effectively  reduces  the 
limitations  imposed  by  bandlimited  reference  signals  exhibiting  a  large  eigenvalue  spread  of  the 
associated  covariance  matrix.  This  paper  will  demonstrate  the  superior  control  authority  of  fast 
transversal  filter  algorithms  in  the  context  of  an  overall  ASAC  design  approach.  Experiments  for 
control  of  sound  radiation  from  a  vibrating  plate  are  carried  out  and  results  demonstrate  the 
effectiveness  of  the  proposed  design  method. 

FAST  RECURSIVE  ESTIMATION 

During  the  past  decade  fast  adaptive  algorithms  have  been  developed  and  further  refined  in  order 
to  reduce  their  computational  complexity  and  insure  their  stability  under  noisy  or  time-varying 
constraints.  But  only  recently  these  algorithms  have  been  applied  to  noise  control  problems. 
Alexander  [6],  Bronzel  [7]  and  Carayannis  [8]  provide  an  overview  of  fast  recursive  estimation 
techniques.  Recursive  identification  is  based  on  optimizing  a  set  of  model  parameters  given  the 
sampled  signals  rather  than  relying  on  assumptions  concerning  the  statistical  properties  of  the 
signals  involved.  The  Recursive  Least  Squares  (RLS)  algorithm  implements  a  sequential  iterative 
procedure  for  inverting  the  sampled  autocorrelation  matrix  based  on  the  Sherman-Morrison 
Lemma  [9]  resulting  in  a  computational  complexity  of  0(N2)  operations.  Fast  algorithms  have 
been  developed  which  further  utilize  the  shift-invariance  properties  of  the  autocorrelation  matrix. 
They  usually  circumvent  the  direct  inversion  of  the  covariance  matrix  by  means  of  feedforward 
and  feedbackward  transversal  filters  to  calculate  the  Kalman  gain  for  updating  the  unknown 
parameters  of  the  adaptive  filter.  These  fast  variants  of  RLS  algorithms  have  a  computational 
complexity  down  to  0(7N)  for  the  Fast  A-posteriori  Error  Sequential  Technique  (FAEST) 
algorithm  [10].  Hence  these  algorithms  are  becoming  feasible  for  real-time  applications.  In  our 
ASAC  application  we  have  implemented  a  numerically  stabilized  version  (SFAEST)  of  this 
algorithm  which  has  been  developed  by  Moustakides  [11].  The  iterative  adaptation  loop  of  the 
SFAEST  algorithm  is  summarized  in  the  Appendix. 

In  order  to  apply  adaptive  filters  in  feedforward  control  applications,  it  is  necessary  to 
estimate  the  contribution  of  the  filter  output  to  the  error  signal.  A  common  approach  is  to  obtain  a 
representation  S  of  the  control  and  error  path  and  change  the  order  of  filter  operations.  This 
results  in  the  standard  Filtered-X  algorithm,  depicted  schematically  in  Figure  1.  Changing  the 
order  of  filter  operations  is  possible  only  for  Linear  Time-Invariant  (LTI)  systems.  Adaptive 
filters  are  time-varying  by  definition  and  the  corresponding  filter  operators  do  generally  not 
commute.  However,  the  errors  resulting  from  a  change  of  the  filter  operations  are  small  in  the 
limit  of  slow  adaptation.  This  assumption  is  valid  for  stochastic  gradient  algorithms  such  as  the 
LMS  algorithm  which  is  commonly  used  in  feedforward  adaptive  control  applications. 
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Figure  1:  Filtered-X  configuration  for  adaptive  feedforward  controllers  based 
on  stochastic  gradient  adaptation  schemes. 


The  failure  of  the  Filtered-X  algorithm,  when  applied  to  fast  recursive  estimation  schemes  has 
been  reported  by  Bronzel  [7],  who  successfully  introduced  the  Extended-Filtered-X  algorithm 
which  enables  the  implementation  of  fast  recursive  identification  techniques  for  feedforward 
control  applications.  The  basic  scheme  of  this  approach  is  shown  in  more  details  in  Figure  2.  The 
Extended-Filtered-X  algorithm  calculates  an  adjustment  Ae[k]  which  compensates  the  error 
introduced  by  exchanging  the  non-commuting  filter  operators  in  the  standard  Filtered-X 
algorithm.  The  output  y[k]  of  the  adaptive  filter  A  is  filtered  through  a  representation  S  of  the 
control  and  error  path,  yielding  an  estimate  ca[k]  of  the  contribution  from  the  control  signal  to  the 
error  signal  e[k].  Exchanging  the  order  of  the  corresponding  filters  yields  another  estimate  c„[k]. 
The  necessary  adjustment  to  the  sampled  error  signal  e[k]  is  given  by  the  difference  of  these 
estimates: 


A e[k ]  =  £  ai  [£]  r[k  - i]  -  £  sj  y[k  -  j] . 

<  J 

Schirmacher  [12]  has  reported  the  active  control  of  airborne  sound  using  the  SFAEST 
algorithm  with  a  slightly  modified  form  of  the  Extended-Filtered-X  configuration  which  has  been 
developed  by  Bjamason  [13],  who  applied  his  Modified-Filtered-X  scheme  to  the  LMS 
algorithm.  Although  the  Extended-Filtered-X  technique  could  be  applied  to  stochastic  gradient 
algorithms  it  will  generally  yield  no  performance  improvements  and  is  furthermore  not  essential 
to  ensure  stability. 


Figure  2:  Extended-Filtered-X  configuration  for  adaptive  feedforward 
controllers  based  on  fast  recursive  estimation  techniques. 
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EXPERIMENTAL  SET-UP 

The  experiments  were  performed  on  a  simply  supported  plate  made  of  plain  carbon  steel  with 
dimensions  380  x  298  x  1.93  mm.  Figure  3  shows  a  schematic  display  of  the  experimental 
arrangement.  The  simply  supported  boundary  conditions  were  provided  bv  thin  flexible  metal 
shims  connecting  the  edges  of  the  steel  plate  with  a  heavy  support  stand.  The  lower  order 
resonance  frequencies  of  this  plate  are  presented  Table  1 . 


Figure  3:  Experimental  setup  of  simply  supported  plate  with 
disturbance  shaker,  PZT  control  actuator  and  an  array  of  9 
accelerometers  for  estimating  the  wavenumber  components 
radiating  in  the  farfield. 

Nine  accelerometers  were  mounted  on  the  plate  as  depicted  in  Figure  3  to  measure  the 
structural  vibration.  The  acceleration  signals  were  sampled  at  1  kHz  and  passed  through  a  digital 
filter  network  to  provide  time  domain  estimates  of  3  wave-number  components.  One  of  these  is 
used  as  an  error  signal  for  the  adaptive  feedforward  controller.  The  calculations  are  carried  out  in 
real-time  on  a  TMS320C30  DSP  board.  A  more  detailed  description  of  the  wave-number  sensor 
is  given  by  Maillard  and  Fuller  [5]. 


Table  1 :  Plate  modal  resonant  frequencies. 


Mode  (m,n) 

(U) 

(2,1) 

0,2) 

(2,2) 

(3,1) 

(3,2) 

Frequency  [Hz] 

87 

183 

244 

330 

343 

474 

Two  G1195  PZT  piezoelectric  actuators  with  dimensions  38  x  32  x  0.19  mm  were  mounted 
on  each  side  of  the  plate  and  wired  out  of  phase  to  provide  bending  moments  as  control  inputs. 
The  controller  and  a  digital  random  noise  signal  generator  were  implemented  an  a  separate 
TMS320C30  DSP  board  with  2  channel  built-in  analog  I/O.  The  signal  taken  from  the  output  of 
the  built-in  signal  generator  was  filtered  through  a  low-pass  Butterworth  filter  with  a  cut-off 
frequency  of  400  Hz  to  excite  the  disturbance  shaker.  While  the  reference  signal  for  the  adaptive 
feedforward  controller  is  directly  available  from  the  random  noise  sequence,  an  adjustable  delay 
was  introduced  in  the  disturbance  path  to  investigate  the  effects  of  causality.  The  I/O  data  stream 
is  sampled  at  1  kHz.  The  adaptive  controller  uses  180  FIR  filter  coefficients  which  are  updated 
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using  the  Extended-Filtered-X  SFAEST  algorithm  as  outlined  in  the  Appendix.  The  control  and 
error  path  is  represented  using  a  transversal  filter  with  180  coefficients.  The  windowing 
parameter  X  in  the  SFAEST  algorithm  is  set  to  1.0  which  resembles  the  stationarity  of  the 
disturbance  signal  and  of  the  plate  dynamics.  Suitable  values  for  the  initialization  parameter  u  = 
1.0  and  for  the  stability  parameter  p  =  1.0  were  established  during  experimental  testing.  The 
coherence  between  the  disturbance  signal  and  the  error  signal  as  well  as  the  auto-spectrum  of  the 
estimated  wavenumber  components  were  monitored  using  a  portable  B&K  2148  dual  channel 
signal  analyzer. 


EXPERIMENTAL  RESULTS 

The  estimate  of  the  sound  pressure  based  on  structural  time  domain  wavenumber  sensing 
provides  a  signal  related  to  the  noise  radiation  from  the  vibrating  simply  supported  plate  coupling 
in  the  directions  corresponding  to  0  =  -30°,  0  =  0°  and  0  =  30°  (see  Figure  3).  The  implemented 
controller  is  currently  designed  for  SISO  systems.  Therefore  it  is  only  possible  to  minimize  the 
sound  radiation  in  one  direction  using  a  single  PZT  actuator  mounted  on  the  vibrating  plate. 
However,  the  estimated  sound  pressure  corresponding  to  the  other  two  directions  was  monitored, 
as  well. 

The  following  results  present  an  optimal  controller,  where  a  20  ms  delay  has  been  added  to 
the  disturbance  path  to  make  the  system  more  causal.  This  enables  the  controller  to  adapt  the 
coefficients  necessary  to  compensate  the  non-minimum  phase  zeros  of  the  control  and  error  path. 
Figure  4  shows  the  auto-spectrum  of  the  estimated  error  signal  at  0  =  -30°  for  the  uncontrolled 
(solid  line)  and  controlled  (dashed  line)  system  after  5000  iterations  using  the  Extended-Filtered- 
X  SFAEST  based  controller.  Significant  reduction  of  the  radiated  sound  is  achieved  with  peak 
attenuation  levels  up  to  28  dB  for  the  entire  bandwidth  ranging  from  50  Hz  to  400  Hz.  The  total 
sound  pressure  level  attenuation  is  7.9  dB  across  that  frequency  range.  Figure  5  displays  the  noise 
reduction  being  achieved.  Large  reductions  in  radiated  sound  level  are  obtained  for  on-resonance 
frequencies.  Figure  6  and  Figure  7  show  the  estimated  sound  pressure  level  before  (solid  line)  and 
after  (dashed  line)  control  for  the  additional  signals  corresponding  to  pressure  radiation  in  0  =  30° 
and  0  =  0°.  Note  that  these  signals  were  not  included  in  the  costfunction  to  be  minimized  using 
the  adaptive  feedforward  controller.  Cancellation  occurs  at  resonant  frequencies  while  the  noise 
level  off-resonance  is  increased  in  general. 


Figure  4:  Auto-spectrum  of  the  estimated  error  signal  Figure  5:  Noise  attenuation  of  the  estimated  error 

(0  =  -30°,  <j>  =  0°)  before  and  after  control.  signal  (0  =  -30°,  <)>  =  0°)  after  5000  iterations. 
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Figure  6:  Auto-spectrum  of  the  estimated  signal  Figure  7:  Auto-spectrum  of  the  estimated  signal 

corresponding  to  sound  pressure  radiation  in  second  corresponding  to  sound  pressure  radiation  in  third 

direction  (9  =  -30°,  <j>  =  0°)  before  and  after  control.  direction^  =  0°.  $  =  0°)  before  and  after  control 


The  previously  presented  results  were  obtained  after  5000  iterations  using  the  Extended- 
Filtered-X  SFAEST  algorithm.  In  order  to  demonstrate  its  effectiveness,  the  experiments  were 
repeated  using  the  common  Filtered-X  LMS  algorithm.  A  convergence  factor  of  p.  =  2.0E— 10 
was  chosen  as  the  maximum  possible  value  to  maintain  stability  during  the  process  of  adaptation. 
Figure  8  and  Figure  9  show  respectively  the  auto-spectrum  of  the  error  signal  before  (solid  line) 
and  after  (dashed  line)  control  and  the  achievable  noise  attenuation  after  20000  iterations 
Although  the  radiated  pressure  associated  with  most  dominant  radiating  modes  has  been  reduced, 
the  overall  broadband  performance  of  the  Filtered-X  LMS  based  controller  has  still  not  achieved 
that  obtained  using  the  Extended-Filtered-X  SFAEST  algorithm.  The  total  sound  pressure 
attenuation  results  in  4.0  dB  in  the  frequency  range  between  50  and  400  Hz. 


Frscju*ney  [Hrj 

Figure  8.  Auto-spectrum  of  the  estimated  error  signal  Figure  9:  Noise  attenuation  of  the  estimated  error 

(9  =  -30°,  <|>  =  0°)  before  and  after  control.  signal  (9  =  -30°,  <|>  =  0°)  after  20000  iterations. 

A  direct  comparison  of  the  learning  curves  for  the  SFAEST  and  the  LMS  based  controllers 
demonstrates  the  superior  performance  of  the  fast  recursive  least  squares  controller.  The 
SFAEST  algorithm  converges  very  fast  although  the  covariance  matrix  of  the  filtered  reference 
signals  exhibits  an  extremely  high  eigenvalue  ratio  of  r)  =  4.42E+5.  The  residual  error  signals  for 
the  first  5000  iterations  are  shown  in  Figure  10  for  the  two  different  controllers.  Note  that  the 
output  of  the  SFAEST  based  controller  was  switched  off  during  the  first  1000  iterations.  This 
results  in  better  control  performance  since  the  SFAEST  and  other  fast  adaptation  schemes  tend  to 
overshoot  the  residual  error  during  the  first  iterations  in  a  noisy  environment. 


Residual  Error  [dB] 
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Figure  11:  Coherence  function  J xe  before  control 
and  after  1000  and  5000  iterations  using  the  SFAEST 
based  controller. 


Figure  12:  Coherence  function  yxe  before  control 
and  after  1000  and  5000  iterations  using  the  LMS 
based  controller. 


Figure  13:  Control  performance  of  the  SFAEST 
based  controller  after  1000  and  after  5000  iterations. 


Figure  14:  Control  performance  of  the  LMS  based 
controller  after  1000  and  after  5000  iterations. 
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Figure  1 1  compares  the  coherence  function  between  the  reference  signal  and  the  error  sienai 
before  and  after  1000  and  5000  iterations  for  the  SFAEST  based  controller.  The  significant 
decrease  of  the  coherence  indicates  that  most  of  the  correlated  content  from  the  reference  sienai 
has  already  been  removed  from  the  error  signal  after  1000  iterations.  The  corresponding 
coherence  functions  for  the  LMS  based  controller  are  shown  in  Figure  12.  The  coherence  has  not 
remarkably  decreased  after  5000  iterations.  Figure  13  and  Figure  14  show  respectively  the 
effective  noise  attenuation  for  the  SFAEST  and  for  the  LMS  based  controller  before  control  and 
after  1000  and  5000  iterations.  The  attenuation  of  the  radiated  sound  pressure  corresponds  to  the 
decrease  of  the  coherence  between  the  reference  and  the  error  signal  shown  before. 


100, 


Figure  15:  Auto-spectrum  of  the  estimated  error 
signal  before  and  after  control  with  20  ms  delay  and 
without  delay. 


Figure  16:  Comparison  of  the  optimal  controllers 
impulse  response  for  an  implementation  with  20  ms 
delay  and  without  delay. 


In  Figure  15,  the  previously  obtained  results  (dotted  line)  are  compared  with  that  achieved 
with  a  controller  implementation  where  no  additional  delay  has  been  added  in  the  disturbance 
path  (dashed  line).  The  corresponding  optimal  controller  coefficients  after  5000  iterations  are 
shown  in  Figure  16.  As  expected,  better  attenuation  over  the  frequency  band  is  obtained  with  the 
delay  being  added,  due  to  the  non-minimum  phase  characteristics  of  the  control  and  error  path. 
The  controller  coefficients  with  smaller  index  than  the  number  of  additional  delay  taps  in  the 
disturbance  path  cannot  be  modeled  in  realistic  applications.  This  results  in  some  control  spill¬ 
over  for  off-resonance  frequencies  which  can  be  reduced  using  more  than  only  one  control 
actuator.  However,  significant  attenuation  was  achieved  at  resonant  frequencies  using  the  control 
implementation  without  delay.  The  broadband  overall  sound  pressure  reduction  is  4.2  dB  across 
the  entire  bandwidth. 


CONCLUSIONS 

Active  structural  acoustic  control  of  structure-bom  sound  has  been  investigated  using  a  fast  RLS 
algorithm.  Application  of  fast  adaptation  schemes  has  been  made  feasible  using  an  Extended- 
Filtered-X  algorithm  which  eliminates  the  inevitable  errors  associated  with  the  standard  Filtered- 
X  approach.  The  presented  results  clearly  demonstrate  the  superior  control  authority  of  the 
Extended-Filtered-X  SFAEST  algorithm  over  the  Filtered-X  LMS  algorithm  if  the  covariance 
matrix  of  the  underlying  filtered  reference  signals  exhibits  a  large  eigenvalue  ratio.  Broadband 
attenuation  of  the  noise  radiated  from  a  simply  supported  plate  in  one  direction  has  been 
demonstrated  with  peak  attenuation  levels  up  to  28  dB  in  the  frequency  range  from  50  Hz  to  400 
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Hz.  Most  of  the  reduction  in  the  radiated  sound  pressure  has  been  achieved  after  1000  iterations. 
However,  a  significant  number  of  HR  coefficients  were  necessary  to  provide  attenuation  of  the 
levels  achieved.  Furthermore,  results  indicate,  that  a  significant  performance  improvement  could 
be  expected  from  implementing  fast  HR  type  adaptive  filters  based  on  recursive  least  squares 
estimation  techniques. 
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APPENDIX 


Stabilized  Fast  A-posteriori  Error  Sequential  Technique  (SFAEST)  algorithm  The 

following  list  summarizes  the  update  equations  for  the  Extended-Filtered-X  SFAEST  algorithm 
The  computational  complexity  of  this  algorithm  counts  8n+41+2n+2m+l  Multiplv-And-Add 
instructions  including  5  divisions.  '  ‘  ' ’ 


r[k  +  l]  =  slxjk  +  l] 

enlk  +  l]  =  r[k  +  l]-fnT[k]rn[k] 

enfk  -h  I]  =  r[k  —  n]  —  b  J[k]  r„[k  + 1] 
yn+1[k  +  l]  =  - - - 


X<[k]+e^[k  +  l]2y„[k] 
y„[k  + 1]  =  — - - - +  ^ 


r»[k] 


l  +  e„[k  + 1] 


( 


"fkl  t  f  fkl 

*  Xo&k]  f” 


r.Jk  +  1] 


c„[kj  =  X-  yjk]f„n[k] 

5Jk  + 1]  =  eb[k  + l]  +  \  a„b[k]<[k]  +  c„[k]el[k  + 1] 

i„[k + 1] = — 7 — yk+i] _ 

1  +  P(1  — yn[k  +  l])  +  pcn[k]2(l-yn[k]) 
e„f  [k  + 1]  =  ej  [k  + 1]  -  (l  -  yn[k])  cn[k]  p  f  „  [k  + 1] 

Ik  + 1]  =  X  cc'fk]  +  yn[k]  e„f[k  + l]2 
e„b[k  + 1]  =  eb[k  + 1]  -  (1  -  yjk  + 1])  p  f„[k  + 1] 
ab[k  + 1]  =  X  ab[k] + yjk  + 1]  e„b[k  + l]2 


Kn+,[k  +  l]  = 


0 


if  1  le„r[k  +  U 


lKnlk]J  X{-W\  a[[k] 
f„[k  + 1]  =  f„tk]  -  y„[k]  (ej[k  + 1] + p  f„[  k  + 1]  c„[k])  K„[k] 


Kjk  +  1] 
0 


=  Kn+1[k  +  l]-Ok  +  l] 


-bn[k] 
1 


Mk  + 1]  =  bn[k]  -  y„[k  + 1]  (eb[k  + 1]  +  p  fn[k  +  l])icn[k  + 1] 
y[k  +  l]  =  anT[k]x„[k  +  l] 

Aefk;+ 1]  =  a„T[k]  rn[k  +  l]-sj  yjk  + 1] 
eJ'kt  1]  =  y„[k  + 1]  (e„[k  + 1]+ Ae[k  + 1]) 
aIfk  + 1]  =  aj[k]  -  en[k  + 1]  K„[k  + 1] 


Filtered  reference  signal 
a  priori  forward  predictor  error 
a  priori  backward  predictor  error 

order  recursion  for  angle  update  (step  up) 
angle  update  (step  down) 

windowed  angle  parameter 

stabilization  factor 

stabilized  forward  predictor  error 
forward  angle  update 
stabilized  backward  predictor  error 
backward  angle  update 

alternative  Kalman  gain  update 
forward  predictor  update 
partitioning  of  alternative  Kalman  gain 

backward  predictor  update 

FIR  filter  output 
a  priori  error  adjustment 
modified  a  posteriori  error 
FIR  filter  update 


